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§ 4 Dimensions of ideal boundary
(cont inuat ion)

If F € Oo and Γ ^ ^ , then the
situation is somewhat troublesome t o
handle* Let Λ^ be the least harmonic
majorant of u e θj F _ ̂  β Then Λ v-
has i t s sense for any ° v <= #J F _ ψo» Let
S u be a limit harmonic function km
ir* defined as follows? v*1 is har^^

monic on F n - FΌ such that u^= v on
Γu+ Γo « Then we have easily that
^ u s S v . Let ^ u . be the largest
minorant of nc- IPp-p0 belonging t o

f) Th ^ i i l<f)

F-ψ
F-ψo

h "
Then is equal t o

Fψo

either" constant zero or a solution of
(A) such that "T^Φ 0 • If ^ Φ o ,
then cϊΓα

e ^F-F, I*β^ u U be a so-
lution of (A) o n F u ' P 0 such that
u- = α o n Γ u + Γ 0 , then T α

e h * Λ

exists and either T^s o or T α φ θ β

Moreover T α coincides with ° ΐ α We
have the following factss

( i ) <£v8- T for any v ^ ( > ) F _ F o ί

( i i ) Λ operation preserves the °
l inear independency.

Let [U] be a positively l inear
subspace of !PF_PO spanned by a l l the
minimals \xi, i = i, ° , m such t,hat QΓu,.
Φ 0 9 u ι e IPΓ_ f and l e t T i l / ] be
T image of [U\° Let [ VΊ be a
positively l inear subspace of ^P F -p β

for each element of which A operation
has the sense. Evidently $F_F <g [ V ]
C cp F ^ o , Let ΛV] be ^ iiώge of
[V] 9° Next facts are also easy to
verify%

MVlc [V] and

Let u be a minimal inlP F _p o such
that ^ Γ u φ 0 Then J>Tα= u, i i valid.
This shows that ^ίUΊ c [V] and [U] C
A[λf] . Hence we see that [V] = °T(U]
and ΛίλJ] = [U]

Let u be a minimal belonging t o
[XJ] $ then T α i s also a minimal in
<PF_Fe β In fact, if we assume that

o<ur< &cX'α 9 then Jur exists and
sat is f ies o<Λ^% u , therefore J > ^
--feu. holdsΦ This implies th©
desired fact ur = fe<Γu. #

I f ^ )

$ then

for a suitable non-compact sequence
{ζ^\ for any minimal α in IPF^p

I f <w^ ) > 0 on F-Fo

for a suitable subsequence { ζ <n w } of
i^tx) , then o< w < °Xxx. which shows
that w= ^ T α and ur i s also a mini-
mal in <ffV_t? and ^ ^ belongs t o Q]

o P ~ r(

Let d p ~ p o be a class of positive
solutions u °of (A) on F - Fo such
t h a t o<\\1P,ψynz)?(.z)ά-<r<oo and ^ = o on

Γo We shall next prove that S v

has the sense for any v-^Cir_ψQ #

Evidently v n > v on F n - FD and ° v^ > u w

if ΎI > m β ^Therefore f̂  Ύ1> — ^ o on
Γo and 4 ^ ^ | ~ on Γ- Oi the

p do

other
Oo ^

hand we see

•cU

> -

which leads to a fact that

and hence we see that

S l r φ co
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This fact can also be verified as
follows? We have a decomposition for
any ire Φ

r
_f such that

Ό

If veCip^p , then

< ^ And we have g-£ if

*eF-F
0
- K

?
 ^ where κ

p
 is a parameter

disc around p Let J^C' P > *• l

to }pn-p (resp* 0) on P*- Fo (resp*
F - F n '), then

S JpS
and

n Γo

Thus 5

< R < oo m

exists and φ °°

If F € O Q t then we have an
inverse, that i s , i reQ F _ F o i f
for a given v e <fV-F0 ^ f #
shall use again the decomposition for
any ue <PF_pβ :

F-F
o

By the assumption S
v
 Φ oo , i

holds uniformly if p belongs to a com-
pact subregion of F - F

o
 Thus we

see

M

whence

on

this is really valid if
then we have

P(x)

This is the desired fact

whence

Next we shall prove that
Q.p-f • Evidently we see

Let m tend to infinity for which
Ilm Qp, .(1,$,,) > 0 , then

(\ km.

Therefore the desired fact is valid*

Theorem 2# Let Fs O
Λ
 and Γ € (t)

then we have

Theorem

Especially if 0 , we have

We shall consider the surface F of
finite genus* The ideal boundary i s a
point p of F , hence F - Fo may be
considered as |q - p| < l Let ΓV
be a circumference |q - p| « r^ with
t n l o If P(q) satisfied the re-
quired conditions at p, then there i s
only one Green function GF_ψ(%tV) with
pole at p Thus d ^ c Γ ) = 1 °

If LrP(v<H-<*>, then Γeck) or
Γ* cc) #° However in this case Γβ(U>
does not occur* In fact we see easily
that

where k is indepβndentof n and z<=
Rn-Fo and $ n , 5 ^ F n - F^ This i s
the same as Harnackfs inequality*
Thus for any {ξ^} we can conclude that

§5* Subregion and its dimensions*

Let D be a subregion with non-
compact analytic relative boundary
C imbedded in F(* 0

Λ
) L?t D

u

C F C Π
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ΦΌ * IPD * ̂ D a r e similarly defined
as in § 3* Let & p be a family of
positive harmonic functions on D such
that Jcftr

u ^ < °° Let C D be a class
spanned by a positively linear combi-
nation of limit functions lim

n—* oo

3D (2»ζn')each of which is minimal in
Martin's sense on D, Then we see
evidently %c <f>D , CDc |PD and
Q,Dc |pD # Let o\-Ό be a class of
positive solutions of (A) on "D such
that i s O o n C and

J ~ r V cU < oo

and

U v P ά<r < oo .

D

We shall f irst prove that ^ D

For any point

lie -

on D we see that

for a sufficiently large n And more-
over F^ O

Λ
 implies that

tends to zero Thus

holds, since Q
D|V

(2 $
^)>

(
τ

D|>
C^δm) for

n > p On the other hand

holds and this implies a fact

Let m tend to infinity with
^ on D , then

2ft.

Thus we have the desired result:

Next fact is easy to verifys

CΓD

 C= O D .

Theorem 4, ^ S 0f
D
 , & D

C
^ D »

There is a one-to-one positively
linear mapping S which carries ̂

D
 and

®f- D into dJ
D
 and Q,

D
 , respectively*

S operation preserves the minimality
and has its left inverse operation T«
Thus there holds

dim
dim σu x- ^

dim

Especially F e OQ, implies that <&D-Q

Proof* Let veOfD9 then J u is
defined as the least harmonic majorant
of v in |pD • Then Λ is not constant

D

In fact, we see that

where v^ is a harmonic function on
D^ such that v^^v onT^+C^ #

Since un> v m is valid for n > m̂

^ ^ u-̂ .0 ¥ °° # Evidently

^v^/Sv and hence Λv surely exists
and φ oo . Since Λv^ v on D, we
seei>u.^uu on Ou , whence J>v^ S n r •'
Thus Λv coincides with Sv which
belongs to the class Q, D ί that is^

0< < oo

^ u is defined for any uelP
D
 as the

largest minorant of u in dp
o
 * The

following three facts are similarly
verified as in I § 3, 4«

(i) ^ ^ = 1 for any Of-
D
 .

(ii) Λ operation preserves the
minimality*

(ϋi) i
v
e Q

o
 if v-e &j

D
 .

The final statement of Theorem 4
was already proved* (Cf Ozawa Γ3] )
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Next we shall investigate the re-
lation between #j-

p
 and Q,p-j?

o
 ®

Without loss of generality we°may
assume that D c F - F

o
 *

Let v e 0[
Ό $

 then S
 u
 is defined

as a limit function lim u
7 1
 such that

ΎV->oo

Vn i s a solution of (A) on fVF o with
boundary values v on T^ and 0 on (Γ -ΊΓ
•+• Γ o We see that

co > I:Pdσ

Let n tend to infinity, then we have

F-F. „
which shows that b

v
 # °° and belongs

to the class Q p - f T operation is
defined in an inverse manner as that
of S operation* Then we have again

(i) T S = I holds for any ue Of
 D
 ,

(ii) S operation preserves the
minimality* if it has the
sense,

(iii) S
u
 for any ve C^

D
 belongs to

o

Thus we have the following theorems

Theorem jj.* There is a one-to-one
and positively linear mapping S which
carries φ

D
 and 0f-

D
 into <%

F
-ψ

o
 and

Q
F
^ P

o
 , respectively* S operation

preserves the minimality if it has
the sense and has its left inverse
operation T* Hence

dim 01
dim Ot

§ 6
#
 Existence proof of the Green
function*

In this section we shall give
another proof of the existence of
the Green function of (A) on any
Riemann surface* Original proof for
this fact is due to Myrberg

In this section we donot assume
that the Riemann surface F in con-
sideration is of null boundary of any
sort* We shall proceed to our ex-
istence proof of the Green function
of (A) on any Riemann surface F under
two logical assumptions listed below:

(1) On any parameter disc there
always exists the Green function of
(A)*

(2) The first boundary value
problem on any compact analytic sub-
region is always solvable.

By the first assumption (l) we can
imply that the Harnack's principle for
positive solutions of (A) and a theorem
on normal family for uniformly bounded
solutions are valid*

Let u.
n
u) be a bounded solution of

(A) on Fn-F. such that u
u
oo- u(z) on

Γ
Q
 and =0 on Γ

n
 . Here M Z u(z)

^ 0 on Γe Then u.
n
(zra u

m
U ) if

n> HU Thus JsL * t̂ ri u^cz) exists

and = max u(z) < oo * We shall

call N
first boundary value problem on F - F

o

with the given boundary' value u on Γ
o

For any normal solution we have

In fact, we see

« • ~

Let Dt, i = 1,2,3 be a triple of
domains such that D ^ P ^ o, D^D^ς D

3

Then we have that

dim dim ~ dim
and if n
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Thus the right hand side term tends to

Jp Jp

with increasing n. Thus the left hand

term converges to

F-Fo

Let K
%
 be a circular disc around a

given point \ with radius r which

belongs to a parameter disc around q

Let G(p,q) be the Green function of

(A) on K\ and let N
( τ )

s
 NJcΓ be the

normal solution of the first boundary

value problem on F-K^ with boundary

value G on |p - q| = r Then M
ί τ )

M
ί

| p q|
if r <, r . V - llm h/cτ) surely

τ» o

exists and φ oo . In fact, we have

oo > K >

Noting that N™>0 and Iv *> ί r )>0 on
\ IP - q\ - r \ , we have

K>

Let M1 - max V(p), then 1^ < 00 and
hence lf-\lβi

holds on K<£ - K * , where £1 (p) is a

bounded solution of (A) on K^ with

constant boundary value 1 on {|p - q|

= 1 ) . Thus we see that, if r tends

to zero,

V ) 2 0 .

i s

Hence ][iψ)-Gr(VΛ) is a bounded posi-

tive solution of (A) on K^ without

exception. Thus Vc?> k

bounded around q.

Let Vj (p) be a positive solution of

(\) on F - q such that V
1
(p) ̂  log | p

- q| is bounded around q and V^(p)

is not a majorant of V(p) on F - q
β

Then min (V(p), V
1
(p)) determines an

associate solution U(p) which is de«

fined as a double limit lim lira [J
r
(f)p

where U^ is a finite solution oϊ

(A) on F^-K 1 with boundary value min

(V(p), Vtίp); onΓ^ίlf-ll-ϊJ By the

well-known minimum property of Q^VΛ)

we have Vi<?)>Qci»Λ) on K^ . Thus min

(V(p),V
1
(p))>Gf?>^) on {|p - q|-r)

Since min(V(p),V
1
(p)) > 0 on ^,UJ(r)

> 0 holds o n | | p ~ q | ~ l j Hence

we see that

onKl - K ^ « Since ϋ^(?) is a

monotone decreasing (non*increasing)

sequence with r ~> 0 at first arid next

n-^fto . U(p) = liπi lim Uj^ (p) surely

exists and U(p) > G(p
f
q) Evidently

U(p) ̂  V(p) on F Hence ϋ(p) -t log

|p - qj is also bounded around q
o

If V(p) Z V
t
(p) happens really at

an inner point p e F, then there is at

least a true minorant U(p) of V(p)

such that U(p) + log | p - q | is

bounded around q and U(p) is a posi-

tive solution of (A)«

Next we shall define S and T oper-

ations as follows:

SQ.
 S
 V is an operation carrying

G to V* In a general case we shall

define the S operation similarly and

the result coincides with the one ex-

tended in a positively linear manner

from the basic one
β
 Let T

T Γ

= JssVoo
such that V

r
(p) is a positive solution

o f ( A ) o n K ^ - K ^ with boundary

values 0 on ||p ~ qj - 1 j and V(p) on

]|p - q| ~ r}

Then we have

successively?

(1)
(2)

(3)
(4)

SoT
v
 «

T°Sq- <=

Ty - G

ϋ « V,

the following facts

G,

Verifications of these facts are

similar as in the preceding sections*

Then we have a contradiction, because

U $ Ve Thus V
t
 £ V on F Therefore

V is a positive'minimum solution of
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(A) such that

is bounded around q
α

A characteristic property for the
Green function of (A) on F with pole
at q is now satisfied by V*
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