4 NOTE ON NORMED RING.
By Nooki KIMIRA

1, I.Gelfand has shown in his first
paper on Normierte Ringe (Recueil
Mathematique, T.9 (51), 1941) that if R
satisfies four conditions (X ), (S),

), and (8 ) given below, then R 1sa
algebralcally isomorphic and topologi-
cally homeomorphic to R” with the same
twoo conditions (&), (#), (¥ ), and
(&) which is strictly stronger than (&').

According to his proof, he assumed
cormutativity of R or, at least, the
existence of right unit element of R,
In this note, we shall show that his
asasertion is still valid in the case
without agsumption such as comnmutativity
of Re

It is to be mentioned, however, that
our condition (¥ ) has a right unit ele=
ment, while Gelfand’s (¥ ) has & left
unit element,

2, Iet R Dbe a set of elements x, .y,
2, o« o o which aatisfies the following
fo‘\u; conditions (&), (#), (T) and

(e¢) R 1is a Banach space with complex
numbers aa its coefficient fleld,
() R 1is a rings
X(AYy+ pz) = Axy+paz
( A, are complex numbers),
A(yz) = (XyY)2
has a right unit element e :
X€ == X
moraover

(¥ ®

Hey == o

(8 operation of Multiplication is
continuous, 1,06,

XA —$ A implies Yug—) yx,
Yn Y~ XY
iet Q@ be & Banach space of all linear

o;}erators on R into R Aitself., And let
R” be the totality of Ax in Q such

that
Ary = 19,
R/ == (Ax,; Xé& R)

and

193.0

Then, for the mepping @ : x€> Ax
between R and R’ , we can easily show

that
(1) x gz’ implies Ax w= A ,

which evidently asserts a one=to-
one mapving of ’ between R
and R* ,

(2) @ 1is algebraic isomorphism,
(3) @ 1s continuous from R’ onto R.
(4) R’ is closed in Qj thus R’ s

complete,
Therefore by the known theorem of Banach,
(s) R’,

is contimuous from R onto

We can then conclude that
() fed == %,
(&Y lleygn £ w2t -dyh
Proof (1)
If x == x/ , then
At =11e =2spye=ge=Ave
Ax *+ Ay
In the case of Gelfand, (1) is not
satlsfled, and we shall give its counter
example at the end of thia note (4. (b)).
(2)
(3)
(4)

Hence

Obvious,
By the inequality NAx ha7eg#2V.
If Ase ~» A €@Q , then (%)} s

& Cauchy sequence, for
e = Xal & DS8 Ag ~Anll » ©
(nym =) oo )
R Dbeing complete, there exists an ele-
ment x ¢ R, such that

Zp —» X2 (w—r o)



For any element y € R

Any — XY ( by ()
and A y— Ay (by assumption),
i.eo’ &g -—’ Ay

Hence it must be

Ax = 2y
Thus

A=AzeR
This asserts the closedness of R’ in

Q.
(5) By (1), (3) and (4).
3¢ Let
N = (x; cxX =0)

Then M 1s a right ideal with e as
a unit element, and N, 1s an ideal,
To be explicit .
M2= M, NM =N, RN=(0),

and R= M+ N (direct sum),

According as the direct decomposition
of R, R' can be expressed in a matrix
form such that

A= (e o)

where Z=2x+4 , €M  ye& N,

and for any we M 6 BywW=xw, Q‘ld'x‘,mr

4, Examples.
(a) Let
R =(*mw; A p eny complex numbers)

and HCA U = IAf + L ¢+l

Then R 1s a Banach space with res-
pect to this norm.

By the operatlion of mult:’iplication
(A, RICA, W) = CAA, wa), R
forms a normed ringe.

In this case (1,0) is a right unit
element, but not a left unit element, for

(1,0) (V1) = (X, o)

And N
Au"“') - ([l—, o )

(b) 1In place of the multiplication in
(a), a 1ittle change of multiplication
such that

(A4, 1) (X, W) = (AN, Ap)

‘yilelds a counter example of Gelfand s
case,
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