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ON THE ZEROS OF SYMMETRIC SQUARE L-FUNCTIONS

TAKUMI NODA

1. Introduction

Let A: be a positive even integer and Sk be the space of cusp forms of weight
k on SLi(Z). Let f(z) e Sk be a normalized Hecke eigenform with the Fourier
expansion f(z) = J2^L\ a(n)e2πmz. The symmetric square L-function attached to
f(z) is defined by

Li{sj) = Π(i - ^ V r ' σ - *pβpp-srHi -β2

Pp-sr\
P

with ap+βp = a(p) and ocpβp = pk~ι. Here the product is taken over all rational

primes. We denote L{s,f,sί) := Lι(s + k — 1,/) and call L{s,f,st) the standard

L-function attached to f(z) on SLi{Z).
In an application of the projection operator on the space of C°°-automorphic

forms introduced by Sturm [St] and the holomorphy of L(s,f,st) by Shimura
[Sh 1], we gave one formula which connects the zeros of zeta-functions with the
eigenvalues of the Hecke operators on SLι{Z) (cf. [Nd]); and we saw the
distributions of the zeros of the Riemann zeta-function and of symmetric square
L-functions are explicitly connected with the distribution of the Hecke eigen-
values. Therefore it is natural to ask the relation of the zeros of automorphic L-
functions to the Fourier coefficients of automorphic forms when the L-function
has a "good" integral representation.

In this paper we consider the zeros of symmetric square L-functions again.
Regarding the symmetric square L-functions as the standard L-functions in the
sense of [An], we are able to apply some results of Siegel modular forms by
[Bo, Mi]; and we shall derive one formula as Theorem 1 which connects the
zeros of L(s,f,st) with the Fourier coefficients of non-holomorphic Eisenstein
series for Siegel modular group Sp(2,Z).

2. Statements of results

For n e Z>o, let Tn := Sp(n, Z) be the Siegel modular group of degree n and
let Hn be the Siegel upper half space of degree n. If a is an m x ^-matrix, then
we write it also as a^n\ and as a^ if m = n. We denote by ta the transpose of
α, and by α,y the (z,y)-entry of a. For two matrices a and b, we put a[b] := fbab
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if the right-hand side is defined. The identity matrix (resp. zero matrix) of size m
is denoted by l m (resp. 0m). For a commutative ring R, we denote by R^m^ the
i^-module of all m x ^-matrices with entries in R. We put RM := R^n\

Pm:={xe Vm\x>0},

Φ) := -^— for v e

For square matrices a\,...,an, we write

diag(αi,...,αΛ) =

an,

The set of symmetric half-integral matrices of size m is denoted by Am, and we
put

Let σ the trace for matrices and e(x) := exp(2π/x). For h G Λ V and ί e C , the
singular series (Siegel series) is defined by

(2.1) Sv(h,s):= Σ n(rΓe(σ(hr)),
reVvΠQ{v) modi

where w(r) is the product of reduced positive denominators of the elementary
divisors of r. Especially

k=\ ι=ι

()

and by [Bo 1, Ki] (cf. [Mi, (5.1)]),

o oy ζ(2s-2)-ζ(s)

Here i/j(/i) is the sum of the ί-th powers of positive divisors of h. For m > 0, we
put

7=0

and Γ0(s) := 1. For gePm, he Vm, and (α,/?) e C2, we put

(2.2) ηm(g,h]0L,β):=\ Ί, e~σ{gx) det(x + h)Λ~κ{m) det(x -
Jx±/i>0
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with dx = ΠtKjdxij, which is convergent for Re(α) > κ(m) — 1 and Re(/?) > m.
Concerning confluent hypergeometric function, we also use the following ones
defined in [Sh 2]: For gePm,heVm and (a,β) e C2,

(2.3) ξm(g, A; α,/?) := f e(-σ(hx)) det(x + ig)~a det(x - ig^dx
Jvm

which satisfies

(2.4) ξm(g,h;a,β) := e(»/2)*"(/»-)2»π'»»('»)ΓM(α)-1ΓBI(/ϊ)-1

l/m(2ff,«Λ;α,/f).

Our main purpose is to prove the following theorem:

THEOREM 1. Let Ajc(z) e Sk be the unique normalized Hecke eigenform for
k = 12, 16, 18, 20, 22, and 26. Let p be a zero of L{s,Δk,st) in the critical strip
0 < RQ(S) < 1, with p φ R and ζ(2p) φ 0. Then for each positive integer n and for
any t > 0,

V ( l ) 2 π Γ ^ ^ r f c ^ V V ^
V 2 / V 2 y

0 \*u—(* A

X ΛV 0 yj Δ )

3. C°°-Siegel modular forms

For k e Z^o, we denote by S% the set of cusp forms of weight k on Sp(n, Z)
and by 9Wj[! the set of functions F which satisfy the following conditions:

(3-A) F is a C 0 0 function from # „ to C,
(3-B) F((az + i)(cz + ί/)"1) = det(cz + έ/)fcF(z) for all ( ̂  ^ J e ΓΛ.

The function i^ is called a C 0 0 -modular form on Tnof weight k, and called of
bounded growth if for every ε > 0

f f I F(z) I detί y ) * " 1 " " * - * ' ^ ^ < oo,
JX JY

where

and y = ίy|yeP I I}.

In this paper we denote dx = Y[ι^Jdxij and dy = Πι<Jdyij. For F e 501̂  and
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f e Sg, the Petersson inner product is defined by

<F,/> = f F(z)f(z)άet(y)k-Λ-ιdxdy.
JΓ"\Hn

Here z = x + iy with real matrices x and y; we also denote Re(z) = x and
Im(z) = y.

We shall quote the following theorem:

THEOREM A ([St], Theorem 1). Let F eWl£ be of bounded growth with the
Fourier expansion F(z) = ΣτeAn

 a(T, y)e2mσ^TxK Assume k > 2n. Let

c(T) = Γn(k- ^-

x [ a(T,
γ

Then h(z) = Σ r e Λ n r > o ' ( 7 > 2 π i σ ( Γ z ) e Sjf and (g,F) = <g,h> for all g e Sn

k.

We shall also use the following properties of the function L(s,f,sί). We put

7=1

with

ΓR(s) := π - ί / 2 r ( 0 , Γc(s) := 2(2π)"T(ί),

and

-ί!
0 for n even

for n odd.

Let k be an even integer, then the function A(s,f,sί) has the following integral
representation ([Bo 2], Satz 5):

n-\ I / / — z

'— k 11 ^ ' k \\ $

with

α(«)^) . = (_1)^/22(«2-3«)/2-l+^π-«((«/2)+5+/:)-(l/2)(5+/:)Γ^^£N\Γrt Λ + ^ λ ^ p ^

Here Ej£\z,s) is the Eisenstein series

4 w ) ( ^ ) - det(Im(z))J ^ det(cz + </)-*|det(cz + ί/)|"2 '
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for neZyo and z e Hn. The summation is taken over ( * * ), a complete

*n) * J e Γn f\Γ M .

4. Eisenstein series

The purpose of this section is to prepare some properties of the Eisenstein
series. For Siegel modular group, the explicit Fourier expansion and growth of
the Eisenstein series were studied by Mizumoto [Mi]. We shall write down the
expansion in the case of degree 2 and show the Eisenstein series is of bounded
growth in our case.

First, we introduce some notations. For v e Z with 1 ^ v ^ m,

Zξ£ := {a e zSm^\a is primitive}.

For 1 ^ v ^ m and y e Pm, let

(4.1) C i w ) ( M : =

The right-hand side of (4.1) converges locally uniformly for Re(s) > m/2. By
[Ma], the function ζ^\g,s) has a meromorphic continuation to the whole s-
plane. By definition,

We also put ζ{™](*,s) := 1 for all meZi0.
We also use

Here ηm(g,h;a,β) is denned by (2.2).
For \ ^λ ^m and y e Pm, we use the notation as defined in [Mi]:

y[ur]=άfog{y[r],g(y,ur))\l*

or

if ur = (m) G GLm(Z) and r e Z^ m

v ) .
Now we quote the Fourier expansion of Eisenstein series:

THEOREM B ([Mi], Theorem 1.8). (1) For meZ>0, ke2Z^0, and Rφ) >
m, the Eisenstein series E^(z,s) has the following expression:

(4-2) £l m ) (z, S ) =
v=0 λ=0
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where

(4.3) F^0(z,S) = (-l)W22vπv.(v)
F0(z,S) = ( l ) 2 π

• Sv(0v,2s + k) det(y)sζW(2y, 2s + k- φ))

for 0 g v ^ m, and

(4.4) F^fas) =Σ Σ b^λ(h[%y^)e(σ(h[tr]x))

for 1 ^ λ ^ v ^ m with

(4-5) ftM'M := (-l^^'HW

η*λ\2y[r},πh;s

.,0v-;ι)>2j + fc)det(j>)

λ-v λ-v

2 '

(2) Above (4.2)-(4.5) give the analytic continuation of E^\z,s) to the whole

s-plane. Moreover Ej^'{z,s) is termwίse differentiable up to any order in the

entries of x and y except on the poles of Er™\z,s).

We use the Theorem B in the case of m = 2:

2 v
( 2 ) \ ^ ( 2 ) - z 0\ s-k

where

= {-\)k'22π
Γ(s)
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= (-1)*Γ

Γ((ί-*+l)/2)Γ((J + *-

«*)«*+lΓ'det(lm(j ^ ) ) ( ί " f c + 1 > ( 2 I m ( ;

(4.2.0)

c(2)

°VV 0 w/' 2

T((s-k+l)/2)Γ((s-k)/2)Γ((s + k-

Qv,(i-*+l)/2 / / z Ox j

( θ

f(2ί)f(S+l) V VO w/; V VO w

and

tk *'λ\\0 )

for X^λ
Here

•det Iml
V VO

. 5 + A:+l s — k
h'^2— —
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(W
\ \0 w

T ί z ° Λ r Ί / s + k+l s-k+l

/ /z 0\Y / (z
•det Im det 2Im

V VO wJJ \ \0
/-(I)

Γ((S-A:+l)/2)Γ((J +

/ (z 0 \ \ ( /d e t ( I m ( o J ) d e t ( 2 I m ( o

and

,4,,) *g

= {-\)k22π
- A:)/2)Γ((ί + k+

S2(A,i+l)det(lm(j

+ k+ls-k+l
— ^ — ' — 2 —
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/ (z o\\{

= S2(h,S+I) det Im
V \0 wJJ

s-k+l

In the following, we denote μ(hg) (resp. λ{hg)) the smallest (largest) eigenvalue of
nonzero eigenvalues of h\gχl2\ for 0 φ he Vm and g e Pm.

PROPOSITION 1. Let s e C and assume ζ(2s) φ 0. Then for positive matrix

(ι

0 °j, there exists a constant c e /?>o depending only on Re(s) = σ such that

f»>\ ί ίt 0\ \\
•yz) II \ o \\ ^ ^»/-.,-2σ-l i ,,-2σ+l , Λ,-2 , +-2σ-\ , .-2σ+l , +-2\Cί2 )((J °),*)I ^ cίr2'7-1 + r-2σ+1 + j - 2 + r 2 - 1 + r2'+ 1 + r

By [Ma, p. 284], for g e P2

Ξ?\g,s) := 2n-'s(l - s)Γ(s)ζ(2s)ζf\g,s)

has an integral representation

(4-6)

Ξ f W ) = Rι {®(y,g)dct(yy + det(gr1/2e(y,θ-1

άet(y)Z0

Here R\ is the Minkowski reduced domain in Pi and

rank c=l

with a certain differential operator Py of degree 2. The expression (4.6) shows
that Ξι(g,s) is an entire function of seC.

By [Mi, Proposition 4.4] and [Kl, p. 145], there exist constants c\,a de-
pending only on a positive constant r with |det(Re(z)~1z)| 5^r such that

Ξ®(g,s) ϊ a

It is easy to see that there exist positive constants C3 depending only on σ such
that

ί ί σ exp(-αί 1 / v ) dt ^ c3{α-v(σ+1>-1 + α -"( σ + 1 )+ 1 + α"1 + α}

for all α e /?><>. The Proposition follows by using the last inequality. •
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PROPOSITION 2. For y > 0, heZ^o and (α,/?) e C 2 , ξ\(y,h,a,β) is a hol-
omorphic function of (a,β) on C2. Let T be a compact subset of C2. Then there
exist positive constants c\ and c2 depending only on T such that

( Cιe-2πhyhRe(cc)-l -Re(β)n + -c2\ far h > 0

I c\e~ '^\y\h\^' y~Re(α)(l -|- y~cΛ for h < 0

with (a,β) e T. We are able to take

c2 = max{[Re(α)], -min{0, [Re(/?)]}}

where [Re(α)] denotes the largest integer I such that I ^ Re(α).

Proof Above results are well hnown. For example, see [Miy, p. 281].

D

PROPOSITION 3. For y e P2, ΛeΛ2* and (α, β) e C2\R2, ξ2(y,h,a,β) is a
holomorphic function of (α,/?) on C2\R2. Let r be a positive constant and T a
compact subset of C2. Then there exist positive constants c\,c2 and c-$ depending
only on r and T such that

\ξ2(y,h,a,β) I ^ Cle

far μ(y) ^ r and (oc,β) e T. Here τ(hy) is the sum of absolute values of ei-
genvalues of hy.

Proof The fundamental properties of the confluent hypergeometric func-
tions ξm or ηm are due to [Sh 2]. •

THEOREM 2. For seC in 0 < Rφ) < 1, E{2) ([~Q

f °w^,{s - k+l)/2^ is

a C 0 0 automorphic form of bounded growth except on the pole.

Proof By Theorem B (2), E{2)"(ίz

Q ^Ys\ is a C00-modular form of one-

variable both z and w on SZ,(2,Z). We shall show the growth condition of

Let Im(z) = t and Im(w) = y. By (4.0.0), (4.1.0), (4.2.0) and Proposition 1,
there exist positive constants c\,... ,C4 depending only on Im(z) = t, Re(s) = σ
and weight k such that

w

; ~ k ••" M ύ C2 • /'-M)/\y-^ + y-^ + y~2 + c3),
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ίr( )
•Jfc,2,0

- z 0
0 w&

S-k+l

Here we assumed ζ(2s)ζ(s+l) ΦO and s e C\R. By (4.1.1), (4.2.1) and Pro-
position 2, there exist positive constants C5,... , cio depending only on h, Im(z) =
/, Re(^) = σ and weight A:, and exist constants (^^2/3^4) e R4 depending only
on σ and weight k such that

Λ:, 1,1

)
:, 2 , 1

-2 0\
0 w)

Σ •
heZΦo

- z OΛ

0 J

' ' 2

s-k+l
' ' 2

^ Σ
AeZ,

Thus |i^2j J and 1^,11 -> 0 when j -> 00. By (4.2.2) and Proposition 3, there

exist positive constants c\\, en and C13 depending only on Λ, Im(z) = ί, Re(j) = σ,

p > 0 with //ίu Ml >/? and weight /:; and exist constant r$ e R depending

only on p and weight k such that

- z 0
λ-2 2 ί ί 0 w

s-k+l

heA*

t 0

0 J

C\2

Let g e Pm. By [Sh 2, Lemma 2.9], there exists an element b e GLm(Z) such that

and

with some p,q e Z^o, p + q = m. Hence
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τ(hg) =

77

m

-Σ*
7=1

1/™

7=1

= m|det(A)| 1 / mde%)1 / m d e % ) 1 / m

Therefore in our case

hence \F^ \ 2 | —> 0 when y —> oo.
Now we estimate the Eisenstein series using we have obtained. There exist

positive constants a\,..., a$ depending only on Im(z) = ί, Re(5<) = σ and weight A:
such that

-z- 0

o
^f

M

and especially in the region 0 < Re(ί) < 1 and for y —> oo

(4.7) ^ a4 7 ( " A + 3 ) / 2 .

Next, we study in the case y —> 0 following the proof of [St, Proposition 2]. Let

p( w ) = / / 2 4 2 ) (( ' / " ) , (3 - k + l)/2) with j = Im(w). Then

\φ(γ(w))\ = \φ(w)\

^/Λ such that |w| ^ 1 andfor all γ e Γ 1 = SL{2,Z) and w € ^Γx. We choose
|Re(w)| ^ 1 for w€Tλ\Hx. By (4.7)

\φ{w)\ = y"-"n\~* lr 2
^ β 4 _ y

{{-k+3),2)«k/2)

Let w = x + iy e H\ and choose g = (a Ί e Γ 1 such that g(w) e
Γ l \ TT TΊ ^ ^ '

\H\. Then
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\φ(w)\ = \φ(g(w))\

Therefore we have

(4.8) E{2) -z 0\ s-k+l

0 wj1 2

for any y > 0 and 0 < Re(^) < 1. This completes the proof of Theorem 2. •

5. Proof of Theorem 1

First, we show the following Lemma.

LEMMA 1. (I) Put (oc,β)eC2\R2 with k + β-oc = O. Then for any ne

(5.1)
Jo

(2) Put (θ, γ, oc,β) e C 4 with θ-oc-β+l=Oandk-l+β + γ = 0. For
given n e Z>o, put (h,p,q) e Z^o such that hq2 = n. Then we have for any t > 0,

(5.2) Γ e-2™>yk-2+y{p2t + q2y)θξλ (p2t + q2y, h, *,β) dy = 0.
Jo

(3) Put (oc1β)eC2 with k + β — α = 0. For given neZ>o, put (h,p,q)e
2Γ>0 such that hq2 = n. Then we have for any t > 0,

(5.3) Γ
h

q2y,h, a,β) dy

Proof. (1) By (2.3),

Γe-2nnyy

Jo
I OO ΓOO

= \

J-oo Jo



ZEROS OF SYMMETRIC SQUARE L-FUNCTIONS 79

= (2πin)-k-γ+«+βΓ(k - α) f°° (JC + i)~\x - iyk+adx
J

^ - l)T(k + β - α ) " 1 ^ ) " 1 .

Thus (5.1) is hold for k + β - α = 0.
(2) For θ-a-β=\,

j 2πu»-ιe-aur(μ)~ι for u > 0

I 0 for w < 0.

Γ e-2™^*"2^^2/ + ίVίi(/> 2 ί + ?2^, A, α.yff) dy
h

/»OO ί»OO

= (* + 0""(* - O^O' 2 ' + q1y)θ+l~^βe-2πny
J-oo Jθ

poo

= (2πin)-k+ι-γΓ(k - ί + γ)\ (x + i)-«e-
2nihphx dx.

J—oo

Here we use the relation:

ί oo

eιuv(a + ivyμ

J—00

(3) By (2.4),

Γ e-2^yk-2+^ (p2t + q2y, h, a,β) dy
Jo

= e("/2)'^-")2πΓ(α)"1Γ(^)~1 [ e-2myyk-1+βηλ{p2t + q2y,πh,a,β) dy.
Jo

For k + β - a = 0,

Γ e-^yk-2+% (p2t + q2y, πh, a, β) dy
Jo

= f Γ(x + πh)*-\x - πh)β-λe-2πny-2^t+qly)xyk-2+βdydx
Jχ±πh>0 Jθ

= (2q2ya+ιΓ(a - 1) f (x- πh)β-χe-2'P2χdx
Jχ-πh>0

= (2q2)-«+\2p2)-βΓβΓ(a-l)Γ(β)e-2πίhp2.

Thus we obtain the assertion of Lemma 1. •

Proof of Theorem 1. First we write the Fourier expansion of

(2) ί ί z M, (s - k + l)/2j respect to w = x + iy as follows:
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~

By Theorem B (2), £* 2 ) ((~ f ° ) , C? - £ + l ) / 2 ) is a C00 automoφhic form

of weight k in each of the variables z and w for any s e C except the poles of

^ ( ( o f ! ) > ( * - * + ! ) / 2 ) - And by Theorem 2 £ f ( ( - ; l),(s-k+l)/2) is

of bounded growth for 0 < Re(s) < 1 except on the pole. The constant terms

of the Fourier expansion of E\. * show that the possible poles arise when

ζ(2s) = 0 in the region 0 < Re^) < 1 with s φ R. By Theorem A, there exists

that ( g , ^ ^ °w),(s-k+l)/2)) =n\zis) — Σ*n=\

(g,hy for all
Here

By (4.4)

w,,s,Ir

c(n

c(n,ήe2πιnz

= {Ann)

^Σ Σ

such t

Σ
v=l X=i λ

M d=(: )

for « # 0. In the following we put Re(z) = 0 and Im(z) = t. Using (4.1.1)-
(4.2.2) and Lemma 1, we have

Σ. r e z ( 2 Σ
* [ ' r ] = ( : 4 : ) Γ 6 Z ^ / σ i
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Σ Σ

0 / '

t 0

Γ V V fhth .ϊ+n/*-*-1"1)/2

I J V* n )

S + k

2

+l,S~k

2

+l^)dy

d--Λh)

hq2=n {p,q)=\

χ t(s-k+1 )/2 -s+k-1 q-~s~k+1 e~2πthp2

0

S-fc+

Here the interchange of summation and integration is justified by using Prop-
osition 2. On the other hand, by (3.1)
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Therefore for 0 < Rφ) < 1, ( / , 4 2 ) ( ( " o

f !)> ( s " fc + ̂ Z 2 ) ) = </>Λ> = ° i f

and only if L(s,f,st) = 0. From dim 5^ = 1, we have h(z,p) = 0, hence
c(n,p)=0 for every positive integer «. Thus we conclude the proof of
Theorem 1. •
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