E. RUBEI
KODAI MATH. J.
22 (1999), 15-34

ON NORMAL GENERATION OF LINE BUNDLES ON
ABELIAN THREEFOLDS

ELENA RUBEI

Abstract

Let X be a complex torus of dimension 3 and L an ample line bundle of type
(2,2d5,2d;) on X. In this paper we study when L 1s normally generated.

1. Introduction

Let X be a complex torus with an ample line bundle L of type (d1,...,dy),
with J;|d;+1, and let ¢, be the associated rational map. In this paper we
examine the problem whether ¢, (X) is projectively normal in the case where X is
a threefold and 6; = 2.

It is well known that if J; >3 and X is of any dimension, then ¢; is an
embedding (Lefschetz’ Theorem, see [Lef]) and ¢;(X) is projectively normal
(Koizumi’s Theorem, see [Ko]). As to the case d; =1, in [Laz], Lazarsfeld
proved that, if X is a complex torus of dimension 2, L is an ample line bundle of
type (1,d) on X, |L| has no fixed components and ¢; is birational onto its image,
then ¢;(X) is projectively normal for d odd >7 and d even >14.

In the case of a complex torus with an ample line bundle L of type
(2,2d,,...,2d,) we know that there exists an ample line bundle M, of type
(1,d,,...,dy), such that L = M? (see for instance [L-B] Lemma 2.5.6) and in
1988 Ohbuchi proved the following theorem (see [Oh2]):

THEOREM (Ohbuchi). Let M be an ample line bundle on a complex torus
X. Suppose c is a characteristic for M, then M? is normally generated if and only
if no point of t[’;]K(M 2) is a base point of |M| (see below for the notations).

In [R], using the quoted result of Ohbuchi, we proved the following theorem:
THEOREM (Rubei). Fix d,...,d, positive integers with dy|ds|...|d;. Let X

be a complex torus of dimension g and M an ample line bundle on X of type
(1,ds,...,dy); set L= M2
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If d; <2 for every i, then L is never normally generated (thus, if ¢, is an
embedding®, ¢ (X) is not projectively normal). Otherwise (that is dy >2) L is
normally generated for generic (X, c1(L)) in the moduli space of polarized abelian
varieties of type (2,2d,,...,2d,).

Here, using Ohbuchi’s result, we determine, with the exception of some
geometric situations, exactly which line bundles L of type (2,2d,2d;), with
d3 > 2, on a complex torus X of dimension 3 are normally generated (Theorem
1), (see also Remark 1). We defer the statement of the theorem to §2 and
here we say only that, following the approach of Birkenhake-Lange-Ramanan’s
Theorem on global generation of primitive line bundles on abelian threefolds
([B-L-R]), we consider a line bundle M of type (1,d,,d3) with L = M? and an
isogeny 7: (X,M)— (Y,P) such that n*P =M and such that kerm is iso-
morphic to Z/d, ® Z/ds and we divide the problem in the cases (Y, P) is equal
to the Jacobian of a Riemann surface of genus 3, the product of the Jacobian of
a Riemann surface of genus 2 and of an elliptic curve, or the product of three
elliptic curves (see [L-B] §10.8).

To prove Theorem 1 we often use Birkenhake-Lange-Ramanan’s Theorem
on global generation of primitive line bundles on abelian threefolds. In proving
Theorem 1, “incidentally” we prove also some small results about the global
generation of primitive line bundles on abelian threefolds. We collect them in
Proposition 1 glueing them with Lange-Birkenhake-Ramanan’s Theorem.

One could conjecture that if (X, M) is an abelian variety with a line bundle
M of type (1,d,...,d,) with d; > 2 and L = M? is not normally generated then
there exists an isogeny (X, M) — (Y, P) such that n*P = M, kerr is isomorphic
to @I.:zmgz /di, and (Y, P) is isomorphic to a nontrivial product of principally
polarized abelian varieties. By a simple calculus of dimension we see easily that
the conjecture is false (Remark 2).

Notation and Definitions. We collect here some notation and standard
definitions we will use in all the paper.
e X,V,A. Xis a complex torus equal to ¥ /A where V is a complex vector space
and A a lattice in V.
Xp. X, is the set of n-torsion points of X.
9. ¢; is the rational map associated to a line bundle L on X.
ty. t, is the translation on X by the point x.
A;. If A is a subset X, A4, = A+t
X. X is the dual complex torus of X; it is isomorphic to Pic®(X).
#1. ¢, is the homomorphism X — X, x — L ® L™!, where L is a line bundle

o
B
o

! We recall the following Ohbuchi’s theorem (see [Ohl]): let M be an ample line bundle on a
complex torus X; M2 1s very ample iff (X, M) 1s not 1somorphic to the product of two abelian
varieties with line bundles (X,,M,), 1= 1,2, with dim X; >0 and A°(X;, M)) = 1.
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e K(L). K(L) is the kernel of ¢ ; it does depend only on H, the first Chern class
of L, thus we denote K(L) also as K(H) if L 1s nondegenerate then K(L) is a
finite group isomorphic to (Z/d; ® --- ® Z/d, ) with d;|d;+1; we say that L is of
type (di,...,d;). If di =1 we say that L is primitive.

e A(L) or A(H). A(Ly=A(H)={veV|ImH(v,A) = Z} where L is a line
bundle and H its first Chern class; (we recall that K(H) = A(H)/A).

e [y]. [¥] denotes the class in X of a point ye V.

e Suppose H is a non degenerate hermitian form on V, E=ImH and
E(AAN) = Z.

A direct sum decomposition A = A; @ A; is called a decomposition for H
(or for E) if A; and A, are isotropic with respect to F; a real vector space
decomposition V = Vi @ V>, with V; and V), real vector subspaces of V, is called
a decomposition for H (or for E) if (V1 NA) @ (V2NA) is a decomposition of A
for H.

Choose a decomposition of V for H: V = V; @ V,. Let Ly be the unique
line bundle with Chern class H and semicharacter y, : V — Ci, yo(v) = e™E®102),
where v =v; + v, and v; € V,. For every L with Chern class H there is a point
c €V, uniquely determined up to translation by elements of A(H), such that
L= t[";]Lo (see [L-B] Lemma 3.1.2); ¢ is called the characteristic of L with respect
to the chosen decomposition.

e A line bundle L on X is called symmetric if (—1)}(L) ~ L, where (—1) is the
multiplication by —1 on X. A line bundle L with ¢;(L) = H is symmetric if and
only if the characteristic of L with respect to some decomposition of V for H is in
(1/2)A(H) (see [L-B], Chapter 4, §6 and §7, for a reference on symmetric bundles).
¢ A line bundle L on X is called normally generated if it is very ample and ¢; (X)
is projectively normal. We have that L is normally generated iff it is ample and
the natural maps S"H°(X,L) — H°(X, L") are surjective for all n > 2 (see [L-B],
Chapter 7, §3 and [M], p. 38).

e K¢, J(C), u, V%. Let C be a Riemann surface; K¢ denotes the canonical
bundle on C,J(C) denotes the Jacobian of C, u: C¥) — J(C) denotes Abel’s
map and V¢ := u(C@).

e globally generated = base point free

e p.p.a.v. = principally polarized abelian variety

2. The main result

We quote the following facts, lemmas and theorem from [B-L-R]; they will
be useful to prove our result.

A polarized abelian variety (X, M) of type (di,...,d;) admits an iso-
geny onto a p.p.a.v. n: (X,M)— (Y,P) such that z*P =M and such that
kern (and then ker#, where #: Y — X is the dual isogeny) is isomorphic to

Z /d;. The isogeny n determines the subgroup Z := ¢P (ker7t) ~ 6—) Z/d;
in Y Conversely any subgroup Z of a p.p.a.v. (Y, P) determines an isogeny
n:X — Y: the dual of the isogeny ¥ ~ ¥ — X := Y/Z.
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LeMMA 1 (Lemma 1.1 in [B-L-R]). Let Z be a cyclic subgroup of order d of
a p.p.av. (Y,P) and n: X — Y the associated isogeny. Then M = rn*(P) is of
type (1,...,1,d).

LeEMMA 2 (part a) of Lemma (1.2) in [B-L-R]). Let n: (X,M) — (Y,P) be
an isogeny onto a p.p.a.v. (Y, P) associated to a finite subgroup Z < Y.
There is a canonical decomposition

H' (M)~ @ H(¢:P)
zeZ

induced by the embeddings n* : HO(t; P) — H°(M).
Besides we observe that K(M) = n~1(Z).

Lange-Birkenhake-Ramanan’s Theorem on global generation of primitive
line bundles on abelian threefolds (Theorem 1 in [B-L-R]). Let X be a complex
torus of dimension three and M an ample line bundle on X of type (1,1,d) defin-
ing an irreducible polarization. Let m:(X,M)— (Y,P) be an isogeny with
n*P=M,(Y,P) p.p.av. and such that kern is isomorphic to Z/d. Let Z :=
¢;1(kerﬁ) ~Z)d={z) in Y (&: Y — X the dual isogeny).

a) Suppose Y = J(C) is the Jacobian of a smooth curve C of genus 3. If
d =5 and C is not hyperelliptic, then M is globally generated.

b) Suppose Y = J(C) x E is the product of the Jacobian of a smooth curve
C of genus 2 and of an elliptic curve E. Let z = (z1,22) € J(C) X E. If z; is of
order =5, then M is globally generated.

c) Suppose Y = E| X E; X E3 is the product of three elliptic curves. Let
z=(z1,22,23) € Ey X Ey X E3. If z, is of order >4 for i=1,2,3, then M is
globally generated.

We finish the preliminaries stating the following lemma:

LemMa 3. Let C be a Riemann surface of genus 2 and z a point of order d in
J(C) with d > 3. Then

a) vinvinvin...n V(ld—l)z =0

b) Vinvinvinv =o.

Proof. By a well-known theorem, V!N V! is a set of two points counted
with multiplicity if s # 0.

a) VINVINVyN - NV}._,, is invariant by z thus if it is not empty then
it contains at least d points and this is absurd in fact d > 3.

b) Suppose VINV}! = {x,y}; then V} NV} ={x+z y+z}and V)NV =
{x+2z,y+2z}. Thus we have y =x+z and y = x + 2z and then z = 0, which
is absurd. Observe that actually b) implies a). Q.E.D.
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THEOREM 1. Let X be a complex torus of dimension three and M an ample
line bundle on X of type (1,dy,d3) such that d3 > 2; set L = M?.

Let n:(X,M)— (Y,P) be an isogeny with n*P =M, (Y,P) p.p.a.v. and
such that ker (and then ker #t, where 7. ¥ — X is the dual isogeny) is isomorphic
t0 Z)dy ® Z|ds. Let Z = ¢5' (ker#t) ~Z/dry ® Z/ds in Y.

1. Suppose first that dy =1. Let Z = {z).

la. Let (Y,P) = (E, P1) x (Ez, Py) x (E3, P3), E, elliptic curves, z = (z1,23,23) €
Ey x E; x E3. Then L is not normally generated if and only if we are in one of
the following three cases:

® i such that z, =0

* {ordz}, ;53 =1{2,4,4}

e {ordz},.) 53 =1{2,2,I} for some I € N.

1b. Let (Y,P) = (J(C),®) x (E,P"), E elliptic curve, C Riemann surface of
genus 2, z = (21,23) € J(C) x E. Then L is not normally generated if and only if
we are in one of the following four cases:

® i such that z, =0

e ord(z;) =2

e ord(z;) =4 and ord(z;) =2

e ord(z;) = ord(z;) = 3, C is a curve of the type y* = p(x) with p(x) polynomial
of degree 6 without multiple roots such that there exists a polynomial q(x) of
degree <3 and k e C with q(k) # 0 such that p(x) = q(x)* + (x —k)® and z; =
2u(S) for a point S with x(S) = k, where u is the Abel map from a point of C with
y=0. (Observe that the set of the curves of the type we described above has
codimension 1 in the moduli space of genus 2 curves.)

le. Let (Y,P)= (J(C),0) with C Riemann surface of genus 3.

If ds > 5 and C is not hyperelliptic, L is normally generated.

If dy = 3 and C is not hyperelliptic, L is not normally generated if and only if a)
and b) hold:

a) C is a smooth curve of the following type: choose a conic {q = 0} in P%
and four points on {q=0},T,Q,R,S, with {T,Q} # {R,S}; let the line TQ be
{r1 = 0} and the line RS be {r, = 0}; choose a polynomial g of degree 2 such that,
if T+#0Q, g(T)=g(Q) =0; let C be the curve {rir; +qg = 0}.

b) z=u(T+ Q) - u(R+S) (T, Q, R, S in a)).

2. Suppose now that dy>1. Let Z=<w)y®<z) with ord(w)=d, and
ord(z) = ds.

2a. Let (Y,P)=(E, P1)x(Ey, P;)x(Es,P3), E, elliptic curves z=(z1,z2,23)€
E] X Ez X E3, w = (wl,W2,W3) € E; x E; % E3.

® Suppose z, #0Vi. If d3 >3 then L normally generated. If d3 =3 then L is
not normally generated if and only if w= (e121,&22,8323) with {e1,&,8e} =
{0,1,-1}.
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e Suppose only one of the z,’s is equal to 0, for instance z3 =0 and z; #0,
2z #0. Then L is not normally generated if and only if we are in one of the
following five cases:

1) w3 =0;

ii) {ord(z;),ord(z2)} = {2,3}, w1 =0 and wy = 0;

iii) {ord(z;),ord(z2)}={2,3}, ord(w3)=2 and {ord(w)),ord(w2)}={l1,3};

iv) {ord(z;),ord(z2)} = {2,3}, ord(ws;) =3 and {ord(w;),ord(w,)} < {1,2};

v) {ord(zy),ord(z2)} = {2,3}, {ord(w:),ord(w,),ord(w3)} = {1,2}.
o Suppose only two of the z,’s are equal to 0, for instance z; =0 and z3 =0 and
z1 #0. Then L is not normally generated if and only if we are in one of the
following four cases:

i) w3 =0;

ii) wy = 0;

iii) {ord(ws), ord(ws)} < {1,2};

iv) {ord(w;),ord(w3)} < {2,3}.

2b. Let (Y,P)=(J(C),®)x (E,P"), E elliptic curve, C Riemann surface of
genus 2, z = (z1,22) € J(C) X E, w = (w1, wz) € J(C) x E. Then L is not normally
generated if and only if we are in one of the following two cases:

e ord(z;) =2, ord(z;) >2 and w; =0

e ord(z;) =4, ord(zz) =2, w, =0 and w; = 2z;.

2¢c. Let (Y,P)=(J(C),®) with C not hyperelliptic Riemann surface of genus
3. If d3 =5 then L is normally generated.

Proof. Observe that, if L’ is a line bundle with the same Chern class of L
(i.e. it is obtained from L by a translation), then L is normally generated if and
only if L’ is normally generated.

By one of Ohbuchi’s theorems (see Introduction) L = M? is normally
generated if and only if, once a decomposition of V for ¢;(M) is fixed, |M| has
no base point in 7, K (M?) where ce V is a characteristic of M, i.e. there does

not exist b in the base locus of |M| such that 2b + 2[c] € K(M). In order to see
when this condition holds we use the already quoted lemmas of the paper [B-L-R]
(Lemma 1 and Lemma 2 in this paper).

1. Case M is of type (1,1,d3)

la. Let (Y,P)=(E), P1)x(Ez, P2)x(Es, P3), E, elliptic curves, z = (z,23,23) €
E; x E; x E3. We claim that L is normally generated if and only if z, # 0 Vi.

Let (E,, P,) for i=1,2,3 be principally polarized elliptic curves with P, =
(0); observe that the characteristic of P is in (1/2)A’, where A’ is the lattice of Y,
since P is symmetric.

We recall that K(M) = n~!({z)) and the base locus of |M| is the inverse
image by 7 of the base locus of P, H(1;,P).

Thus L is normally generated if and only if 35 in the base locus of
@,H(t;,P) such that 2b e (z).

If 37 such that z, =0, by Ohbuchi’s theorem we recalled in the footnote
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of the Introduction, L is not very ample and then it is not normally generated
(in fact in this case obviously 3 b in the base locus of @), H(z;,P) such that
2b e<{z)).

Let z, # 0 for every i.

Let ds > 3; the base locus of @), H(z;,P) is the empty set if {ordz,},_, , ; #
{2,4,4} and #{2,2,/} for any /e N (we can see this considering first the case
ordz, > 3 Vi and then the case 37 such that ordz, =2 and then dividing the
case 3i such that ordz, =2 in the case 3j #i such that ordz; =2 and the
case Aj #i such that ordz, = 2); if 34, j with i # j such that ordz, = ordz
=2, for instance ordz; = ordz; = 2, then the base locus of (—B HO(t tyP) is
{0} x {z2} x E3)U ({z1} x {0} x E3) thus in this case L is not normally
generated, in fact 3 b e ({0} x {z2} x E3) U ({z1} x {0} x E3) such that 2b € (z);
if {ordz},_;,3 = {2,4,4} for instance (ordz;,ordz;,ordz3) = (2,4,4), then the
base locus of 6—) HO( P) is (0,z3,323) U (0,323, 2z3) U(z1,0, 223)U(21,2zz, 0) and
again L is not normally generated, because the double of everyone of these points
is in {z).

Let d3 = 3; then the base locus of P H(s;,P) is the following set:

{(6(1)21,0(2)22,0(3)z3) | o € F3}.

Since 2(0(1)z1,0(2)z2,0(3)z3) ¢ <z) for all o € &3, we conclude that there is no
base point of |M| in #K(M?).

1b. Let (Y, P) be the product of the Jacobian of a curve C of genus 2 and of a
principally polarized elliptic curve (E,P’) and let z= (z1,22) e J(C) x E. If ¢
is the hyperelliptic involution of C, choose one of the points that are fixed by o
as the base point of Abel’s map u. Sometimes it will be useful to see C as the
Riemann surface y? = p(x) with p(x) polynomial of degree 6 without multiple
roots; we will see C as the Riemann surface obtained by glueing two copies of
P! as described for instance in [F-R] p. 145; we will denote the two points
at 1nﬁn1ty in the two copies of P! by Py and P. We can suppose (Y,P) =
(J(C), V1) x (E, P"), with P' = (0).
We have to see whether there is a point b in (), ((V1 x E)U (J(C) x

{0})),,(2l 2 Such that 2b € Z (in fact the characteristic of P is in (1 /2)A’, where

A’ is the lattice of Y, since P is symmetric).
Case ord(z;) =2. Observe that
Q((V1 X E)U(J(C) x {0}y, z)
= (V' x E)U(J(C) x {0})) N((V;, x E)U (J(C) x {z2}))
N((V' x E)UJ(C) x {222})) N ((V;, x E)U(J(C) x {322}))
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We see that 3b e (V' N V}) x E such that 2b € Z, in fact Jae V' NV} such that
2a € {z1); since 2z; =0 one can write z; = u(R) — u(S) with R and S in the
set of the points that are fixed by o; thus we can take a = u(R) because
u(R) e V'NV]} and 2u(R) = 0.

Thus in this case L is never normally generated.

Case ord(z;) = 3. We divide this case in two subcases depending on ord(zy).
e ord(z;) =2 or ord(z;) > 3.

Observe that

NV x EYU(C) X {0}z, )

= (V' x E)U(J(C) x {0})) N((V;; x E)U(J(C) x {z2}))
N((Vy, x E)U(J(C) x {223}))
N((V' x E)U(J(C) x {322})) N ((V} x E)U(J(C) x {4z2}))

N((Vy, x E)U(J(C) x {522}))

=(V'xE)N(V} x E\N(Vy, x E)y=(V'nv.nvy, ) xE.
By Lemma 3, V!'NV} NV, =0. Thus M is globally generated and L is
normally generated.

e ord(z;) = 3.
Observe that

N (V' x E)U(C) x {01))(, 2

= (V' x E)U(J(C) x {01)) N((V;, x E)U(J(C) x {z2}))
N (V3 x E)U(J(C) x {222}))
=((V'nviny,) x E)U((V'nV}) x {2z})
U((r'niy,) x {zH U((V; N Vy,,) x {0})
=((V'NV) x 22)U((V' NV, x {zHhU((V; NV, ) x {0})
= (V' V) x{22H U (VN V) x{222}) 5, o) U (VI NV x{222}) g, s

where the last but one equality holds by Lemma 3.
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Observe that: 3be V'N V] x {2z} such that 2be Z &
3be (V'NV)) x {222}y, 2 such that 2be Z &
Ibe (VN Vl) x {222});, ., such that 2be Z.

Thus it is sufficient to check when 3be V' N V]! x {2z,} such that 2b e Z.
One can easily see that: Jbe V'NV] x {2z,} such that 2b € Z &

Jae V'NV] such that 2a =z, &
3S5,0eC such that u(S) = u(Q) +z1 and 2u(S) =z &
35,0 € C such that u(S)+ u(Q) =0 and 2u(S) =z; &
35,0 € C such that S+ Qe K¢ and 2u(S) =21 &
38 e C such that 2u(S) =z; (Q will be a(S)).

Thus L is not normally generated if and only if there is a point S in C such
that it is not a ramification point and 6u(S) =0 (that is 6S € 3K¢) and z; =
2u(S).

Observe that 3PP + 3P €3Kc and ZL(3P{ +3PF) = (1,x,x%,x%, y)> =
{ay — g(x) : degg < 3,a € C}.

Thus there is a point S in C (= {y* = p(x)}) such that it is not a ram-
ification point and 6S € KC if and only if 3 g(x) of degree <3 and k e C with

p(k) # 0 such that g(x)? — p(x) is a scalar multiple of (x — k) (S will be one of
the two points with x = k). Observe that the set of the curves of this type has
codimension 1 in the moduli space of genus 2 curves.

Thus we conclude the proof of this case.

Case ord(z;) =4. We divide this case in three subcases depending on
ord(zy).

e ord(z) =2.
Observe that

N (V! x E)UJ(C) X {0})) iz, )

= (V' x E)U(I(C) x {0))N((V; x E)U(J(C) x {z}))
N((Va,, x E)U(J(C) x {0})) N ((V4,, x E)U(J(C) x {z}))

= (V' N¥y,) x E)UJ(C) x {0}))
N(((VANV3,) x E)UI(C) x {z2}))

= (V"N x {2 U (VA N V3,) x {0})
u(v'nvinv,, Nvs,) x E)

= ((V'nVy,) x {) U((V; N Vy,,) x {0}),

where last equality holds by Lemma 3.
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We see that 3be (V!N V), ) x {z} such that 2be Z, in fact Jac V' NV},
such that 2a = 0: since 4z; = 0 one can write 2z; = u(R) + u(S) with R and S
in the set of the points that are fixed by o; thus we can take a = u(R) because
u(R)e VNV, and 2u(R) =0.

Thus in this case L is never normally generated.

e ord(z;) =4.
Observe that
NV x E)UI(C) x {0),, 2

= (V' x E)UJ(C) x {ON) N ((V;, x E)U(J(C) x {z}))
N((Vz, x E)U(J(C) x {2221)) N ((V3;, x E)U(J(C) x {322}))
=((V'nv}nv, NV,) x E)
U((r'nvinyy,) x 3z U((V'nviNnvy,) x {2z2})
UV N ¥y, NV3,) x {2 U((V, NV, NV3,) x {0})
=((V'nV Ny, ) x 32UV NNy, x {22})
UV NV, NV3,) x {z) UV, NV, NV3,) x {0})

= %) 3((V1 N Vzll n V2121) X {322})n(z|,zz)
n=0,...
where the last but one equality holds by Lemma 3.

Obviously we can reduce to see whether 3ae V'NV] NV}, such that
2(a,3z;) € Z that is 2a = 2z;.

But it is not possible that 3.5 € C such that 2u(S) = 2z;, in fact, this implies
that 2u(S) # 0, that is S is not fixed by o, and 4u(S) = 0, that is 45 € 2K¢; but
2Kc32PP +2P9, (2P +2P%) =1,x, x2), thus 4S € 2K¢ implies 3g(x) of
degree <2 such that (q) =4S — 2P —2P% and this is absurd since (¢) and
2P + 2P are symmetric for ¢ while 45 is not because S is not fixed by o.

Thus L is normally generated.

e ord(z;) =3 or ord(z;) > 5.

Observe that

N (V' x E)U((C) x {0})iz1.20)

= (V' x E)U(J(C) x {0)) N ((V;, x E)U(J(C) x {22}))
N ((Va,, x E)U(J(C) x {222})) N ((V3, x E)U(J(C) x {322}))

NV x E)U(J(C) x {4z}) N ((V;, x E)U(J(C) x {522}))
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N((Vy, x E)U(JI(C) x {6221)) N ((V3, x E)U(J(C) x {722}))

= (V' x E)N (V) x EYN(V}, x E)N (V4 x E)

=V'NVinv, NV ) xE=9.
where last equality holds by Lemma 3.

Case ord(z;) > 5. By Theorem 1 part b) in [B-L-R] (we recalled at the
beginning of this section) M is globally generated and then L is normally
generated.

le. Let (Y,P)= (J(C),®) with C Riemann surface of genus 3.

If C is not hyperelliptic and d3 > 5 then |M| has not base points, by
Theorem 1 in [B-L-R]. Thus L is normally generated.

Suppose C is not hyperelliptic and d3 =3. We want to see when
Ibe V2NV2NVE such that 2be Z+ u(Kc). We can easily reduce to see
when 3be V2NV2NVE such that 2b = u(Kc). This is equivalent to say
3T,Q,R,S,4,Be C such that (T + Q) =u(R+S)+z=u(d+ B)+2z and
2u(T + Q) = u(Kc).

This is equivalent to say 37,0, R, S, 4, B e C such that:

R+S+A+BeKc, 2(T+ Q) e Ke, u(T + Q) — u(R+ S) is of order 3.
This is equivalent to say 37,0, R, S, A, B e C such that:
R+S+A+BeKc,2(T+Q)eKe, T+Q+ A+ B~2(R+S).

This is equivalent to say 37,0, R, S, A, B e C such that:

R+S+A+BeKc, 2(T+Q)eKe, T+Q+3(R+S)e2Kc.

If v:C— H°(C,Kc)* is the canonical map, this is equivalent to say that
iT,Q,R, S, A4, B e C such that v(R), v(S), v(4),v(B) are in the same line, the line
v(T)v(Q) is bitangent to v(C) in v(T) and v(Q) there is a conic that cuts on v(C)
the divisor T+ O + 3(R+ ).

Observe that if {g =0} is a conic in Pé and T,Q, R, S are four points on
{q =0} with {T,Q} # {R, S}, then a quartic C is such that CN{q =0} =3R+
3S+ T+ Q if and only if C is {rir3 +qg = 0} for a polynomial g of degree 2,
where {r; = 0} is the line 7Q and {r, = 0} is the line RS. Besides in this case
{r; =0} is bitangent to C in T and Q if and only if T = Q or g(T) = g(Q) = 0.
Thus, “forgetting v”’, L is not normally generated if and only if a) and b) hold:

a) C is a smooth curve of the following type: choose a conic {g = 0} in PZ
and four points on {g =0}, T, Q, R, S, with {T, 0} # {R, S}; let the line TQ be
{r1 =0} and the line RS be {r, = 0}; choose a polynomial g of degree 2 such
that, if T # Q, g(T) = g(Q) = 0; let C be the curve {rir3 + qg = 0}.

b) z=u(T+ Q) —pu(R+S) (T, @, R, §in a)).
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2. Case M is of type (1,ds,d3), dr = 2.

2a. Let (Y,P) = (Ei, P1) x (E2, P2) x (E3, P3), E, elliptic curves, z = (z1,22,23) €
E| x E; x E3, w= (w,wy,w3) € E| x E; x E3. We can suppose P, = (0).
We have to see whether in

() ({0} x E; x E3) U (E1 x {0} x E3)U(E1 x Ez X {0})),1, 1w

n,m

there is a point b such that 2b e {z) @ {(w).
e Suppose first z, # 0 Vi.
Let d3 > 3; if {ordz},_,,3 # {2,4,4} and # {2,2,/} for any /e N, then

() ({0} x E2 x E3)U (Er x {0} x E3)U(E1 x Ez x {0})),, =0

n

and thus

() ({0} x Ey x E3)U(E; x {0} x E3)U (Ey X Ey X {0})),1, 1 = &

if {ordz},_;,3={2,4,4}, for instance (ordzj,ordz;,ordz;) = (2,4,4), then

ﬂ (({0} x Ep X E3) U (El X {0} X E3) U (El x FEy X {O}))nz = (0,22,323) +<z>

n

and ﬂ ((0,22,323) + <2)),,, #* 9 implies w € {z) but this is absurd, thus
ﬂ ({0} x Ez x E3) U (E1 x {0} x E3) U (E1 X E2 X {0})) 1,y = 05

if {ordz},_; ;3 =1{2,2,/} with / > 3, for instance (ord z;, ord z, ord z3) = (2,2, l)
with />3, then N, (({0} x Ey x E3)U (E; x {0} x E3)U(E; x E; x {0})),,
equal to

({0} x {z2} x E3) U ({z1} x {0} x E3)

and (), (({0} x {z2} x E3)U({z1} x {0} x E3)),,, # @ implies w =z and this is
absurd, thus

() ({0} x Ez x E3) U (E1 x {0} x E3)U(E1 X Ez X {0})),1, pp = 9.

Thus if &3 >3 then M is globally generated and L normally generated.
Let d3=3. Then (), (({0} x E» x E3) U (E; x {0} x E3) U (E; x Ez x {0})),,,
is equal to

U (6(1)z1,6(2)z2,0(3)z3).

G’ES3

First we see when there is a point b in ), ({,.s (0(1)21,0(2)22,5(3)z3)) .,
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Observe that (), (U,cs,(0(1)z1,0(2)22,0(3)23)),, # @ if and only if
(0’(1)21,0'(2)22, 6(3)23) = (T(I)Zl, 1(2)22, 1(3)23) +w= (}1(1)21, 7(2)22’ }’(3)23) +2w

for some 0,7,y € S3. This is true if and only if y(i) — (i) = (i) — o(i) for
i=1,2,3, that is 2¢(i) = o(i) + y(i) for i=1,2,3. Suppose (z(1),7(2),7(3)) =
(0,1,2), thus 2(z(1),7(2),7(3)) = (0,2,1). Observing first that o(i) # y(i) for
i=1,2,3, we see that (a(1),0(2),0(3)) = (1,0,2) and (5(1),7(2),7(3)) = (2,1,0)
or the contrary. Thus M is not globally generated if and only if w=
(e121, €222, €323) with {ej,&,e} ={0,1,—~1}. Observe that in this case 2(a(1)z,
0(2)z3,0(3)z3) € (z) @ {w). Thus L is not normally generated if and only if
w = (8121, 8222, €323) with {&,&,63} = {0, 1,-1}.

e Suppose only one of the z,’s is equal to 0, for instance z3 =0 and z; # 0,
V4) # 0.

If {ord(z;),ord(z2)} # {2,3} then ﬂn,m(({O} x Ey x E3)U(E; x {0} x E3)U
(Et X B2 X {0})) pzmy = (N (Bt X E2 x {0}),, = (), (E1 x Ep x {mw3});ifws # 0
this set is empty and then M is globally generated and L normally generated;
while if w3 = 0 this set is equal E; x E; x {0} and obviously L is not normally
generated.

Now suppose {ord(z;),ord(z2)} = {2,3}; for instance ord(z;) = 2, ord(z;) =
3.

Then ﬂn(({O} x Ey x E3) U (E] X {0} X E3) U (E1 x Ey % {0}))nz=({0} X{Zz}
x E3)U(Ey X Ey x {0}). It is possible that () (({0} x {z2} x E3)U(E; x E; X
{0})),,, # 90 if and only if we are in one of the following five cases:

l) w3 = 0,

ii) w =0 and wy =0,

iii) ord(ws) =2 and {ord(w;),ord(w;)} = {1, 3},

iv) ord(ws;) =3 and {ord(w,),ord(w»)} = {1,2},

v) {ord(w1),ord(w,),ord(w3)} < {1,2}.

In these cases L is not normally generated, in fact one easily sees that there
is a point be (), (({0} x {z2} x E3) U (E; x E; x {0})),,,, such that 2be(z) @
{w): in the first two cases it is obvious, in the third one we can take
b = (wi1,2z2 + w3,0), in the forth case we can take b = (0,2, w3) and in the last
case we can take b = (0,z2,w3) or b= (wy,z2 + wy,0).

e Suppose only two of the z,’s are equal to 0, for instance z; =0 and z3 =0
and z; #0.

Then (") (({0} x E; x E3)U (E1 x {0} x E3) U (E| X E; x {0})),, is equal to
(E; x {0} x E3)U (Ey x E; x {0}).

It is possible that (), ((E1 x {0} x E3)U(E; x E; x {0})),,, # 0 if and only
if we are in one of the following four cases:

1) w3 = 0,

ii) wy =0,

iii) {ord(w,),ord(ws)}

iv) {ord(w;),ord(ws)}
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In these cases L is not normally generated, in fact one easily sees that
there is a point be (), ((E1 x {0} x E3)U(E1 x E; x {0})),,, such that 2be
(z)®<w); in the first two cases it is obvious, in the third one the
set [, ((E1 x {0} x E3)U(E| x E; x {0})),,, contains E; x {w} x {0} and
E; x {0} x {ws}, in the forth case, if for instance ord(w;) =2 and ord(ws3) = 3,
the set () ((E1 x {0} x E3) U (E; x E; x {0})),,, contains Ej x {0} x {ws}.

2b. Let (Y,P)=(J(C),0) x (E,P’), E elliptic curve, C Riemann surface of
genus 2, z = (z1,23) € J(C) x E, w= (w;,wm) € J(C) x E.

Let (Y',N) be the abelian variety and the line bundle that arises from (Y, P)
and from the subgroup {(z).

If we are in one of the following three cases

i) ord(z;) =5

ii) ord(z;) =3 and ord(z) =2 or >3

iii) ord(z;) =4 and ord(z;) =3 or =5,
then N is globally generated (we see this in case 1) and then M is globally
generated (as observed in [B-L-R] Remark 1.5) and thus L is normally generated.

Thus it remains to consider the following four cases:

i) ord(z;) =2 and ord(zy) > 2,

ii) ord(z;) =4 and ord(zy) =2,

iii) ord(z;) = ord(zy) = 4,

iv) ord(z;) = ord(z) = 3.
e ord(z;) =2 and ord(z;) > 2.

Observe that

NV x E)UJ(C) % {01)) sz

n,m

=N\((¥'nv})xE),,
m

=<Q viny) )mwl)xE

If wi #0 then (), (V!NV} )y, = 0, in fact, if it contains a point then it must
contain at least 4 points because it is invariant for {w;> + {(z;) and on the other
hand it contains at most 2 points. Thus M is globally generated and L normally
generated.

Let w; = 0; we have already seen that 3b € (V1 n V‘) x E such that 2be Z,
in fact Jdae VN Vl such that 2ae (z;>: since 2z; =0 one can write 71 =
W(R) — u(S) with R'and S in the set of the points that are fixed by the hy-
perelliptic involution of C; thus we can take a = u(R) because u(R)e V!N v
and 2u(R) = 0. Thus L is never normally generated.

e ord(z;) =4 and ord(z;) = 2.

Observe that
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(V! x E)U(J(C) X {0})) nzm

n,m

= NN V) x {2 U((V, N V3,) % {0})) e

If wy, =0 this set is equal to

(N0 7L ) % ) U (2N PR, ) < 10).

m

Q2z1)+wyy---), thus M is globally generated and L is normally generated.
While, if w; =2z, then L is never normally generated (in fact Ibe
(V'NV},) x E such that 2b € Z, in fact 3ae V' NV}, such that 2a =0: since
4z; = 0 one can write 2z; = u(R) — u(S) with R and S in the set of the points
that are fixed by the hyperelliptic involution of C; thus we can take a = u(R)
because u(R) e V!NV, and 2u(R) =0.)

Now let wy # 0. Call 4, = ((V'NVL,) x{z2})U(VINVL) x {0})),,-
Consider for instance the intersection of the first piece of A4y with the two pieces
of A;; we obtain

(V'O Ve x {22}) (VN Vi 1,) X {22+ w2}))

UV N Vy) x {221 0 (Vi NV sz ) X {w2})).

Thus if w; # 2z; this set is empty (because (), (V' NV3,),,, is invariant for

If wy # z; this set is empty. If w, = z, we obtain (V' NV )N (VINV,, ), .,.)
x {z2}; suppose V!N V), ={a,a+2z}andthen (V' NV, ), ., ={a+z+ w,
a+2z1+zi+w}; thus it is necessary for (VINV, )NVINV.), ., #0
that z; = wy or z; = —w; or 3z; = —w; and this is impossible since {(z) # {w).
Thus if w, # 0 then M is globally generated and L is normally generated.
e ord(z;) = ord(z,;) = 4.

Since ord(w)|ord(z) =4, ord(w) must be 2 or 4. Observe that

NV x E)UI(C) % {0})) sz = () (ﬂ((V1 x E)U(J(C) x {0}))nz)

= ﬂBmw,
where B= ((V'NVINV ) x B3ah)U((V' NV NV)x {2} U (V) Ny, N
Vi) x{0}). If w, =0 we have that (), By, is equal to

(N 0V VL), % 3221 U (N0 PO VL), x 220

m m

y (ﬂ(V; VL N % {0}).

m
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Consider (),(V'NV NV}, ),,; it is invariant for wy. If ord(w;) =4 if
it contains a point it must contain 4 points and this is absurd, thus it is empty.
If ord(wy) =2, let ¥'NV]} ={a1,ax} and then V) NV, ={a1+z,a2+2};
it is necessary for V'NVINV), #0 that ay =a; + z1; thus, if (), (V'NV]
n Vzlz] )y, 7 O then a; (and @) must be invariant for w; and this is absurd.
Analogously the other pieces. Thus M is globally generated and L is normally
generated.

Suppose now w; # 0. If ord(w;) =4 then ord(w) =4 and thus (), Bmw =
0. Suppose ord(ws) =2; if ord(w;) =4 we have immediately that () B, =
@ because for instance (V'NVINVL ) N(V'NVINV,,),, =0 if ordw) =
2 it is necessary for ﬂmBmw # 0 that wy =z, or wy =3z, and this is absurd
because ord(w;) =2 while ord(z;) =4; thus M is globally generated and L is
normally generated.
e ord(z;) = ord(zz) = 3.

Since ord(w) |ord(z) =3, ord(w) = 3. Observe that

NV x E)UJ(C) X {01) e

n,m

- Q(O((Vl x E)U(J(C) x {0}))nz>

=NV x 22UV NV,) x {z2) U (VN Va,) X {0})),,-

If w, =0 this set is
v'onvhnw'nr)), nwnrl),,) x {2z}

Z]
U ny, ) nminry,), NVinvy,),,) x {22}
U ((VZIzl n Vzll) n (V2121 n VZI1 )W1 n (V2121 n Vz11)2w1) X {0}7

and this is empty because (V!NV} )N(¥'nyl), N(¥V'NV}),, isinvariant for
w; thus if it contains a point then it must contain at least three points and this is
absurd. Thus M is globally generated and L is normally generated.

Suppose w, # 0. It is necessary for

NNV x 2 U (V0 1y,) x {2} U((VAUVy,) x {0})),,, #9 that
m
wy=2z and (V'NVHNW'NVL), NViNnVL),, #0
or
wa=2z, and (V'NV)NWV NV, ), NV NV, ), #0;

but both cases are impossible, for instance consider the first one: if w; =
oiNVHNINYL), N(VANVLE )y, =VINVINYV], =0, if w #0 the
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set. (VN )nwinvy), N(Vinvy),, is invariant for wi, thus if it
contains a point then it must contain at least 3 points and this is absurd. Thus
M is globally generated and L is normally generated.

2c. Let (Y,P)=(J(C),®) with C not hyperelliptic Riemann surface of genus
3. Letds;>5. Let (Y',N) be the abelian variety and the line bundle that arises
from (Y,P) and from the subgroup <(z). Then N is globally generated by
Theorem 1la in [B-L-R] and then M is globally generated (as observed in [B-L-R]
Remark 1.5) and thus L is normally generated. Q.E.D.

Remark 1. Theorem 1 characterizes normally generated line bundles on
abelian threefolds except for the case (Y,P) = (J(C),®) with C hyperelliptic
Riemann surface of genus 3 and for the cases (Y, P) = (J(C),®) with C not
hyperelliptic Riemann surface of genus 3 and M of type (1,1,4) or of type
(1,d2,d3) with d, > 2 and d; < 5.

If (Y,P)=(J(C),®) with C hyperelliptic Riemann surface of genus 3 and
M is of type (1,1,3) one can prove that generically L is normally generated.

In fact:

Let C be the curve y? = p(x), p(x) polynomial of degree 8 without multiple
roots; we see C as the Riemann surface obtained by glueing two copies of P! as
described for instance in [F-R] p. 145; let P{° and P3° be the two points at infinity
in the two copies of P!.

L is not normally generated if and only if 3b = u(Po + Qo) = u(P1 + Q1) + 2
= (P + Q) +2z€ VPN V2N VE such that 2b e {z) + u(Kc¢).

We recall that K¢ = 2g) where g1 is the linear system of degree 2 and of
dimension 1 on C. Besides observe that Z(2PY 4 2P%) ={1,x, x2), thus the
divisors given by the sections of Kc(32P{° +2P%) are invariant for the hy-
perelliptic involution.

One can suppose 2b = u(K¢). Observe that it is not possible that Py =
o(Qo) where o is the hyperelliptic involution; in fact in this case u(Py + Qo) =0,
then u(P; + (2) = z, then 3u(Py + Q2) = 0, then 3(P, + Q) ~ 3PP + 3P5°; but
L(BPP +3P5) =<1,x,x%,x3), thus this implies that P, = ¢(Q,) and then z = 0,
which is absurd.

Thus L is normally generated if and only if 3P, Q;i=1,2,3 such that
,u(Po + Qo) = ,u(P1 + QI) +z= ,u(Pz + Qz) +2z and Py = O‘(P()) and Qp = O'(Qo).

Observe this is equivalent to: 3P, Q;i=1,2,3 such that u(Po+ Qo) —
(P1+ Q1) =z=2u(P1+ Q1), Po=0(Po), Qo =0(Qo), P»=0(P1), Q2 =0(Q1)
(modulo changing P with Q). This is equivalent to: 3P, Q;i= 1,2 such that
Py = a(Po), Qo = a(Qo),

(1) 6(P1+ Q1) € 3Kc
(2) Py+ Qo+ 3(P1+ Q1) €2Kc

and z = 2u(P) + Q1).
Observe that
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and
L (6P +6PF) =(1,x, X253, x* x5, xS, y, %, yx2>.

Thus (1) is equivalent to say that there are a polynomial of degree <2,r(x), and
a polynomial of degree <6, g(x), such that the divisor given by yr(x) + g(x) on
C is 6P + 60 that is

¢*(x) = PP (x) = (x = xp,)*(x = xg,)",

and (2) is equivalent to say that there are a polynomial of degree <4,s(x), such
that the divisor given by y —s(x) on C is 3P; +3Q; + Py + Qo that is

s2(x) = p(x) = (x — xp,) (x — xg,) (x — xp,)* (x — xg,)°,
that is

p(x) = $3(x) = (x = xp,)(x — x0,)(x = xp,)*(x — xg,);

but, by a calculus of dimensions, there is a p(x) of degree 8 without multiple
roots that doesn’t satisfy the last equation.

PropoSITION 1. (Small generalization of Birkenhake-Lange-Ramanan’s
Theorem on global generation of primitive lines bundles on abelian threefolds in
[B-L-R]). Let X be a complex torus of dimension three and M an ample line
bundle on X of type (1,dy,ds) such that d3 >2. Let n:(X,M) — (Y,P) be an
isogeny with n*P = M, (Y, P) p.p.a.v. and such that kern (and then ker#, where
#:Y — X is the dual isogeny) is isomorphic to Z/dy ® Z/ds. Let Z := ¢p'
(kert) ~Z/dy ®Z/d3 in Y.

1. Suppose first that dy =1. Let Z =<{z).

la. Let (Y,P) = (E1, P1) x (Ez, Py) x (E3, P3), E, elliptic curves, z = (z1,22,23) €
E| x Ey X E3. Then M is globally generated if and only if z, # 0 Vi, d3 > 4 and
{ordz;,ord z,0ord z3} # {2,4,4} and #{2,2,1} for any I € N.

1b. Let (Y,P)= (J(C),®) x (E,P’), E elliptic curve, C Riemann surface of
genus 2, z = (z1,2) € J(C) X E, z;, #0i=1,2.
Then M is globally generated if and only if we are not in one of the following
four cases:
e ord(z;) =2
e ord(z;) = ord(z;) =3
e ord(zy) =4 and ord(z;) =2
* ord(z;) = ord(z;) =4 and V' NV} NV}, =0.

le. Let (Y,P)=(J(C),®) with C Riemann surface of genus 3.
If ds =5 and C is not hyperelliptic, M is globally generated.
If dy =3 then M is not globally generated.
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2. Suppose now that d) > 1. Let Z = {w) ® {z) with ord(w) = d; and ord(z) =
ds.

2a. Let (Y,P) = (Ei1, P1) X (E2, P2) x (E3, P3), E, elliptic curves z = (z1,22,23) €
E, x E, x E5, w= (W1,W2,W3) e Ey x E; x Ej.
e Suppose z, #0 Vi. If ds > 3 then M is globally generated. If ds =3 then M
is not globally generated if and only if w= (e1z1,822,8323) with {&,&,6} =
{0,1,-1}.
e Suppose only one of the z’s is equal to 0, for instance z3 =0 and z; # 0,
20 #0. Then M is not globally generated if and only if we are in one of the
following five cases:

l) w3 = 0;

ii) {ord(z;),ord(z2)} = {2,3}, w1 =0 and w, =0;

iii) {ord(z)),ord(z2)} = {2,3}, ord(ws3) =2 and {ord(w,),ord(w2)} <= {1,3};

iv) {ord(z;),ord(z2)} = {2,3}, ord(ws) =3 and {ord(w;),ord(w2)} = {1,2};

V) {OI’d(Z]),OI'd(Zz)} = {2’3}: {ord(wl),ord(wz),ord(W3)} = {172}
® Suppose only two of the z,’s are equal to 0, for instance z; = 0 and z3 = 0 and
z1 #0. Then M is not globally generated if and only if we are in one of the
following four cases:

1) w3 = 0;

ii) wp =0;

iii) {ord(w,),ord(ws)} = {1,2};

iv) {ord(w;),ord(w;)} < {2,3}.

2b. Let (Y,P)=(J(C),®) x (E,P'), E elliptic curve, C Riemann surface of
genus 2, z = (z1,22) € J(C) x E, w= (wy,w) € J(C) X E.

Then M is not globally generated if and only if we are in one of the following
two cases:
e ord(z)) =2, ord(z;) >2 and w; =0
e ord(z)) =4, ord(z;) =2, wy, =0 and w; = 2z;.

2¢c. Let (Y,P)=(J(C),0) with C not hyperelliptic Riemann surface of genus 3.
If ds > 5 then M is globally generated.

Remark 2. Let (X, M) be an abelian variety with M an ample line bundle
of type (1,ds,...,d,;) with d, >2. One can conjecture that if L = M? is not
normally generated then there exists an isogeny (X,M) — (Y,P) such that
of p.p.a.v.’s. One can easily see that this conjecture is false: the dimension
of every component of the moduli space of abelian varieties of fixed type
(2dy,...,2d;) with dy -...-d; =d and such that the line bundles inducing the
polarizations are not normally generated is >(g(g + 1)/2) — d, thus it is =6 —d
ifg=3,itis >10-d ifg=4,itis >15—-d if g=5...; while the dimension of
every component of the set of the abelian varieties of that type and isogenous to
a non trivial product of p.p.av’sis <4 if g=3,itis <7 if g=4, itis <11 if
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g =5...; thus if we consider the case g =5 and d = 3 we find a counterexample
to the conjecture.
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