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1. Introduction

Let S® be the 3-dimensional standard unit sphere in the complex Euclidean
space C% For each 6 satisfying 0<8<r/2, we consider a torus MyC S® defined
by

My={(z\, z,)C?: |z,|=co0sl, |z,|=sinb}.

The torus M, is a flat Riemannian manifold equipped with the metric induced
by the inclusion map i, : My—S® In [2] the author studied the question whe-
ther the flat torus M,CS?® is rigid or not, and he proved that every isometric
deformation of 75 : My,—S® is trivial. Recently, concerning the question above,
Enomoto, Weiner and the author proved the following rigidity theorem.

THEOREM 1.1 ([1]). If f: My — S® is an isometric embedding, then there
exists an isometry A of S*® such that f=~A-ig.

There are two key ingredients in the proof of this theorem. One is the
fact that every embedded flat torus in S® is invariant under the antipodal map
of S® ([3]), and the other is the following :

THEOREM 1.2 ([1]). Let f: My — S*® be an isometric immersion. If the
diameter of the image f(My) is equal to w, then there exists an isometry A of S*
such that f=A-i,.

In this note we establish a higher dimensional generalization of Theorem
1.2. For n=2, let r=(R,, ..., R,) be an n-tuple of positive real numbers such
that >37.,R?=1, and let M, be an n-dimensional torus in the (2n—1)-dimensional
standard unit sphere S?"~'CC™ defined by

M.={(z, ..., z,)eC™: |z,|=R, for 1<:<n}.

Then M, is a flat Riemannian manifold equipped with the metric induced by
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the inclusion map 7,: M,—S?*-1. For each isometric immersion f: M,—S?"",
we denote by Diam(f) the diameter of the image f(M,) in S**-!. Note that
the inclusion map ¢, satisfies Diam(i,)==. The following theorem, which will
be proved in Section 2, is the main result of this note.

THEOREM 1.3. Let f: M,—S5%""! be an isometric immersion. If Diam(f)=m,
then there exists an isometry A of S*"~' such that f=A-i,.

Remark. Because of Theorem 1.3, it is interesting to ask the following
question: Does there exist an isometric immersion f: M,—S*"~! with Diam(f)<
n? However, the author does not know the answer to the question even for
n=2.

2. Proof of Theorem 1.3

We first prove the following algebraic lemma.

LEMMA 2.1. Let v and v;; (1=, j=<n) be elements of a real vector space V.
Suppose that 27, x.x0,;=v for all (xi, ..., x,)ER™ with |x,|=1 (1=iZn).
Then v;j+v;;=0 for all i<j, and 37— vy =v.

Proof. We prove the lemma by induction on n. For n=1, the assertion
of the lemma is trivial. Choose (x4, ..., Xz-1)R""! such that |x,|=1 for all
1<i<n—1. Then X} ,.,x,xv,;=v for x,==x1. This shows

2} XXt 3 XiWan+Vn)=0—Vnp.

1, j<n wn
Hence
2.1) 2D XXV =V—Vnn,
1, J<n
2.2) 2 X:Vin+0a.)=0.

w<n

By (2.1) and the induction hypothesis it follows that v,;+v;;=0 for all ;<j<n
and that X% !v;;=v—v,,. On the other hand (2.2) implies that v,,+v,;=0 for
i<n. Hence we obtain the assertion of the lemma. O

For each u=(u,, ..., u,)=R", we consider a transformation T,: M,— M,
given by

Tu(p)=(z1exp(v/=1us/Ry), ..., zaexp(~'—1u,/R,)),
where p=(zy, ..., z,)€M,. Note that
(2.3) Tyio=TyTy for all u, veR™.

Now we denote by 2 the set of all w=(w,, ..., ®,)=R" such that |w;|=R, for
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all 1<i<n. Then

LEMMA 2.2. Let f: M,—S®""! be an isometric immersion, and let pEM,.
If there exists a point qEM, such that f(g)=—f(p), then for each W€ the
curve y(1)=f(T:u(p)) is a unit speed geodesic in S*"~'.

Proof. Let d(,) denote the distance function on M, induced by the Rie-
mannian metric on M.. Then it follows that

(2.4) d(x, y)=n for all x, yeM.,,

where the equality holds if and only if 7,(y)=—:¢,(x). Since |w;|=R,, the curve
y(t) is a unit speed curve in S**~! satisfying y(t+27)=y(). So it is sufficient
to show that y(z)=—y(0). Since the immersion f is isometric, the assumption
fl@=—f(p) implies that d(p, ¢y==n. Hence it follows from (2.4) that 7.(¢)=
—i,(p). Therefore 7.(¢)=—i.(p)=i(Tz(p)), and so ¢=T(p). Hence y(m)=
F(Tp))=F(@)=—F(p)=—7¢(0). |

LEMMA 2.3. Let f: M,—S*! be an isometric immersion, and let a be the
second fundamental form of the immersion. If Diam(f)=r, then ¢(X,, X»)=0
for all ws8, where X, denotes the vector field induced by the one parameter
group of transformation T.,(t<R).

Proof. Let M¥ be the set of all peM, such that f(p)=—f(g) for some
geM,. Since X,(p)=(d/dt)T (D)1=, it follows from Lemma 2.2 that ¢(X,(p),
Xo(p))=0 for peM¥*. So it is sufficient to show that M.=M?%*. Since Diam(f)
=m, the set M¥ is not empty. Let p,=M¥, and let {ay, ..., a,} be a basis of
R" satisfying a;=2. Now we take a point g=M,. Then there exist real
numbers xi, ..., x, such that ¢=T; 4 srz,qa,(Po). We consider a sequence of
points pi, ..., p»EM, defined by the relation p;=T, ., (p;-1). Since pocsM¥
and e, €9, it follows from Lemma 2.2 that y(t)=f(T:4,(po)) is a unit speed
geodesic in S*"~!. This shows p,=eM¥. Similarly we see that p,, ..., p, are
contained in M¥. On the other hand (2.3) implies that ¢=T,u,1.sza,(P1)=""
=T:,a,(Pn-1)=pn. Hence gcsM¥, and so M.=M#. O

Now we denote by {e,, ..., e,} the standard basis of R”, and define an
orthonormal frame field {E,, ..., E,} on M, by

d
Ez(p)—WTte,(p) l=0’
where peM,. Then

LEMMA 2.4. Let f: M,—S*' be an isometric immersion, and let ¢ be the
second fundamental form of the immersion. If Diam(f)=n, then

1) a(E,, E)N=0 for i+7,

(2) ZiaRio(E,, E,)=0,
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(3) h(a(E,, E), 0(E,, Ep)=—1 for i+],

4) h(e(E,, E,), o(E,, E)))=R7*-1,

®) D(e(E,, E.)=0,
where h and D denote the induced metric and the induced connection on the normal
bundle of the immersion f, respectively.

Proof. Let (x4, ..., x,)€R™ such that |x,|=1 for all 1<:<n, and let w=
(x:Ry, ..., x,R;). Since ws®, it follows from Lemma 2.3 that ¢(X,, X,)=0.
On the other hand it is easy to see that X,=x,R,E,+---+x,R.E,. So we
obtain

é xlxjvij'——O,

2,9=1
Where v“‘:RiRjO'(E“ Ej). Since Vij=Vji, it fOllOWS fI'Om Lemma 2.1 that vij:
0 for 7#7, and vy, +--+v,,=0. This shows the assertions (1) and (2). By the
equations of Gauss we have

1—-0;=h(e(E., Ey), 0(E,, Ep))—h(a(E,, E.), 0(E,, Ey).

So the assertion (3) follows from (1). Combining (2) and (3), we obtain the
assertion (4). Since the vector fields E,, ..., E, are parallel with respect to
the Riemannian metric on M., it follows from the equations of Codazzi that

Dg(0(E., E,)=Dg0(E,, E;)). Hence (1) yields
(2.5) DE].(O'(E,, E)=0 for i#j.

On the other hand, differentiating (2), we obtain
2.6) 3 RiDs (o(E,, E)=0.

Combining (2.5) and (2.6), we see that Dg(a(E,, E,))=0 for all 1<7, j<n. This
implies the assertion (5). 0

LEMMA 2.5. Let f and J be isometric immersions of the flat torus M. into
the unit sphere S*~'. If Diam(f)=Diam(f)=m, then there exists an isometry A

of S such that f=A-f.

Proof. Let B (resp. §) denote the normal bundle of the immersion f (resp.
7), and let D (resp. D) be the induced connection on the normal bundle B (resp.
5). The second fundamental form of f (resp. 7) is denoted by ¢ (resp. &), and
the induced metric on the bundle B (resp. B) is denoted by A (resp. h). We
denote by I'(B) and I'(TM.,) the sets of the smooth cross sections of the normal
bundle B and the tangent bundle TM,, respectively. Then, by the fundamental
theorem for submanifolds [4, Chapter 7], the assertion of Lemma 2.5 follows
from the existence of a bundle isomorphism @ : B—B such that
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@.7 hE, 9)=h(®E, dy) for all & pel'(B),

(2.8) O(e(X, Y)=5(X,Y) forall X,Yel(TM,),
(2.9) O(D&)=Dy(@¢)  for all Xe['(TM,) and all ¢eI'(B).

To establish the existence of such a bundle isomorphism, we set &,=¢(E,, E,)
and £,=6(E,, E,). Then it follows from Lemma 2.4 (2)-(5) that

(2.10) L RE=0, 3 RE=0,
@2.11) h(&., €)=hE,, E)=R7'R7%0,;—1,
2.12) D x&,=0, ﬁxéi=0.

For each pM,, we denote by B,(resp. ﬁ,,) the fiber of B(resp. ﬁ) over the
piont p. Then (2.11) implies that {£.(p), ..., &x-1(p)} and {&(p), ..., Enoi(p))} are
basis of B, and B, respectively. So there exists a bundle isomorphism @ :
B—B such that @(&,)=&, for 1<i<n—1. Since (2.10) yields ®(&,)=£,, it follows
from Lemma 2.4 (1) that

(2.13) O(e(E., E))=6(E,, Ey).
By (2.11)-(2.13) we see that the bundle isomorphism @ satisfies (2.7)-(2.9). [0

Now the assertion of Theorem 1.3 follows from Lemma 2.5, since the in-
clusion map 7,: M,—S*"! satisfies Diam(;,)==.
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