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§ 0. Introduction.

The standard way to define the complex projective space CP™ is by means
of Hopf fibration = :S*™*'-sCP™ where CP™ is obtained as a quotient space of
S2m+l—C™+! under the natural action of the group S!' of complex numbers of
norm 1. It is not completely trivial to find an isometric embedding of CP™
into a Euclidean space, the most natural one (the first standard embedding)
defined as follows. For p=CP™ pick z&x™'(p)CS*™*+ and let ¢(p)==zz" (z is
regarded as a column vector in C™*'). Then ¢ is a well defined map that
embeds CP™ into the set H(m-1) of Hermitian matrices of degree m-1, the
latter being a Euclidean space of dimension N=(m+1):.. Now if x:M*»—-CP™
is an isometric immersion of a compact n-dimensional Riemannian manifold
into the complex projective space, than we also have the associated immersion
F=¢ox : M"—>H(m~+1)=E".

On the other hand, there is a notion of finite type immersion f: M"—E¥
whereby a compact Riemannian manifold M ™" is said to be of k-type (via f) if
f is globally decomposable as f=f,+f.+ - +f,, where f,=const (could be 0)
and f.’s are vector eigenfunctions of Laplacian from k-1 different eigenspaces
[3]. For example, a well known result of Takahashi [15] characterizes compact
1-type submanifolds as minimal in a hypersphere of E¥. Studying finite type
immersions is difficult in general, but there have been several results on low
type submanifolds of CP™. In particular, A. Ros has the following classification
of C R-minimal submanifolds of CP™ which are of 1-type via the first standard
embedding.

THEOREM A [10]. Let M™ be a compact CR-minimal submanifold of CP™.
Then M™ is of 1-type via ¢ if and only if

a) n is even and M™ is congruent to the complex projective space CP™*?
immersed as a totally geodesic complex submanifold of CP™.

b) M™ is a totally real minimal submanifold of a complex totally geodesic
CP™ in CP™.
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Ros’ proof relies on the equivariancy of the embedding ¢ and uses both
assumptions CR and minimal in an essential way. In this paper, using some-
what different and more refined approach, we give an extension of this result
(Th. 1). It turns out that one can classify 1-type submanifolds of CP™
assuming them to be only CR (or with parallel mean curvature vector in CP™)
and in the case of submanifolds of low dimension or codimension, without any
a priori assumptions at all. We also give Ssome properties of 1-type submanifolds
of CP™ in general, and produce an extrinsic bound on the first eigenvalue of
the Laplacian.

§1. Preliminaries.

Let S*™*+'={zeC™*'|z'z=1} be the unit hypersphere centered at the origin.
Then by identifying z with Az, where A€C, |2|=1, we get the quotient space
which defines CP™. We actually obtain the fiber bundle = :S*™+*'->CP™ with
structure group S' whose vertical space at v=S*™*! is R{iv}. Let 4, be the
orthogonal complement of the vertical space so that 7,S*™*'=R{jv}PIH,. One
defines the metric on CP™ such that dm,: K—TyCP™ is an isometry for every
v. The complex structure J of CP™ is defined by means of the complex struc-
ture of C™*!' and the uniqueness of the horizontal lift. Then = is a Riemannian
submersion with totally geodesic fibers and CP™ is Kéhler manifold with
constant holomorphic sectional curvature 4.

Let H(m+1)={P=GL(m+1;C)|P=P!} be the set of (m+1)X(m+1)
Hermitian matrices. Equipped with the metric

<P, @>=01/2)tr(PQ), P, Q€H(m+1)

it becomes the usual Euclidean space E¥ of dimension N=(m+1)%. It is well
known that the map &: S*™+'-=H(m+1) given by @¢(z)=zz', where z&S*™*! is
regarded as a column matrix, induces an isometric immersion ¢ : CP™—H (m+1)
such that

¢(CP™)={P=H(m-+1)|P*=P, tr P=1}.

¢(CP™) actually lies in the intersection of the hyperplane H,={P& H(m+1)|tr P=1}

and the hypersphere of EY with radius »=+~m/2(m~+1) centered at I/(m-+1), I
being the identity matrix of H(m41). For more details on the embedding ¢

see [3], [10], [11], [13], [14].
By identifying CP™ with ¢(CP™), which we will do henceforth, the tangent
and the normal space of CP™ at a point P=CP™ are given respectively by

TeCP™={X=H(m+1)| XP+PX=X}
TLCP™={Z=H(m+1)|ZP=PZ}.

The second fundamental form of the embedding ¢ at a point P is given by
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a(X, V)=(XY+Y X)I—-2P)
and it is known that ¢ is parallel, Vo=0. We have also
¢)) Ka(X, Y), I»=0, (o(X,Y), P)=—KX, Y.

The complex structure J and the shape operator A of ¢ at P are given respec-
tively by

JX=~—1I-2P)X, Az X=(XZ—ZX)I—2P).

The following formula for the Weingarten map of ¢ in the direction of
o(X,Y) is due to A. Ros [11]

2)  Asx. V=KX, YOVHY, VOXHKX, VXYY, VOJX+HJX, VOJY.

Let f: M®»~EY be an isometric immersion of a compact Riemannian mani-
fold into a Euclidean space, and let A be the Laplace operator acting on smooth
functions on M. An immersion f (or a submanifold M) is said to be of 1-type
if it can be decomposed as f=f,+f:; where fo=const and Af,=4f;. In
particular, if x : M*—CP™ is an isometric immersion of a compact manifold
and ¥=¢-x: M">H(m+1), we will study submanifolds of CP™ with 1-type %,
i.e. those for which #=%,+%; where %, is a constant matrix in H(m-+1) and
X%: a nonconstant eigenfunction of the Laplacian (more precisely, each entry of
the matrix %, is either zero or an eigenfunction from the same eigenspace).

For the immersions M "iCP’"—ﬁH (m+1) let V denote the Euclidean con-
nection in H(m+1); V¥, 4, D denote the (Levi-Civita) connection on CP™, Wein-
garten map and the connection in the normal bundle of ¢; V, A, D denote the
induced connection on M, Weingarten map and the connection in the normal
bundle of the immersion x and &, i, H, H denote the second fundamental forms
and the mean curvature vectors of the immersions x and ¥=¢-x respectively.
['(TM) and I'(T*M) will denote the set of all smooth sections (vector fields)
of the tangent and normal bundle of M respectively. We consider a local
frame of orthonormal vector fields ey, -+, e,, €n+1, -, €2m tangent to CP™
where the first n vectors are tangent to M and the remaining ones are normal
to M. In general, index ; will range from 1 to n and index » from =n-+1 to
2m, so that e,, e, represent basis vectors tangent to M and normal to M
respectively. All immersions are assumed smooth and all manifolds will be
assumed compact, connected smooth Riemannian manifolds of dimension >2.

A submanifold M of the complex projective space is called a CR-submanifold
if the tangent bundle 7'M splits into an orthogonal direct sum of two (differ-
entiable) distributions TM=9@D+* such that J9CD and JP*CT*M. If 9+={0}
we have a complex (invariant) submanifold and if 9={0} we have a totally
real one.
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§2. 1-Type submanifolds of CP™

Given a submanifold x : M*—CP™. Then ¥=¢-x is a 1-type}immersion if
¥=Z%,+%, as above so that A¥=1,(¥—%,). On the other hand,

Af=—nH=—nH—a(e, e;)

~

and therefore ¥ is of 1-type if and only if

3 —nH—30(ei, e)=A(X—%).

Differentiating this formula along an arbitrary vector field XeI'(TM),ithat is,
taking Vy of both sides we obtain (we assume for simplicity Vxe,=0 at a point
where the calculation is done)

4) nAxpX—nDxH—no(X, H)+§E¢(ei,ei,X—;D'xa(e,, e)=2X.
Because ¢ is parallel we have

5) ;ﬁxa(et, ei)=2;a(vxei, e)=230(h(X, ¢.), e)=230(4,X, ¢,),
6) no(X, H)=§‘,(tr.4r)a(X, er).

From (2) we also compute

@ Do) X=Z[2X+2er, Xyei—Ke,, JX)]e.]

=2(n+1)X-=2](J X)r

where for a vector W tangent to CP™, Wy and Wy denote its orthogonal pro-
jections to the tangent and normal spaces TM, T*M at a given point respectively.
Therefore, by comparing parts tangent and normal to CP™ in (4) and using
(5), (6) and (7) we obtain

LEMMA 1. Let x: M™—>CP™ be an isometric immersion of a compact mani-
fold. Then ¥=¢-x is of l-type if and only if for every vector field Xel'(TM)

(8) nAgX—nDxH+2(n+1)X—-2J(JX )r=24,X for some constant A, and
) Se(B. X, e,)=0, where B,=(tr A.)[+2A,.

Because A;=0¢& Z=pl we obtain

LEMMA 2. With the assumptions as above, % is of l-type if and only if for
any vector fields X, YEI'(TM) and €' (T+*M) we have

©) nAgX—nDxH+2(n+1)X—2J(J X)r=2;X, A,=const
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(10) Z[KB. X, Yoe, +<Jer, YOJB, X+<J B, X, Y)]e,]=0,

(1D ZKer, &B-X+Jer, ] B, X+<JB. X, £)]e-]=0.

Proof. First we claim that A;=0& Z=pl, where pER and [ is the (m+1)
X(m~+1) identity matrix. If Z=pI then obviously 4,=0. Conversely, let us
suppose that A,X=(XZ—ZX)I—2P)=0 for every XeT»CP™. After multiply-
ing this formula by I—2P on the right we see that XZ=ZX. Because the
immersion is equivariant it is enough to prove the claim at the “origin”

1
Po: 0 .
0
0 b
Any vector X tangent to CP™ at P, can be represented as X= _
b b
where b=C™, and 0 is the mXm zero matrix, and a vector Z normal to CP™
at P, has the form

o 0
Z:(O s)’ where pcR and SEH(m) (see [10]).

Condition XZ=ZX for every XeTCP™ implies then that Sb=pb for every
beC™, hence S=pl and in turn Z=pl. Now we show that (9) is equivalent
to (10) and (11) together. First observe that by (2), formulas (10) and (11) are
equivalent to ;ZU(BTX,CT>Y=O and 271(,(371,87,5:0 respectively. However, if

271‘,<BTX,5T>=0 then from the above we have ¢(B.X, e¢,)=pl, but since

KoV, W), I>=0 we obtain (9). If (9) is true then by tracing this argument
backwards we obtain (10) and (11).

It is easy to see now that if % is of 1-type, the conditions that M has
parallel mean curvature vector in CP™ and that it isa CR submanifold of CP™
are equivalent. Namely, if M is a CR submanifold then J(JX)r is always
tangent to M and therefore from (8) DH=0. Conversely, suppose DH=0 (so
that the mean curvature e« is constant), and let X be a principal direction of
Ay i.e. AgX=pX. Then from (8) we get 2(JX)r=[4—2(n+1)—punl/X, so
that at any given point we have either

1°. ‘uz%[lt—Z(n—*—l)], equivalently (JX)r=0 or

2°. ,uz%[lz—Z(n-l—z)J, equivalently (JX)y=0
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Therefore, there are at most two distinct principal curvatures ,a,:%[lt—Z(n +2)]

with multiplicity p and pzz%[lz—Z(n—i-l)] with multiplicity g. Moreover,

na2=t1‘AH=%[lr—2(n+2)]+%[Zz—2(n+1)]=2g—2(n+2)+2—nq,

and hence p and ¢ are constant. Let
D=AXeTM|AgX=p, X} ={XeTM|(JX)y=0} and
D' ={XETM|AgX=p, X} ={XeTM|(JX)r=0}.

Then J9=9 and JD*CT*M and consequently M is a CR submanifold. We
are now ready to prove the main theorem

THEOREM 1. Let x: M®—>CP™ be an isometric immersion of a compact
Riemannian manifold into CP™ with parallel mean curvature vector (or let M be
a CR submanifold of CP™). Then ¥=¢-°x is of l-type if and only if one of the
following cases occurs

1) n is even, and M™ is congruent to the complex projective space CP™?
immersed as a totally geodesic complex submanifold of CP™.

2) M™ is a totally real minimal submanifold of a complex totally geodesic
CP™ in CP™.

3) nis odd, and M™ is congruent to the geodesic hypersphere

MG n_15p=n(S"(V1/(n+3)) X S™(V(n+2)/(n+3)))

of the complex projective space CP**V!* jmmersed as a totally geodesic complex
submanifold of CP™.

Proof. Any of the cases 1), 2) and 3) is indeed of 1-type as follows from
Theorem A of Ros and the result of [8] (also from our Lemma 2). Now
assume that the submanifold of CP™ with DH=0 is of 1-type. As shown
above such submanifold is also CR, so that at each point of M we have the
following orthogonal splitting of the tangent space of CP™.

(12) TCP"=9D9*DJ DDy

where @ and v are holomorphic subbundles and TM=9PD*, T M=]D*Dy.
Let p=2k=dim9 and ¢g=dim9D* so that p+¢g=n and let ey, -:-, ¢p, €p+1, -,
Cpigy Cn+1s " » Cniqy Cnz+1, ', €2m D€ @ local orthonormal basis for TCP™
adapted to the decomposition (12) where Jep,,=e,., for j=1, -+, g. Because
v is a holomorphic subbundle we can assume that {e;iqi1, ***, @2m} is @ J-basis
for v i.e. it is equal to {es, ess=Jes}, s=n+q+1, ---, m+k+qg. Now in formula
(11) let &=e;, where s is any index in the range n+4g-+1, ---, m+k-+q. Then
(11) reduces to
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O=ZT][<ery 83>B,»X+<]er, es>jBrX]=BsX—]Bs*X

Hence, B;X=JB:X and BuwX=-—JB;X for a J-basis vector ¢; in v. We now
show that A;=A:=0. Using the above we compute the trace of B; as

(n+2)tr As=tr BS=21<Bsel, e,>=2)J Bsxe,, ¢,>=0

because B;. is symmetric and J skew symmetric. So tr A;=0 and similarly
tr A;«=0. Note that at this point we can conclude that H& J9* since tr A,=0
for any ¢,=vy. Moreover, from the above we get

13) ApX=—JAX.
Let Y=9* be arbitrary. The formula (10) becomes
(14) 2B X, Yoe,+{Jer, Y] B, X]=0.

Fix e;=v and take the inner product of the above formula with e¢; to get
(B;X, Y>=0 for every Ye9+*. This implies B;Xc9 and hence A, Xc9 for
any X tangent to M and any e;<v, so that JA, X9 as well.

On the other hand, because CP™ is Kidhler we have for e,=v (note also
= vx(Jes)Zijes, i.e.

(15) —AuX+Dyep=—JA, X+ ] Dxes,

where both AuX and JA,X are tangent to M and Dgyes is normal to M.
Again choosing Y€9* we obtain from (15)

{JDxes, Y)={]Dxe;— JA; X, Y>={Dxess—AuX, Y >=0.

Obviously <JDyxe,, Y>=0 for every Y9 so that JDye, is normal to M
(actually it belongs to v). Comparing parts tangent to M in (15) we conclude
AaX=JA;X. But together with (13) this implies Au=A;=0.

We can assume that the constant mean curvature « is not zero because if
it is, we have a CR-minimal submanifold of 1-type and therefore by Theorem
A cases 1) or 2) occur. Since HE J9* we also assume from now on that the
unit normal vector e,,, is in the direction of H so that in the basis of principal
directions the Weingarten map A,,, has the following block form

BI, 0

Ap= , where p=dim 9, ¢=dim 9+
0 7l

and B=Q1/na)[2:—2(n+2)], r=1/na)[4,—2(n+1)]. From trA,.,=na we get

B=a—2¢/n*a and y=a+2p/n*a. Next we show that ¢=dim9P*=1. Let Y €9

in formula (10) so that

;[(BrX, Y>e,+<{JB. X, Y>]e,1=0.
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Because B,=0 for r=n-+q¢+1 and Je,=9* for n+1=<r<n+g we obtain
{B,X,Y>=0 i.e. B,X€9* for every X&' (TM) and every r. In particular,
for X9 we get (if 9={0} there isno B) Bp. X=naX+2A4,.,.X=na+28)XcD*
so that na-+28=0 i.e.

(16) B=a—2q/n*a=—na/2.

For r=n-+j, j=2, ---, ¢ we obtain B,,,X=2A,,,X€9* for every Xel'(TM)
and hence 0=<A,;;9*, DY=(D*, A,+;D) so that A,,;9=0, which implies that

An+, has the block form
0 0
An+]=
0 M;

where M, is ¢Xq symmetric matrix with tr M,=tr A,,,=0. Furthermore, it is
known from [2] that

a7 A;xY=AnX for X, Ye9*.

Letting X=e,.1, Y =ep+,, 2<7<¢ in this formula we get A,.;¢ps1=An11€p+,=
Tep+, and therefore M, has the form

(18) M,=| 7 *

where 7 is in the ;™ slot in the first row and the first column and all other
entries there are 0. We now show that ¢g=dim9*=1. Suppose that ¢=2.
Then for j=2 we have B,,,=2A,., and from the above {Bj.;ep:, €pii>=
{ep+;s Barjepsip=27. On the other hand, putting X=e,,,, Y=e¢,,, in (10) we
have

0=;<Brep+1’ ep+1>er"']-Bn+lep-':j=;<Brep+p ep+1>er_(na+27)en+;

and by comparing e,.;-components we obtain <{B,;ep+;, eprp=na-+2y so that
a=0. Since we assumed nonzero mean curvature this contradiction proves
g=1 i.e. purely real distribution is one-dimensional and n=2k+1 is odd. Since

dim M =2 it follows that dim9=+0. Then from (16) we find a=2/nvn-+2 and

1

"‘In_‘ 0
A"“:W( ), A,=0 for r=n+2.

0 n+l

Therefore, the first normal space equals N,=Imhi=jJ9*=R{H} and since
DH=0, N, is parallel, i.e. DN,CN,. Also, J(TM®@®N,)=TM@EN, and therefore
by the reduction theorem of B. Opozda [12, Prop. 3.17] there exists a totally
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geodesic complex submanifold M of CP™ so that the image of M is contained
in M and T,M=T,M®N,, for every pcM. Note that even though Opozda’s
theorem is formaly proved for totally real submanifolds, it is clear that her
proof holds for CR submanifolds verbatim. The idea is as follows. Choose
pEM and ver~'(p) and define K,=(wx| Ho) (T ,MEDN,,)PSpanc{v}. Then K,
is a complex subspace of C™*. Set M,=n(K,N\S*™*') so that M, is a totally
geodesic complex submanifold of CP™ and T,M=T »ME@BN,,. From the condi-
tions above it follows then that M, does not depend on p and vern i(p); see
also [1]. This means that M is a (real) hypersurface of some complex totally
geodesic CP<"*V/%2 and by [8] M is the geodesic hypersphere of the case 3)
which completes the proof.

At the present time we are not able to give the classification of 1-type
submanifolds of CP™ without any a priori assumptions but some general
properties of those are given in the next theorem.

THEOREM 2. If M is a 1-type submanifold of CP™ with the mean curvature
vector H, then the mean curvature a of the immersion is constant, JH is tangent
to M and integral curves of JH are geodesics (if H=0).

Proof. As before, since B, is symmetric and / skew-symmetric we have
;<]Brel, 2,>=0 and putting X=Y=e, in (10) and adding on =1, ---, n we

obtain
OZZ(tI‘ Br)er+ 2 <jer; ez>.]Bre1,

=n(n+2)H+§]Bf(]er)T,
and therefore
1
]H:m)—;BT(]er)TE TM.

Now taking the inner product of (8) with H we get
n{DxH, Hy=—=2{J(J X)r, H>=2{(J X)r, JH>=2{J X, JH>=2{X, H)>=0,

hence X<H, H>=Xa?=0 for every tangent vector X, and therefore the mean
curvature « is constant. Letting X=JH in (8) we obtain

DyuH=0,  AyJH=-T2~2n+DIJH.
Therefore,
_ _ 1
Vyn T )= [TynH=— ] ApJH+ ] D, H= (A2 +D1H.

On the other hand Y, z(JH)=V,5(JH)+h(JH, JH), and we conclude V,(JH)=0
i.e. the integral curves of JH are geodesics.
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By way of a remark we note that having proved that a=const for 1l-type
submanifolds of CP™, in Th. 1 instead of DH=0 we could have made slightly
weaker assumption (if a+0) that the normalized mean curvature vector is
parallel i.e. De,.,=0.

COROLLARY 1. Let x:M?*—->CP™ be an isometric immersion of a closed
surface in CP™. Then ¥=¢-x is of l-type if and only if one of the cases 1) or
2) of Theorem 1 occurs. The same conclusion holds if M is a 1-type submanifold
of codimension two.

Proof. We assume H=+0, otherwise M is minimal and we proceed as before
to show that M is one of the cases 1) or 2). By Theorem 2, JH is tangent
to M and is a principal direction of Ay. Let U1l JH be the other principal
direction of Ay i.e. AgyU=pU. Then U and JH span TM, and <jU, U»=0,
JU, JHY=<U, Hy>=0 and consequently JU=T*M. Since also JJHET*M we
conclude that M is a totally real surface and hence of case 2) of Theorem 1.

If M is codimension two submanifold, let H, & span T+*M(é1 H). Then
since JH is tangent to M we have <{J§& H)>=-—<&, JHY>=0 and {J§&, &=0 so
that J& is also tangent to M. This implies that M is a CR-submanifold and
therefore by Theorem 1 one of the cases 1) and 2).

We now want to carry out investigation of 1-type submanifolds of CP™
without any a priori assumptions. As before, we can show that there are at
most two distinct principal curvatures of Ay and corresponding two distributions
9=Ker B,,, and 9*=Im B,,, with J9*CT*M, but we are not able to show
JOCTM.

Let Y=Je¢,,; in (10) which then becomes 3B, X, Jen,1 e, +J B, X=0
from where we obtain !

19) JBp X=—3KB. X, JeniDe, €T M.

If we define 9*'={XesTM|JXsT*M} then we see that Im B,,,C9D*. Ateach
point of M we have the orthogonal decomposition

(20) TM=Ker B,.,PIm B, ;.

Let e,, -+, ¢, be an orthonormal basis for Ker B,.,; these are eigenvectors for
eigenvalue 0. The remaining orthonormal eigenvectors ey, ***, €piq Of Bai1
span ImB,.,. Because B,,,=(na)l-+2A4,,, we see that e,, ---, ¢, are eigen-
vectors of A,,, for eigenvalue f=—na/2 and e, -+, e, are also eigenvectors
of A,,. corresponding to eigenvalue y=(1/na)[4;—2(n—+1)] (This follows from
(8) and (19)). In other words

BI, 0
21) Ap= - where p=dimKer B,,;, ¢g=dimIm Bp,:.
Tiq
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Moreover, p and ¢ are constant because p+g=n and pS-+gr=na=const (3+#7,
see below). If a=0 then the submanifold is CR and therefore classified by
Theorem A. From now on we assume a+0. Not all eigenvalues of A,,, can
be equal to B=—na/2 because if that is the case we would have na=tr A,
=—n?a/2 which implies @«=0. Also not all eigenvalues can be equal to
r=1/na)[A,—2(n+1)] because if it is so it would follow that (JX)r=0 for
every X tangent to M and hence M would be totally real submanifold and
therefore minimal by Theorem 1. It is also clear now that Im B,,,=9* because
if Im B,,, is a proper subspace of 9+ there would exist a vector X=Ker B,
satisfying JXeT*M. Then (8) implies A, 1 X=(1/na)[1,—2(n+1)]X. On the
other hand for XeKer B,,, we have A,.,X=—(na/2)X which is a contradiction
proving the claim. In particular we can set e,y =—Jes 1 EIm Bay. Let us
also denote 9=Ker B,,;. With respect to the decomposition (20) B,.. has the
following block form

0 0
Bn+1= )
0 (na+2n)l,

We now prove the following lemma which enables us to classify 1-type
submanifolds of CP™ for which ¢g=dimIm B,.,=1.

LEMMA 3. Let M™ be a 1-type submanifolds of CP™ for which g=1. Then
M?™ has parallel mean curvature vector.

Proof. Let Xe9=Ker B,,, and é=Jep1=e,4; in (11). We get
BuniX+3(B- X, eps1>]e,=0
and consequently B,X | e,.;. It follows immediately that also
(22) A X1 ey, for every r=n+1, ---, 2m and every X€9.
Further, by putting X=Y=¢,,;=—Je,,, in (10) we get
0=3KB:eps1, epr10er—JBaniepn
=2KBrepsn, epsyer—(na+27)ensn

=T§+2<Brep+1; epr1)€r
and therefore B.e,,, 1 ey for r=n+2. Because B,=2A. we also have
(23) Areprilepi for every r=n+2, ---, 2m
We recall the Codazzi equation (see e.g. [3])

(24) (VxhXY, Z)~(VehXX, Z)=(R(X, V)Z)y, X, Y, Zel(TM),
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where the curvature tensor R(X, Y)Z of CP™ is given by.
(25) R(X, )Z=Y, Z)X—<X, Z)Y +JY, Z>JX—J X, Z)]Y +2(X, JY ] Z.
Let X=Z=ep.1, Y=0¢;, i=1, ---, p. Then from (25) we get
R(eps1, ei)epi=—ei+3{Je;, epeidensi=—e;
so that the Codazzi equation (24) yields
0=Ve,,,h)ei, €ps1)—(Ve,h)eps1, €ps1)
=De,,,(h(es, €p+1))—h(Ne,, i, eprr)—hles, Ve, p41)
—De (h(ep+1, eps1))+2h(Ne;ep41, €p41).
We have Vepﬂe,,ﬂ-:o by Theorem 2, h(es, ep+1)=z;,‘<A,ei, ep+10e,=0 by (22),
h(eps1, eps1)=Ten+1 by (21) and (23) and the equation above becomes
(26) 0=—awf(ep+1)h(esr, eps)—DeTens1)+2wh1(ei)h(es, epsr)

where ! denote the connection 1-forms and summation is on k=1, ---, n.
Because ¢=1, p=n—1, f=—na/2, we find y=an(n+1)/2=const+0. Now using
(21), (22), (23) and (26) we have

—w8*(eps)Ten1=7Deens1,

and because 7+#0, and e, Deen.; We obtain De,eny=0, i=1, ---, p. In other
words DxH=0 for Xe9=KerB,,; and from (8 we also have DxH=0 for
Xe 9+t and therefore DH=0 and M is a CR-submanifold.

COROLLARY 2. Let x: M*—>CP™ be a compact 3-dimensional submanifold.
Then ¥=¢ex is of 1-type if and only if M3 is one of the cases 2) or 3) of Theorem
1 (with n=3).

Proof. If M is minimal the classification follows as before. If a0 suppose
first that p=dim9=2, ¢g=dimP*=1. Then Lemma 3 and Theorem 1 give
desired classification. If p=1, and ¢=2, let 9=Span{X}, 9*=Spani{Y, Z}.
In that case (JX, X)>=0, {JX,Y>=—<(X, JY>=0 and likewise <{JX, Z>=0,
which implies that M is a totally real submanifold and Theorem 1 proves the
claim again.

The same idea can be used to classify codimension 3 submanifolds of CP™
which are of 1-type. Again, they are of three cases described in Theorem 1.

§3. Remarks and related results

1. The complete classification in Theorem 1 is not given because the classi-
fication of minimal totally real submanifolds M™ of CP™ is not known, and
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seemingly there are quite a few of them. For example, in [7] it was shown
that the torus T?=S'xS! can be minimally immersed in CP? as a totally real
submanifold. Also, according to Naitoh [9, §5] there are totally real minimal
submanifolds M™ of CP™ including SU(k)/SO(k) (n=(1/2)(k+2)(k—1)), SU2E)/
Sp(k) (n=2k*—k—1), SU(RYXSU(k)/SU(k) (n=Fk*-1) E,/F, (n=26), and Ejiri
[5] shows that certain circle bundles (tubes) over S? of sufficiently high even
Chern number can be minimally immersed in CP?® as a totally real submanifolds.
Note however that there are some pinching theorems stating that under certain
conditions on curvature (e. g. sectional curvature K>0) every totally real minimal
submanifold M of CP™ is necessarily totally geodesic; see [16], [4], [6].

2. Study of finite type immersions often provides some information on the
spectrum of the Laplacian on M. For example, if M™ is a compact manifold
that can be immersed into CP™ with constant mean curvature a then the first
nonzero eigenvalue of the Laplacian satisfies

Ah=na’+2(n+2)
and the equality holds if and only if M*"=CP"? and the immersion is totally

geodesic in CP™ (in which case a=0). Namely, if ¥= téof,, A=A %, 2,=0
then

S (A%, Az>dv—xlg (A%, x>dv=21z(zt—zl>5 CEoy DAV 20,
M M tz1 M

equality holding if and only if % is of 1-type of order {1}. On the other hand,
because A¥=-—nH—3d(e;, ¢,), by using the equality (2.11) of [8] and (1) we

get (A%, ¥>=n and
(A%, AZy=n’*a’+2n(n+1)+23K(Jedr, (Je)ry=n*a®+2n(n+2),

equality holding if and only if (JX)y=0 for every XeI'(TM), which implies
that M is an invariant submanifold, thus CR, so that Theorem 1 proves the
claim (cf. [3, p. 314], [10]). Actually, it is easy to see from the above that
for any compact submanifold M" of CP™(4) we have

AZ22(n+2)+ a’dV.

~ol0T)

3. Let ¢: RP™—~SM(m+1) be the first standard embedding of the real
projective space into the set of symmetric matrices of degree m-+1. There is
a problem of determining all submanifolds x: M*—RP™ which are of l-type
viag, i.e. for which ¥=¢-x is a 1-type immersion. Chen [3] shows that the
only complete 1-type submanifold of RP™ which is minimal in RP™ is the
totally geodesic RP™ Because of the corresponding result for CR submani-
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folds of CP™ we can classify complete 1-type submanifolds of RP™ without
assuming minimality, thus generalizing the above result of Chen. Namely, we
can embed RP™ in CP™ as a totally real totally geodesic submanifold such that
the Hopf fibrations

Sm C S2m+l

lﬂ' \l]ﬂ

RP™ C CP™

are compatible. Then a 1-type submanifold M*CRP™ becomes a CR (totally
real) submanifold of CP™ and the 1%¢ standard embedding of RP™ is just the
restriction of the 15t standard embedding of CP™. By Theorem 1, case (2), it
follows that M™ is a totally real minimal submanifold of some totally geodesic
complex CP™ in CP™. Therefore, M™ is minimal in CP™ and since RP™CCP™
is totally geodesic it follows that M™ is also minimal in RP™ so that the above
result of Chen classifies M ™ as a totally geodesic RP™.

As above, for a compact submanifold M™ of RP™ the first non-zero eigen-
value of the Laplacian satisfies

A<2n-+1)+ Sﬂade

"
vol (M)
with equality if and only if M™ is the totally geodesic RP™.

Acknowledgements. The author would like to thank Professors D. Blair and
B.Y. Chen for helpful discussions on the topic. In particular, the above classi-
fication of 1-type submanifolds of RP™ is based on a remark by Chen.

Added in Proof. It should be remarked that the classification results presented
in this paper are essentially of local nature. Namely, Lemmas 2 and 3, The-
orems 1 and 2 and Corollaries 1 and 2 are valid without assuming M compact
but merely complete. That is because Lemma 1, Theorem A and the result
of [8] used in the proof are valid for any submanifold M.
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