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A REMARK ON HOMOGENEOUS LINEAR EQUATIONS

WITH VARIABLE COEFFICIENTS

BY YOSHIKAZU HIRASAWA

1. We use the same notations as in previous papers [1], [2]. Let / be a
closed interval [«, β] = {t I a^t^β, t(=R}. We denote by Cμ(I, C) the totality
of complex-valued functions defined and of class Cμ on / (μ=0, 1, •••, oo) and
hereafter we fix some μ.

For the sake of brevity, we denote Cμ(I, C) by K(I) and K(I)n by M(I) :

M(/)={f(ί)=col(/1(ί), Λ(0, - , fn(t) I fffleKO), ; = 1 , 2, ..., n).

Now let B(t) be a square matrix of degree n whose components all belong
to K(I):

lbn(f) b12(t)" bln(t)

and let us assume, throughout this paper, that for a positive integer s : l ^ s ^ n — 1 ,
a condition

(2) rank β(f) = n - s

is satisfied on /.

We consider a homogeneous linear equation

(3) B(t)f(f)=o on / ; f(ί)GM(/),

and we denote the totality of solutions of equation (3) by W(I):

W(I)={f(f)eM(I) I B(t)f(t)=o on /}.

Then, we know that there exist s vectors

pg(t)=co\(plg{t), p 2 g ( t ) , .- , p n g ( t ) ) (g=l, 2, ••• , s)

belonging to W(I), such that

(4) rank (Pl(t), p2(t), - ,/>,(ί)) = s
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for any
For a proof of this fact, see, for example, the proof of Theorem in the

previous paper [1].
The purpose of this paper is to clarify the relation between the vectors

Pg(f) (g=ί, 2, •••, s) given above and any vector

K(0=CO1(M1(0, u2(t), •••, un(t))

belonging to W(I). A result for this theme will be stated as Theorem in No. 3.
Let Q{t) be an nXs matrix whose components all belong to K(I):

Q(t)=

where s is an integer such that
degree s of the matrix Q(t), by

qn(f)
q*i(t) quit)

^ s ^ n — 1 . We denote, in general, a minor of

q%λi(f) q%X

q%8i(t) qlg2(t) '~q%ss(

2. We give the following two lemmas:

LEMMA 1. Let Q(t) be an nXs matrix whose components all belong to K(I),
where s is an integer such that l ^ s g n — 1 , and suppose that a condition

(5) rank 0 ( 0 = 5

is satisfied on I.

Let Io be a subinterval of I and let

x(t)=col(x1(t)f x2(t), •••, * , ( 0 )

be an s-dimensional vector such that xg(t)<^K(I0) ( g = l , 2, ••• , s) and

( 6 ) Q(t)x(t)=o on J o .

Then we have x(t)=o on Io.

Proof. For any to<Blo, we can choose, by assumption, a minor QL1

of degree s of Q(t), not vanishing at t0.
Putting

q g ( t ) = c o \ ( q l l g ( t ) , q l 2 g ( t ) , ••• , q l s g ( t ) ) (g=l, 2 , ••• , s ) ,
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we have

(7) dett&tfo), &(*o), , Qs(to)) Φ 0

and in virtue of the relation (6), we get

Σ**(fo)5*(*o)=o.
g=l

Hence the condition (7) implies x(t0)=o and since t0 is any point in /<,, we

see jc(0=o on /0.

LEMMA 2. Let pg{t) (g=l, 2, •- , s) be s vectors belonging to W(I) and
satisfying the condition (4) on I, and let u(t) be any vector belonging to W(I).

Then we have

(8) rank (pβ), , p,(t), u(t))=s on / .

Proof. We put P(f)=(Pi(0, PS)> -~ , Ps(t)) and then we have always

shrank (P(t), u(t))^s + l on /.

If there were a point to^I such that

rank(P(ί0), u(to))=s+l,
then, since

B(to)(P(to), α(ίo))=0,
we should obtain

this, however, contradicts the condition (2). Therefore we have always the
equality (8) on /.

3. We shall prove the following theorem:

THEOREM. Let

pg(t)=col(plβ(t), pi8(t), ~ , png(t)) (g=l, 2, •••, s)

be s vectors belonging to W{I) and satisfying the condition (4) on /, and let

=CO1(M1(0, u2(t), ..., un(t))

be any vector belonging to W(I).
Then we can represent u(t) uniquely as a linear combination of the vectors

Pg(t) (g=l, 2, •••, s) with coefficients ζg(t) ( g = l , 2, •••, s) belonging to K(I):

(9) u(t)=±ζg(t)Pg(t)
g = l

on I.
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Proof. We put P(t)=(Pi(t), Λ ( 0 , - , P,(t)).
There exists, in virtue of the condition (4), a set {IK}K

KU of subintervals of
/, possessing the following properties:

(i) i=0Li
κ=l

(ii) / ! = [ « „ jS,), /«„=(««,, &,], « !=«, &„=&
/«=(«« j8«) (*=2, 3, •• ,/c o - l ) ;

(ίiί) IκΓ\h+1Φ0 (*=1, 2, •••, /co-1), hΓ\I^ = 0 ( t + K t ' , /c=l, 2, ••-, «0-2),
that is, α 1 < α 2 < i δ i < <««<i9.-1<α«+1<i3,< <i3 I O- 2<α t o< i8, 0- 1< JS, 0

\κ—L, o , •••, /ύo 1) j

(iv) For each /Λ, there exists a minor of degree s of P(t), which does not
vanish on Iκ.

We consider first the interval Iλ and choose a minor P L 1 2 M of degree

s of P(t) such that a condition

do)

i s s a t i s f i e d o n Iλ.
L e t u s d e f i n e ( n — s ) - t u p l e (/ί+i, / ί + 2 , ••• , 2'i) f o r I ^ z ! < f 2 < ••• <is^n i n s u c h

a w a y t h a t l ^ ί ί + i < 2 ί + 8 < ••• <i'n^n a n d {/α, •••, *'„ i'8+1, •••, z"i} = { l , 2, •••, 72}
a n d p u t

βg(t)=coKp%lβ(t), pl2g(t), .- , ί ΐβJr(ί)) ( g = l , 2, - . , s),

U(t)=caKu%1(t), utt(t),

Since, in virtue of the fact that the condition (10) is satisfied on Ilf we
know

d ( A ( 0 (0 ( 0 ) 0 on /2,

we can represent the vector ύ(t) as a linear combination of the vectors βg(t)
(g=l, 2, •••, s) with coefficients ζ,(f) (g=l, 2, •••, s) belonging to K(U)\

(11) fi(0= Σ
g = l

on /j.

Furthermore, we wish to show that the vector u(t) can be represented on
Ilf as a linear combination (9) of the vectors pg(t) ( g = l , 2, •••, s) with the same
coefficients ζg(t) (g—1, 2, •••, s) as in the representation (11). To this end, we
have only to prove that a representation
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(12)

holds

If

on Jj.

there were a
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±

h and an index p (s+l^p<?ι) such that

then we should have

ί0), u(ίo))=s+l.

This equality contradicts the result which was proved in Lemma 2. Therefore

we have the representation (12) on Ix.

Next we consider the second interval 72 and then, in the same way as for

the interval Ilf we get a representation

(13) u{t)=±θg(f)p8(t)

on 72, where θg(t)eK(I2) (#=1, 2, — , s).
It follows from the representations (9) on Ix and (13) on I2f that

t&g{t)-θg(f))pg{t)=o

on 7jΠ72, and hence by Lemma 1, we obtain

ζg{t)=θg{t) (£=1, 2, - , s) on hίλh .

Therefore, by defining functions ζ * ( 0 ^ # ( 7 i U 7 2 ) ( g = l , 2, •••, s) as follows:

0,(0 on 7 2 ,

we have the representation (9) on hKJh.

By repeating the process mentioned above for the intervals Iκ ( Λ ; = 1 , 2, •••, κ0)

successively, we obtain the representation (9) on the whole interval 7.

Remark. T h e fact stated in the above theorem was used by Y. Sibuya

without proof in his paper [3] .
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