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A REMARK ON HOMOGENEOUS LINEAR EQUATIONS
WITH VARIABLE COEFFICIENTS

By YOSHIKAZU HIRASAWA

1. We use the same notations as in previous papers [1], [2]. Let [ be a
closed interval [a, fl1={t | a<t<p, t=R}. We denote by C#(I, C) the totality
of complex-valued functions defined and of class C# on I (¢=0, 1, :--, c0) and
hereafter we fix some g.

For the sake of brevity, we denote C#(I, C) by K(I) and K()® by M(I):

MD)={fE)=col(f:(®), fo(t), -+, [x®) | [H{OEKU), j=1,2, -, n}.

Now let B(f) be a square matrix of degree n whose components all belong
to K(I):
bn(t) b12(t) bln(t)

( 1 ) B(t)': bzi(t) bzi(t) bz?(t)

»

Bot)  baa(®)-+ balt)

and let us assume, throughout this paper, that for a positive integer s: 1=<s<n—1,
a condition

(2) rank Blt)=n—s

is satisfied on 1.
We consider a homogeneous linear equation

(3) Bt f(t)=o on I; fheMd),
and we denote the totality of solutions of equation (3) by W(I):
WH={f)eMd) | B{t)f(t)=o0 on I}.
Then, we know that there exist s vectors
DP(O)=col(p1,(t), Dog(D), =5 Pas(t))  (g=1,2, -, 5)
belonging to W(I), such that

(4) rank (pi(t), po(t), ++, Ps(t))=s
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for any <.

For a proof of this fact, see, for example, the proof of Theorem in the
previous paper [1].

The purpose of this paper is to clarify the relation between the vectors
p:) (g=1, 2, ---, s) given above and any vector

u(t)=col(u(t), us(t), -+, ua(t)

belonging to W(I). A result for this theme will be stated as Theorem in No. 3.
Let Q() be an nXs matrix whose components all belong to K(I):

Qu(t) fhz(t) (hs(t)

Q(t)= ga1()  Gaa(t) -+ gas(2)

»

qn'l(t) Qn.z(t)' . q;s(t)

where s is an integer such that 1<s<n—1. We denote, in general, a minor of
degree s of the matrix Q(f), by

qul(t) Qzlz(t) qzls(t)

T Tp o Ig\ [ Gagt(®)  age(t) v Gugs()
off 5o =" " :

qlsl(t) 41820) qzss(t)

(1=4,<6, < <15 m) .
2. We give the following two lemmas:

LEMMA 1. Let Q(t) be an nXs matrix whose components all belong to K(I),
where s is an integer such that 1=<s<n—1, and suppose that a condition

(5) rank Q(t)=s

is satisfied on I.
Let I, be a subinterval of I and let

x(t)=col(x,(t), x5(t), -+, x4(t))
be an s-dimensional vector such that x,(t)eK(,) (g=1, 2, -+, s) and
(6) Qt)x(t)=o0 on I,.
Then we have x(t)=o0 on I,.

. . 11 gt
Proof. For any t,1l, we can choose, by assumption, a minor Q(ll 22 “)
of degree s of Q(f), not vanishing at £,.
Putting

ﬁg(t):COI(q”g(t); Chzg(t); Sty qzsg(t)) (g:]-, 2) Tty S) »
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we have
(7) det(q.(to), Ga(to), -+, 4s(t0))#0
and in virtue of the relation (6), we get
_,él x5t (1) =o0.

Hence the condition (7) implies x(t,)=o0 and since ¢, is any point in [,, we
see x(1)=o0 on I,.

LEMMA 2. Let p,(t) (g=1,2,--,s) be s vectors belonging to W) and
satisfying the condition (4) on I, and let u(t) be any vector belonging to W(I).
Then we have

(8) rank (py(t), -+, ps@), ut))=s on I.
Proof. We put P(t)=(ps(t), p.(t), -+, ps(t)) and then we have always
s<rank (P(), u(t))<s+1 on I.
If there were a point f,&[ such that

rank (P(t,), u(ty)=s—+1,
then, since

B(to)(P(t,), u(to)=0,
we should obtain

rank B(to)=<n—(s+1);

this, however, contradicts the condition (2). Therefore we have always the

equality (8) on I.

3. We shall prove the following theorem :

THEOREM. Let
P (O)=col(p1(t), D2g(t), -+, Pae®)  (g=1,2, -, 5)
be s vectors belonging to W(I) and satisfying the condition (4) on I, and let
u@®)=col(u,(), us(), -+, ua))

be any vector belonging to W(I).
Then we can represent u(t) uniquely as a linear combination of the wvectors
p(t) (g=1, 2, -+, s) with coefficients {,(t) (g=1, 2, ---, s) belonging to K(I):

(9) u(t)= 3 LOp.0)

on I.
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P7’00f. We put P(t):(pl(t)y Pz(t); ) Ps(t)).
There exists, in virtue of the condition (4), a set {/.}%2, of subintervals of
1, possessing the following properties :
(i) I=\JL;
(ii) Li=Lay, B, Iy=(@c, Br), ar=a, B=5,
I.=(a,, ‘BIC) (£=2,3, -, Ko—1);
(i) TN\ e #=D (=1, 2, -+, £o—1), I:No=@ &+1<k’, k=1, 2, -+, £;—2),
that iS, a1<a2<,31< oo <a,;<ﬁ,¢—1<a,;+1<[9,;< . </3,;0-2<axo<ﬁgo-1<ﬂ,;0
(K:2, 3; Tty I‘:O_l);
(iv) For each I,, there exists a minor of degree s of P(¢), which does not
vanish on I,.
TR

1 2. S) of degree

We consider first the interval I, and choose a minor P(
s of P(t) such that a condition
iy gy iy

10 P

)qeo

is satisfied on I,.

Let us define (n—s)-tuple (Fji1, ft4e, ==+, 27) for 1=1,<i,< -+ <7;=m in such
a way that 1<il,,<il.< - <ih<n and {i}, -, is thes, =, 1n}={1, 2, -, n}
and put

Py)=col(pos(), Drye(®), -+, Doge®))  (g=1,2, -, ),
Pe®)=col(Piy,,6(0), Diyyne®), o) Dine®)  (g=1,2, -, 5),
() =cOl(u, (1), ua,(2), -+, U (1)),

' (H)=col(uy, (1), ug,,@), =, ug(t).

Since, in virtue of the fact that the condition (10) is satisfied on I, we
know

det(ﬁl(t): ﬁz(t), AR ﬁs(t))io on 11 )

we can represent the vector @i(t) as a linear combination of the vectors j,(?)
(g=1, 2, ---, s) with coefficients {,(t) (g=1, 2, ---, s) belonging to K(I,):

aD 0= 3L 08,0

on I,.

Furthermore, we wish to show that the vector u(f) can be represented on
I,, as a linear combination (9) of the vectors p,(t) (g=1, 2, -+, s) with the same
coefficients {,(¢) (g=1, 2, ---, s) as in the representation (11). To this end, we
have only to prove that a representation
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12) &)= 3 80P

holds on I,.
If there were a point t,&/, and an index p (s+1=<p=n) such that

ui},ao);& gé:ng(tO)ﬂi'pg(tO) ,
then we should have
rank (P(ty), u(t,))=s+1.

This equality contradicts the result which was proved in Lemma 2. Therefore
we have the representation (12) on I,.

Next we consider the second interval I, and then, in the same way as for
the interval I,, we get a representation

(13) u(t)= 3 0,(0p«0)

on [,, where 8,(t)eK({,) (g=1,2, -, s).
It follows from the representations (9) on I; and (13) on I,, that

3 Eh—0,0psb)=0
on I;N\[, and hence by Lemma 1, we obtain
L=0,0) (g=1,2,--,s) on I,NI,.
Therefore, by defining functions ,(t)e KU,UI,) (g=1, 2, -+, s) as follows:

Cg(t) on I,

Cg(t):{
0g(t) on 12 ’

we have the representation (9) on I,\UI,.
By repeating the process mentioned above for the intervals I, (=1, 2, -+, &)
successively, we obtain the representation (9) on the whole interval I.

Remark. The fact stated in the above theorem was used by Y. Sibuya
without proof in his paper [3].
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