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A CERTAIN PROPERTY OF GEODESICS OF THE
FAMILY OF RIEMANNIAN MANIFOLDS O; (VII)

By TOMINOSUKE OTSUKI

§0. Introduction.

This is exactly a continuation of Part (VI) ([16]) with the same title written
by the present author which proved the following conjecture is true for 9.7<n
=<16. On the methods used in it, the lower bound 9.7 of this effective interval
is near the crucial values from the argument in it. We shall show that this
conjecture is also true for 5=<n=9.7 in the present paper by improving them and
some new ideas. As the previous one we shall use the numerical data obtained
by computors in the verification. We shall also use the same notation in the
previous ones, Parts (I)~(VI).

The period T of any non-trivial solution x(¢) of the non-linear differential
equation of order 2:

. 4% dx
(E) nx(l—x )a;; +(*gf

with a constant n>>1 such that x24+x"*<1 is given by the integral:

)2+(1—x2)(nx2—1):0

—— (% dx

.1 T—\/ncSroAx«/(;z—x){x(n—x)"“‘~c}’
where x,=n{minx(#)}? x;=n{maxx(®)}? 0<x,<l<x;<n and c=x,n—xy)" 1=
x{n—x)* L

CONJECTURE C. The period T as function of z=(x,—1)/(n—1) and »n is
monotone decreasing with respect to n (>2) for any fixed  (0<z<1).

Here the author thanks heartily Professor Naoto Abe for his cooperation in
the numerical computations by computors.

§1. The fundamental principle to attain the purpose.

Setting T=%(r, n), we have the formulas

e n) e (s 0 Vi, s
on  2nv'n

(1.1)

2o xn—x)"

Received March 8, 1985
375



376 TOMINOSUKE OTSUKI

{((7.4) and Proposition 3 in (Ifl)), where 6=+'B—c, B=(n—1)""! and,V(i&, x,) are
defined as follows:

. xN(x, xy) XEN(X, x,)
(L2 e LV s 0 S Y/

where

(1.3) fo(2) i =@2n—1—2)B—n—2)""'{n—z+n—12z%,

(1.4) f1(2) := {dn-—1—(2n+1)z} B—(n—2)""! {n+(@2n—1)z—(n+1)z%,
(1.5 Fy(2) :=—Py(2) B+ (n—2)""1Py(2) ,

(L.6) Py(z) :=(2n-+-1)2*—2(2n°+-5n—4)z+16n*—16n+3,

(L7 Py(z) :=—(n—1)z*4-(2n*—Tn-+-8)z*+(n—3)dn—1)z+3n(2n—1),

(1.8) Az) :=log(n—2)+ Z:i P(z) i=2(n—2)""",
PRV N Cout YA _ nz—1
(1.9) A(z) == A(2) n—1 2n—2) =log(n—2z)-+ n—Dz "’

(1.10) Nz, x1) i=(n—2)Fy(2) {(2)—A(x )} +3(z—1)*fo(2)—2n(z—1)* {B—(2)},

and X=X,(x), 0<x<1<X<n, defined by ¢(x)=¢(X).

Vix, x,) is increasing with respect to x; in X,(x)<x,<n for 0<x<1 by
Lemma 8.1 in (III). If we have V(x, X, (x))>0 for 0<x<1, then we obtain
Vix, x,)>0 for 0<x<1 and X,(x)=<x,<n and so from (1.1) the inequality

a2(z, n)
on <

We know that V{(x, X,(x))<0 near x=0 when 2<n<(5++/13)/4=2.15138 --- and

near x=1 when 2<n<(1++/13)/2=2.30277 --- by Lemma 8.1 in (). But we
shall show that the above argument is effective for 5<n=<9.7.
W have the formula (8.1) in (III):

_ XV a—x F(o{A(x)—AX)}  3x%fy(x)
(L.11)  Vix, X(x))== A—=x)y (x——l)3«/n——x

2nx*{B—¢(x)} n XF(X) 3X % (X)

(I=x2vn—x ' n—1 (X—1vn=X ' (X—1Pvn—X

_ 2nX*{B—g(X)}
(X=1/n—X"’

where X=X(x)=X,(x), and by Lemma 2.5 in (IV) and (2.4) and (2.5) in (VI)

0.
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2n(n— Xy " {B—g(x} VB | 2nXvVn—XB
112) - Vix, XG> g = Ry g/ n B— (X =1 T (n= D)X =1y 1 X)

22/ n—x Fy(x) {A(x)— (X))

(1—2)° ~  for 0<x<«1,
where
113)  HOO =(22T) 7 (DX @n—5)X+3n) — (8n—5—@n+DX)
For n>5/2 we defined the constant b=b, by H(b)=0, 1<b<n, and proved that
2n+10
>
(1.14) onil <b,<2.268 for n=4
and b, is decreasing with respect to n (=4) by Table 1, Lemma 4.1 and Lemma
4.3 in (VI).

Since we have
H(X)>0 for b, <X<n,
we obtain

(1.15) Vix, X(x))>0 for 0<x=X,"%b,)
from (1.2), when n>5/2. Therefore we shall prove the inequality :

Vix, X(x))>0 for X, %b,)<x<1,

when n=5,
In the following, we set for simplicity
L x*n—x e o Sxfe(x)
U(x) -—WFz(x) {A(x)—2 Xt Uix) = G—lvn—x "’

2nx*{B—d(x)} nxFy(x)

(1.16)  Us(x):= Us(x):=

A—xr"/n—x (== —5
Vi) =UnX(),  Us):=UX@),  Ual) :=Un(X (),
then
(1.17) Vix, X(x))=Uy(x)—U(x)~4 Us(x)+ U (x)+ Us(x) — Ug(x) .

By means of Proposition 1, Lemma 2.1 in (II) and Lemma 7.1 in {II), we see
that U,(x), i=0, 1, 2, 4, 5, 6, are all positive for 0<x<1.

§2. Certain evaluations of X, 1(X).
LEMMA 2.1. When n>2 and k=n-+1)2/5n—1), we have

n—X)n—k

x=X, X< (=5

for 1<X<n.
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Proof. Let 1<k<n—1, then the above inegnality is equivalent to

R

which can be written as

@0 e e e 1k

Both sides of (2.1) have the same value (n—1)*~! at X=1. Since we have
1 —_ n-kyn-1\/ — bk — n-kyn- — n-k-
e L G M B St 18 Ul ) B G D M

O L = T S G I =

. n—X\n-t
[ tn (Dt k=1 () -1

and

(X(n—X)*) =n—kX)n—X)*2,

(X(n—X)*1)"=—(k—1)2n—kX)(n—X)*~*,
we obtain

1 n—X \n-kyntys E-1y7 C1yk-2
(o -G = =205 L =tn— B

and

[Campr = Goo) ™)) Lo T2 3
=n(n—1*(k—12n—k—1)>0,

which implies that (2.1) holds near X=1.
Now, we assume that (2.1) does not hold in 1<X<n. Then there exists a
value { (1<{<n) such that

=S

(n—1)""* n—1

and

n—=k {n_<n~§>n~k}n—2(n—c>n—k—1§<n_kc)(n_g)k_2’

(n—Drm-* n—1 n—1
which imply

(1= k=10 (225) " s n—it.

Here, we introduce an auxiliary function
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n—kX ( n—-l»)n—k’

2.2 pr(X) = ; e

+(n—k—DX
then the above inequality becomes
2.3) pO=1.
We obtain easily
n .
psD=1,  pu(F)=0, lim py(X)=—co
and

2.4) 04/ (X)

_ (=R{n(n=2—+D(n—k—DX+k(n—Ek—1)X%/ n—1 )n—kﬂ
n m—-D{l+(n—k—1DX}* \n—X '

From 1<k<n—1 we have 14+(n—k—1)X>0 for 1< X<n. Regarding the quad-
ratic polynomial of X:

nn—=2)—n+Dn—b—1X+kin—b—1X?
its discriminant is
D=n+12*n—k—1 —4nn—2kin—k—1)
=n—1n—,k—1){(n412—Gn—1)k}.
Hence, if k=(n+1)2/(5n—1), then it must be D=0, therefore

o H(X)=0 for 1£X<n,
which implies
p(X)<1 for 1<X<n.

This inequality contradicts to (2.3). On the other hand we see that (n1)
/(Gn—1)<n—1 is equivalent to n(n—2)>0, which holds since n>2. Thus, we
have proved the claim of this lemma. Q.E.D.

LEMMA 2.2. When n>2, let C and k be

5n—1
(2.5) 1<C§m

and

nt+1+(n—DC—v(n—1{n—DC?—2(n+1)C+5n—1}
2C

(2.6) =k<n—1,

then we have

_ n—X\n-*
=X, X< (5=5) for 1<X=C.
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Proof. First we notice that (5n—1)/2(n+1)<min(5/2, n) and the left hand
side of (2.6) is the small root of the quadratic equation of ¢:

C*—Cn+1+n—1)Clt+n*—1)C—n(n—2)=0.

Since we have
[C2—Ci{n+14+m—1DClt+n*—~1)C—nn—2)1
=n—2)(C—-1D)n—C)>0
and
[CP—C{n+1+(n—DCIt+n*—1)C—n(n—2)]1=p-1
=—n(n—2)<0,
we obtain the inequality

< n+1+(n——1)C—x/(n——1){2(é1—1)C2——2(n+l)C+5n—l} <n—1.

Therefore we can use the first half of the proof of Lemma 2.1. Since 1<k<
n—1, the inequality (2.1) holds near X=1. Assume that (2.1) does not hold in
the interval 1< X<C. Then, there exists a value £ (1<Z<C) such that

0=l

By means of Lemma 2.1, we may suppose that k< (n+1)2/(5n—1). As for the
quadratic polynomial of X of the right hand side of (2.4):

2.7) 1

kn—k—1X*—n+1)(n—k—1X+n(n—2),

we have
n+1 > 5n—1
2k 2(n+1)

=C

and
[kin—k—DX*—(n+Dn—k—DX+nn—2)] yoy=(n—1)2—(n—k)*>0.

If we have
kn—k—1)C2—(n+1)(n—k—1)C+n(n—2)

=—C%:2+C{nt+14+n-1)Ce—n*—1)C+n(n—2)>0
then
En—k—DX2—(n+1)n—k—1)X+n(n—2)>0 for 1<X=<C.

From the property of the quadratic polynomial of ¢:
C—Cin+1+m—1CH+n*—1)C—n(n—2)

stated in the begining, we see that the above fact holds from (2.6). Thus, we
see that p,(X) is decreasing in 1< X=C, and hence

pa(X)<1  for 1<X=C,
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which contradicts to p,(0)=1. Q.E.D.
Here, we set

n+14+(n—1)C—+/(n—=1{(n—1C*—2(n+1)C+bn—1}

2.8) kA(C):= 2C

then

n+DC=D+v(n—D {(n—DC*=2(n+1)C+bn—1}
2C ’

LEMMA 2.3. (i) k,(C) 1s increasing with respect to C in 1<C<Z(5n—1)/(2(n+1)),
with n>2, and k,(1)=1 and k,(5n—1)/2(n+1)))=n+1)2/(5n—1).

(ii) Bo(C) and n—Fk,(C) are increasing with respect to n (22.5), with 1<C
=6n—1)/2(n+1).

Proof. (i) From (2.8) we obtain

0k,(C) 1

C T 20 (n—Din—-DC*—2n+1)C+bn—1}
X[(n=1) {5Bn—1—(n+1)C} — (n+ DV~ {n—DC*—2n+ 1)C+6n—1} 1.

2.9) n—k,(C)=

Since we have

5n-1~(n+1>c;5n—1—5’?{«—:@1211»
and
(n—1)* on—1—(n+1)C} *— (n+12(n—1) {(n—1)C*— 2n+ 1)C+5n—1}
—dn(n—1)(n—2) {5n—1—2n+1)C} >0,
we obtain
aka’éc) >0 for 1<c<;(—1’:r%, with n>2.

(ii) Differentiating the numerator of (2.8) with respect to n, we obtain

(C+DV(n—D{n—DC*—2(n-+1)C+5n—1} — {(n—1)C*—2nC+5n—3}
V(n—{n—I)C*—2(n+1)C+5n—1}

and
(C+1*n—D{n—1)C*—2(n+1)C+5n—1} — {(n—1)C*—2nC+5n—3} 2

=4(C—1) {(n—1)2C*—(@2n*—1)C+5n*—6n+2} >0 for n=2.5,
because C>1 and
(2n®—1)2—4(n—1)*6n*—6n-+2)=— (16n*—64n*-+80n*—40n-+7) <0

for n=2.5.
The claim on n—%,(C) is evident from the above computation. Q.E.D.

LEMMA 2.4, When 3<n=<10, we have
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nX)

x= X"(X)<< :

for 1<X=<bh,.

Proof. By the same argument used in the proof of Lemma 2.1, it is suffi-
cient to prove that

nn—2)—m+D(n—3)X+2n—3)X2=0 for 1<X=h,.
The discriminant of the quadratic polynomial of X is
=n—1D{n—3)(n*—8n+3),

which is non positive for 3<n=<4+44/13=7.6055..-. Therefore the claim is true
for 3<n=4++/13.
Now, let assume n>>4-4+/13, then the polynomial is positive for

1<X< -H \/(n 1) (n —8n+3) )

and (n+1)/4<(n/3) and

[(nn—2)—(n+1)(n—3)X+2n—3NX] yonjs=— % n(n*—n+9)<0.
Therefore, if

n+1 2 [ 4(n—1)\m-?
o"5)= 1o ) <t
and b,=<(n+1)/4, then the claim is true for this n.

We can prove easily that 1/(n—1)d(n—1)/(3n—1))*"% is increasing Wwith
respect to n for n>>5.2. Hence, we have for 4++13<n=<85

)= (5 s <

and by means of Lemma 4.3 in (VI) we have

n+1
4

(Here we notice that p,((8.6+1)/4)=1.00897 --- >1.)
Next, let assume n>8.5. We obtain

”2<g) nt —337;+5< 5('271 - ) ;

and we can prove that this is increasing with respect to n for n=8 Hence,
we have for 8.5<1=<9.5

n 3X9.5 7 5x8.5\7s
o F) S0l 9= (5ooz) =0.98840 - <1

b, <b;=1.7949 --- <2<

and
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5

Therefore, the claim is true for 8.5<n=<9.5.
Finally, let assume n>9.5, then we obtain

=t (<)

b <bgs=1.6654 --- "

7 1(n—1)
92<575) 2n—62+11< gn )

and we can prove that this is increasing with respect to » for n=9. Hence, we
have for 9.5=<n<10

ol 1) pz(g%):%(”é%>8:0'99371 <1

and
9.5 19
Therefore, the claim is also true for 9.5<n=<190. Q.E.D.

LeMMA 2.5. (i) When 3<n=10, we have
1o <e=(y o) for 1<X=min, b,).

n—2
(ii) When 4=<n=4.5, we have

__1 — n-1.
X (= L VT for 1<Xx=12%5.

1—x n—1.225

(iif) When 4.5=n=5, we have
n-1.165 <
<(n 12) for 1<X<1.163.

Proof. (i) By means of Lemma 2.4 and the means value theorem, for
1< X<min(2, b,) we have

X—1 X—1 n—1 1 n—1y\n-2
1—x 1_( n—X>"'2< n—2.<i1‘—_)£>n-3 é(n— ) Tén-z-
n—I1 n—1
(ii) and (iii) By means of Lemma 2.2, for 1<C<(56n—1)/2n+1)), k=£~k,(C),
1< X<C, we have

1—x 1_(;71—‘X)n—k n—~k (n—X)n—k—1 ==k (n—C)r k1"
1—n n—1

When 4=<n=<4.5 we have 6n—1)/2(n-+1)=(19/10). For 1<C=1.225, we
obtain by Lemma 2.3

kn(C)=k,.5(1.225)=1.21248 --- <1.213.
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Hence we obtain

(n—1)""*% n—1 \r-kp(©®
(n—k)(n—C)*~*-1 <(n—1.22'5“)

and £, (1.225) = £,(1.225)=1.16940 --- >1.169.

When 4.5=<n=<5, we have (bn—1)/(2(n+1))=43/22. For 1<C<1.163, we

have
b (C)<k(1.163)=1.19931 --- <1.2.
Hence we obtain

(n—1)»~* 7§< n—1 \n-ka(®
(n—k)Yn—C)" 1 =\ n—1.2
and k,(1.163)=k, 5(1.163)==1.16581 --- >1.165. Q.E.D.

§3. Some evaluations related with U;(x).
As for Fy(x) defined by (1.5), we have the formulas
3.1) Fy'(x)=—2B{2n+1x—(2n*+5n—4)} —(n—x)""?Qs(x) ,
where
(3.2) Qs(x) :=2n*(n+2)+nn—13)x+2n*—n*—n-+A)x*—(n—1(n-+2)x*
by (3.2), (3.3) and (3.5) in {I), and
(3.3) Fy"(x)=—=2B@2n+1)—(n—x)""* {n—2)Qs'(x)— (n—2)Qs(x)}
=—2B2n+1)—(n—x)""% {—n*2n*—n~-5)+ndn*—5n*+10n+3)x
—n(n+1)(2n*—n-+2)x*+n—1(n+1n+2)x%,

and

(3.4) Fy"(x)=—n(n—1)(n—x)"*Q(x),

where

(3.5) Oy(x) 1=6n(n*—n—+2)— Bn*—3n2-+ 19n+6)x+2(n-+ D) (n2+n+4)x?
and —(n+Dn+2)x°,

(3.6) F®(x)=—n(n—1)(n—x)"""Ry(x),

where

3.7 ﬁa(x) 1=—n(14n*—33n%+-55n—42)+ (12n*— 191 +4-48n*—35n—18)x
—(2n'+3n*+11n2—-6n—16)x2+ (n—1D)(n+1)(n+2)x%.

LeMMA 3.1. When n>2, Fylx) is decreasing in 0<x<1.

Proof. We get from (3.5)
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63’(x): —(8n*—3n*+19n+6)+4(n+ D)(n*+n+4)x—3(n+1)(n+2)x*
and

2(n*+n-+4)
l<m7—<71 for n>2.

Since we have 5
Q5 (0)=—@8n*—3n*+19n+6)<0,

G/ ()=—4n—D(n*—n+1)<0,
we obtain
0/(x)<0  for 0=<x<l.
Since we have 5
O.0)=6nn*—n+2)>0 and §y1)=0,
we obtain
O,0)>0  for 0<x<l1
and so
Fx)<0  for 0<x<l.

Hence F,”(x) is decreasing in 0=<x<1. Now, we have
F"(Q)=—2B2n+1)4n""*(2n*—n+5)
=(n—1)""t{e,_,(2n*—n+5)—22n+1)},
where e, ,={1+({1/n—1)""". When n>2, we have
e, _1(2n*—n+5)—2(2n+1)>2(2n*—n-+5)—22n+1)=2(2n*—3n+4 >0,

and hence
F,7(0)>0.

Since we see easily that F,”(1)=0, it must be

F,”(x)>0 for 0Zx<«1.
Hence F,’(x) is increasing in 0<x<1. We can prove easily that F,’(1)=0. Hence
it must be

Fy'(x)<0 for 0=x<1,

which implies the claim of this lemma. Q.E.D.

LEMMA 3.2. x®vVn—x /(1—x)° s wincreasing with vespect to x (0<x<1), when
n>1.
Proof. We have easily

4 2*Vn—x _ x{dn+®Bn—5x—5x*
dx (A1—zx)® —

B v >0 for 0<x<1,

when n>1.
Regarding Lemma 2.1 we have Q.E.D.
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(n+1 _ (n—D@An+1)

"TEn—1 7 -1
and so here we introduce two auxiliary functions as
— X\ (n-DUn+1)/(5n-1)
38 y=0n, X):=(1=7) :
(3.9) w=w(n, X) :=(_7711_—:i£>n-1'

When n>2, we have by Lemma 2.1 and Lemma 2.1 in (IV), respectively, the
inequalities

(3.10) wn, X)<x=X,"{(X)<yn, X) for 1<X<n.
LEMMA 3.3. When n>2, we have
Uyx) . wAv/n—w n—7y \n-1
3.11) 5 s A RO ) T P

n—y  nXy—E@n—-DX+n—y
x{log T=%+ X r—) b for 0<x<I.
Proof. By means of (1.6), Lemma 3.1, Lemma 3.2, (3.10) and the fact that
A(x) is decreasing in 0<x<1, and A(X) is also decreasing in 1< X<n, and we
have

Ax)—A(X) > A(y)—A(X)=log(n—y)+ %—log("“m” (Z—)_(IT;(

. n—y | nXy—Q2n—DX+n—y
=g T e X —y)

we obtain immediately (3.11). Q.E.D.

LEMMA 3.4. When n>1, fo(x) 1s negative in 0<x<1 and it is wncreasing
there and fo(1)=0.

Proof. We get from (1.3)
fo'(0)=—B+(n—x)""*{(n*~ Dx*—n2n—1)x+n*},
fo" () =—n(n—Dx— 1D {(n+Dx—3n} (n—x)""%,
fo”(x)<0 for 0<x<1,

therefore f,’(x) is decreasing there and f,’(1)=0. Hence, we see that f,'(x)>0
for 0<x<1 and so fy(x) is increasing in 0<x<1. Since f,(1)=0, we obtain that
folx)<0 for 0<x<1, Q.E.D.

and hence

LEMMA 3.5. When n>2, we have

Ui(x) 3y* n—w\rt — 1)y
612 - >(l_y)3\/n_y[2n—1—w—< Y (=D |-
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Proof. We obtain easily this inequality from (1.16), Lemma 3.4 and (3.10).
Q.E.D.

We can easily prove the following

LEMMA 3.6. When n>2, we have
Uy(x) an (1— Xw)

Since we can represent Uyx), Us(x) and Uy x) as
Uyx) nX
B = DX —1rvn—X% A=F(X)+wPy(X)},
Ule) _ 3% [@n—1-X)—win—X-+(n—DX?],

G BT =X

Us(x)  2nX*(1—Xw) . -
B T (X—Dvn—X with X=X,(x),
when n>2, we obtain from (3.11), (3.12), (3.13) and (3.14) the following inequality

) N/ n—w n-1
V(x BX(x)) S uzl_?;)sw{ Py )+( ,,3!,) P3(y)}

nXy—Q2n—X+n—y
x{log = + (n—1)X(n—y) |

SN S - |2n—1—w- (“2) et =Dt

A—y)Pvu—y 1
2nw(l— Xw) nX
(I—w)vn— —w 7T (n_1)(X_1)s¢n_X{*P2(X)+wP3(X)}

+ = (X l)s\/n [27’1 1—-X—w {n X—i—(n ].)X }] (X 1)2\/71 X

for 0<x<1. Arranging the right hand side of this inequality, we obtain a
fundamental formula for our purpose.

PROPOSITION 1. When n>2, we have

(3.15) Vix, X@)> (1)K, X)) for 0<x<1,
where
816 Ko, %)= 2V [ po)+ (A=) R0
o ) bzt
+T1_—y‘;’ay{/n—_y- [2n—1-w—(2=0) " tnmwt (- Dt |
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_ X
(n—I(X—-1Pvn—X

(3.17) Qu(2) :=Un*+2n—3)2"—(4n*+18n*—19n+3)z-+ndn—1)dn—3),

(3.18) Qs(2) i=(n—1(2n—3)2*—(2n*—9n*+13n—3)z2*—2n(2n*—8n+3)z
—3n*@2n--1),

and w=w(n, X), y=y(n, X) by (3.8), (3.9).

Proof. We show only the computation related with the last term in (3.16).
In fact, from the last three terms in the inequality described above we have

QoA X)=nPyX)—3n— 1D XCn—1—X)+2n(n— 1 X(X—1)
=n(2n+1)X*—2n(2n*+5n—4) X+n(dn—1)(4n—3)
+3m—1X2=32n*—3n+ 1) X+2n(n—-1X*—=2n(n—-1)X
=(4n*+2n—3)HX2—(dn+18n2—19n+3) X +n{dn—1)(4n-3),
Qi X)=—nPAX)+3n— DX {n—X+n—1X?% —2n(n—HXYX-1)
=nn—DX*—n2n—Tn+8X*—nn—3)(dn—1)X—3n*(2n—1)
+3m—-12X3—3(n—1) X*+3n(n—1) X—2n(n—1) X*+2n(n—1) X?
=(n—1)2n—3X*—2n*—In*+13n—3) X*—2n(2n*—8n+3) X—3n*(2n—1) .

Q.E.D.
In the following, we want to show that

Vix, X(x))>0 for X, Yb,)<x<1

by a finite number of evaluations of K(n, X) by computors, that we have used
this kind of argument in (VD).

§4. Certain properties of K(n, X).

On H(X) we have by (3.1) and (3.2) in (V])
@D H'X)=-— nil %—}? DX =3 X n(n 2} +2n 41,

(2= XD (A DX~ ()

4.2 H"(X)= =

and

H)=H"(1)=H"(1)=0.
Hence H'(X) is negative and decreasing in 1< X< (n-+4)/(n+1) and increasing in
(n+4)/(n+1)< X<n and H'(n)=2n+1>0. Therefore, we can define a constant
a, by
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4.3) H'(a,)=0, 1<a,<n
for each n>2. On @, we know the following fact ([18]).

PROPOSITION 2. H(X) is decreasing in 1< X<a, and increasing in a,<X<n
and a, has the properties:

4.4) Zi‘i<a <n for n>2,
@.5) zznn"illo for n>2.5,
4.6) 2049 o f ngﬁzﬁﬂ:&mnm

2n+1
and a, is decreasing as function of n in 3.5=<n<co.

LEMMA 4.1. w(n, X) is increasing with respect to n for 1<n (1<X<n) and
decreasing with respect to X for 1< X<n.

Proof. Since we have

0 n—X n—X
on log( n—1 ) =log n—1 +ﬂ"_)0 (as n—co)
and
0* n—Xyn-1 (X—-1)*
Wlog( -1 —*m<0 for 1< X<n,
we obtain immediately this lemma. Q.E.D.

LEMMA 4.2. P,(x) and Py(x) are increasing with respect to n for 1<n as
functions of n for each fixed x (0=x=1).

Proof. From (1.6) we obtain
aP2(x)
on
which becomes 24(n—1) (>0) at x=1 and (4n+5)/2>1. Hence we have
oP,(x)/on>0 for n>1 and 0=<x<1.
Next, from (1.7) we obtain

=2x*—2(4n+5)x+16(2n—1),

and
2
0x0n
hence we have
azPa(x) _ 62P3(x) B
[ 0xon :Iz=o—8n—"13’ [ axon Ll—lﬁn—so

and
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[, =sanmvo0, [55F]

From these we see that if n=13/8, then
0P(x)
on

If 1<n<13/8, then (4n—7)/3< —(1/6) and so 92P;(x)/0xon<0 for 0<x<1. There-
fore, it holds the same inequality above. Q.E.D.

1:24(71—1)>0.

>0 for 0=x=1.

LEMMA 4.3. y(n, X) is increasing with respect to n for 1<n (1<X<n) and
decreasing with respect to X for 1< X<n.

Proof. We have

P n—X (=D Un+D/Ga=1) 4(5n*—2n+2) n—X En+1)(X-1)
b?log( n—l) =Gt 851 T hin—x)
_ 4(5n*—2n+2) [1 n—X n (X—l)(4n+1)(5n——1)}
=T Gnoly € 1 T AGn —nt n—X) |
We have
n—X  (X—1{dn+1)5En—-1)
log - =1 T 4w —2ntam—x) O @ nrme)
and
0 n—X  (X—=D@én+D5Bn—1)
’a?[°g n—1 +4(5n2—2n+2)(n-X)]
B X—1 . (X—D{100n*+10n*—57n+4n—2—45n(n—2)X}
T (n—-D(n—X) 450 —2n+2)*(n— X ?

and
4(5n2—2n-+2)*(n— X )— (n—1){(100n*+10n*—57n*+4n—2)+45n(n—D(n—2) X

=10n*+163n*—93n*+22n—2— X(100n*— 125n*+231n*—122n4-16) .
Now, regarding the last expression we see that
100n*—125n°+231n*—122n+16>206n*—122n+16>0  for n>1
and so it is decreasing with respect to X when n>1 and it becomes at X=1
—90n*+288n°—324n* 4 144n—18=—18(n—1)*(5n—1)<0.
Therefore it is negative for 1< X<n, when n>1, from which we obtain

Or =X (X—Ddn+DGn—1)
%{1‘”” i1 +4(5n2-—2n+2)(n—X)}<0 for 1<X<n

and so
n—X (X—1DUdn+15n—-1)

n—1 = 4(Gn*—2n+2)(n—X) >0

log
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and hence
aa;y(n, X)>0  for 1<X<n,
when n>1.
The second claim is evident. Q.E.D.

LEMMA 4.4. Aly(n, X)—AX) is increasing with respect to X (1<X<n),
when n>1, and A(x)—i(Y) is decreasing with respect to n for n>1 with 0<x<1
and 1<Y <n.

Proof. The first part holds from Lemma 4.3 and the facts that A(x) is
decreasing with respect to x in 0<x<1 and i(X) is decreasing with respect to
Xin 1<X<n.

Next, for fixed x (0<x<1) and Y (1<Y <n) we obtain from (1.8) and (1.9)

0 nt+l1—2x Y*+n(n—3)Y+n

S (1Y (n—Y)
and
0 n+l-2x 2(1—x)
9x (n—=x2  (n—x)® >0,
0 Y4n(mn—-3Y+n_ al—D{n— 27)7”/7:}:1717}7>0
oY Y(n—Y) - Y¥n—Y)
Hence
ntl—2x  Y'4am—3)Y+n n-1 I+ne(-3)+n
(n—x)? (n—1Y (n—Y) (n—1) (n—1) -
which implies the second claim. Q.E.D.

LEMMA 4.5, n(1—w)*(1—Xw)/(n—w) is increasing with respect to X in 1< X<n
with n>1+1/4/2 and decreasing with respect to n in 1<n urth 1< X<n.

Proof. First we show 1—Xw>0. In fact from (3.9) we get
0 n—X \r-1 n—X\n-2 n(X—1) -
ox K= (n 1) X(Fl) S (n 1) <0
and so
1—Xw>1—}Yin} Xw=1—-1=0.
Now, we have
0 (A—w)(—-Xw)  (-w){B8n—1—2w+Xn—4nw+3w?} dw wl—-w)

X n—w o (n—w)? 0X n—uw
jﬁf})yL@i{Sn 1— g}y—FX(n dnw+3w?}  w(l—w)®
(n—X)n—uw)? n—w
_ o wd—w?* W)
T =X n—wp P

where
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4.7 pw) :=2n*—4n+1+n*—n+2)w—nwt
+X{n®—dn*—3n+Dw-+En—2)w?.
We shall show g(w)=0 for 0<w<1, considering X as function of w. Since we

have
lin})X(w):n and lirr} Xw)=1

we obtain
sOy=2n"—4dn-+1+n*=mn—1)(n*-+3n—1)>0, s(1H=0.
Since we have

OX__ aX  #X_ mexX , 1 aX
ow  (m—DLw’ ow: m—-Dw* n—Dw ow’

we obtain
X 02X n—2

ow w:1:_1 and _372— w=1: n—1"

We obtain from (4.7)

—ag- =nt—n+2—2nw+X{—@n*-3n+1)+2(3n—2)w}

(4.8) o
. SE S oy
n=Dw {n*—Un*—-3n+Dw+E8n—2)wk},
from which we get
| _ 2
F{U_ wer U7 bwz w:1—5n(n 1)>0.

Hence, g(w) is positive near w=1 in 0<w<1.
Here, we suppose that g(w)=0 does not hold in 0<w< 1. Then there exist
& 7 (0<E<n<]) such that

p&)=p(n=0, p'®=0, p'(n=0.

Since we have from (4.8)

4.8)’ (n—-l)w—g%:—n3+(5n3——5n2-§—4n—2)w——n(5n—4)w2
+X{n*—@n®*—-3n24+n)w+6n—7Tn-+2)w.
On the other hand, regarding (4.7) we see that for O0<w<1
2n*—An+14+-nP—n+-2)w—nw*>min 2n*—4n+1, 3(n—1)%,
and so if n=21+41/4/2=17071 -, then
2n?—4n+-14+n2—n+2)w—nw? >0 for O<w<1,



GEODESICS OF RIEMANNIAN MANIFOLDS O3 393

and
n*—{dn?—3n+Dw+3Bn—2)w?<0 at w=£ and 7.

Eliminating X from (4.7) and (4.8’) at w=¢, 7, we obtain respectively
{n*—dn*—3n+Dw+Bn—2)wH {—n*+Gn*—bn+4n—2)w—nGn—4)w?}
— {2n?—4n+1+n*—n+2Dw—nw? {(n*—@n*—3n*+n)w+6Gn*—Tn+2)w?
=0 at w=§ and =0 at w=y,

when n=1+1/+/2. The left hand side of the above inequalities can be ex-
pressed as

nn—D[—nn*+3n—1)+17n*—14n2+10n—Dw—16n*+8n—13n+7)w?
+(25n2—15n+2)wi—(9n—6)w*] .
Here we set for simplicity
4.9) Ry(x):=3@n—2)x'—(25n*—15n+2)x*+(16n°+-8n*— 13n+7) x*
—(17n*— 1402+ 10n—1) x +n{n®*+3n—1),
then it must hold
4.10) R(£=0 and R (9)=0.
We have
R/(x)=12(3n—2)x*—3(25n*—15n--2) x*--2(16n*+-8n*—13n+-7)x
—17n*+14n*—10n+1,
—;—RA"(x)z18(3n—2)x2——3(25n2—15n+2)x+16n3+8n2—13n+7.

Since we have

R/7(0)=16n*+8n*—13n+7>0, R/7(1)=2(n—1)*(16n—35)
and
R/(0)=—(17n*—14n*+10n—1)<0, R/(1)=15(n—1)*>0,

therefore R.,x) must be decreasing first and then turns into increasing in
0<x<1l. We have

R{0)=nn*+3n—1)>0 and R, (1)=0.

From these facts it is impossible to have (4.10), when n=1+1/+/2. Thus we
obtain
pw)=0  for 0<w<1l, when n=1+1/v2.

Finally, regarding the second part we have
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0 n(l—wy(l—Xw) 1 1 3 X 1 al
»a;log n—w Tn n—w +( l—w 1—Xw n——w)ﬁn
w 3n—1-2w 1 ow
n{n—w) —{(l—w)(n——w) T l—Xw}—én—<0
by Lemma 4.1, when n>1. Q.E.D.

LEMMA 4.6. fy(x)/B=2n—1—x—(n—x/(n—1)""{n—x+(n—1)x?} is increas-
ing with respect to x in 0<x <1 with n>1 and decreasing with respect to n in
2<n with 0<x<1.

Proof. The first part is evident from Lemma 3.4. We have

a  folx) n—x l—x)

s = (o) e (g 2] — =

X {n—x—}—(n—l)xz}]

and

(n—=D"t G folx)
(n—x)"® dxon B

+(n= ) {n*—n(2n—~Dx-+(n*—1)x* (log

=n{l—x)*(n—2x)

n—1 n—x

n—x 1—x )

We see easily the following inequalities
n(l—x)¥n—2x)>0 and »n*—n@n—Dx+m*—1x*>0

for 0<x<1 and n>2.
On the other hand we have

lim(log Z:)lc k. ):0

n—oo n—x

and

1—x )2 (I—x)

a n—x
E(‘Og =1 =z )" =Dm—nF <O

hence

n—x I—x
log'Fl’ n—x >0.

Thus we see that

0* Solx)
5o, p >0 for 0<x<l and n>2,

and so
8 fux) .. 8 folx)
o B “tNon B Q-E-D.

LEMMA 4.7 Qu(X) s decreasing with respect to X in 1=XZ2.5 with n=3
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and increasing with respect to n in 3=<n with 1=<X=<2.5, and positive there.
Proof. From (3.17) we get for 1X=2.5
Q. (X)=2(4n*+2n—3) X—(4n*+18n*—19n+3)
<5({dn*+2n—3)—(4n*+18n*—19n4-3)
=-—(4n*—2n*—29n+18)<0  for n=3
and Q:(2.5)=6n*~—36n*+-63n—26.25=9n—26.25>0  for n=3.

From these we obtain the first part and

Q.(X)>0 for 1<X<25 when n=3.
Next, we have
—a—%z({—(l:2(4n+1)X2—(12n2—l—36n~19)X+48n2—32n+3

and
12n%4-36n—19
o i >
dnt D) >3 for n=3,
and then 9Q,(X)/dn is decreasing with respect to X in 1<X<3. Since we
have

O | g 72046329  for =3,
on X=2.5
we obtain
Loaﬁ%)fl>0 for n=3 with 1ZX<25. QE.D.

LEMMA 4.8. (i) Qi(X)<0 for 1<X=2.5, with n=3.5.
(il) Qs(X) 7s decreasing with respect to X in 1<X<2.2, with n=4.46, and
is decreasing in 1< X<y, and increasing in y,<X<2.5, with 3.5<n<4.46, where
. 2n*—9n*+13n—3+4-+4n"—12n°—23n'+66n°—11n*—24n+9
Tni= 3(n—1)2n—3)

(iii) Qu(X) is decreasing with respect to n in 3<n, with 1<X=<2.5.

Proof. Proof of (i). We get from (3.18)
Qy(X)=02n*~5n+3) X*~(2n*—9n*+13n—3) X *—2n(2n*—8n+3) X —-3n*(2n—1)
=—2X*+4X+6)n*+(2X*+9X*+16 X+ 3)n*— (5 X*+13X*+-6X)n
+3X*4-3X%,
Q' (X)=302n*—5n+3) X*—2(2n°—9n*+13n—3) X —2n(2n*—8n+3),
Q:(1)=—6(n—1*2n—1)<0,
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Q,'(1)=—(8n*—40n2+47n—15)<0 for n=3.5,
Q4(2.5)=—28.5n*+130.5n2—174.3751n+65.625< 0 for n=3,

which imply Qi(X)<0 for 1<X<L2.5, with n=3.5.
Proof of (ii). We have

Q,'(2.2)=—(12.8n*—84.64n*+135.8n—56.76)
=-—12.91808n+56.76 < —0.8546368  for n=4.46,

which implies Q;(X)<0 in 1<X<2.2 with the above evaluation of @,'(1). (Here
we notice 7,.,=2.1803 -+ <2.2).

Now, for n=3.5, let 7, be the large root of the quadratic equation Q,'(X)
=0 of X, then we obtain its expression above. The rest part is evident. (Here,
we notice

1844219 _ 334+/2196
73.5-—T—-1-093"', T4—T—1.7682”-).

Proof of (iii). We have from (3.18)
é(‘—)557)0-=-3(2X2+4X+6>n2+2<2x3+9X2+16X+3)n—(5Xu-1sxz+<s)() ,
2
aa%f) =—12(X+1)n*+26X*--18X+16)n—(15X*+26X+6)
0°Q4(X) o oge
S| =—@an—80n-+an)<0,
0Q:(X) 4o _
L] 12— D3 —2)<0,
Q%) =—85.5n2+261n—174.375<0 for n=3,

8n X=2.5

which imply easily
0Q5(X)
on

LEMMA 4.9. X/(X—1)*v'n—X 15 decreasing with respect to X in 1< X<2.5
with n=3.

<0 for 1=X=<25 and nz3. Q.E.D.

Proof. We have easily
0 X —5X*4+4n—1)X+2n

X X—Dn—X_ 2X—D n—X)*

and
[—5X24-Un—1DX+2n] x-1=6(n—1)>0,

[—5X*+Un—1)X+2n]x-s=12n—33.75=2.25  for nz=3.
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Hence we obtain

—5X*+{dn—1)X+2n>0 in 1=X=25 with »n=3.
Q.E.D.

PROPOSITION 3. K(n, X) defined by (3.16) satisfies the following inequality:
Let n=3 and 1< X<b,, and ny, ny,, X;, X, be such that

3§nl§n§.n2) an§X1§X§X2<bn,

K(n: X)£K<nh Ra s -le X2> H

then

where
(w(ny, X)Pvni—w(ng, X,)
(I—=w(n, X))
n~— (1, Xi)
n,—1
ne—y(ng, Xi) 11X, y(ns, X;)—(an—l)X;+nz—y(n23 Xlz_
ny—X; (nz’—l)Xl(nz_)’(”z, X))

2”2{1 w(ng X >} {1—X,w(n,, Xl)}}
(”2, X1

4.11) Ky, ns; X, Xo)=

< [{=Pine, yn X0+ )" P, yine X0}

X {log -+

4

3(3/(712, X))® 4 (M w{ny, X \r2-1
A5 (n5, X Vi lms X0 [2na= 1w, Xo—(P )

X g 0(ms, X+ (=D (s, X)) ]

X1Q:(n,, Xy) Xow(n,, X)Qs(n,;, X*)
(nf'“l)(Xl_l)z\/nl’“ 1 ( )(X2—1)3\/n2 Xz
and X*=X, for n=4.46 and X*=X, when X>y, and X*=X, when X=y, for
(8++/34)/4=n<4.46, and X*=X, for 3=n<8++34)/4 and Pyn, x), Pn, x),
Q.(n, x), Qs(n, x) stand for Pyx), Pix), Qx(x), Qi(x) with n by (1.6), (1.7), (3.17),
(3.18) respectively.

Proof. By Lemma 4.1 and Lemma 4.2 we have first
4.12) wng, Xo)=w(n, X)swh, X,
(4.13) Y1y, Xo)Zy(n, X)=Sy(n, Xo).

From Lemma 3.2 we obtain
(w(n, X))2\/n‘“w(n, Xj (w(n, X,)) '\/"1 winy, X;)‘

=
A Omwln, X = (—wl, Xy 0
From Lemma 3.1 and the above inequalities (4.13) we have
X
P, 3, (2B R, 5, 1)
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—Py(a, (g, X (P28 AN Dy, K1)
(by Lemma 4.2)
g—Pz(ley y(le, X1))‘|‘<l:3;t(—ﬁ2iﬁ)n—lps(nn y(nz, X).

On the other hand we see easily that w(n, x)=(n—x/(n—1))""! with 0<x<1 is
increasing with respect to n (>1) by the same argument in Lemma 4.1. Hence
we obtain

@15 =R, 3, (20N p6 i, x)
2= Py, v X2 R s, ).

Next, denoting A(x) and i(x) by (1.8) and (1.9) by A,(x) and ,(x) respec-
tively, by Lemma 4.4 we obtain

(4.16) An(y(n, X)) =2a(X)Z 2n(3(n, X1)—1a(X))

2 A0, (¥(ns, X)—10,(X0)

ny—y(n, Xi) _}_ﬁgle(nz, X)—C2ny— D) Xi+n,—y(n,, Xy)

0.
ny— X, (ny—1) X (ny— y(n,, XD) >

=log

From Lemma 4.5 we obtain

n(l—wn, X))*Q1—Xwn, X)) - ny(1—wlng, X))*(1—X,w(n, X))
n—win, X) = ne—w(ng, Xi)
Then, we proceed to the second part of (3.16). Noticing fo(x)<0 for 0< x <1,
by (4.12), (4.13) and Lemma 4.6 we obtain

(4.18) (y(n, X [2;1 1—u(n, X)—(

4.17) >0.

n— w(nX)"l

% fn—w(n, X)+(n—Dwn, X4 ]

Orlmy, X [an—— win,, Xz)_<_@_M)“_l

= (1—=y(n, XOPVn—y(n, X,) ne—1
X {na—w(ng, Xo)+(n—1)(w(n, Xz»z}] .

Lastly we deal with the third part of (3.16). By Lemma 4.7, Lemma 4.8
and Lemma 4.9 we obtain

X
T n—D(X—1PvVn—X

(4.19) [Qa(n, X)+w(n, X)Qsn, X)]
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X
TR Vo A OVARE A
(ny—D(X,—1)*v/n,— X,
where X*=X, for n=24.46, and X*=X, when X<y, and X*=X, when X>7,
for (8+4/34)/4<n<4.46, and X*=X, for 3<n<(84+/34)/4.
Using these inequalities (4.14)~(4.19), we obtain

Kn, X)=zK(n,, ny; Xy, Xo) . Q.E.D.

4

~w(ng, Xo)Qun, X%,

§5. Evaluation of V(x, X,(x)) near x=].

Refering to the argument used in §8 of (III), we shall try more fine evalu-
ation of V(x, X,.(x)) near x=1 than it.

LeMMA 5.1. When 4=n<10, we have

n*ni—n+{n—17""2 (12n—13)p,+6n—10
Uy(x)> 5 (XD (X—1)
(Un—35)pu(pp+3n—>5) . .
R P X1 for 1< X=C=min(, b,),

where if C=min(2, b,), then p,=e,_,=(1+1/(n—2))""2; if 4<n=<4.5 and C=1.225,
then p,=({(n—1)/(n—1.225))*"11%: and if 4.5Zn<5 and C=1.163, then p,=
({(n=1D/(n—1.2))* 11, X=X, (x).

Proof. We obtain F(1)=F,’(1)=F,"(1)=F,"(1)=0 from (3.1)~(3.5) and so
for x (0<x<1) there exists x; (x<x,<1) such that

._1 o~
Fin=— " By
by (3.6). We have from (3.7)
Ry (x)=12n*—19n%+48n2—35n— 18— 2(2n* -+ 3n*+ 11n*—6n—16) x

+3n—Dn+1D)n+2)x2>0,
because

2n*4+-3n°+11n*—6n—16

RO>0, R/, S Dt Dntd

when n=2. Therefore we have
Byn)<R(l)=—4(n—1y(*—n-+1)<0,
and hence we obtain the inequality :

(5.1) Fz(x)>%n(n—l)""z(n2-n+l)(l-x)4 for O<x<1.
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Now, since we have from (1.8) and (1.9)

1—x = (x=Dint+(m—1)x}
= AT T A=
2 1 dX___ (I—x)n—x)*t

X”(X):— (n_l)xa _@_xy ’ _d?_ (X—l)(n_X)n_z’

A(x)=—

we can obtain

d o (X=D— X" (X—D){nt—DX)
ax A=A = T T X=Xy

which becomes 0 at X=1, and

& —ix) = TR XXt (XL n— Xt

dXx* (n—x)" (1—x)n—x)**?
2 1
+ (n—1X? * (n—X)*’
and
~€_ 2—X)yn—X)"3 _ (n—2)3—X)n—X)"* _ n(X—=DH@—=X)n—X)*"
dX (n—x)* - (n—x)™ (1—x)n—x)*»-?
_ (m=22(m-1"* a(n—1*7° __ 2n—2)+np,
(n—1D" (n—1)""! " (n—1¢

where p, denotes the right hand side of (i), (ii) and (iii) in Lemma 2.5 accord-
ing to these cases. Hence we obtain

(n—DE@—X)n—X)""? 1 2(n—=2)+np,

) e T I
We obtain also
n(X—1*n—X)y""*  nX—Dn-1D""*  ap, _
(1—x)(n—x)2»1 (n—1yn1 ba= (h—17 (X1,
and
2 2 6 1 1 2
wDx w1 a-1 Y Xy ey Ty Y

Using these inequalities in the right hand side of the above equality, we obtain
for n=4
2n _ 2n(p.+3n—5)

d* -
oy AO—4X0 > 1 1) ~(X—D).

which implies
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3 nov 2__M 13
(5.2) Ax)—2(X)> =1F (X—1) 3(n—1) (X—-1)
for 1<X=C.

Last, since we have

A XAn—BX)(n—X)"* X1
dX = 2n—x)" 302 I—x’
we obtain the following inequality :
(5.3) X2/ n—x >n— _fﬂﬁg,()(_l) for 1<X<ZC.
24/ n—1

Using these inequalities (5.1)~(5.3) for the expression of Uyx) in (1.16) and
X—1>1—x by Proposition 4 in (IV), we obtain

Uo<x>=1‘21—‘ﬁ’—;)~;i&<x> (20— 2X ()

n*(n*—n+4-Dn—D*""*  (4n—5)p,
> 6 f1 2An—1)

x-p}{i- l’—g—&—?ﬁ‘r’—w—n}(x—n ,

which becomes the required one in the statement of the lemma. Q.E.D.
We prepare some formulas on fy(x). We obtain from (1.3)

folx)=0@n—1—x)B—(n—x)""{(n—Dx*—x+n},

fo'(x)=—B4+n—x)""t{n*—1)x*—n@n—1)x+n?,

fo'()=—n(n—D{x=1) {(n+1)x—3n} (n—x)"",

5.4 { f"(x)=n(n—D{n*—1)x*—(6n*—5n—2)x +n(Tn—8)} (n—x)" 4,

foP(x)=—nn—1n—2) {(n*—1)x*—8n*—Tn—3)x+n(13n—15)} (n—x)" "%,

Fo®(x)=n(n—1)(n—2)(n—3) {(n*—~1) x*—10n*—In—4) x +3n(Tn—8)} (n—x)" "%,

[P () =—nn—1{n—-2)(n—3)(n—4) {(n*—1)x*—(12n*—11n—5)x +n(31n—35)}
X(n—x)*".

LEMMA 5.2. When 3<n, we have
n@n—D=1)""*" | nGn*=3n4H(n—1)m""

Us(x)> ) 1 (X-D
_}_{n(n——2)(n—3)q,,(n—1)”2(n—sq)ij_“ nn—2)Bn—14n—3)(n—1)""%%
40 ' 8 }
ey M=2D(n—=3)An—3g.(n—e)" " . .,
XA 80v/n=1 X=D

for 1<X<C (£2),
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where we set
(5.5) g2=9,(C)=n*—1)C*—(10n*—9In—4)C+3n(7Tn—8)
and ¢,=1 for 3=n<6, g,=2 for n=6.
Proof. We have f(1)=f,/(1)=/,"(1)=0 and
["D=n@n=Dn—1"7, [P D=—2n(n—2)@n—DHn—1)""*,

hence for X (1<x=C) there exists X; (1< X,<X) such that

fo<X>=£g(—'ff_lT)f3—<X—1>3 %@"_)ILB(X 1
+ (Xlg()l L nn—1)n—2)(n—3) {(n*—~ 1) X2~ (10n*—9n—4) X, + 3n(Tn—)}
X (n—X,)"~".
We have
[(n*—1)x®— (1002 —9n—4) x +3n(Tn—8) ) 1= 3(n—1)(dn—1)>0
and

(10n*—9n—4)/2(n*—1)>2 for n>3/2,
hence, assuming C<2, we obtain
(n*—1D X2~ (10n*—9n—4) X, +3n(7n—8)
Z(nt—1)Ct—(10n*—9In—4)C+3n(7Tn—8) :=¢q, .

Thus we obtain

n@n—1)B . n(n—2@n—1)B
6=l VT mn oy
n(n Dn—2)(n—3)g,(n—ey)""¢
120

where g,=1 for 3=<n<6 and g,=2 for n=6.
Next, since we have

(5.6) folX)> (X-—-1)

(X—1) for 1<x=C (£2),

d X  X@4n—3X) & X*  3X*-8nXi8n
G Ty VX sme—xyr ™ GXT UhT%T dm—xypr
we obtain
Xz 1 4n—3
68 % i U T (X~}

Using (5.7) and (5.8), we obtain from (1.16)
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3N (X)) 3 4n—3 n@n—1)B

V=5 Tromx” 7T 0 2 O 6
_ n(n—=2)3n—1)B n(n—1)(n—2)(n—3)ga(n—e0)"~° 8
12(n—1) (X=D+ - 20 (X= 1)}
which becomes the required one in the statement of the lemma. Q.E.D.

LEMMA 5.3. When n>4, we have
71(271—1)(71——1)"’5/2_+ n(5n?—3n+1Dn—1)""2

—U,(x)>— 5 ) (1—x)
+{ n(8n3—50n2+44n—9}&7_1:_1)"“‘”2 _ 3(n~—2)(n—3)(7n—8)(n—1)"‘”2en_1}
16 40n3
— J— 2__ . 1yn- 2
X (1= x)— n{n—2)3n—1)(8n*—8n-+3)(n—-1)*"1/ (1—x)°
32
for O0<x<1.

Proof. For x (0<x<1) there exists x, (x<x,<1) such that

__n@n=1B . . an—-2@r—1B,
Jolx)= =) (1—=x) ST oy (1—=x)
— »(71{26‘)5 n(n—1)(n—2)(n—3) {(n*—)x,2— (10n*—9n—4) x,+3n(7Tn—8)}
X(n—x)""%

We see easily that fo(x)<0 for 0<x<1, when n>4, and fo'(x)<fe(0)
=3n""*(n—1)(n—2)(n—3)(7n—8), which implies

n{(2n—1)B (1 x)'— n(n—2)3n—1)B
6(n—1) x 12(n—1)?

_ (n—1)(n—-2)(n—3)(7n—8)n"“{
40

(5.8) folx)>— (I—=x)

-(1—x)5
From (5.7) we obtain

a®  x* 3(x—2n)x—4n)
i Vi T 8o >0 for O<x<m.

Using this and (5.7) with x in place of X, we obtain

2 4n—
- : n3 o+ d 8";23’ (1=,

.9 Vn—z SVa=1  Zn—1" 80n

Using (5.8) and (5.9), we obtain from (1.16)
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_ 3x(w) 1 _ 4n=3 8n*—8n+3 . |,
U= Vn=rx \/n—-l{l 2= O gy ¢ x|
ni2n—1)B n(n—2)3n—1)B n—1(n—2)(n—3)7n—8)e¢,..B e
=y Mn—Dr LR 207° ja—x)
- n(2n~1)(2n——1)”“5’2 . n(5n2—3n—21)(n-—1)"‘7/2 1
(813 —50n*+4dn—N(n—1)"-%%  n—2)(n—3)Tn—8)(n—1)*%e, _, .
+{ 16 - 07 ja—x)
n(n—2)(3n—1)Bn—8n-+3)(n—1yr-11/2 3
B 3 (1=
—_ — - _ n-5/2
+3(n 2)(n 3)(73n20n83)en_1(n D (s

X[4(n—1)dn—3)—Bn*—8n-+3)(1—x)],
in which we see about the last part in the blackets that
4(n—1)4n—3)—(8n*—8n+3)(1—x) >4(n—1)(4n—3)—(8n*—8n+3)
=8n*—20+9>0.

Therefore, if we omit this part in the above expression, then we can obtain
the required inequality. Q.E.D.
We prepare here some formulas on ¢(x). We have

Plx)=x(n—x)"", ¢ (x)=n(l—x)n—x)""?
¢"(x)=—n(n—1)2—-x)}(n—x)""3,
¢"(x)=n{n—1}{n—23—x)(n—x)""*,

(5.10)
l PP (x)=—nn—D(n—2)n—3h4—x)n—x)"""

LEMMA 5.4, When n>3, we have

n*@n—1)(n—1)"""2
6

_ n*(n—24n—3)(n-—-1)""%2
3

Uyx)>n¥n—1)""%2—

(1—x)

(1—x»  for 0<x<1.

Proof. For x (0<x<1) there exists x; (x<x,;<1) such that

ey n(n—l)(n*2>(?é—x1)(n—xl)’”

B—x(n—x)" 1= ﬁ%ﬂ(l—x)

(I—x),

from which, assuming n>3, we obtain
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B—x(n—x)** > n(n—1)""2 n n{n—2{n—1)""2

(.11) Tz 5 3 (1—x).
As in the proof of Lemma 5.2, we obtain
x? 1 4n—3
6.12) Nn—x >VF:1‘{1“ 2(n—1) (l_’C)}'
Using (5.11) and (5.12), we obtain from (1.16)
_ 2nx*{B—d(x)}
V= S yin—x
4n—3 2(n—2)
2 — n-5/2 — —_ . —
>t g Gl )
which becomes the required one in the statement. Q.E.D.
LEMMA 5.5. When n>4, we have
2 o — n-7/2
—U(x)>—n¥(n—1yr-srs— 78T Dé” D" x—1
n¥(n—2)(13n—3)(n—1)r-%2 n2@8n?—8nC+3CH(n—1)"* R
+{ iz - 8(n—C ) b=

_ n¥n—2)(n—3)dn—3)(n—1)r-11/2
8

Proof. For X (1< X=C) there exists X, (1< X,<X) such that

n{n—1)"* (X—1)*— n(n—Z)(n—l)"_‘i(X_l)3
2 3
n(n—D(n—2)(n—3H4—X)n—X)"*
+ 24

Since we have (d—x)(n—x)*"5) ' =—(n—4)5—x)(n—x)"°<0 for n >4 and x <4,
we obtain easily

(X—1?®  for 1<XZC=Zmin(2, b,).

B—X(n—X)""'=

(X—D*

B—X(n—X)" 1! n(n—1"* ¢ 2n—2) . L7(71-—2)(7353) e
(6.13) (X—1)? 2 {l 3(n—1) (X=DH 4(n—1)? (X D}‘
Then there exists X, (1< X,<X) such that
2 . 2 _ 2
X 1 . 4n—3 (X—1)+ 3X,2—8nX,+8n (X—1y°

=X Vu—=1 ' 2(n—1p"
by means of (5.7). Since we have

_d 3X*—-8nX+8n® _ 3(X*—4nX+8n)
dX (n—X)* - 2n—X)"*

8(n—X,)**

>0,

we obtain
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n’—8nC+3C* [n—1 .,
8(n—C)y \/ X 1)}'

X3 1 4n—3
Vi—x < «/nA—f{H 2(n—1)
Using (5.13) and (5.14), we obtain from (1.16)

2nX*{B—(X)}

(X—=12vn—X
4n—3 8n:*—8nC+3C? [n—1

._..1 .
a1 XVt —gn—cy n—C<X_1)}

2(n—2) (n—2)(n—3)
x{1- 31 XV o
n2Bn—1)(n—1)"""2
6

+{ n¥n—2)(13n—3)(n—1)7-%2 _ n*8n2—8nC+3C*H(n—1)""2
12 8(n—C)5®
B 722(71—2)(71—3)(4871—3)(71——1)"’”/2 X
8n2—8nC+3C* \/n—l n—2 [E_ n—3
8(n—C)? n—C n—113 4n—-1)
in which we see about the last part in the blackets that

2 n—3 2 n—3  bn-+1
3T dn=y VT T gy T Rm—n

Therefore, if we omit this part in the above expression, then we can obtain
the required inequality. Q.E.D.

(5.14) (X—D+ 2

n—C

—Ug(x)=—

>— nz(n——l)"‘m{H—
(X—1y7}

=—nin—1)r"%2—

(X-1)

bax—1y

_1)3

PR (X——l)](X—l)a,

LEMMA 5.6. When n=4, we have

(1= nF D (=172
5 (X=1—{

n*2n*—4nt+6n—3)(n—1)""%2

n?
Ux)> i

n*(n—5)(n*—n+1(n—1""** r n—e,\n-s ., Pin=Lr-une
* 6 (n—l) }<X"1>+ 12

—g, )n—s_ 2n—1)(4n*—7n*+9n—4)
—1 2

X {(n—5>(2n8—4n2+6n—3>( ’; }(X—1)3

1A _ — _ . . n—13/2n__.fin—6 — 1}
g n@n—1)(n—5)dn*~Tn*+-9n—4)(n—1) (n 1) (X—1)

for 1<X=C=2,

where we put e, as follows: if n=6, e,=1;1f 5<n<6, e,~C; if 4=n=5, e,=—0
and C=1.225 for 4<n<4.5 and C=1.163 for 4.5=n<5 as special cases.

Proof. By means of (3.1)~(3.7), for 1< X<C (<2) there exists X, (1< X;<X)
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such that

X—1) -1
S Reo=— "G

FoX)= (X—Dn—X,)"*Ry(X,).

On the other hand, from (3.7) we obtain
ﬁg"(x):fi(n—l)(n—{-1)(n+2)x—2(n+1)(2n3+n2+10n—16)

=2(n+D{3(n—1)(n+2)x—2n*—n*~10n+16}

and
3n—1(n+2)x—2n2—n*—10n+16<—(2n*—5n%+4n—4)

=—(n—2Cn*—n+2)<0 for 1=x=<2, when »n>2.
Hence, R.(x) is convex upward in 1=<x=<2. Since we have ﬁ'3(1)>0, we obtain
Bix)<R)+X,— DR/ (D)< B (1) +(X—DRy (1)
=—4(n—1*n*—n+1)+2(n—DEn*—Tn24+9n—4)(X—1),

which becomes 2(n—1)2n3—3n?+-5n—2)>0 at X=2 and —{/5)(n—1){n*—3n-+
n—1)<0 at X=1.4, respectively. We obtain

4n*—Tn*+9n—4
2n—1(n*—n-+1)

nn—1)¥n* —n+1)
6

(6.15) FuX)>

(X_1>4{1— (X—l)}(n—xm-ﬁ.

There exists X, (1< X,<X,) such that
(n—X)" P =(n—D""—(n—5)(n—X)"%X,—1),
from which we obtain

(5.16) <n—X1)n-5>(n—1)n-5{1~Z—:—i’<’;:sli)”'c()(—n} for 1<X=C,

where if n=6, g,=1; if 5<n<6, ¢,=C; if 4=<n=<5, gy=—o00.
Since we have

4 x  _ 2n—x @ x An—x
dx v/n—x  2n—x)*’ dx* v/n—x  4dn—x)¥2’

we obtain easily

2n—1
2(n—1)

X > 1
vVn—X" a/n—1

Now using (5.15)~(5.17) we obtain from (1.16)

5.17) {1+ <X—1)} for 1<X<n.
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e e v
S ot
| = L= DY
_ 712(n2—n+é)(n——1)"‘7’2 (XD {n2(2n3—4n2+61r;—3)(n—l)"‘m
N nZ(n—anz—72+1>(n—1>n-9/2( ne kot
T 5y gt~ ()
B (2n—1)(4n3—27n2—|—9n——4)} X1y
—I~EIZn2(2n—l)(n—5)(4n3—7n2—{—9n—4)(n—1)"‘13’2<2;_8f—>n_6(X—1)4.

Q.E.D.
Finally, we shall give a main evaluation formula on V(x, X,(x)) near x=1.
Using the inequalities in Lemmas 5.1~5.6 in V{x, X, (x))=—U(x)+Uy(x)+Us(x)
—Us(x)+Uy(x)+Ux), and noticing the part with —U,(x)+U.(x) expressedby
a polynomial of (1—x):

B n(n?*+Tn—3)(n—1)*""7?

12 (=)
_ﬁ{ n(40n®—26n2—36n+27)(n—1)*-%7
48
n—2(n—3)Tn—8)(n—1)*"Y2e,_, "
+ 40n3 }(l—x)
n(n—2Bn—1)8n*—8n+3)(n—1)n"11/2 .
- 32 (1—x> i

whose coefficients of (I1—x), (1—x)?* and (1—x)® are always negative when n=3
and so becomes more smaller than it if we replace 1—x with X—1 since
X—1>1—x by Proposition 4 in (IV), and hence doing these replacements, we
obtain the following

PROPOSITION 4. When n>4, we have

n2n—D(n?—n—3)(n—1)»" 72
6

(5.18)  V(x, Xn(x))> X—-01
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~[n(8n4+44n3—108n2+102n——9) o+ Ben_l(n—2)(n—3)(7n—8)(n—1)"_'
48 40n?

n%(8nt—8nC+3C? <_n—1 )5/2+ n*(n*—n+1){(12n--13)p,+6n—10}
—C

8 36
L (n—S)(g —n+1)( 7;:514 )n-"](n_l)n-e/z(X~1)2
+[ (32n5+48n —416n*+-643n? —311n+18) n*(dn—5)(n*—n+Dpn(pn+3n—5)
96 12
2 —_— 2 3__ 2 _3 —&, n—6 _ R 5
L (n—5)( n124n -+6n )(:l,__el) }(n—l)" nX—1)
T
+——n2(2n D(n—5)(dn’—Tn*+9n—4)(n—1)* H/?(%—i‘t)"’e()(—lj*]]

for 1<X=C,
where C, D, gn, & and ¢, are constants as in Lemmas 5.1~5.5.
Remark. In the above expression, the quantity in the blackets [ ] is

positive.

§6. Proof of Theorem C for 6<n=<9.7.

LEMMA 6.1. When 6<n=<9.7, we have

n(n__l)n—u/z

V(X, Xn(x))>’

(X~1)[(n 12n—1)(nt—n—3)

120 o (n—1)(980n*+411n*—6052n°49615n—4457)( X —1)

+ 3—12(124n5~807n4—|—1905n3—2315n2+1032n——36)(X—1)2]
for 1<X<h,.

Proof. Omitting the last part in the blackets [ ] of (5.18), we shall evaluate
the coefficients of (X—1)? and (X—1)® of the right hand side. First, for
6<n=<9.7 we put ¢,=1 and C=b, (£b,=1.9117 ---) by Lemma 5.6 and have

Sl (Y sone S ()

na

=nx5.002739 ---,
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8n*—8nC+3C* s n—1 )5/2 8n2—16n+12(n—1)5/2
8 \n—C 8 n—2

2__
§Eﬁ—gﬂié(gfm:QnL4n+$XOBWMMwn<2M—4n+3,

since (8n*—8nC+3C?)/(n—C)*?® is increasing with respect to C, and
(12n—13)e,_.+6n—10=(12n—13)e, ,+6n—10
<(12n—13)% 2.5604698 --- +6n—10
=36.725637 --- X n-—-43.286107 --- <37n—43.

Using these evaluations for the expressions, we obtain

6.1) g ®nt+44n'—108n*+ 1020 —9)- - (n—2)(n—3)(Tn—8) X5.00274

n(n—5)(n*—n+1)
6

+n(2n2—4n+3)+E%n(nz—n—l—l)(37n——43)+
< 7;6—(980n4—|—411n3——6052n2+9615n——4457) R
which is available for 6=<n<9.7.

Now, we proceed to the treatment of the terms regarding (X—1)°® of (5.18).
We have for 6<n<9.7

n-denst3n—5)Zzeert 3n—5)=(2) +(3) Gn—5)

=5.96046 --- +(3n—5)x2.44140 --- =7.32481 :-- X n—6.24657 ---

3(39n—34)
O TR

hence using this evaluation, we obtain

6.2) ——9—16(32n5+48n4——416n3—i—643n2—311n+18)
L Eymr SIS S S S
+ 92 ndn—5)(n*—n-+1)(39n—34)-+ 7 n(n—5)2n*—4n®*+6n—3)

-1
~ 1902

which is available for 6<n<9.7.

(124n°—807n*+1905n° —2315n%+1032n—36) ,
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Combining (6.1) and (6.2) with (5.18), we can obtain the inequality of this
lemma. Q.E.D.

LEMMA 6.2. When 6<n<9.7, we have

982—37n

882—37n
This lemma will be supported by Lemma 6.1 and the following proposition

which will be proved in another coming paper {18], because

982—37n _ 612
8837, < By — 11953+ <by,=1.5882 .

Vix, Xo(x)>0  for Xn"1< )§x<1.

PROPOSITION 5. When 6=<n=<9.7, the quadratic polynomial of t

(n—-1*@2n—1)(n*—n—3)— T;—a(n —1)(980n*+411n*—6052n°-+-9615n —4457)

2
—I—%(124n"’-—807n“—|—1905n3—2315n2—|—1032n——36)>O
100
f07’ 0§t§m—
On the other hand, according to Proposition 1 we cite here the approxi-
mately calculated values of Y such that K(n, Y)=0 with 1<Y <n for each #n

of Table 1.

Table 1.
ny Y | Z \n| Y | Z |n| Y | Z |n|lY | Z

6.0/1.3250| 1.1515| 7.0/1.3037 11605 8.0 1.2846| 11706 9.0 12675 1.1820
.1 .3228] .1523| .1 .3017| .1614 .1‘ 2828 .1717| .1 .2650 .1833
.2 .3206| .1532| .2 .2007| .1624] .2 .2810 .1728| .2 .2643| .1846
.3 3184 .1541) .3 2078] 1634 .3 27930 L1730 .3 L2627 1850
4 3162 1540 .4 2958 .1644 .4 .2775 1750 .4 .26l1] .1871
5 3141|1558 .5 .2089 .1654 .5 .278, .1762) .5 .2596 .1885
.6 .3119| .1567| .6 .2920 .1664 .6 .2741| .1773| .6 .2581 .1898
7 .3099| .1577) .7 .2901 .1674| .7 .2724 .1785, .7 .2566 .1911
.8 .3078| .1586 .8 .2883) .1685 .8 .2708 .1797,
.9 3057, .1595| .9 .2864| .1695 .9 .2601' .1809 Y | K(n, ¥)=0

Z=(982—37n)/(882—37n)

Now, noticing the values of Y in Table 1, we can prove that K(n, (73—n)/50)
>0 for 6=n=9.7 by Proposition 3 and an analogous argument used in the
proof of Proposition 2 of (VI), where (73—n)/50 is greater than Y for the values
of n in the table.
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Next, we put C=(73—n)/50 in (2.9) and obtain

b (73——n>_ (n+1)(28—n)++/(n—1)(n*—47n*+10775n—15129)
50 / 2(73—n)

and we replace y(n, X) defined by (3.8) in Proposition 1 with

=

and denote these functions by Ki(n, X) and K(n;, n,; X5, X,;). We cite here
the approximately calculated values of Y, such that Ki(n,Y,)=0 with 1<¥,<n
for the »n’s in Table 1. Table 2 tells us that

982—37n

ToeTT <n<

Y.< 832—57, for 7.6=n=<9.7

in the tables. We can also prove this inequality holds for any » in this interval
by the modified Proposition 3.

Table 2.

n Y, n } Y, ) n ‘ Y, n J Y,
6.0 | 1.2125 |7.0 | 1.1814 |80 | 1.1554 | 9.0 | 1.13%4
1| o001 | .1 1786 | .1 | .1531 | .1 | .1314
2 | 2058 | .2 | .1759 | .2 | .1508 | .2 | .1294
3| 2025 | .3 | 173t | .3 | 1485 | .3 | .1274
4 | L1993 | .4 | L1705 | .4 | .1462 | .4 | .1255
5| L1962 | .5 | 1679 | .5 | .1440 | .5 | .1236
6| 1931 | .6 | .1653 | .6 | .1418 | .6 | .1217
7| L1901 | 7| 128 | .7 | L1397 | .7 | L1199
8| 1872 | .8 | .1603 | .8 | .1375

9 | .1843 | .9 | .1578 | .9 | .1355 | I(n, Y)=0

Then, noticing the values Y, (for 6=<n=7.6), we can prove that

37— ”)>o for 6<n<7.6

Kl(n,

by the method described above. We put C=(37—n)/25 in (2.9) and obtain

n—p <37—n) (n+1D(12—n)++/(n— 1)(n3—25n2+2768n—~3844)
"\ 25 2(37—n)

Next, we replace y(n, X) in Proposition 1 with

f— X \n-kp(O) 37—n
> €= 25
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and denote these functions by K,(n, X) and K,(n;, n,; X;, X,). We cite here the
approximately calculated values of Y, such that K,(n, Y,)=0 with 1<Y,<n for
the n’s (6<n<7.6) in Table 1. Table 3 tells us that

982—37n
882—37n

in the tables. We can also prove this inequality for any » in this interval by
the modified Proposition 3.
Finally, we use C in %,(C) as

C

Y.< for 6.3<n<7.6

 141—4n
=100

and can prove
Kofn, %@w for 6=n=6.3.

Then we obtain
—p (141——472 )_ (n+1)(41—4n)-++/(n—1)(16n*—344n2+43609n —58081)
TR 00 /T 2(141—4n)
and, using this function, compose K;(n, X) and Ki(n,, n,; X;, X,) by the same

method above. And computing approximately the values Y, by Ky(n, Y3)=0
for 6=<n<6.3, we obtain Table 4, which shows

. 082—37n
Yo< 882=37n

Thus, we can conclude that

Viz, Xp(x)>0  for 0<x<1,

for 6<n=<6.3.

when 6<1=<9.7, which assures Theorem C.

Table 3. Table 4.
n ‘ Yg ' n ’ Yg i ! n I Y3
6.0 | 1.1656 ;7.0 | 1.1250 | 6.0 { 1.1249
.1 .1612 1 1213 .1 . 1205
.2 1569 | .2 1177 .2 .1162 i
.3 .1526 | .3 L1141 .3 (1120
i .1485 4 L1106 | '
.5 . 1444 5 | .1071
.6 . 1404 6 | .1037
T .1364
| .8 | .1326 | Ia(n, Y9)=0
|
| .9 .1287
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§7. Proof of Theorem C for 5<n=<6.

LEMMA 7.1. When 5Zn<6, for 1< X<min{(2, b,) we have

Vix, Xa(x)> l(n;fls)n——ni(X—l)[(n~1)2(2n~1)(n2—n——3)

1

~190 (n—1)(1000n*+92n* —4864n®+-7441n —3245)( X —1)

+ %(130715—-869714+2027n3——2479n2+1108n—36)(X—~1)2]
for 1<X=Zmin(2, b,).

Proof. We shall evaluate the coefficients of (X—1)2 and (X—1)® of the
right hand side of (5.18). First, for 5<n=<6 we put ¢,=C=min(2, b,) by Lemma
5.1 and have

8n*~8nC+3C* s n—1 )5/2< 8n2—-16n—|—12(n—1)5/2< 2n2—4n—f—3/4)5/2
8 \n—C/ = 8 n—2/ = 2 \3

=(2n*—4n+3)x1.0264004 --- <(2n*—4n+3)x1.0265,
(12n—13)e,_o+6n—10=<(12n—13)e,+6n—10

625 90367 —10685
=(12n—13) X ﬁ—FGn——lO— T oEg <

36n-—-41

and

A

n-—g,\""6 n—1 G-n< n—1 6—n< i 6-n i
=) =Gze) =G5) =) =3
Using these evaluations for the expressions in the blackets corresponding to
(X—1)% of (5.18), we obtain
1

(7.1) 4—18(8n‘—|—44n3—108n2—!—102n—9)+ E(n—Z)(n—S)Gn—S) % 3.6

+n(2n*—4n+3)x1.0265+ %n(n2——n+l)(36n——41)—{— % n(n—5)n2—n-+1)

< 77;—0 (100072*+-92n°—4864n*4-7441n—3245) .

Next, we proceed to the treatment of the terms regarding (X—1)®.. We
have for 5=<n=6

3
Cp-slln_osF3n—0)=esle,+3n—5)= %(8171—71) .
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Using this evaluation, we obtain

(7.2) ~%(32n5+48n‘—416n3+643n2—311n+18)
b oa e nAn—5)(n—n - DBLA—TL)+ - n(n—5)(2nt —dn+6n—3)
35 35 Wdn—S)(n*—n n— 12 g nn n n n
25 3 —(1425601°—950244n*+ 2216736 n°—2710593n%+ 12118377 —39366)
192 ——(130n°—869n*+2027n*—2479n%+1108n —36) .
Combining (7.1) and (7.2) with (5.18), we can obtain the inequality of this
lemma. Q.E.D.

LEMMA 7.2. When 55n=6, we have
- -On
Vr, Xa(e)>0  for X, (Zg—gr)Sx<1,
This lemma will be supported by Lemma 7.1 and the following proposition
which will be proved also in [18], because

57— 3n 39

93, 3 =1.14770 --- <b;=1.9117 --- <b for 5=n=6.

PROPOSITION 6. When 5=n=6, the quadratic polynomial of t.

(n—1*Cn—1)n*—n—3)— -~ (n—1)1000n*+92n°—4864n°+7441n —3245)

120

2
—1—%(13On5~—869n4+2027n3——2479n2+1108n—36)>O
5
<p< -2
for O=t=rgpog
Now, we cite here the approximately calculated values of Y analogous to
Table 1 for 5<n=<6, in Table 1’, in which Z,=(57—3n)/(52—3n). Noticing the
values of ¥ and we can also prove

K(n, 8- n)>0 for 5=n=<6.

Using the revised K,(n, X) as in § 6, we cite the approximately calculated values
of Y, analogous to Table 2 in Table 2.
Noticing the values of Y, in Table 2/, we can also prove that

K1< 87— ”)>o for 5=n=6.

Then, using K,(n, X) as in §6, we cite the approximately calculated values of
Y. analogous to Table 3.
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Table 1°. Table 2.
E n Y Z, ; ‘ n Y, \
5.0 | 1.3492 | 1.1351 15.0 | 1.2507
1| .3466 | 1362 1 .2406
2| 3441 | 1373 2 | 2423
3| .3416 | .1385 .3 | .23
4 | .3301 | .1396 4| L2344
5 ! .3367 | .1408 ] 5 | .2305
6 | .3343 | .1420 | 6 j 2268
7| s | .32 ol e
8 | .3296 | .1445 8 2105
.9 ; 3273 1457 .9 1 L2159
6.0 | 1.3250 | 1.1470 6.0 1.2125

Noticing Table 3/, we can prove

76—3
K(n,~gﬁf)>o for 5=<n<5.5

and

141—4n
K{n,~7ﬁa—>>0 for 5.5<n<6.

Then, using Ki(n, X) for 5.5<n<6, we obtain the approximately calculated
values Y, as in §6. Here we cite them in Table 4/, which shows

57—3
Yi<gy sr=Zi for 57=ns6.
For 5=<n=5.5, we use
76—3
e (P,

Then, we have

(n+1)(26—3n)++/(n—1)(9n>—165n2+11432n—15876)
2(76—3n) ’

and, using this function, compose K,(n, X) and K,(n,, n,; X;, X;) by the same
method as in §6. And computing approximately the values of Y, by K,(n, Y,)
=0 for 5<n=b.5 as in Table 4’.

Noticing Table 4/, we can prove

189—8n
125

K(n, )>0 for 5.5<n<6,
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Table 3. Table 4.

nove | on | Y. }n'Y.;;n’Ys‘i
5.0 | 1.2143 |5.6 | 1.1839 1 5.0 | 11806 |5.5  1.1482 |
A 00 7| a2 | |1 7% 6| L1434
.2 2038 .8 | L1746 | | .2 1673 .7 1386 |
.3 1987 | .9 | .1700 | | .3 | .1609 | .8 | .1339 |
4| 1987 6.0 | 1165 | | .4 o lsas 9 L1203
5 | L1888 | 5 L1482 (6.0 | L1249

189—8n

K(n, =z )>0 for 5=n=55.
Next, for 5<n<5.7, we use
189—8n
a(Cr=kn( g5 )

Then we obtain

An+1)(8—n)++/(n—1)16n°—272n*+17905n —24649)

n—k(C)= 189—8n

and, using this function, compose Ki(n, X) and Ki(n,, n,; X;, X;). Then com-
puting approximately the values of Y, by Ki(n, Y)=0 for 5Zn<5.7. We cite
here the values Y; in Table 5, which shows

57—-3n .
<n<
Ys <52 3, =7, for 5.4<n=<57.
For 5<n<5.4, we can prove
1503--68n
K5<n, e )>o

by means of Ki(n;, n,; X;, X,) as the previous case.
Then, taking C=(1503—68#n)/1000, we obtain

(n+1)(503—687n)-++/(n—1)(4624n®—73032n?+4593417n —6265009)
2(1503—68n)

and, using this as the exponent of y(n, X), compose Ky n, X) and
Ky(ny, ny; Xy, X,) as the previous cases. Computing approximately the values
of Y, by Ki(n, Y, )=0 for 5<n=5.4, we obtain Table 6, which shows

57—3n

S =z <
Yo< gy go=Zy  for 5l=ns54.

For 5<n<5.1, we can prove
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Table 5. Table 6. Table 7.

J n ‘ Ys | n | Y, ! ‘ n i Y, | ‘ n ‘ Y, ‘
5.0 | 1.1628 |5.4 LIBL 50 | 11427 | 5.0 | 11286 |
L L% 5 1285 .1 1351 1| 1200

2 | 1487 ’ 6 | .1220 2| 1278 |

3| L1418 | .7 | .1156 3] L1205 \

4 L1134 |

1544—80n
Ko = a50—) >0

by means of K ni, n,; X:, X,) as the previous cases.
Finally, for 5=<n=<5.1, taking
_ 1544—-80n _ 193—10n

¢= 1000 — 125 7

we obtain

n—kn(C)=

(n+1)(68—10n)++/(n—1)(100n® —1460n*+73484n—101124)
2(193—10n)

and, using this as the exponent of y(n, X), compose K,(n, X) and
Ki(ny, ny; Xy, X,) as the previous cases. Computing approximately the values
of Y, by K,(n, Y,)=0 for 5<n<5.1, we obtain Table 7, which shows

57—3n
Vi< g=3, =
Thus we can conclude that
Vix, X(x))>0 for O<x<1,

when 5<n<6, which implies Theorem C for 5=n=<6.
We have obtained the main theorem of this paper as follows.

Z, for 5=n<bh.1.

THEOREM C. The period function T as function of t and n is monotone
decreasing with respect to n=5 for any fixed v 0<zr<1).

Remark. When we composed K, (n,, n,; X1, X;), we used the following
inequalities in place of (4.13) which can be proved by Lemma 2.3, supposing
C=C(n) is a decreasing function of n:

(nl_Xz)ng—knz(C(nz))S
nl‘_‘l

( n—X)n—kn(C(n))<( nZ—X1>n1—knl(C(n1))
n—1 TN\ n,—1 ’
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