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A CERTAIN PROPERTY OF GEODESICS OF THE

FAMILY OF RIEMANNIAN MANIFOLDS 01 (VII)

BY TOMINOSUKE OTSUKI

§ 0. Introduction.

This is exactly a continuation of Part (VI) ([16]) with the same title written
by the present author which proved the following conjecture is true for 9.7^n
^16. On the methods used in it, the lower bound 9.7 of this effective interval
is near the crucial values from the argument in it. We shall show that this
conjecture is also true for 5^n^9.7 in the present paper by improving them and
some new ideas. As the previous one we shall use the numerical data obtained
by computors in the verification. We shall also use the same notation in the
previous ones, Parts (I)~(VI).

The period T of any non-trivial solution x(t) of the non-linear differential
equation of order 2:

(E) nx{l~χ2) W

with a constant n>l such that x2+x/2<l is given by the integral:

where xQ—n{mmx{t)}2, x1=n{τmxx(t)}2, 0 < x 0 < K * i < w and c—xQ{n—x^11'1 —
xΛn-x^71-1.

CONJECTURE C. The period T as function of τ=(xλ—l)/(n—1) and n is
monotone decreasing with respect to n (>2) for any fixed τ (0<r<l) .

Here the author thanks heartily Professor Naoto Abe for his cooperation in
the numerical computations by computors.

§ 1. The fundamental principle to attain the purpose.

Setting T=Ω(τ, n), we have the formulas

;

, n) V~c fi ( l - x ) V ^ n ^ F ^ V U , xλ)dx3fl(r, n) Vc_ fi
dn 2b2nVn)χ0dn 2b2nVn)χ0 x\n-x)n
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((7.4) and Propositions in (III)), where b=VB—c, B—(n—I)71"1 and,F(x, xx) are
defined as follows:

(1.2) V(x,

where

(1.3) /„(*):=(2n-

(1.4) /i(*):={4n-

(1.5) F2(2r):=-Λ

(1.6) Λ(z) :=(2n+l)^2-2(2n2+5n-4)z+16n2-16n+3,

(1.7) ^3(2) := —(n—I)z3+(2rc2—7n+S)z2+(n—3)(4n—

(1.8) λ(z) :=log(n— z)-{ , ψ(z) :—z{n— z)71'1,

(1.9) ; ( g ) : = ^ ) — ^ j - ^ w J ^ ^log(n-^)+ " _ * ,

(1.10) iV(^ «i) :=(n-z)F£(z){^)-2(x1)}+3(z-l)VoW-2n^-l)MS--i&W},

and Z=Zn(x), 0 < x < K Z < n , defined by ψ(x)=ψ(X).
V(x, Xι) is increasing with respect to xt in Xn(x)^x1<n for 0<x<l by

Lemma 8.1 in (III). If we have V(x, Xn(x))>0 for 0<x<l, then we obtain
V(x, Xί)>0 for 0 < x < l and I B W ^ ^ < n and so from (1.1) the inequality

dΩ(τ9 n)

dn
• < 0 .

We know that F(x, Zn(x))<0 near x=:0 when 2<n<(5+Vl3)/4=2.15138 ••• and

near x=l when 2<n<(l+VI3)/2=2.30277 by Lemma 8.1 in (III). But we
shall show that the above argument is effective for 5 ^

W have the formula (8.1) in (HI):

(1.11) V(x,

+

(1-x)5 ( x - D V n - c

)} n XF2(X) ^ 3X2f0(X)

(l-x)Vn-* n-1 (I-l)Vn-lτ (I-l)Vκ-I

where X=X(x)=:Xn(x), and by Lemma 2.5 in (IV) and (2.4) and (2.5) in (VI)
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.12) V(x, X{x))> ^-^-^n_i

(1 X)

where

(1.13)
71 — 1 /

For n>5/2 we defined the constant b—bn by H(b)^=0, l<b<n, and proved that

(1.14) 2^^<bn<2.268 for n^

and bn is decreasing with respect to n (^4) by Table 1, Lemma 4.1 and Lemma
4.3 in (VI).

Since we have
H(X)>Q for bn<X<n,

we obtain

(1.15) V(x,X(x))>0 for 0<x^Xn~\bn)

from (1.2), when n>5/2. Therefore we shall prove the inequality:

V(x,X(x))>0 for Xn-K
when n ^ 5 .

In the following, we set for simplicity

lλ{χ)-i(X(χ))\ >

nxFΛ(x)

U6(x):- ί/a(-Y(x)),

then

(1.17) V(x, X(x))=Uϋ(x)-U1(x)+UΛ(x)+U4(x)+U6(x)-U.(x).

By means of Proposition 1, Lemma 2.1 in (II) and Lemma 7.1 in (III), we see
that Ui(x), ί=0, 1, 2, 4, 5, 6, are all positive for 0 < x < l .

§2. Certain evaluations of Xn~
ι{X).

LEMMA 2.1. When n>2 and k^(n+l)2/(5n-l), we have

( n—X\n~k
^-~-) for

n — 1 /
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Proof. Let l<&<n—l, then the above ineqnality is equivalent to

which can be written as

1 r / γι— Y\n-k\n-l

®A) 7^ϊjϊ~» ln \ΊΓ=r) J >X{-n-χ)k'1 f 0 Γ

Both sides of (2.1) have the same value (n—I)*"1 at X=l. Since we have

I f /n—Z\"-*i«-i\'_ n —& j /n-I\»-»i»-γfi-Z\»-'-i

I f / n—Z\"-*i ™-iy_ n —έ f /n-I\»-*i»-γn-Z\»-*-'

and

we obtain

7^Γ)^{ n-(^r) } )\Xml = mn-

and

K 1 r / W — Y\n-*)n-l\/η

which implies that (2.1) holds near X=l.
Now, we assume that (2.1) does not hold in l<X<n. Then there exists a

value ζ ( l < ζ < n ) such that

(n-l) n -

and

which imply

Here, we introduce an auxiliary function
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72-1 y-*

)

then the above inequality becomes

(2.3)

We obtain easily

Pt(X)=l, Pk(τ)=0' l i m Pk(X)=-°°

and

(2.4) />/(*)

n - 1 \n-*+i\( n-l γ
\n-χ)

From l<k<n—1 we have l+(τ2—^—l)Z>0 for l < Z < n . Regarding the quad-
ratic polynomial of X:

n(n-2)-(n+l)(n-k-l)X+k(n-k-l)X\

its discriminant is

D=(n+mn-k-l)2-4tn(n~2)k(n-k-l)

Hence, if ^^(n+l) 2 /(5w-l), then it must be D^O, therefore

for
which implies

pk(X)<l for

This inequality contradicts to (2.3). On the other hand we see that (72+1)2

/(5τ2—1)<72—1 is equivalent to 72(72—2)>0, which holds since n>2. Thus, we
have proved the claim of this lemma. Q. E. D.

LEMMA 2.2. When n>2, let C and k he

and

/ o „ n+l+(tt-l)C-V(tt-l){(72-l)C2-;
(2.6) ^

then we have

Π — Xy-k
c=Xn-\X)<(^^-)n' for K K C .
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Proof. First we notice that (5n—l)/2(n+l)<min(5/2, n) and the left hand
side of (2.6) is the small root of the quadratic equation of t:

C2t2-C{n+l+(n-l)C}t+(n2-l)C-n(n-2)=0.

Since we have

tCΨ-C{n+l+(n-l)Qt+(n2-l)C-n(n-2)']t=1

= (n~2)(C-l)(n-C)>0
and

[CV-C{n+l+(n-l)C}ί+(n -l)C-n(n-2)] ί - l ι . 1

= -n(n-2)<0,
we obtain the inequality

Therefore we can use the first half of the proof of Lemma 2.1. Since Kk<
n—1, the inequality (2.1) holds near X=l. Assume that (2.1) does not hold in
the interval K K C , Then, there exists a value ζ ( K ζ ^ C ) such that

By means of Lemma 2.1, we may suppose that k<(n+ΐ)2/(5n—1). As for the
quadratic polynomial of X of the right hand side of (2.4):

k(n-k-I)X2-(n+l)(n-k-l)X+n(n-2),
we have

tt+1 5 n - l
2& 2(n+l)

and

If we have

= -C2k2+C{n+l+(n-l)Qk-(n2-l)C+n(n-2)>0
then

for

From the property of the quadratic polynomial of t:

stated in the begining, we see that the above fact holds from (2.6). Thus, we
see that pk(X) is decreasing in 1<X^C, and hence

Pk(X)<l for K K C ,
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which contradicts to ρk(ζ)^l. Q.E.D.
Here, we set

(2.8) kn(C):—

then

n R n { L ) — .

LEMMA 2.3. (i) kn{C) is increasing with respect to C in l<C^{5n—l)/(2(n-fl)),
with n>2, and *Λ(1)=1 and ^n((5n-l)/(2(n+l)))=(n+l)2/(5n-l).

(ii) kn(C) and n—kn{C) are increasing with respect to n (^2.5), with 1<C

Proof, (i) From (2.8) we obtain

dkn(C) 1
dC 2CV(n-l){(n-l)C5 1-2(n+l)C+5n-l}

X C(n-l) {5n-l-(n+l)C} ~(n + l)V(n~l) {(n-l)C2-2(n+l)C+5n~l} ] .

Since we have

and
(n-l) 2 {5n-l-

=4n(n~l)(n-2) {5n-l-2(n+l)C} >0,

we obtain

^ > 0 for 1 < c < ^ ϊ ϊ 7 ' wίth

(ii) Differentiating the numerator of (2.8) with respect to n, we obtain

V(n-l) {(n-l)C2

and
(C+l)2(tt-l) {{n-l)C2-2(n+l)C+5n-l} - {(n-l)C2~2nC+5n-3}2

-4(C-l){(n-l)2C2-(2n2-l)C+5n2-6n+2}>0 for 72^2.5,

because C>1 and

for
The claim on n—kn(C) is evident from the above computation. Q.E.D.

LEMMA 2.4. When 3<n^lO, we have
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^ : z 4 - ) n ~ i for ^ n

n—1 /
Proof. By the same argument used in the proof of Lemma 2.1, it is suffi-

cient to prove that

for n

The discriminant of the quadratic polynomial of X is

Z)=(n-l)(n-3)(n2-8n+3),

which is non positive for 3<72^4+Vl3=:7.6055 •••. Therefore the claim is true

for 3<rc^4+VΪ3.
Now, let assume n>4+Vl3, then the polynomial is positive for

and (n+l)/4<(n/3) and

Therefore, if

/ n + l \ 2 /4(n

and bn^(n+l)/4, then the claim is true for this n.
We can prove easily that l/(n—l)(4(n—l)/(3n—l))n"2 is increasing with

respect to n for n>5.2. Hence, we have for 4+Vl3<n^8.5

9.5\ 2 / 4x7.5 γ 5

and by means of Lemma 4.3 in (VI) we have

4

(Here we notice that |O2((8.6+l)/4)=1.00897- >1.)
Next, let assume n>8.5. We obtain

5(n-l)

and we can prove that this is increasing with respect to n for nΞ>8. Hence,
we have for 8.5^n^9.5

and
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Therefore, the claim is true for 8.5<n^9.5.
Finally, let assume n>9.5, then we obtain

Ίn / ll(n —1) y -
V 9n

and we can prove that this is increasing with respect to n for n^9. Hence, we
have for 9.

10 \ 70/11x9 V Q Q Q 7 1

and

Therefore, the claim is also true for 9.5<rc^lO. Q. E. D.

LEMMA 2.5. (i) When 3<n^lO, we have

for l<X^mm(2, bn).
\ 72 —

(ii) T̂ /ẑ n 4^n^4.5, we have

(iii) When 4.5^n^5,

Proof, (i) By means of Lemma 2.4 and the means value theorem, for
in(2, bn) we have

X-l X-l n-1 1 / n - l y - »

(ii) and (iii) By means of Lemma 2.2, for l<C^(5n-l)/(2(n+l)), k = kn(C),
^C, we have

^^
I-* j^/in-Xy* n-k /n-I\-'-i= {n-k)(n-CY

When 4^n^4.5, we have (5n-l)/2(n+l)^(19/10). For 1<C^1.225, we
obtain by Lemma 2.3

< 1.213.



384 TOMINOSUKE OTSUKI

Hence we obtain
(n—l)n'k / n-1 γ

(n-k){n-C)n-k-1 \n-1.225/

and ^n(

When 4 . 5 ^ ^ 5 , we have (5n-l)/(2(n+l))^43/22. For 1<C^1.163, we
have

Hence we obtain

and ^n(1.163)^^4.5(1.163)-1.16581 ••• >1.165. Q.E.D.

§ 3. Some evaluations related with Ui(x).

As for F2(x) defined by (1.5), we have the formulas

(3.1) F2'(x)=-2B{(2n+l)x-(2n2+5n-4)} -(n-x)n-2Q3(x),

where

(3.2) Q3(x):=

by (3.2), (3.3) and (3.5) in (II), and

(3.3) F/(x)=

-n(n+l)(2n2-n+2)x2+(n-l)(n+l)(n+2)x*},
and

(3.4) F2

f»(x)=-n(n-l)(n-x)n-*Q(x),

where

(3.5) g3(x):=672(722

and

(3.6)

where

(3.7) ^3(x):=-n(14n3-33w2+55n-42)+(12n4-19n3+48n2-35n-18)x

-(2n4+3n3+lln2-6n-16)x2+(n-l)(n+l)(n+2)x3.

LEMMA 3.1. When n>2, F2(x) is decreasing in

Proof. We get from (3.5)
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Q3^(x)=--(8n3-3n2+19n+6)+4(
and

1 ^ 2(n2+n+4)
*< 3(n+2)

Since we have

we obtain
Qs'(x)<0 for Orgxrgl.

Since we have
Q3(0)=6n(n2-n+2)>0 and <?8(D=0,

we obtain
08(JC)>O for 0^

and so
for 0^

Hence F2"(x) is decreasing in 0^x<l. Now, we have

= (n-l)n-1{βn-i(2n8-n+5)-2(2n+l)},

where ^.^(l+Cl/^—D) 7 1 ' 1 . When n>2, we have

^_1(2n2-n+5)-2(2n+l)>2(2n2-n+5)-2(2n+l)-:2(2n2-3n+4)>0,

and hence

F8"(0)>0.

Since we see easily that F2

/r(l)=0, it must be

for 0^
Hence F2'(x) is increasing in 0^x<l. We can prove easily that F2

/(l)=0. Hence
it must be

F2'(x)<0 for 0^

which implies the claim of this lemma. Q. E. D.

LEMMA 3.2. x2Vn—x/(l—xY° zs increasing with respect to x (0<x<l), when

Proof, We have easily

dx (1—xf 2{l—x)Wn — x

when n>l.
Regarding Lemma 2.1 we have Q. E.D.
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(n + 1)2 _ (tt-l)(4n+l)
Ά 5 n - l ' 5n-l

and so here we introduce two auxiliary functions as

(3.8) >

(3.9) w

When n>2, we have by Lemma 2.1 and Lemma 2.1 in (IV), respectively, the
inequalities

(3.10) w(n, X)<x=Xn-
1(X)<y(n, X) for l<X<n.

LEMMA 3.3. When n>2, we have

f θ Λ Λ \ UQ{x) wWn—w

(3ii) >

ί. n — y , nAy — (Δn — l)Λ-j-n — y) , Λ 1j l o g ^ - H , Λ . ' r — - \ for 0 < x < l .
I 72—Z (n—l)Z(n— y) J

/. By means of (1.6), Lemma 3.1, Lemma 3.2, (3.10) and the fact that
λ(x) is decreasing in 0 < x < l , and X(X) is also decreasing in KX<n, and we
have

i — y

_ 1 n—y
g 7 2 Z

+ (n-l)X(n-y) '
we obtain immediately (3.11). Q. E. D.

LEMMA 3.4. When n>l, fo(x) is negative in 0 < x < l and it is increasing
there and /0(1)=0.

Proof. We get from (1.3)

fo/(x)=-B+(n-x)n-2{(n2-l)x2-n(2n-l)x+n2}f

/ / ( ) (
and hence

fo"(x)<0 for

therefore fQ'(x) is decreasing there and / 0

/ (l)=0. Hence, we see that fo'(x)>0
for 0<%<l and so fo(x) is increasing in 0 < x < l . Since/0(l)=0, we obtain that
/oW<O for 0 < x < l . Q.E.D.

LEMMA 3.5. When n>2, we have



GEODESICS OF RIEMANNIAN MANIFOLDS 0\ 387

Proof, We obtain easily this inequality from (1.16), Lemma 3.4 and (3.10).
Q. E. D.

We can easily prove the following

LEMMA 3.6. When n>2, we have

(3.13) l ψ
B

for

Since we can represent U4(x), Uδ(x) and U6(x) as

U4(x) nX

(3.14)

B (n-l)(X-l)Wn-X

Uδ{x) _ 3X2

{-P2(X)+wP*(X)}9

B (X-l)Wn-X

Uβ(x) 2nX\l-Xw)

l(2n-l-X)-w {n-

with X=Xn(x),
B (X-l)Wn-X

when n>2, we obtain from (3.11), (3.12), (3.13) and (3.14) the following inequality

V(x, X(x)) > wWn^ϊ
B (1—wY

lϊf7
(1—y)zV?L—y

2nw\l—Xw)

n—

(1—wrVn — w (n — 1)(Λ — l ) V n - X

+
for 0 < x < l . Arranging the right hand side of this inequality, we obtain a
fundamental formula for our purpose.

PROPOSITION 1. When n>2, we have

(3.15) V(x, XixVXn-l^Kin, X(x)) for 0 < x < l ,

where

(3.16) K(n, X) := " ! l V " " "

n-y nXy-(2n-l)X+n-y]
- M I ^ + (n-ί)X(n-y) n-w
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(3.17) Q2(z) :=(4

(3.18) Q3(z):=(n-l)(2n-3)zs-(2n3-9n2+13n-3)z2-2n(2n2-8n+3)z

-3n2(2n-l),

and w=w(n, X), y=y(n, X) by (3.8), (3.9).

Proof. We show only the computation related with the last term in (3.16).
In fact, from the last three terms in the inequality described above we have

Q2(X)=nP2(X)-3(n-l)X(2n-l-X)+2n(n-l)X(X-l)

^n(2n+l)X2-2n(2n2+5n-4:)X+n(in-l)(in-3)

+3(n-l)X2-3(2n2-3n+l)X+2n(n-l)X2-2n(n-l)X

=n(n-l)X3-n(2n2-7n+8)X2-n(n-3)(4n-l)X-3n\2n--l)

+3(n-l)2XB-3(n-l)X2+3n(n-l)X-2n(n-l)X5+2n(n-l)X2

Q.E.D.
In the following, we want to show that

V(x, X(x))>0 for Xn-\bn)<x<l

by a finite number of evaluations of K(n, X) by computors, that we have used
this kind of argument in (VI).

§ 4. Certain properties of K(n, X).

On H{X) we have by (3.1) and (3.2) in (VI)

(4.1) #'(*)#(*) τ (

(4.2) /

and

Hence H'(X) is negative and decreasing in l<Z<(n+4)/(n+l) and increasing in
(n+4)/(n+l)<Z<n and ///(n)=2n+l>0. Therefore, we can define a constant
an by
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(4.3) # ' ( 0 = 0 , Kan<n

for each n>2. On an we know the following fact ([18]).

PROPOSITION 2. H(X) is decreasing in l<X<an and increasing in an<X<n
and an has the properties:

n 4 4
(4.4) - ^ γ < f l n < n for n>2,

(4.5)

fΛ*\ 2n+9 . f . 1+VΪ37
(4.6) "2n+T π ^ r ^ 4 ^3.17617 •••

an zs decreasing as function of n in 3.5^n<oo.

LEMMA 4.1. w(n, X) is increasing with respect to n for l<n (KX<n) and
decreasing with respect to X for l<X<n.

Proof, Since we have

3 , /n-Xy-i . n-X , X-l Λ^-logί Γ ) =log Γ H τr->0 (as n-^co)
3n \ w—1 / n —1 n—Z

and

^-T-lOgί r) =-- X.N2 < Q f 0 Γ K ^ < ^ ,

3n2 \ n—1 / (n—l)(n—Z) 2

we obtain immediately this lemma. Q. E. D.

LEMMA 4.2. P2(x) and P3(JC) are increasing with respect to n for l < n as
functions of n for each fixed x (Ofgxfgl).

Proof. From (1.6) we obtain

=2x
on

which becomes 24(n—1) (>0) at x—l and (4n+5)/2>l. Hence we have
dP<>(x)/dn>0 for n>l and O ^ J C ^ I .

Next, from (1.7) we obtain

dn

and

dxdn

hence we have

—-ϊ-— —%n —13, - ^-4— = 16n—30
L oxon Jχ=o L oxon ]χ=i

and
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— ^ =3(4n—1)>0, — ^ —2A{n—1)>0.
L on JΛ?=O L on Jχ=i

From these we see that if n^l3/8, then

->0 for 0 < x < l .

If Kn<13/8, then (4n~7)/3<-(l/6) and so d2P3(x)/dxdn<0 for 0g*gl . There-
fore, it holds the same inequality above. Q. E. D.

LEMMA 4.3. y(n, X) is increasing with respect to n for l<n (KX<ή) and
decreasing with respect to X for l<X<n.

Proof. We have

3 . /n-^\(»-iH4n+i)/<6n-i) 4(5n2~2n+2) , n-X , (

4(5n2-2n+2) Γ, n-XΓ n - Z lY-l)(4n+l)(5n-iη
L g n-1 ~t"4(5722-2n+2)(n-Z)J(5n-I)2

We have

l o g ^=Γ+4(5^^"2n+2)(72-Z) ° ( a S

and

3_Γ1 n-X (Z-l)(4n+l)(5n-l)1
dnl g 72-1 "i"4(5τ22-2n+2)(n-Z)J

Z - l (X-l) {100τ24+10n3-57n2+4?2-2-45n(n-2)Z}

and
4(5n2-2n+2)2(n-Z)-(τ2-l)(100n4+10n3~-57n2+4n-2)+45?2(n-l)(n-2)Z

= 10n4+163τ23-93n2+22n-2-Z(100n4-125n3+231n2-122n+16).

Now, regarding the last expression we see that

100n4-125n3+231n2-122n+16>206n2-122n+16>0 for n>l

and so it is decreasing with respect to X when n>l and it becomes at X—l

-90n4+288n3-324n2+144n-18=-18(n-l)2(5n-l)<0.

Therefore it is negative for l<X<n, when n>l, from which we obtain

+dnl s 72-1 ' 4(5722-2τ2+2)(72-Z)

and so

— <0 for l<X<n
—Λ)J

7 2 Z ( Z l ) ( 4 n + l ) ( 5 n l )
g tt-1 "^ 4(5n 2-2τ2+2)(?2~Jϊ)
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and hence

j^y(n,X)>0 for KX<n,

when n >1.

The second claim is evident. Q. E.D.

LEMMA 4.4. λ(y(n, X))—λ{X) is increasing with respect to X (KX<ή),
when 72>1, and λ(x)—λ(Y) is decreasing with respect to n for 72>1 with 0 < x < l
and l<Y<n.

Proof. The first part holds from Lemma 4.3 and the facts that λ(x) is
decreasing with respect to x in 0 < * < l and λ(X) is decreasing with respect to
X in l<X<n.

Next, for fixed x (0<*<l) and Y {1<Y<n) we obtain from (1.8) and (1.9)

on on (n — xY (n — l ) 2 7 ( n —7)
and

9 72+1—2x 2(1 — x) Λ

— > Q ^

9 72+72(72-3)7+72 _ 72(7-1) {(72-2)7+72}

Hence

which implies the second claim. Q.E. D.

LEMMA 4.5. n(l—w)s(l—Xw)/(n—w) is increasing with respect to X in l<X<n

with n > l + l/V2 and decreasing with respect to n in l<n with \<X<n.

Proof. First we show 1—Xw>§. In fact from (3.9) we get

n — l / \ 72 — 1 / 72 —

and so

Now, we have

9 (l-u/)3(l-;*rκ;) (l-u;)2{3n-l-2u;+Z(n-4nw;+3ii;2)} dw
dX n — w {n — w)2 dX n — w

_ {n-l)w{l-w)2{3n-l-2wJrX{n-^nwJr?>w2)} _ w(l-wY_
(n—X)\n — w)2 n — w

w(l-w)2

(n-X)(n-w)2

where
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(4.7) p(w) :=2n2-4n+l+(n2-n+2)w-nw2

+X{n2-(4n2-3n+l)w+(3n-2)w2}.

We shall show p(w)^0 for 0<w;<l, considering X as function of w. Since we
have

lim X(w)=n and lim X(w)=1
w-*o w-i

we obtain
p(0)=2n2-4n+l+n*=(n-l)(n2+3n-l)>0, /δ(l)=0.

Since we have

dX n-X d2X n-X 1 3X

dw (n — l)w' dw2 (n — l)w2 (n — l)w dw

we obtain

dX
dw

=:—! and
w = l

82X
'dw2

n - 2

w=i 71 — J

We obtain from (4.7)

(4.8) ^-=n
dw

from which we get

=5n(n-l)>0.
dw

Hence, p{w) is positive near w—\ in 0 < w < l .
Here, we suppose that p(w)^0 does not hold in 0<w<l. Then there exist

£, 7̂ (0<ξ<τn<l) such that

Since we have from (4.8)

(4.8/ (n-l)w/4^-:=:-
dw

+X{n2-(4ns-3n2+n)w+(6n2-7n+2)w2}.

On the other hand, regarding (4.7) we see that for 0<w<l

2n2-4n+l+(n2-n+2)w-nw2>min{2n2-4n+l, 3(n-l)2},

and so if n ^ l + l / V T = 1 . 7 0 7 1 •••, then

2n2-4n+l+(n2-n+2)w-nw2>0 for 0 < M ; < 1 ,
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and
n2-(4n2-3n+l)w+(3n-2)w2<0 at w=ξ and η.

Eliminating X from (4.7) and (4.80 at w—ξ, η, we obtain respectively

{n2-(4n2-3n+l)w+{3n-2)w2} {-n3+(5n3-5n2+4n-2)w-n(5n-4)w2}

- {2n2-4n+l+(n2-n+2)w-nw2} {n2-(4n*-3n2+n)w+(6n2-7n+2)w2}

^0 at w—ξ and ^0 at w — ηy

when n ^ l + l / V 2 . The left hand side of the above inequalities can be ex-
pressed as

+(25n2-15n+2)w3-(9n-6)wi2 .

Here we set for simplicity

(4.9) R4(x):=3(3n-2)x4-(25n2-15n+2)x3+(16n3+8n2-13n+7)x2

-(17nB-Un2+10n-l)x+n(n2+3n-l),

then it must hold

(4.10) # 4 (£)^0 and

We have

i-i?/(x)=18(3n-2)^2-3(25n2-15n+2)x+16n3+8n2-13n+7.

Since we have

i?/(0)=16n3+8n2-13n+7>0, 7?/(l)-:2(n-l)2(16n-35)
and

therefore R4(x) must be decreasing first and then turns into increasing in
0 < * < l . We have

i?4(0)=n(/22+3n-l)>0 and /?4(l)=0.

From these facts it is impossible to have (4.10), when n ^ l + l / V 2 . Thus we
obtain

for 0<u'<l , when n ^ l + 1 / V l

Finally, regarding the second part we have
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9_ njl-wfiX-Xw) _ 1 A_ + Λ_ 3 X 1 \dw
dn n — w n n — w V 1—w 1—Xw n — w'dn

_ w j 3n —1—2ι# 1 i 5M; .

n{n — w) \(l—w)(n — w) 1—Xwldn

by Lemma 4.1, when n>l . Q. E. D.

LEMMA 4.6. fo(x)/B=2n-l-x—(n-x/(n-l))7l-1{n-x+(n-l)x2} is increas-
ing with respect to x in 0 < x < l with n>l and decreasing with respect to n in
2<n with 0 < x < l .

Proof. The first part is evident from Lemma 3.4. We have

ψ = 2 (
on B V n —

X {n-x+(n-l)x2}~\

and

\fl-i-) O Jo\X)

(n-x) n " 3 3x9w B

g ^
n — 1 n — x

We see easily the following inequalities

n(l-x) 2(tt-2x)>0 and n2~n(2n-l)x+(n2-l)x2>0

for 0 < x < l and n > 2 .
On the other hand we have

,. /. n — x 1—x \ Λhmίlog = )=0
n-*oo\ n — 1 n — x /

and

d Λ w —x l—x \ ( l - ^ ) 2

 π

3nV O g n - 1 n - x / " (n- l ) (n-x) 2 < U ?

hence
, n — x l—x ^ Λlog >0.

n—1 n—x

Thus we see that

3 2 /o(χ)
>0 for 0 < x < l and n > 2 ,

dxdn B

and so

0. Q.E.D.
dn B χ~i dn B

LEMMA 4.7 Q2(X) ts decreasing with respect to X in 1^Z^2.5 with n ^
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and increasing with respect to n in 3^n with 1^X^2.5, and positive there.

Proof. From (3.17) we get for 1^Z^2.5

= -(4n3-2tt2-29tt+18)<0 for n^3
and

(?2(2.5)=βn3-36n2+β3π-2β.25^9n-2β.25>0 for n ^ 3 .

From these we obtain the first part and

Qt(X)>0 for 1^Z^2.5, when n^3.

Next, we have

-^^-=2(4n+l)Z2-(12?22+3βn-19)Z+48n2-3272+3

and

12w2+36n-19
>3 for n > 3 ,

4(4n+D ~~

and then dQ2(X)/dn is decreasing with respect to X in 1<Z<3. Since we
have

dQ2(X)
3n

we obtain
dQ2(X)

X=2.5
for

>0 for rc^3 with 1^Z^2.5. Q.E.D.dn

LEMMA 4.8. (i) QB(X)<0 for 1^Z^2.5, with n^3.5.
(ii) Qs(X) is decreasing with respect to X in 1<Z<2.2, with n^4.4β, and

is decreasing in l<X<γn and increasing in γn<X<2.5, with 3.5^n<4.46, where

._ 2n3-9n2+13n-3+V4n6-12n6-23n4+66n3-lln2-24n+"9"
Tn:~ 3(n-l)(2n-3)

(iii) QZ{X) is decreasing with respect to n in 3^n, with 1^Z^2.5.

Proof. Proof of (i). We get from (3.18)

ΐ-3)Z 2 -2tt(2tt 2 -8rc+3)Z-3tt 2 (2n-l)

+3Z 3+3Z 2,

Q3'(^)=3(2n2-5n+

Q 3(l)=-β(n-l) 2(2n-l)<0,
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£3'(l)=-(8n3-40n2+47n-15)<0 for n^3.5,

(?3(2.5)=-28.5/23+130.5n2-174.37572+65.625<0 for n ^ 3 ,

which imply Qz(X)<0 for 1^Z^2.5, with rc^3.5.
Proof of (ii). We have

(?3/(2.2)=-(12.8n3-84.64τ22+135.8n-56.76)

^-12.91808^+56.76^-0.8546368 for n^4.

which implies Qz'(X)<0 in 1<ΞZ^2.2 with the above evaluation of Q8'(l) (Here
we notice y4.4=2.1803 ••• <2.2).

Now, for 72^3.5, let γn be the large root of the quadratic equation QZ'(X)
= 0 of X, then we obtain its expression above. The rest part is evident. (Here,
we notice

_ 1 8 + V 2 1 9 _ 33+V2Ϊ96
r 3 . 5 _ - - i . υ y j . . . , r<- 4 5 -

Proof of (iii). We have from (3.18)

= -3(2X2+4X+6)n2+2(2X3+9X2+16X+3)n-(5X3+13X2+6X),
dn

^ =-12(Z+l)n2+2(6Z2+18Z+16)n-(15Z2+26Z+6),
dXdn

d2Qs(X)
dXdn

dn

--(24tt2-80?2+47)<0,

= -12(n-l)(3n-2)<0,

= -85.5n2+261n-174.375<0 for w^3,
dn

which imply easily

— ^ <0 for 1<J^<2.5 and n>3. Q.E.D.
dn — —

LEMMA 4.9. X/(X—l)3Vn—X is decreasing with respect to X in K K 2 . 5
with n^3.

Proof. We have easily

9 X

dX {X-lf^n^X" 2(X-mn-Xy/2

and

[-5Z2+(4n-l)Z+2?2]χ=2.5=12n-33.75^2.25 for n^3.
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Hence we obtain

~5X2-\-(4n-l)X+2n>0 in 1^Z^2.5 with n ^ 3 .
Q.E.D.

PROPOSITION 3. K(n, X) defined by (3.16) satisfies the following inequality:
Let n^3 and l<X<bn, and nlf n2, Xu X2 be such that

then
K(n, X)^K(nu π2;Xlf X2),

where

(4.11) K{nun%,Xl9Xύ= ά

X

-P*(n2, y(n2, Z 1 ) ) + ( n i ~ ^ Z l ) ) W l " P 3 ( n 1 ? y{n2, Xx))}

XJ n2Xxy{n2y X1)—(2n2—l)Xί+n2—y(n2y Xx)

n2—w(n2, Xλ) J

_j_ 2' —1 ===\2n2—l—w(nίf X2)—(— ~

X {n2-w(nlf X2)+(n2-~l)(w(nίf X2))2}]

XιQ2{n2i Xι) X2w(nίf X2)Q3(nίf X*)
~~ (n1-l)(X1-l)Wn1-X1 Jn^^X^fVn^X^

and X*=Xχ for w^4.4β and X*=X2 when X^>yn and X*=Xχ when X^yn for
(8+V34)/4^n<4.46, and X*=X2 for 3^n<(8+V34)/4 and P2{ny x), P8(n, *),
Q*(n, x), Q*(n, x) stand for P2{x), P8(x), Q2(x), Q3(x) with n by (1.6), (1.7), (3.17),
(3.18) respectively.

Proof. By Lemma 4.1 and Lemma 4.2 we have first

(4.12) w(nlf X2)^w(

(4.13) y(nl9 X,)^y{n, X)^:

From Lemma 3.2 we obtain

(w(n, X))Wn-w(n, X) (w(nίf X2))Wn~^wjr^jQ
{ } (lw(n X)Y = (lw(n X)Y(l-w(nf X)Y = (l-w(n1} X2)Y

From Lemma 3.1 and the above inequalities (4.13) we have

-Pin, y(n, X))+( W ~ ^ X ) )~lPtn, >(». X))
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^-P2(n, y(n2, *,))+( n y ^ [ Xί) )nlP*{n, y(n2, X,))

(by Lemma 4.2)

t, y(n2, X^+Γ^^X^P^, y(n%, Xt)).
\ 71 1 /

On the other hand we see easily that w(n, x)=(n — x/(n—l))71-1 w i t h O < x < l is
increasing with respect to n (>1) by the same argument in Lemma 4.1. Hence
we obtain

(4.15) -P2(n, y{n,

Next, denoting Λ(Λ ) and I(x) by (1.8) and (1.9) by λn(x) and λn(x) respec-
tively, by Lemma 4.4 we obtain

(4.16) λn(y(n, X))-λn(X)^λn(y(n2f XJ-UXJ

n2-y(n2, Xx) ΠiXίyint, Xί)-(2n2-l)Xi+n2-y(n2f Xι)
— lOg ^

From Lemma 4.5 we obtain

(4 17) n(l-w(n, X))M-Xw{n, X)) ^ n2(l-w(n2f X1))\l-X1w(nt9 Xι)) > Q

n—w(n, X) ~~ n2—w(n2, Xi)

Then, we proceed to the second part of (3.16). Noticing/0(x)<0 for 0 < x < l ,
by (4.12), (4.13) and Lemma 4.6 we obtain

(4.18) — -. v * /==~===y===^sτr-'\2n~--l—w(n, X)—( 7 )
(l—y(n, X))Wn—y(n, X) I \ n—1 /

X {n — w(n, X)+(n — l)(w(n, X))2}

> . (^(^s, XIY Γo /_ VN / n2-w(nlf X2) γt-i
(l—y(n2, Xi)Yy/nl—y{n2f AΊ) L ' V n2—

X {n2—

Lastly we deal with the third part of (3.16). By Lemma 4.7, Lemma 4.8
and Lemma 4.9 we obtain

(4.19) ~ ( n l ) ( W n ^ ' [ ( ? > ( W ) X)+w{n9 X)Q,{ny
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where X*=XX for n^4.4β, and X^=X, when X^γn and X*=X2 when
for (8+V34)/4^n<4.46, and Z * = Z 2 for 3gn<(8+V34)/4.

Using these inequalities (4.14)^(4.19), we obtain

K(n, X)^K{nly n2 Xu X2). Q. E. D.

§5. Evaluation of V(x, XnM) near x — l.

Refering to the argument used in § 8 of (III), we shall try more fine evalu-
ation of V(x, Xn{x)) near x — l than it.

LEMMA 5.1. When 4^n^lO, we have

KX£C<ίπύn(2,bn),

where //C=min(2, bn), then pn=en-2={l+l/{n-2))n-2 ι/4gn^4.5 αnrf C= 1.225,
ίn=((n-l)/(n~1.225))n-1 l β 9 ; and // 4.5^n^5 and C=1.163, then pn =

/. We obtain F2(l)=F2

/(l)=F2

Λf(l)=F2

l r(l)=O from (3.1M3.5) and so
for x (0<x<l) there exists xx (x<xx<X) such that

by (3.6). We have from (3.7)

because

when ft^2. Therefore we have

and hence we obtain the inequality:

(5.1) F2U)>-ίw(ft-l)π"2(n2-ft + D(l-A:)4 for
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Now, since we have from (1.8) and (1.9)

v l - x j / / r N _ (

A{X) — — — T - , A {X) —(n-x)2 ' w {n-l)x\n-x) '

2 1 dX (l-x)(n-x)n-2

(n — l)xd (n — x) dx

we can obtain

d

which becomes 0 at X—l, and

'( n - l ) Z 3 ' ( n - * ) 2 '

and

d (2-X)(n-X)n~z _ (n-2)(3-X)(n-X)n'* n(Z-l)(2-Z)(n-Z) 2 n - 5

dX (n-x)n ~ {n-x)n {I-x)(n-x)271'1

(n-2)2(n-l)n-4 n ( n - l ) 2 ^ 5 _ 2(n-2)+npn

where pn denotes the right hand side of (i), (ii) and (iii) in Lemma 2.5 accord-
ing to these cases. Hence we obtain

(n-l)(2-X)(n-X)n-* 1 2(n-2)+npn

(n~x)n (n-l)2 (n- l) 3 { }'

We obtain also

) n ( Z l ) ( n l ) 2 " - 4 npn

(lxXnx)271-1 (n-l)271-1 Pn ( n - l ) 3 1 ; '

and

( n - 1 ) * 3 ^ n - l n - l v Ji (n-X)2' (n-l)2 ' (n-l) 3 v x x "

Using these inequalities in the right hand side of the above equality, we obtain
for

dX2 ι v ' v y j (n-l) 2

which implies
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(5.2) ^ 7 ( )
for K K C .

Last, since we have

d 2 , x(in-5x)(n-X)n-2 X-l
-xWn — x =-dX Ύ 2{n-x)n-*'2 l-x '

we obtain the following inequality:

(5.3) xV^^>V^^--^^--(Z-l) for 1<X<C.

Using these inequalities (5.1)^(5.3) for the expression of U0(x) in (1.16) and
X—1>1—x by Proposition 4 in (IV), we obtain

{λ(x)-λ(X(x))}

( υ i (

which becomes the required one in the statement of the lemma. Q. E. D.
We prepare some formulas on fo(x). We obtain from (1.3)

fo(x)=(2n-l-x)B-(n-xr-ί{(n-l)x2-x+n},

fo'(x)=:-B-\-(n-x)n-2{(n2-l)x2-n(2n-l)x+n2},

f«»{x)=-n{n-l){x-l){{n+l)x-3n}(n-x)n-\

(5.4) i

X{n-x)n~\

LEMMA 5.2. When 3^n, we have

n(n-2)(n-3)gn(n~l)1/2(n-ε0)
n-6 n(n-2)(3n-l)(4n-3)(n-l)n-9/2}

8 J40

for K K C (^2),
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where we set

(5.5) qn=qn(C)=:(n2-l)C2-a0n2-9n

and ε o =l for 3^n<6, εo=2 for n^β.

Proof. We have /o(l)=/o/(l)=/o/r(l)=0 and

fo'»(l)=n(2n-l)(n-l)n-\ / 0

( 4 ) ( l ) - -

hence for X ( K ^ C ) there exists ^ (KX^JY) such that

w(2n-l)B n(w-2)(3n-l)B
/ o ( 1 ) - 6 ( n - l ) ~ ( Z ~ 1 } 12(n-l)2 ( Z " 1 }

120

We have

[(n2-l)x2

and

(10n2-9n-4)/2(n2-l)>2 for n

hence, assuming C^2, we obtain

(n2~l)X1

2-(10n2-9n-A)X1+3n(7n-S)

Thus we obtain

n(n-2)(3n-l)g
Y 1 )

+ 3 ) g . ( n - . J ^ _ 1 ) i f o r ^ ^ ) ,

where εo=l for 3^n<6 and εo—2 for n^β.
Next, since we have

_d JT X(4n-3X) d2 X2^ 3X2-SnX+&n2

( } dX Vn-X~ 2{n-Xf'2 dX2 Λ/Π-X" 4(n-X)5'2 '

we obtain

Using (5.7) and (5.8), we obtain from (1.16)
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3 r 4 n - 3
| 1 + ^ 3 ^ (Λ- Dχ_f)8 j—χ > /

n(»-2)(3n-l)fl
F ϊ 2 δ ( X

which becomes the required one in the statement of the lemma. Q. E. D.

LEMMA 5.3. When n>4, we have

TJ n(2nl)(nir ^ n ( 5 n 3 n + l ) ( n l ) n

n(8n s -50n 2 +44n-9)(n- l) n - 9 / 2 3(n-2)(w-3)(7n-8)(w~l)Λ-1 / 2gw-11

16 4 0 n 3

for 0 < x < l .

Proof. For x (0<x<l) there exists j ^ ( X < Λ : 1 < 1 ) such that

i ^ n(2n-ί)B IΛ ., «(H-2)(3n-l)B M ,4

W α ^ ) 3 ( 1 X )

Xin-x,)11'6-

We see easily that /0

( δ )(x)<0 for 0 < x < l , when n>4, and /0

(WUiX/o<5)(0)
=3nB-4(n-l)(n-2)(w-3)(7n-8), which implies

( 5 » f(xΛ> " ( 2 H 1 ) B H ( H - 2 ) ( 3 H - 1 ) B

(5.8) /„(*)> 6 ( M _ 1 } (1 x) i2(«_i). ( 1 x)

(n-l)(n-2)(n-3)(7n-8)nn->
(L X) .40

From (5.7) we obtain

3(x~2n)(x-4n)
>0 for 0<x<n.άxz Vn-x S(n-x)ηj2

Using this and (5.7) with x in place of X, we obtain

3 n xγ2 U j '

Using (5.8) and (5.9), we obtain from (1.16)
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wfn(2n-
X t 2(n-

n(n-2)(3n-l)fl

2 + 4

n(8na-50n2+44n-9)(n-l)n-9 / 2 3(n-2)(n-3)(7n-S)(n-l)n-1/2en

16

n(rc-2)(3n-l)(8tt2-8tt+3)(n-lΓ-11/2

32

40n3

^

X [4(n-l)(4n-3)-(8n2-8n+3)(l-x)] ,

in which we see about the last part in the blackets that

4(n-l)(4n-3)-(8n2-8n+3)(l-x)>4(n-l)(4n-3)-(8n2-8τ2+3)

=8n 2 -20+9>0.

Therefore, if we omit this part in the above expression, then we can obtain
the required inequality. Q. E. D.

We prepare here some formulas on φ(x). We have

(5.10)

LEMMA 5.4. When n>3, we have

U2(x) ^>n2{n— i)π~5 / 2

(l—x)2 for 0 < x < l

Proof. For x (0<#<l) there exists xx (x<xλ<l) such that

from which, assuming n>3, we obtain
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> + ( 1 X )
\JL Λ>) Li

As in the proof of Lemma 5.2, we obtain

(5.12) Vn-x Vtt-1 Γ 2(n-l)

Using (5.11) and (5.12), we obtain from (1.16)

which becomes the required one in the statement. Q. E. D.

LEMMA 5.5. When n>4, we have

iX-D

n2(n-2)(13tt-3)(tt-l)n-9 / 2 n!

12 8(n-C) 5

χ i ) ^

o

Proof. For X ( 1 < K C ) there exists X1 (KX^X) such that

Since we have ((4—*)(n—x)n-"Y= — (n-4:){5—x)(n-x)n-e<0 forn>4 and x<4,
we obtain easily

2 ( H - 2 )
3 ) ( Z - l ) 2 < 2

Then there exists X2 (1<Z 2<X) such that

by means of (5.7). Since we have

d 3X2-8nX+8n2

dX {n-Xf12 2(n-X
we obtain

1 /->Q
7 / 2 ^ W ^
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1 4 n ~ 3 (X 1) I 8 " 2 ~ 8 w C + 3 C 2

( 5 * 1 4 ) V n - l V ^ r r 1 2 ( n - l ) v / 1 A / 1 8(n-C)2

Using (5.13) and (5.14), we obtain from (1.16)

(X-l)Wn-X

n2(w-2)(13n-3)(M-l)"-9/2 w2(8n2-8wC+3C2)(>ί-l)"-
12

+ M ( n l) 8(n-C)2 Vn-C n - U 3 4(

in which we see about the last part in the blackets that

2 " ~ 3 (x i)> 2 w ~ 3 5 n + 1

n-3 1
( n l ) U Ί l Λ j '

>o3 4(n—1) 3 4(n —1) 12(n

Therefore, if we omit this part in the above expression, then we can obtain
the required inequality. Q. E. D.

LEMMA 5.6. When n^4, we have

f n 2(2τ2 3-4n 2+6n-3)(n-l) 7 l- 9 / 2

— l ) —
12

72

where we put ε4 as follows: if n^β, e 4 = l ; 2/5<n<6, ε 4=C; if 4^=n^5, £4^
and C= 1.225 /<?r 4^n<4.5 ana1 C= 1.163 /or 4.5^n^5 as s/>e«a/ cases.

Proof. By means of (3.1)~(3.7), for 1 < K C (^2) there exists Xx (1<X1<X)
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such that

On the other hand, from (3.7) we obtain

R/'(x)=6(n-l)(n+l)(n+2)x-2(n+l)(2nΆ+n2+10n-16)

and

= -(n-2)(2n2-ni-2)<0 for 1^*^2, when n>2.

Hence, R*{x) is convex upward in l g x ^ 2 . Since we have i?'3(l)>0, we obtain

= -4(n-l) 2 (n 2 -n + l)+2(n-l)(4n 3-7n 2+9n-4)(Z-l),

which becomes 2(n-l)(2n3-3n2+5n-2)>0 at X=2 and —(4/5)(τi-l)(n3-3n +
n—1)<0 at Z=1.4, respectively. We obtain

ttTn F f Ύ ^ n ( n l ) ( n n + D r γ .̂ f, 4n 3 -7n 2 +9n-4
(5.15) F(X)> (X 1) |1

There exists Z2 (1<Z2<X1) such that

from which we obtain

(5.16) ( n - Z 1 ) 7 l - 5 > ( n - l ) 7 1 - 5 { l - - ^ ( ^ ε ^ ) n 6 ( Z - l ) } for K K C ,

where if n^6, ε 4 = l ; if 5 < n < 6 , ε 4 = C ; if 4 ^ n ^ 5 , ε 4 = — oo.
Since we have

d x 2n — x d2 x 4n—x
dx Vn-x 2(n-x)s/2' dx2 Vn-x 4(n-x)5/2

we obtain easily

(5.17) -rX>-rL=h+.?n1 (X-l)\ for
Vn—X Vn—1 I 2(n—1) J

Now using (5.15)^(5.17) we obtain from (1.16)
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nXF2(X)

n2(2n3-4n2+6n-3)(n-l)n-& / 2

12

n2(n_1)n-ll/2

12

+ ^ n ( 2 n l ) ( n 5 ) ( 4 n 7 n + 9 n 4 ) ( n l ) f ^
24 \ n — 1

Q.E.D.
Finally, we shall give a main evaluation formula on V(x, Xn(x)) near x — \.

Using the inequalities in Lemmas 5.1~5.6 in V(x, XnM)=:—U1(x)+U2(x)+U5(x)
—U6(x)+U0(x)JrU4(x)} and noticing the part with —U1(x)+U2(x) expressed^by
a polynomial of (1—x):

12

r n(40n3-26n2

l 48

40n3

3 2 v J '

whose coefficients of (1—x), (1 — x)2 and (1 — x)B are always negative when n ^ 3
and so becomes more smaller than it if we replace 1—x with X—l since
X—1>1 — x by Proposition 4 in (IV), and hence doing these replacements, we
obtain the following

PROPOSITION 4. When n>4, we have

{ΌΛO) V (X, Λn{λ)),
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72(8n4+44n8-108n2+102n-9) 3^_1(n
48 + 40n3

n2(8n2-8nC+3C2)/ n - 1 y/2 n 2(n 2-n
8 \n-C) +

36

Γ

L

o \ n —

72(32n5+48n4-416n3+643n2-311n + 18)
96 + 12

[Li 2(n-l) ^ ~ ^ J 40 QnVn-1 (n-εo)
n 6(Z-1)2

+ ^n2(2n-l)(n-5)(4n3-7n2+9n-4)(n-l)n-13/2(^^)n^

for K B C ,

C, /?n, qn, ε0 and ε4 αr^ constants as in Lemmas 5.1^5.5.

Remark. In the above expression, the quantity in the blackets [ ] is
positive.

§6. Proof of Theorem C for 6 ^ n ̂ 9.7.

LEMMA 6.1. When 6^n^9.7, we have

„(„ —1)11-11/2

^-(124n 5-807n 4+1905n 3-2315n 2+1032n-36)(Z-l) 2l

for

Proof. Omitting the last part in the blackets [ ] of (5.18), we shall evaluate
the coefficients of (.X-l)2 and (X—l)z of the right hand side. First, for
6^n^9.7 we put ε 4 = l and C=bn (gftβ=1.9117 •••) by Lemma 5.6 and have

9.7

= ttX5.002739 ,
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8n2-8nC+3C2/ n-\ y/« 8n2-16n + 12/n-l

8 U-C/ < 8 U-2

^ 2n 2 -4n+3/

z \4

since (8n2—8nC+3C2)/(n-C)5 / 2 is increasing with respect to C, and

:g(12n-13)X2.5604698 ••• + 6 n - 1 0

=36.725637 ••• X n-43.286107 ••• <37n-43 .

Using these evaluations for the expressions, we obtain

(6.1) -^-(8n4+44n3-108n2+102τ2-9)+-ί-(n-2)(n-3)(7n-8)x5.00274
48 40

^-(980n4+411n8~60527ί2+9615n-4457),

which is available for 6 ^
Now, we proceed to the treatment of the terms regarding (X— I)3 of (5.18).

We have for 6^n^9.7

=5.96046 ••• +(3n-5)X2.44140 ••• =7.32481 ••• Xn-6.24657

^ 3(39n-34)
> 16

hence using this evaluation, we obtain

(6.2) -14-(32n5+48τ24-416n3+643n2-311n+18)
9o

= -r4r(124n5-807n4+1905ns-2315π2+1032n-36),

which is available for 6^
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Combining (6.1) and (6.2) with (5.18), we can obtain the inequality of this
lemma. Q. E. D.

LEMMA 6.2. When 6^n^9.7, we have

V(x, Xn(x))>0 for Z n -

This lemma will be supported by Lemma 6.1 and the following proposition
which will be proved in another coming paper [18], because

PROPOSITION 5. When 6^n^9.7, the quadratic polynomial of t

(n-l)2(2w-iXn2-n-3)-Ί4?Γ(?2-l)(980n4+411n3-6052n2+9615n-4457)

100
for O^fg

882-37rc *

On the other hand, according to Proposition 1 we cite here the approxi-
mately calculated values of Y such that K(n, F ) = 0 with l < F < n for each n
of Table 1.

Table 1.

n

6.0

.1

.2

.3

.4

.5

.6

.7

.8

.9

1.

•

Y

3250

3228

3206

3184

3162

3141

3119

3099

3078
3057

1.

•

•

Z

1515

1523

1532

1541

1549

1558

1567

1577

1586
1595

n

7.0 1.

.1

.2

.3

.4

.5

.6

.7

.8

.9

•

Y

3037

3017

2997

2978

2958

2939

2920

2901

2883
2864

Z

1.1605

.1614

.1624

.1634

.1644

.1654

.1664

.1674

.1685

.1695

n

8.0

.1

.2

.3

.4

1.

.5 .

.6

'$'.8 .
.9 •

Y

2846 1.

2828

2810

2793

2775

2758

2741

2724

2708
2691

•

#

•

Z

1706

1717

1728

1739

1750

1762

1773

1785

1797
1809

n

9.0

.1

.2

.3

.4

.5

.6

.7

Y

Y

1.2675

.2659

.2643

.2627

.2611

.2596

.2581

.2566

K(n,

Z

1.1820

.1833

.1846

.1859

.1871

.1885

.1898

.1911

r)=o
Z=(982-37/i)/(882-37n)

Now, noticing the values of Y in Table 1, we can prove that K(n, (73—n)/50)
>0 for 6rgn^9.7 by Proposition 3 and an analogous argument used in the
proof of Proposition 2 of (VI), where (73—n)/50 is greater than Y for the values
of n in the table.
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Next, we put C=(73—n)/50 in (2.9) and obtain

, /73-n\ (n+lX23-n)+V(n-l)(n8-47n2+10775n-15129)
n n\ 50 / 2(73-n)

and we replace y(n, X) defined by (3.8) in Proposition 1 with

/ n—Xy-kn(C) 73—n

and denote these functions by K^n, X) and K^riu n2;Xi, X2). We cite here
the approximately calculated values of Yλ such that K1(n,Y1)=0 with l<Y1<n
for the n's in Table 1. Table 2 tells us that

982-37n
882-37n

for

in the tables. We can also prove this inequality holds for any n in this interval
by the modified Proposition 3.

Table 2.

n

6.0

.1

.2

.3

.4

.5

.6

.7

.8

.9

Yi

1.2125

.2091

.2058

.2025

.1993

.1962

.1931

.1901

.1872

.1843

n

7.0
.1

.2

.3

.4

.5

.6

.7

.8

.9

Yi

1.1814

.1786

.1759

.1731

.1705

.1679

.1653

.1628

.1603

.1578

n

8.0

.1

.2

.3

.4

.5

.6

.7

.8

.9

Yi

1.1554

.1531

.1508

.1485

.1462

.1440

.1418

.1397

.1375

.1355

n

9.0

.1

.2

.3

.4

.5

.6

.7

Yi

1.1334

.1314

.1294

.1274

.1255

.1236

.1217

.1199

, Fi)=0

Then, noticing the values Yx (for 6^n^7.6), we can prove that

by the method described above. We put C=(37—n)/25 in (2.9) and obtain

<37-n\ (rc+lX12-tt)+V(n-l)(tt3-25n2+2768n~-3844)
2(37-n)

Next, we replace jy(n, X) in Proposition 1 with

/ n—X\n-knW>
/-*

37- n
25
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and denote these functions by K2(n, X) and Kz(nlf n2; Xu X2). We cite here the
approximately calculated values of Y2 such that K2(n, Y2)=0 with l<Y2<n for
the n's (6^n^7.6) in Table 1. Table 3 tells us that

982-37n
882-37n for 6.3gn<7.6

in the tables. We can also prove this inequality for any n in this interval by
the modified Proposition 3.

Finally, we use C in kn(C) as
141-4n

/̂ 100
and can prove

Then we obtain

141-4n
100

•)>0 for 6^n^

__ /141-4n\ (n+l)(41-4n)+V(n-l)(16n8-344n2+43609n-58081)
n n\ 100 / 2(141-4n)

and, using this function, compose Ks(n, X) and Ks(nu n2;X1} X2) by the same
method above. And computing approximately the values Ys by Ks(n, F3)—0
for 6^n^6.3, we obtain Table 4, which shows

982-37n
3"882-37n

Thus, we can conclude that

V(x, XnW)>0 for

when 6^n^9.7, which assures Theorem C.

Table 3.

for 6<n<6.3.

n

6.0
.1
.2
.3
.4
.5
.6

.7

.8

.9

Y*

1.1656
.1612
.1569
.1526
.1485
.1444
.1404

.1364

.1326

.1287

n

7.0
.1
.2
.3
.4
.5
.6

K2(r

1.1250
.1213
.1177
.1141
.1106
.1071
.1037

i, 72)=0

Table

n

6.0
.1
.2
.3

1.

•

4.

Ys

1249
1205
1162
1120
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§7. Proof of Theorem C for

LEMMA 7.1. When 5^n^6, for KZ^min(2, bn) we have

--^-(72-1X1000 724+92n3-4864n2+7441τ2-3245)(Z~l)
JLtΛJ

+ ^-(130725-869τ24+2027723-2479722+110872-36)(Z-l)2]

for l<Z^min(2, bn).

Proof. We shall evaluate the coefficients of (Z-l) 2 and (X— I)3 of the
right hand side of (5.18). First, for 5^n^6 we put ε4=C=min(2, bn) by Lemma
5.1 and have

5 y 18 Q_
) 36

8n2-8nC+3C2/ n - 1 γ/« 8n 2-16n+12/n-lγ/g 2n 2 -4n+3/4/ n-1 γ/«
Vn-C/ =8 Vn-C/ = 8 U - 2 / = 2

=(2rc2-4n+3)x 1.0264004 ••• <(2n2-4n+3)X 1.0265,

n o 1 Q W 6 2 5 , Λ 1 Π 903672-10685 ^oa ΛΛ~(12n—13)x-x^7r+6τ2—10= ^^ <36n—41
Zoo ZDΌ

and

72-ε4\«-6 / 72-1 γ-» /n-ly-* /4γ-» 4

Using these evaluations for the expressions in the blackets corresponding to
(X-l)2 of (5.18), we obtain

(7.1) -^(8n4+44n3-108n2+102n-9)+^-(n-2)(n-3)(7n-8)x3.6

(1000tt4+92τ23-4864rc2+744l72-3245).< ^

Next, we proceed to the treatment of the terms regarding (X— I)3. We
have for
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Using this evaluation, we obtain

(7.2) --^-(32/i5+48n4-416n3+643n2-311n + 18)

^(142560n5-950244n4+2216736tt3-2710593tt2+1211837 rc-39366)

45r(130n5-869n4+2027n3-2479n2+1108n-36).
iy^

Combining (7.1) and (7.2) with (5.18), we can obtain the inequality of this
lemma. Q. E. D.

LEMMA 7.2. When 5^n^6, we have

V{x, Xn(x))>0 for ^n

This lemma will be supported by Lemma 7.1 and the following proposition
which will be proved also in [18], because

<Λ=1.9117 - ύbn for 5^n^6.52-3n ^^=z

PROPOSITION 6. When 5^n^6, the quadratic polynomial of t.

(n-l)2(2n-l)(n2-n-3)--^-(n-l)(1000n4+92n3-4864n2+7441n-3245)

+ -|^(130n5-8β9n4+2027n3-2479n2+1108n-36)>0

for 0^t£
52-3n *

Now, we cite here the approximately calculated values of Y analogous to
Table 1 for 5^n^6, in Table 1', in which Zx=(57—3n)/(52—3n). Noticing the
values of Y and we can also prove

73- n\
- 5 0 - ) > 0 for 5 ^ 6 .

Using the revised Kx(n, X) as in §6, we cite the approximately calculated values
of Yt analogous to Table 2 in Table 2'.

Noticing the values of Yx in Table 2', we can also prove that

37- n
Kl(n> ^ 5 ^ " ) > 0 f O r 5 = n = 6 '

Then, using K2(n, X) as in §6, we cite the approximately calculated values of
Y2 analogous to Table 3.
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Table 1'. Table 2'.

n

5.0

.1

.2

.3

.4

.5

.6

.7

.8

.9

6.0

Y

1.3492

.3466

.3441

.3416

.3391

.3367

.3343

. 3319

.3296

.3273

1.3250

1.1351

.1362

.1373

. 1385

.1396

.1408

.1420

.1432

.1445

.1457

1.1470

n

5.0

.1

.2

.3

.4

.5

.6

.7

.8

.9

6.0

Y
> \

1.2507

.2406

.2423

.2383

.2344

.2305

.2268

.2231

.2195

.2159

1.2125

Noticing Table 3', we can prove

76—3ft

and

Kt(n, 141-4n

for 5<n<5.5

for

Then, using Ks(n, X) for 5.5̂ Ξrc<Ξ6, we obtain the approximately calculated
values Y3 as in §6. Here we cite them in Table 4r, which shows

* 3
57-3n
52-3n

for 5.7<72<6.

For 5^n^5.5, we use

Then, we have

(?2 + l)(26-3n)+v/(n-l)(9y23-165n2+11432n-15876)
2(76-3n)

and, using this function, compose K^n, X) and K4(nlf n2;Xlf X2} by the same
method as in §6. And computing approximately the values of F 4 by K±(n, Y4)
=0 for 5^n^5.5 as in Table A'.

Noticing Table 4y, we can prove

K9(n,
189-8n

125 f 0 Γ
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Table 3'. Table 4'.

n

5.0

.1

.2

.3

.4

.5

1.2143

.2090

.2038

.1987

. 1937

.1888

n

5.6

.7

.8

.9

6.0

y- \

1.1839

.1792

.1746

.1700

1.1656

n

5.0

.1

.2

.3

.4

.5

1.1806

.1739

.1673

.1609

.1545

.1482

5.5

.6

.7

.8

.9

6.0

1.1482

.1434

.1386

.1339

.1293

.1249

Next, for 5 ^

Then we obtain

^b./, we use

*»0

for 55!nίS.5.5.

4(y2 + l)(8-n)+V(n-l)(16n3-272?22+17905n-24649)
189-8n

and, using this function, compose K5(n, X) and K5(nly n2;Xi, X2)> Then com-
puting approximately the values of F 5 by K6(n, F 5 )=0 for 5^n^5.7. We cite
here the values F 5 in Table 5, which shows

UΔi oil
for 5.4^n^5.7.

For 4, we can prove
1503-68n

1000

by means of K6(n1} n 2 ; Z x , X2) as the previous case.
Then, taking C=(1503-68n)/1000, we obtain

(n+l)(503-68n)+V(n-l)(4624n3-73032n2+4593417?2-6265009)
n kn{C)~ 2(1503-68n)

and, using this as the exponent of y(n, Z), compose K6(n, X) and
K6(nu n2;XlfX2) as the previous cases. Computing approximately the values
of YG by KG(n, F 6 )=0 for 5^n^5.4, we obtain Table 6, which shows

For 5^ftfg5.1, we can prove
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Table 5.

n

5.0

.1

.2

.3

1.1628

.1556

.1487

.1418

n

5.4

.5

.6

.7

1.1351

.1285

.1220

.1156

Table 6.

n

5.0

.1

.2

.3

.4

1.1427

.1351

.1278

.1205

.1134

n

5.0

.1

Table

|

1.

7.

Y,

1286

1201

KB(n,
1544-80n

1000 • ) > »

by means of K6(nu n2;Xlf X2) as the previous cases.
Finally, for 5 ^ n ^ 5 . 1 , taking

1544-80w 193-10n
C = -

1000 125

we obtain

n-f t n (C)=
(tt + l)(68-10tt)+V(tt-l)(100tt3-1460rc*+73484?z-101124)

2(193-10n)

and, using this as the exponent of y(n, X), compose KΊ(n, X) and
K7(nlf n2; Xly X2) as the previous cases. Computing approximately the values
of YΊ by K7(n, F7)—0 for 5 ^ n ^ 5 . 1 , we obtain Table 7, which shows

57-3w „

Thus we can conclude that

V(x, X

for 5 < n < 5 . 1 .

for 0 < J C < 1 ,

when 5 ^ n ^ 6 , which implies Theorem C for 5 ^ n ^ 6 .
We have obtained the main theorem of this paper as follows.

THEOREM C. The period function T as function of τ and n is monotone
decreasing with respect to n ^ 5 for any fixed τ (0<r<l) .

Remark. When we composed/^ (nlf n2; Xi, X2), we used the following
inequalities in place of (4.13) which can be proved by Lemma 2.3, supposing
C=C{n) is a decreasing function of n:

nx-\
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