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CHARACTERIZATIONS OF THE EXPONENTIAL FUNCTION
BY THE VALUE DISTRIBUTION

By Yoj1 Nopa

1. Introduction. Baker [1] has shown the following characterization of
the exponential function.

Let f(z) be a transcendental entire function. Assume that for every com-
plex number w there is a straight line L, of the complex plane on which all
the solutions of f(z)=w lie. Then f(z)=a+b-exp(Az) with constants a, b, A.

Recently Kobayashi [6] has shown the following theorem.

THEOREM A. Let f(z) be a transcendental entire function. Assume that there
are three distinct finite complex numbers a, and three straight lines L, of the
complex plane on which all the solutions of f(z)=a, lie (=1, 2, 3). Assume
further that these three values never lie on any straight line of the complex plane.
Then f(z)=P(exp Az) with a quadratic polynomial P(z) and a non-zero constant A.

In this note we shall give a generalization of Baker’s result. In what fol-
lows we shall mean a strip by the set {az+0b; |Rez| =1}, where a (0) and b
are constants.

THEOREM 1. Let f(z) be a transcendental entire function and k a positive
number. Assume that for every complex number w there is a strip S, of width
k of the complex plane in which all the solutions of f(z)=w lie. Then f(z)=
a-+b-exp (Az) with constants a, b, A, bA+0.

THEOREM 2. Let f(z) be a transcendental real entirve function of fimite lower
order and k a positive number. Assume that for every real number w there 1s a
strip S, of width k of the complex plane in which all the solutions of f(z)=w
lie. Then f(z)=a+b-exp (Az) with real constants a, b, A, bA+0.

THEOREM 3. Let f(z) be a transcendental entive function and G an open sub-
set of the complex plane. Assume that for every weG there is a straight line
L, of the complex plane on which all but a finite number of the solutions of
f(2)=w lie. Then f(z)=a+b-exp (A2) with constants a, b, A, bA+0.

THEOREM 4. Let f(z) be a transcendental entire function, G an open subset
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CHARACTERIZATIONS OF EXPONENTIAL FUNCTION 427

of the complex plane and n a positive integer. Assume that for every weG there
are n straight lines Ly, 1, -+, Ly, o of the complex plane, which are parallel with
one another, on which all the solutions of f(z)=w lie. Then f(z)=Q (exp Az) with
a rational function Q of order at most n and a non-zero constant A.

Remarks. The function e*+e% (a>1) shows that the assumption “for every
complex number” in Theorem 1 cannot be improved. If G is a straight line of
the complex plane, then the conclusion of Theorem 3 cannot hold generally.
This is shown by the function f(z)=zcosz. It is easily seen that for every
real number w all but a finite number of the solutions of f(z)=w lie on the

real axis.
The auther wishes to express his sincere thanks to Professor Ozawa and
Dr. Kobayashi for their valuable advice and suggestions.

2. Statement of known results. We need the following theorems.

THEOREM A [5]. Let f(z) be an entire function of finite genus q (=1). If
its zeros {a,} satisfy

limarga,=0  (larg a,|=nr),

then f(z) has zero as a deficient value.

THEOREM B [5]. Let f(z) be an entire function of finite genus q (=2). If
1ts zeros {an} lie in a strip of the complex plane, then f(z) has zero as a deficient
value.

THEOREM C [5]. Let f(z) be a non-constant entire function satisfying

lim inf jl:’—fl =0.

Then the smallest convex set which contains the zeros of f(z) also contains the
zeros of f'(2).

LEMMA A [5]. Let f(z) be an entire function of genus at most one. Assume
that 0 is not a lacunary value of f(z) and all the zeros {a,} of f(z) lie wn the
strip

{z; |IRez|<h}.
Then
S@) L
Re 72 —A+Zn)Re i a,
with a real constant A. Further if A is positive, zevo, or negative, then for real
number x
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Jim | f(x)]| =+,
Zlil}}oIf(x)lzzliljzalf(x)|:+00, or Ilil}lo|f(x)|:‘|‘°°

respectively.

LemMA B [5]. If f(z) s regular wn the half plane {z; Re z>h>0} and fails
to take there 0 and 1, then

A(L+ht 2]y

(x—h) (Rez=x>h),

log|f(2)| =-

where A s a positive constant.

3. Lemmas. In this section we shall prove the following lemmas.

LEMMA 1. Let f(z) be an entive function. Assume that there exist four dis-
tinct finite complex numbers a, and four strips S, of the complex plane such that
all the solutions of f(z)=a, lie in S, (j=1, ---, 4). Assume further that the four
strips S, are parallel with one another and SiN\S,=@ (+7j). Then f(z) has at
most order one.

The proof is essentially the same as that of Theorem 4 in [5], hence omitted.

LEMMA 2. Let f(z) be an entire function. Assume that there exist three
distinct finite complex numbers a, and three strips S, of the complex plane such
that all the solutions of f(z)=a, lie in S, (=1, 2, 3). Assume further that no
two of the three strips S, run parallel with each other. Then the order p, of
f(2), is finite and

T T
p§max{ T, T ""“*} ,
fl)l“l'a)z Wyt w; " wyto,

where w; (j=1, 2, 3) are apertures of those three angular sectors which are com-
ponents of C\(S,\IS,\IS;) and adjoin.

Proof. We assume, without loss of generality, that

Si={z; lImz|=k}, Si={z; |Im(ze**2)| <k},
Si=1{z; |Im (ze')| <}, (0<w2, wgg—z’f—, /e>0>.

Let ¢ be an arbitrarily fixed positive number less than min (w,, w;). We choose
real numbers a, f such that

{zfe**; Rez>0} ={z; wy,—e>arg z> —wy+¢}.
Let
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F@)=(f(z%e")—a,)/(a;—a,),

then for a suitable positive number h F(z) fails to take 0 and 1 in Rez>h.
Thus by Lemma B

(1+h+]|z])?
+ < AN LIRS
3.1 log"|F(z)| = A (x—h)

Let 0 be an arbitrarily fixed number in (0, z/2). We choose a positive num-
ber 7 satisfying cos 6—(h/r)>7y for every sufficiently large ». Then by (3.1)
de

'} 1 ?
. 0y 40 < A(]L L .
S_alog |F(re!)|d0=A(+4h +7) rg_g cos 0—h/r

(Rez=x>h).

26 (4htr®

</
=4 - . O(r)
for every sufficiently large ». Thus
Bo+a
3.2) S log* | f (re'?)| d0=0(r"#) .
-Bo+a

If ¢ is sufficiently small and ¢ is sufficiently close to z/2, then

{e; Bo+a>0>—Bota)D {ew; %3>5>:2‘13} _

Further if ¢ tends to O from above, then 1/8 tends to 7/(w.+w;) from above.
Thus by (3.2)

Wyl
lim sup (log 7)! Iog(S : iglog* (e )] d0) Z /(o).

oy
For other angular sectors we obtain similar results. Thus the order of /(z) is
at most

nan<{ T & T }
~’ T b T T .
01t w; Ot 0t

LEMMA 3. Let f(z) be an entire function. Assume that there exist three
distinct finite complex numbers a, and three straight lines L, of the complex plane
on which all but a finite number of the solutions of f(z)=a, lie (j=1, 2, 3). Then
the order of f(z) 1s finite.

Proof. 1t is sufficient to consider only the case that the three lines L, are
distinct and parallel with one another. Indeed in other cases the assertion of
Lemma 3 follows at once from Theorem 1 in [2].

We can assume, without loss of generality, that

L,={z; Rez=h;} (hy>0, hy=0, hy<0),

and that f(z)#a, for every z in C\({z; |2| <1}V L,) (=1, 2, 3). Let w=¢(z)=
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z—z™, then the function z=¢ '(w) maps the half plane Re w>0 conformally
onto the region {z; Rez>0, [z|>1}. Let g(z)=(f(z)—a,)/(a;—as), then g(¢ (w))
fails to take 0 and 1 in Re w>0. Thus by Lemma B

Al
3.3) tog* | g(gwyl = AT ey,

If z (Rez>0) is sufficiently large, then Re w=Re (z(1—]|z|7?)>Re(z/2). From
(3.3) we thus obtain

8A|z|*

log*lg@)=—p ——  (Rez>0)
for sufficiently large z. Therefore
(3.4) log*| f(z)| = g‘ée'zl (Re 2>0)
for sufficiently large z. Similarly, we obtain
(3.5) log*|f(2)| = 9AR[:| (Re z<0)

for sufficiently large z. Applying the essentially same method as in the proof
of Theorem 4 in [5] to (3.4) and (3.5), we conclude that f(z) has at most order
one. Lemma 3 is thus proved.

LEMMA 4. Let {a,}%-1 be a sequence of non-zero complex numbers such that
a,—0 as n—oo, and n(r, a,) the counting function of the sequence {a,}. Assume
that

Gl 1
"21 |an|
Then

1 >
lz—a,|®* = 4|z|*

= n(lzl, ) (2%0).

Proof. Let z be an arbitrarily fixed non-zero complex number. Let |z|=v,

) 1 o 1
A lemal = A G lay

:Sw (t“l‘ )2 dn(t an) ZS (t—|— )3 71(t an) dl‘

_ 25“’ LDy —n(rs, an)ds>r2 n(r, an)g G il) 21%:2" n(r, a).

Lemma 4 is thus proved.
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4. Proof of Theorem 1. Firstly by Lemma 1 and Lemma 2 the order of
f(z) must be finite. Let us denote

Ct={acsC; déa, [)=0}.

Then by Theorem B the genus of f(z)—a is at most one for every a=C*.
Further by the following lemma all the strips S, (a=C*) are parallel with one
another.

LEMMA 5. Let f(z) be a transcendental entive function of fimite order, and
A an infinite set of complex numbers contarming no deficient value of f(z). Assume
that the genus of f(z)—a is at most one for every a € A, and that for every ac A
there 1s a strip Ty, of the complex plane in which all the solutions of f(z)=a le.
Then all the strips T, (a€ A) are parallel with one another.

Proof. We consider the following two cases.
(1) liminf T(r, f)/r=0. (2) liminf T(r, f)/r+0.

Firstly we consider the case (1). If there exist two values, a, b (€ A) such
that T, and T, are not parallel with each other, then by Theorem C f/(z) has
at most a finite number of zeros. Therefore by (1) f(z) must be a polynomial.
This is a contradiction. Thus all the strips T, (a< A) are parallel with one
another in this case.

Secondly we consider the case (2). Suppose that T, and T, are not parallel
with each other for some a, b (A). There exist infinitely many elements
{a,}%-1 of A and a straight line

L={te**; te R} O=w<nr)

such that the direction of T',, approaches that of L as n—oo. Then using
Lemma A and Lindel6f-Iversen-Gross’ theorem [7] we deduce that

lim [ f(ret?)| =40

uniformly for |0—w+7/2|<L0*<n/2 or for |@—w—r/2|Z0%<x/2, where % is
an arbitrarily fixed number in (0, z/2). Thus a-points or b-points of f(z) must
lie in a half strip. Therefore by Theorem A and (2) we conclude that a or b
is a deficient value of f(z). This is a contradiction. Thus all the strips T,
(as A) are parallel with one another in this case. Lemma 5 is thus proved.

By Lemma 5 we can assume, without loss of generality, that all the strips
S, (a=C¥) run parallel with the imaginary axis. We now consider a sequence
{x2}2="2 of complex numbers such that Re (x,+;)—Re(x,)=3k, and that f(x,)
=w,=C* (n=0, +1, +2, ---). Then Swl,f\Swjzg (1 7). From Lemma A
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@) 4 i Re—L

Z—Qn

@.1) Re—

where A, is a real constant and {a,} the w,-points of f(z) (n=0, =1, £2, ---).
Next we prove

LEMMA 6. The following two cases donot occur.
1) A.>0, An<0 (m>m). (2) Ap=An=0 (n¥m).

Proof. Firstly we assume that the case (1) occurs. Let us write A,=A4,
Ap=—B, w,=a, wa=0b, Re (x,)+k=r, Re(xn)—k=s. Let

L={a+i(a—b); t=(0, )}.
By (4.1) and (1) we obtain
4.2) arg (f(x+1y)—a)—arg (f(x)—a)
='Re LUED g1z 4y

0" f(xtit—a
for every (x, y)=(r, c0)xX R. Thus from (4.2)

4.3) {arg (f (x+1y)—a); y<[0, 22/ A1} D0, 2]

for every x (>r). On the other hand, Lemma A and Lindel6f-Iversen-Gross’
theorem [7] imply

4.4) mlirﬁolf(xﬂy)[:iroo

uniformly for y (0=y=<2z/A). By (4.3) and (4.4) we see that for some point z,
in Rez>r, f(z,) lies on L. Hence using the same argument as in the proof of
Lemma 9 in [5], we can deduce that every sufficiently large value on L can be
taken by f(z) in the half plane Re z>». For completeness we shall give a proof

of this assertion.
Let v;=f(z,), and E(w, v,) be the regular element of f~*(w) with center v,

which satisfies E(vi, v))=z;. Put v,=a-+e'%t, with real constants «, t; (t;,>0).
We continue FE(w, v;) analytically along the segment {a+te**; t;=t<t,<co}.

Put
Z(t):E(a +ela(tl+t); Ul) ’ 0§t<(t2—t1) .

Then
4.5) f(ZW)=a+e*(t,+1).

If Z(ty) (0=ty<t,—t,) is contained in the half plane Re z>r, then Z(¢) is differ-
entiable at 4 and from (4.5)

(4.6) [ZtZ (t)=e"" .
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From (4.1) and (1)
_[(Z(t)

D ° [Zm—a =470
By (4.5), (4.6) and (4.7) we conclude
Re Z’(t4x)>0.

Therefore Z(t) must be contained in Rez>r for every t (€[0, t,—f,)). If this
analytic continuation defines a transcendental singularity at the point a -7, exp (za),
then the path I'={Z(t); 0=t<({,—t,)} must be an asymptotic path of f(z) and
as z tends to infinity along this path I, f(z) approaches the value a--t,exp ().
Thus, by Lindelof-Iversen-Gross’ theorem [7], we deduce that for real number x

lim f(x)=a-+t,e*".
T—>+o0

This contradicts (4.4). Thus E(w, v,) can be continued analytically along the
half line L up to infinity. Hence we conclude that every sufficiently large value
on L can be taken by f(z) in the half plane Rez>r.

Similarly, every sufficiently large value on L can be taken by f(z) in the
half plane Re z<s. Some sufficiently large value on L is in C*. Thus we have
a contradiction, since every strip S, (a=C?*) is parallel with the imaginary axis.
Thus (1) cannot occur.

We next show that the case (2) cannot occur. Indeed, if otherwise, then by
(4.1) and (2) f'(z) fails to take 0 in C. Further by Lemma 1 the order of f(z)
is at most one. Thus f(z)=a-+b-exp (Az) with constants a, b, A. On the other
hand by Lemma A and (2) we deduce that for real number x

fm 17001 = fim 1010,

However the function f(z)=a--b-exp (Az) does not satisfy this asymptotic be-
havior. Thus (2) cannot occur. Lemma 6 1s thus proved.

By Lemma 6 we have only the following two possibilities.

1) There exists an integer N such that 4,>0 for every n=N.

2) There exists an integer N such that A,<0 for every n=N.

In each case by (4.1) f'(2) fails to take 0 in C. Further by Lemma 1 the
order of f(z) is at most one. Thus f(z)=a-+b-exp (Az) with constants «a, b, A,
bA+0. The proof of Theorem 1 1s now complete.

5. Proof of Theorem 2. Let L be the real axis. If a (€R) is not a
Picard exceptional value of f(z), then S,DL or S, is at right angles to L.
Thus by the theorem in [4] we see that S, is at right angles to L for every
sufficiently large a (€ R). Further by Theorem 4 in [5] we see that the order
of f(z) is at most one.

If there exist two real numbers a, b satisfying S,DL, S,DL, then by
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Lemma A and Lindel6f-Iversen-Gross’ theorem [7] we deduce that
lim |f(re*?)| =+o0
Toto0

uniformly for |0—=r/2|Z0%<x/2 and for |0+x/2|<0%<x/2, where #* is an
arbitrarily fixed number in (0, =/2). Hence every sufficiently large real number
must be a Picard exceptional value of f(z). This is a contradiction. Thus S,
is at right angles to L for every a (€ R) with at most one exception.

We now choose a sequence {x,},-1% of real numbers such that Re (x,.;—x,)
=3k and that S,, (w.=f(x,)) is at right angles to L (n=0, =1, +2, ---). We
define A, by (4.1). Then as the proof of Theorem 1 we have only the follow-
ing two possibilities.

1) There exists an integer N such that A,>0 for every n<N.

2) There exists an integer N such that A,<0 for every n=N.

In each case by (4.1) f’(z) fails to take 0 in C. Thus f(z)=a-+b-exp (Az)
with real constants a, b, A, bA+0. Theorem 2 is thus proved.

6. Proof of Theorem 4. Firstly we prove that the number of directions
of the straight lines L, , (weG) is finite. Indeed, if otherwise, by Lemma 2
the order of f(z) must be finite. Therefore Theorem 1 in [3] implies that f(z)
has at most a finite number of deficient values. Thus without loss of generality
we can assume that G contains no deficient value of f(z). Hence by Theorem
B, the genus of f(z)—a is at most one for every a (£G). Thus by Lemma 5
we conclude that all the straight lines L, ; (wEG) are parallel with one another.
This is a contradiction.

From the above result it is easily seen that there is an open subset G* of
G such that all the straight lines L, , (weG*) are parallel with one another.
We can assume, without loss of generality, that they are also parallel with the
imaginary axis. Further we assume that there exists a points a (€G*) such
that « is not a Picard exceptional value of f(z), and that {L, %, are n dis-
tinct straight lines each of which carries at least one a-point of f(z).

We choose n+1 a-points {z;} 2! such that z, and z, lie on one of {L, ;} %,
say L., and that z, lies on L, .., (:=3, -+, n-+1). By the assumption on « it
is easily seen that f’(z,)#0 (=1, ---, n-+1). Thus there exist neighborhoods U,
of z, =1, -, n-+1) and a neighborhood A of « satisfying the following con-
ditions.

1) f(z) is univalent in U, (=1, 2, -, n-+1).

2) fU)=A (=12, -, n+1).

3) AcCG*.

4) {Rez; zeUj}jn{Rez; zeU;}=¢ (=3, -, n+1),

{Rez; zeU}n{Rez; zelU;}=¢ (1=3, -+, n+1),

{Rez; zeU,Jn{Rez; zeU,} =¢ (z, =3, -+, n+1.
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If weA, then by 1) and 2) there exists one w-point of f(z) in each U,,
which is denoted by p, ¢:=1, 2, ---, n+1). By 3) and 4) we deduce that Re p,
=Re p,. Put F=(f|y,) '*(fly,), then F is holomorphic in U, and F(z)—z is
purely imaginary for every z in U,. Thus F(z)=z+c in a neighborhood of z,
with a constant ¢. Hence we have

(6.1) fle+a)=/(2).

Therefore f(z)=Q(exp Bz), where Q is a regular function in C\{0} and B is a
non-zero constant. From the assumption of Theorem 4, it is easily seen that Q
is a rational function.

We may assume that Q(w) has no factorization of form Q(w)=P (w?), where
P is a rational function and N is an integer (=2). Let m be the order of Q(w).
Then by the assumption of a there are m distinct roots {a;} of Q(w)=«, which
lie on n distinct circles whose center is at the origin. If m>n, then there exist
two of {a;}, say a,, a,, such that |a,|=|a;|. Then using essentially the same
method which is used in showing (6.1), we easily deduce that

Qw)=Q(we*?) (f=arga;—arga,).

Thus Q(w)=P(w?") with a rational function P and an integer N (50, =1). This
is a contradiction. Thus m=n. Theorem 4 is thus proved.

7. Proof of Theorem 3. By Lemma 3 the order of f(z) must be finite.
Hence Theorem 1 in [3] and the Denjoy-Carleman-Ahlfors Theorem imply that
f(z) has at most a finite number of deficient values and asymptotic values. Thus
we may assume that G contains neither deficient nor asymptotic values of f(2).
By Theorem B the genus of f(z)—a is at most one for every a (€G). By
Lemma 5 all the straight lines L, (e =G) are parallel with the imaginary axis.

Let us write for every a (€G)

(7.1) h(a)=Re x (xeL,y),
_f@ .
(7.2) Re 7@—a —A(a)—i—; Re T

where A(a) is a real constant and {a,} the a-points of f(z). (7.2) follows from

Lemma A.
Next we show the following Lemma 7 and Lemma 8. Which are modifica-

tions of Lemma 5 and Lemma 7 in [5].
LEMMA 7. If h(a)<h(b) then A(a)<0 or A(b)>0 (a, beG).

Proof. Suppose that A(a)=0, A(b)<0. Let {a,} be the a-points of f(2)
which lie on L,\{0}. We choose a positive number R such that f(z)#a for
every z (Rez>R). Put e=(h(b)—h(a))/3, S={z; h(a)+e=Rez=R},
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N [z
9q(z)=Re F@—a
Then by (7.2)
(7.3) $.(2)>0  (Rez>R)
and
- 1 1
7.4 fol=Al@)+ ZRe- - +0<?) zeS).

By (7.4) and Lemma 4 it is easily seen that
(7.5) $a(2)>0

for every sufficiently large z (€S). From (7.3) and (7.5) f’(z) has at most a
finite number of zeros in Re z=h(a)+te.

Similarly f’(z) has at most a finite number of zeros in Re z</(b)—e. Thus
f'(z) has at most a finite number of zeros in C. Therefore

(7.6) f(@)=P(2)-e“+pB

with constants «, 3 and a polynomial P(z). The assumption “A(a)=0 and A(b)
=<0”, Lemma A and Lindelof-Iversen-Gross’ theorem [7] imply that

lim |f(re'?)|=+o0

T+t
uniformly for || =60*<x/2 and for |0 —x|=0%*<xn/2, where 6* is an arbitrarily
fixed number in (0, £/2). This asymptotic behavior contradicts (7.6). Lemma 7
is thus proved.

LEMMA 8. For cvery a (€G) we have

(fz+h(a))—a)=( f(—z+h(a))—a) exp 2A(a)z+:B(a))(Pu(Z)/ Pl —2))
with a polynomial P.(z) and a real constant B(a).

Proof. Let {a,} be the a-points of f(z) which lie on L, and {a)} the a-
points of f(z) other than {a,}. Let us write

ot A S
@D feth@—a=zre T E(G s DIE(G 05 1),

z
H(1=—7— if ay, exists,
(7.8) P, (z)=4 ™ ( am—h(a)>

1 if a’, does not exist,

(7.9 g()=(f(z4-h(a))—a)/P(2),
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where E(z, 1) is the Weierstrass primary factor of genus 1. Since all the zeros
of g.(z) are purely imaginary, by Lemma 5 in [5]

(7.10) Z.B)=gu(—2)-exp (A(a)z+1B(a))

with a real constant B(a), where

~— 1_ 1
(7.11) Ala)=2Re (A+ T har)-
From (7.7)
(7.12) Re Ji@-—;A(a)/szz Re ,L_ +2Re 1*,-.
f@)— —al,
By (7.2) and (7.12)
(7.13) 2A(0)=A(Q) .

From (7.9), (7.10) and (7.13) we have the desired result.
Next we prove

LEMMA 9. Let a, beG. Assume that h(a)>h(b), A(a)A(b)>0. If A(a)>0,
then there exists a neighborhood E (CG) of a, such that h(p) s continuous in E
and that A(p)>0 for every p i E. If A(a)<O0, then there exists a neighbor-
hood E’ (CG) of b, such that h(p) s continuous in E’ and that A(p)<0 for
every p wn E’.

Proof. In what follows we assume that A(a)>0. When A(e)<0, we only
have to consider the function f(—z) instead of f(z).
Let ¢ be an arbitrarily fixed positive number less than (h(a)—h(b))/3 such
that the set
C={z; 0<|h(a)—(Re 2)| =2¢}

contains no a-point of f(z). Using the same argument as in the proof of Lemma
7, we deduce that

@
(7.14) Re ﬂ) a = 4((1)
(& _

for every z satisfying h(a)+e=Rez=<h(a)+2¢ and |Imz|=R, where R, is a
suitable positive number.
Let y=!a—b| and ¢ a positive number satisfyihg

(7.16) log ;:‘; <cAW).

Put
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L={z; Rez=h(a)+e¢}.

(7.17) S={zeL; la—f(z)|<d},
(7.18) T={zeL; |la—f(2)|=0d}.
Let z€S and |Imz|=R,, then by (7.15)

(7.19) log|f(z+&)—b| —log|f(2)—b]

—("Re Sttt e (z=
=("Re ettty 1A @=xt1).
By (7.16), (7.17) and (7.19)

log|f(z+e)—b|=log|f (2)—b|+A(b)e

=log (r—0)+ A(b)e=log (7-+0) .
Thus |f(z+¢)—bl=7-+0. Hence

(7.20) |f(zte)—al=d (z€S,|Imz|=R,),
Similarly, by (7.14) and (7.18)
(7.21) [ f(z+e)—al|=d (zeT, |Imz|=R,).

Since f(z)—a does not vanish on Rez=h(a)+2¢, by (7.20) and (7.21) we
see that for a suitable positive number 7

(7.22) lf()—alz=y (Re z=h(a)+2¢).
By Lemma 8 and (7.22)
(7.23) [f(—z+h(a)—a|=ne “A (| Po(—2)/Pu(?)])  (Rez=2¢).
Since f(z)—a does not vanish on Rez=h(a)—2¢, by (7.22) and (7.23) we con-
clude that for a suitable positive number {
(7.24) [ f(z)—al=( (Re z=h(a)+2¢).
Let {a;} be the distinct a-points of f(z) outside C and d a positive number
satisfying the following conditions.
1) DinD,=¢ t#)), where D,.={z; |z—a,| =d}.
2) D;,NC=¢.
Put
(7.25) m= zgéﬁ?lll?i |f(z)—a].

Let » be an arbitrarily fixed positive number less than min ({, m) and E=
{w; lw—al<r}CG. By (7.24) and (7.25)
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(7.26) FHEINOCI(JaD )= .
Since E contains no asymptotic value of f(z), each component of f~'(E) con-
tains at least one a-point of f(z). Thus by (7.26)
(7.27) fHUE)S(CUU D).
By (7.27) for every p in E
(7.28) | h(a)—h(p)| =2e.

Since ¢ can be taken arbitrarily small, h(p) is continuous at the point a. By
(7.28)

(7.29) h(p)> h(b) (peE).
By Lemma 7 and (7.29)
(7.30) A(p)>0 (pEE).

Applying the same method to (7.29) and (7.30), we conclude that Ai(p) is con-
tinuous in E. Lemma 9 is thus proved.

Let H={peG; A(p)=0}. If p,g=H, then by Lemma 7 L,=L, Thus
HCf(L,) (p=H), or H=¢. Hence G\H has infinitely many elements. Thus
there exist two elements a, b (€G) satisfying A(a)A(b)>0. There are the fol-
lowing two cases.

1) ma)#=hb). 2) hla)=hd).

In the case 1), by Lemma 9, we easily see that for some two points «a, 3 in E,
or in E’, h(a)=h(B) and A(a)A(B)>0. Thus in both cases there exist two ele-
ments «, B€G such that h(a)=h(B) and A(a)A(B)>0.

In what follows we assume, without loss of generality, that =0, =1,
ha)=h(B)=0. From Lemma 8 we have

F@=1(—2)e** @+ BO(P(Z)/ P—2)),
F@)—1=(f(—2)—1)e* 4D+ BD(Py(2)/ P(—2)),

Put
X(—2z)=e"BO(Py(2)/ P(—2)),
Y(—2z)=e"*®(Pi(2)/ P(—2)),
A=2A(0), B=2A().
Then

f(2)(X(2)e =Y (2)e B)=1—Y (2)e 5.

Since B=0, we easily have
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(7.31) f@)=(e—Y(2)/(X(2)e® " —Y(z2)).
We now consider the following two cases.

(1) A=B. (2) A#B.

Firstly we consider the case (1). There are the following two subcases.
(1.1) X(z) and Y (z) are both constants.

(1.2) X(z) or Y(z) is not a constant.
Case (1.1). In this case, the assertion of Theorem 3 follows at once from

(7.31) and (1).

Case (1.2). For instance, we assume that X(z) is not a constant. Another
case, when Y(2) is not a constant, can be treated by the same method.

Let p=G, and {z,} be the p-points of f(z). Put

Fz, p)=pX()+1A—-p)Y(2).
Then by (7.31) and (1)
exp (Bzn)=F(za, p)

for sufficiently large n. Thus
(7.32) | F(zn, p)l=exp (B Rez,)=exp (B-h(p))
for sufficiently large n. Since F(z, p) is regular at z=co, by (7.32)
(7.33) |F(z, p)|=|F(co, p)| (ze Ly,
(7.34) L,={z; Rez=(log|F (oo, p)|)/B}.

Since X(z) and Y(z) have no common pole, any pole of X(z) must be also a pole
of F(z, p) for every p in G\{0}. Let ¢, be a fixed pole of X(z). Then (7.33)
and Schwarz’ reflection principle imply that F(z, ) vanishes at the point
to—2((Re #)— h(p)).
Put
c(p)=t,—2((Re ty)—h(p)) .

F(co, p) is an analytic function of p. Hence there exists a point x in G\{0, 1}
satisfying

(7.35) | F(o0, x)|=|F(c0, 1)I.
By (7.34) and (7.35) we have c¢(x)=c(1). Thus
x X(e(1)+A—x)Y (c(1)=x X(e(x))+(1—x)Y (¢(x))=0,
1- X(e(IN4+0-Y(c(1)=X(c(1))=0.

Hence (1—x)Y(¢(1))=0. Since X(z) and Y(z) have no common pole, Y (c(1))#0.
Thus x=1. This is a contradiction. Thus the case (1.2) cannot occur.
Secondly, we consider the case (2). In this case by (7.31) we easily conclude
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that B/(B—A) must be an integer. Put ¢g=B/(B—A). Then from (7.31)

(7.36) J(@)=(e?®?—Y (2))/(X(2)e®~** =Y (2)).
Let {a,} be the zeros of X(z)-exp((B—A)z)—Y(z). From (7.36)

e(B—A)an:Y(an)/X(an)’ eq(B—A)an:Y(an).
Thus
Y(an)/X(a)) =Y (a,).
Therefore
(7.37) Yz 1=X(z)e.

By (7.36) and (7.37), ¢ cannot be 0 or 1. Therefore X(z) and Y(z) are both con-
stants, since X(z) and Y(z) have no common pole. Let us write X(z)=ux, Y(z)=y.
From (7.36) and (7.37)

(7.38) F@)=(e1E P2 —y)/(xeP D7 —y),

(7.39) yii=x1,

If g#2, 1,0, —1, then the order of the rational function
Qw)=(w'—y)/(xw—2y)

is at least two. In this case, by the same method in the proof of Theorem 4,
the function f(z)=Q(exp(B—A)z) cannot fulfill the assumption of Theorem 3.
Thus this case cannot occur. Hence ¢=2 or —1.
By (7.38) and (7.39) we have the following results.
(1) If ¢g=2, then
f(z):(e(B—A)z+x)/x .
(2) If ¢g=—1, then
J@=(e"F %) /(—y).

The proof of Theorem 3 is now complete.
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