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ON ODD TWO-DIMENSIONAL ICOSAHEDRAL GALOIS

REPRESENTATIONS WITH SQUARE

FREE CONDUCTOR

BY HAJIME NAKAZATO

Introduction

Let Q be an algebraic closure of the rational number field Q, and let G be
the Galois group Gal(Q/Q). In [2], Deligne and Serre proved that the Mellin
transform of a normalized new form of weight 1 with character is the Artin L-
function of a continuous two-dimensional representation of G. The purpose of
this paper is to investigate such representations of G.

Let
p : G — > GL(2,C)

be a two-dimensional continuous complex linear representation of G, and let

ε=det (p):G —

Let C G G be a "complex conjugate", or Frobenius at infinity. We say that p is
odd if ε(c)= —1. Let N be the (Artin) conductor of p. The conductor of ε
divides N (cf. [4]). Let % be a character of a group H; X: H—*CX. Then we
say that X has order n if the image of X has order n, and we denote it by;
ord(%)=w.

Let p be the projective representation of G attached to the linear representa-
tion p of G

G:

PGL(2,C).

The image of p is a finite subgroup of PGL(2,C). Hence it is one of the fol-
lowings

1) cyclic groups,
2) dihedral groups,
3) the alternating groups Λ4, A5, and the symmetric group 54.

We say that p is of type A± (resp. S4, Λδ) if p(G)^A± (resp. SA, Λ5) (cf. [6]),
and that p is icosahedral if it is of type A5.
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Our main result is the following theorem.

THEOREM I. Let p be an odd continuous two-dimensional linear representation
of G with conductor N. Suppose that p is of type Aδ, and that N is square free.
Then the order of the image of p is 240, 720, 1200 or 3600.

Remark. In § 8 of [6], Serre has remarked that if TV is a prime then the order
of the image of p is 240. See Remark 1 in § 2 and Proposition in § 3. Moreover
we see that if TV is a product of two distinct primes then the order of the image
of p is 240, 720 or 1200. See Remark 2 in § 2.

§ 1. Local theory

Let iV— Π pmcp\ and let IP(ZG be an inertia subgroup of a prime p.
p

LEMMA 1. Suppose that m(p)=l. Then p is tamely ramified at p. Moreover
there exists a one-dimensional representation φΦid of lv such that ρ\
phic to the representation ψξ&id of Ip. We have:

is isomor-

Proof. Let DpZDlp be the decomposition group of the place v of Q such
that Ip is the inertia group of v. We identify Dp with the Galois group
Ga\(Qp/Qp) of an algebraic closure Qp of the £-adic number field Qp. Let
KdQp be the fixed field of Keτ(p\Dp). Then we have Gal(K/Qp)^p(Dp). Let
H=Ga\(K/Qp), and let pf: i7->GL(2,C) be the representation of H induced by
p\np- Let 7 be a representation space of pf, and let Gτ (ί^0) be the corre-
sponding ramification groups (Go being the inertia group) in H. By the formula
of Artin conductor, we have

\Gtm(p)=

(cf. [ 4 ] , [5]). If p is not tamely ramified at p . T h e n w e h a v e :
p ' is a faithfull representat ion, w e h a v e : (codim (VG°)^) codim

} . Since
Hence

I Go
- codim (V ΰ°) + codim (V
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So we have: m(p)^2. This contradicts the assumption that m(p)=l. The first
assertion is proved.

Since p is tamely ramified at p, p(Ip) is a cyclic group. Hence there exist
one-dimensional representations φλ and ψ2 of Ip such that p \ Ip is isomorphic to
ψi@ψ2. Considering the conductors of p\Ip and ψi®ψ2, we have :

ψ1=id and ψ2Φid, or ψλφιd and ψ2=ιd .

Therefore p\ip is isomorphic to ψ®ιd with ψφid. The proof is completed.

Remark. Let N be square free. Then by Lemma 1 the conductor of p (see
§ 6 of [6]) is TV and the conductor of ε is N.

§ 2. The order of ε

THEOREM II. Let p be an odd continuous two-dimensional representation of
G with conductor N, and put ε=άet(p). Suppose that N is square free. Then τυe
have the followings.

i) The order of ε is 6, if p is of type Λ4.
ii) The order of ε is 2, 4, 6 or 12, if p is of type S4.

iii) The order of ε is 2, 6, 10 or 30, if p is of type Λδ.

Remark 1. If TV is a prime. Then the followings were obtained in Theorem
7 of [6].

i) There exists no representation of type A±.
ii) The order of ε is 2 or 4, if p is of type S4.

iii) The order of ε is 2, if p is of type Λ5.

Remark 2. Suppose that N is a product of two distinct primes. Then we
have the followings.

i) The order of ε is 6, if p is of type ΛA.
ii) The order of ε is 2, 4, 6 or 12, if p is of type S4.

iii) The order of ε is 2, 6 or 10, if p is of type Λ5.

To obtain Theorem II, we use the following lemma.

LEMMA 2. The Galois group G is generated, in the sense of topological groups
by all conjugates of inertia subgroups of all primes.

Proof. Let Gf be the subgroup of G generated by all conjugates of inertia
subgroups of all primes. Then the fixed field of Gr is unramified over Q. Hence
we have: G=G', by Minkowski's Theorem (cf. [1], Chap. 2, Sec. 6, Problem 4,
p. 129).

Proof of Theorem II. Let n p = o r d ( ε | Ip) for each prime p\N, and let
n=ord(ε). Then n is even since p is odd. Let ζ be a primitive π-th root of
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unity. For a subset A of a group H, let (A) be the subgroup of H generated
by A. By Lemma 2, we have

e(G)=<e(/p)| all primes £|iV>.

So we have <ζ> = <ζΛ/n*>| all primes p\N}. Hence there exist integers ap, p\N,
such that

1 = Σ « , - = - .
p\N Up

Since ε(Ip) = ρ(Ip), ε(Ip) is isomorphic to a cyclic subgroup of p(G) for each p\N.
For each £|iV, ftp is 2 or 3 (resp. 2, 3 or 4; 2, 3 or 5) if ^ is of type A4 (resp.
5 4 ; y45). Hence there exist non-negative integers a, b and c such that ft=2α3δ5c.
Moreover noting that n is even, we have the followings.

i) α = l , O^&^l, c=0, if p is of type AA.
ii) l ^ α ^ 2 , O^δgl, c=0, if /> is of type SA.

Hi) α = l , O^&^l, O^c^l , if ô is of type A5.
Hence we have:

i) n is 2 or β, if ^ is of type y44.
ii) n is 2, 4, 6 or 12, if ^ is of type 54.

iii) n is 2, 6, 10 or 30, if p is of type A5.
By the same reason as in the proof of Theorem 7, pp. 276-277, in § 8 of [6], if
p is of type A± then n is 6. The proof is completed.

§ 3. The proof of Theorem 1

The following proposition and Theorem II imply Theorem I.

PROPOSITION. Let p be an odd continuous two-dimensional linear representa-
tion of G, and let n be the order of det (/?). Suppose that p is of type Aδ. Then
the order of the image of p is 120 ft.

det
Proof Let H=Kev(p(G)—> CA). Then (p(G):H)=n. Let Z be the sub-

group of GL(2,C) consisting of all scalar matrices, and put Z0=p(G)r\Z. Then
p(G)/Z0 = Aδ. The subgroup H is a normal subgroup of p(G). Hence from the
following commutative diagram

H czu p(G)

we see that H/HΓΛZ0 is a normal subgroup of Aδ. Therefore we have H/HΓΛZ0

= A5, since A5 is a simple group. By the definitions of H and Zo, we have two
cases
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a, HnZ,={(l %

b) * * = { ± ( J J)}.
In the case a), we have H=Λ5. Since H is a subgroup of GL(2,C). This con-

tradicts the classification of finite subgroups of GL(2,C) (cf. § 26 of [3]). There-

fore the case a) does not occur.

In the case b), the order of H is 120. Hence the order of ρ{G) is 120n. The

proof is completed.

Remark. In this proposition, we make no assumption on the conductor of p.
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