
N. YAGITA
KODAI MATH. J.
28 (2005), 1–30

INTEGRAL AND BP COHOMOLOGIES OF EXTRASPECIAL

p-GROUPS FOR ODD PRIMES

Nobuaki Yagita

Abstract

For each odd prime p, we see BPoddðBp1þ4
þ Þ ¼ 0 where p1þ4

þ is the extraspecial p-

group of order p5 and of exponent p.

1. Introduction

Let G be a compact group and BG its classifying space. All known
examples of BP�ðBGÞ are generated by even dimensional elements. Hence it
is conjectured that BPoddðBGÞ ¼ 0. In this paper we give new examples of
BPoddðBGÞ ¼ 0.

Throughout this paper, let p be an odd prime number. Let p1þ2n
þ be the

extraspecial p-group of order p1þ2n and exponent p. (For p ¼ 2, the group
21þ2n
þ is the n-th central product of the dihedral group D8 of order 8.) It is

known that the Morava K-theory KðkÞoddðBGÞ ¼ 0 for G ¼ p1þ2
þ , D8 in [T-Y2]

and for G ¼ 21þ4
þ in [S-Y]. By a theorem in [R-W-Y], we know BPoddðBGÞ ¼ 0

for these cases.
For mb 1 or m ¼ y, let us write the central product by

Gn
m ¼ Z=pm �Z=p p1þ2n

þ ; Gn
y ¼ S1 �Z=p p1þ2n

þ

so that Gn
1 ¼ p1þ2n

þ .

Theorem 1.1. The homology H �ðBG2
y;ZÞ has no higher p-torsion, i.e., all

elements are just p-torsion or torsion free.

Theorem 1.2. For mb 2 or m ¼ y, KðkÞoddðBG2
mÞ ¼ 0 for all k, and hence

BPoddðBG2
mÞ ¼ 0. For m ¼ 1, we have BPoddðBG2

1 Þ ¼ 0.

In §2, we recall the Hochschild-Serre spectral sequence converging to
H �ðBGn

y;Z=pÞ, which was studied in [T-Y3]. In §3, we study the similar

1

2000 Mathematics Subject Classification. Primary 55P35, 57T25; Secondary 55R35, 57T05.

Key words and phrases. Chow ring, motivic cohomology, BP-theory, extraspecial p group.

Received May 16, 2003; revised December 6, 2004.



type spectral sequence but converging the integral cohomology H �ðBGn
yÞ.

D. Green also studied this spectral sequence [G]. Transferred elements are
studied in §4. The exponent of H �ðBGn

mÞ is also studied in this section. For

mb 2, KðkÞoddðBG2
mÞ ¼ 0 and BPoddðBG2

mÞ ¼ 0 are proved in §5 and §6 re-
spectively. Here we show KðkÞ�ðBG2

yÞGKðkÞ� nHðH �ðBG2
y;Z=pÞ;QkÞ. The

fact BPoddðBG2
1 Þ ¼ 0 is showed in §7. Here we use facts that Kð1ÞoddðBG2

1 Þ ¼ 0
and that the Euler number of Kð1Þ�ðBG2

1 Þ is known, e.g., by Brunetti [B1]. In
the last section, we study the relation BP�ðBG2

mÞ and the Chow ring CH �ðBG2
mÞ.

Discussions with David Green, Björn Schuster, Maurizio Brunetti and Ergün
Yalcin have been very helpfull. The author thanks them very much.

2. The central product of p1þ2n
þ and S1

Hereafter we assume that p is an odd prime. The extraspecial p-group
G ¼ p1þ2n

þ is the group such that its exponent is p, its center is CGZ=p and
there is the extension

0 ! C !i G !p V ! 0ð2:1Þ

with V ¼ 02n
Z=p. Throughout this section, we assume G ¼ p1þ2n

þ .
We can take generators a1; . . . ; a2n, c A G such that pða1Þ; . . . ; pða2nÞ (resp. c)

make a base of V (resp. C) such that

½a2i�1; a2i� ¼ c and ½a2i�1; aj� ¼ 1 if j0 2i:ð2:2Þ

Take the cohomologies

H �ðBC;Z=pÞGZ=p½u�nLðzÞ; bz ¼ u;

H �ðBV ;Z=pÞGZ=p½y1; . . . ; y2n�nLðx1; . . . ; x2nÞ ¼ S2n nL2n bxi ¼ yi;

identifying the dual of ai (resp. c) with xi (resp. z). Then from (2.2) the central
extension (2.1) is expressed by

f ¼
Xn
i¼1

x2i�1x2i A H 2ðBV ;Z=pÞ:

Hence p�f ¼ 0 in H 2ðBG;Z=pÞ. Consider the spectral sequence

E
�;�
2 ¼ H �ðBV ;H �ðBC;Z=pÞÞ ) H �ðG;Z=pÞ:

Then the first nonzero di¤erential is d2ðzÞ ¼ f since p�ð f Þ ¼ 0. The next dif-
ferential is

d3ðuÞ ¼ bf ¼ zð1Þ with zð1Þ ¼
X

y2i�1x2i � y2ix2i�1:

However this spectral sequence is quite di‰cult to compute and we consider more
easy case.
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Let Cm ¼ Z=pm and Cy ¼ S1. Let us define the central product Gm ¼
G �C Cm so that its center is isomorphic to Cm.

Hereafter we always assume p > n and let ~GG ¼ Gn
y.

We consider the spectral sequence

~EE�;�
2 ¼ H �ðBV ;H �ðBS1;Z=pÞÞ ¼ S2n nL2n nZ=p½u� ) H �ðB ~GG;Z=pÞ:

Here H �ðBS1ÞGZ½u�. This spectral sequence ~EE�;�
r is computed in [T-Y3] when

r < 2pðp� 1Þ for general n and all r for n ¼ 2. We recall some necessary facts
and explain briefly how to compute this spectral sequence.

Given a graded Z=p-algebra A and z A Aodd , we define the homology HðA; zÞ
with the di¤erential dðaÞ ¼ za since z2 ¼ 0. The first nonzero di¤erential in ~EE�;�

r

is d3ðuÞ ¼ bf ¼ zð1Þ from the naturality for GH ~GG. Hence we want to compute
HðS2n nL2n; zð1ÞÞ. For this, we use the following lemma taken from [T-Y3].

Lemma 2.1. Let y; z A A, and jzj ¼ odd, jyj ¼ even. Let us consider the
Z=p-algebra AnLðxÞ for jxj ¼ jzj � jyj. Then we have an additive isomorphism

HðAnLðxÞ; yxþ zÞG ðHðA; zÞ=yÞfxglKerðy jHðA; zÞÞ
where Kerðy jHðA; zÞÞ is the Z=p-submodule of HðA; zÞ generated by the elements
annihilated by the y-multiplication.

From this lemma, we have HðS2n nL1; y2x1ÞGS2n=ðy2Þfx1g. By induc-
tion we get

E
�;2
4 GHðS2n nL2n; zð1ÞÞGZ=pfx1 � � � x2ng ¼ Z=pf f ng since n < p:

Since KerðzÞG ImðzÞlHðA; zÞ for z A Aodd , it is immediate that

Lemma 2.2. There is an isomorphism ðA=zÞ=HðA; zÞG ImðzÞHA. In par-
ticular, if A is w-torsion free for w A Aeven, then so is ðA=zÞ=HðA; zÞ.

Apply this lemma with A ¼ S2n nL2n, z ¼ zð1Þ, w ¼ y1. Since y1 is injec-
tive on A, so is on A=ðzþHðA; zÞÞ. Since f n is yi-torsion, there is no nonzero
di¤erential dr : Z=pf f nusg ! A=z for r < 2p� 1.

Next nonzero di¤erential is the Kudo’s transgression

d2p�1ðzð1Þn up�1Þ ¼ bP1bf ¼ wð1Þ with wð1Þ ¼
X

y
p
2i�1 y2i � y

p
2i y2i�1:

By the above lemma with w ¼ wð1Þ, we know Kerðd2p�1 j Imðzð1ÞÞÞ ¼ 0.
Moreover we need

Lemma 2.3. d2p�1ð f n n up�1Þ ¼ nzð2Þ f n�1 where zð2Þ ¼ P1zð1Þ ¼P
y
p
2i�1x2i � y

p
2ix2i�1.

Proof. Since ~EE�;odd
r ¼ 0, the Bockstein operation maps from ~EE�; even

r to
~EE�þ1; even
r . The element bð f nup�1Þ ¼ nbð f Þ f n�1up�1 goes to nwð1Þ f n�1 by

cohomology of extraspecial p-groups for odd primes 3



d2p�1. Since bðzð2ÞÞ ¼ wð1Þ, we know that d2p�1ð f nup�1Þ ¼ nzð2Þ f n�1 þ a with
a A KerðbÞ. Since xi f

n ¼ 0 and xizð2Þ f n�1 ¼ 0 in S2n nL2n=ðzð1ÞÞ, we know
also xia ¼ 0 and hence bðxiaÞ ¼ yia ¼ 0 but KerðyiÞ ¼ Z=pf f ng. This means
a ¼ 0. r

Therefore we have the theorem

Theorem 2.4 ((3.7) in [T-Y3]). There is an isomorphism up : ~EE�;�
2p ! ~EE�;�þ2p

2p
and

~EE�;2j
2p G

S2n nL2n=ðzð1Þ;wð1Þ; zð2Þ f n�1Þ if j ¼ 0 modðpÞ
Z=pf f n n u jg 1a j < p� 1

0 j ¼ p� 1:

8><
>:

By the transgression theorem, the next di¤erential is d2pþ1ðupÞ ¼ zð2Þ. Let
E ¼ S2n nL2n=ðzð1Þ;wð1ÞÞ. We want to know HðE=ðzð2Þ f n�1Þ; zð2ÞÞ. First we
note the additive isomorphism

HðE=ðzð2Þ f n�1Þ; zð2ÞÞGHðE; zð2ÞÞlZ=pf f n�1g:

By the similar but after some computations, we get

Theorem 2.5 (Corollary 5.19 in [T-Y3]). The term ~EE�;2p
2pþ2 GHðE=ðzð2Þ f n�1Þ;

zð2ÞÞ is generated by f n�1 n up as an S2n nL2n-module and

b : HðE; zð2ÞÞodd GHðE; zð2ÞÞeven=ðZ=pf f ngÞ
HðE=ðzð2Þ f n�1Þ; zð2ÞÞeven GS2n=ðyp

i yj � y
p
j yi j i0 jÞf f n�1glZ=pf f ng:

Let wð2Þ ¼ Ppwð1Þ ¼
P

y
p2

2i�1 y2i � y2i�1 y
p2

2i . It is known that ðwð1Þ;wð2ÞÞ is
a regular sequence in S2n [T-Y1]. By using this fact and Lemma 2.2, we see

Theorem 2.6. (1) The multiplying by wð2Þ is injective on

E=ðzð2ÞÞ þ Z=pf f n�1g þHðE; zð2ÞÞGE=ðzð2Þ þ S2n nL2nf f n�1gÞ
(2) The multiplying by wð2Þ is zero on HðE=zð2Þ f n�1; zð2ÞÞ.

By using the facts that S2n=ðwð1ÞÞ is wð2Þ-free but HðE=ðzð2Þ f n�1Þ; zð2ÞÞ is
not wð2Þ-free, we can prove (Section 6 in [T-Y3])

Lemma 2.7. ~EE�;�
2pþ2 G ~EE�;�

2pðp�1Þþ1.

By the Kudo’s transgression, d2pðp�1Þþ1ðzð2Þupðp�1ÞÞ ¼ wð2Þ. However for

general n, it is unknown yet d2pðp�1Þþ1ð f n�1upðp�1ÞÞ.
Let us use the notation such that

aG b means a ¼ lb for 00 l A Z=p:
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For n ¼ 2, we know

d2pðp�1Þþ1ð fupð p�1ÞÞGw12ð2Þ0bðx1x2Þ þ w34ð2Þ0bðx3x4Þ

where wijð2Þ0 ¼ ðyp2

i yj � y
p2

j yiÞ=ðyp
i yj � y

p
j yiÞ. Hereafter let us write by wð2Þ0

the element w12ð2Þ0 � w34ð2Þ0. When n ¼ 2, there is the another di¤erential

d2p3ð f 2up2�2ÞG zð3Þ ¼ Ppzð2Þ:

Thus we can compute ~EE�;�
y for n ¼ 2.

Theorem 2.8 ([T-Y3]). For the spectral sequence converging to H �ðG2
y;Z=pÞ,

we have the isomorphisms

~EE�;2pj
y G

S4 nL4=ðzð1Þ; zð2Þ; zð3Þ;wð1Þ;wð2Þ;wð2Þ0bðx1x2ÞÞ; j ¼ 0 modðpÞ
HðE=ðzð2Þ f Þ; zð2ÞÞ 0 < j < p� 1 modðpÞ
Z=pf f 2g j ¼ p� 1 modðpÞ;

8><
>:
~EE�;2j
y G

Z=pf f 2g 0 < j < p� 1 modðpÞ and j0 p j � 2

0 j ¼ p� 1 modðpÞ or j ¼ p2 � 2:

�

Given H �ðB ~GG;Z=pÞ (or HðB ~GGÞ), to compute H �ðBGn
m;Z=pÞ (or H �ðBGn

mÞÞ
we use the following fibration induced from (2.1)

S1 ¼ ~GG=Gn
m ! BGn

m ! B ~GG:

The induced spectral sequence is

E�;�
2 ¼ H �ðB ~GG;H �ðS1;Z=pÞÞGH �ðB ~GG;Z=pÞnLðzÞ ) H �ðBGn

m;Z=pÞ.

Let us write d2z ¼ f 0. When m ¼ 1 this f 0 ¼ f but when n > 1, f 0 ¼ 0 (see
Proposition 3.17 in [Y2]).

Lemma 2.9. As S2n-modules, H �ðBGn
m;Z=pÞ is isomorphic to

ðKerð f Þ jH �ðB ~GG;Z=pÞfzglH �ðB ~GG;Z=pÞ=ð f Þ if m ¼ 1

H �ðB ~GG;Z=pÞnLðzÞ if mb 2:

�

3. Integral cohomology

We consider the integral coe‰cient spectral sequence

IE
�;�
2 ¼ H �ðBV ;H �ðBS1ÞÞ ) H �ðB ~GGÞ:

This spectral sequence is also studied in [G] by Green. First we note that
H �ðBVÞG ImðbÞHH �ðBV ;Z=pÞ since the cohomology HðH �ðBV ;Z=pÞ; bÞG
Z=pf1g. The cohomology HðH �ðBVÞ; zð1ÞÞ is given by D. Green.

Lemma 3.1 ([G]). HðH �ðBVÞ; zð1ÞÞGZfpglZ=pfzð1Þ f ; . . . ; zð1Þ f n�1g.
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Proof. Let V 0 l ðZ=pÞ2 GV . By induction we assume that

HþðH �ðBV 0Þ; zð1ÞÞGZ=pfzð1Þ; zð1Þ f ; . . . ; zð1Þ f n�2g:

Considering the spectral sequence

E
�;�
2 ¼ HðH �ðBðZ=pÞ2Þ;H �ðBV 0ÞÞ ) H �ðBVÞ

we can write gr H �ðBVÞGAlBlZf1g where A ¼ E�;þ
2 GH �ðBV 0Þþ n

Z=p½y1; y2�nLðx1; x2Þ and B ¼ Eþ;0
2 G ðZ=p½y1; y2�nLðbÞÞþ with b ¼ bðx1x2Þ.

From Lemma 2.1, we have

HðA; zð1ÞÞGHðH �ðBV 0Þþ; zð1ÞÞfx1x2g

and HðB; zð1ÞÞGZ=pfbg since 1 B B and zð1Þ jB ¼ b. Thus we get

Hðgr H �ðBVÞþ; zð1ÞÞGZ=pfb; zð1Þx1x2; . . . ; zð1Þ f n�2x1x2g:

Since zð1Þ f i is really cycle for the di¤erential zð1Þ, and we have the lemma from

HðH �ðBVÞþ; zð1ÞÞGHðH �ðBVÞ; zð1ÞÞlZ=pfzð1Þg: r

Corollary 3.2. The term IE
�;2i
4 is isomorphic to

Zf1gl bH �ðBV ;Z=pÞ=ðzð1ÞbH �ðBV ;Z=pÞÞ 2i ¼ 0

ZfpglZ=pfzð1Þ f ; . . . ; zð1Þ f n�1g 0 < 2i < 2ðp� 1Þ
Zfpgl zð1ÞbH �ðBV ;Z=pÞlZ=pfzð1Þ f ; . . . ; zð1Þ f n�1g 2i ¼ 2p� 2:

8><
>:
We use the following notations. For an element a A E�;�

y converging to
H �ðX Þ (or H �ðX ;Z=pÞ), let us write by fag one of the correspondences elements
in H �ðXÞ (or H �ðX ;Z=pÞ). For an element x A H �ðXÞ, let ½x� A E�;�

y be the
corresponding nonzero element in the spectral sequence. Therefore ½fag� ¼ a for
a0 0 but x1 f½x�g modulo fE�þ1;�g.

Let r : H �ðX Þ ! H �ðX ;Z=pÞ be the reduction map.

Lemma 3.3. Let 1a sa n. Then d2iþ1ðpi�1usÞG zð1Þ f i�1us�i for all ia s,
and psus generates IE0;2s

2sþ2 G IE 0;2s
y . Moreover rðfpsusgÞ ¼ f s.

Proof. By the naturality for the reduction map r, d3ðuÞ ¼ zð1Þ also in IE
�;�
3 .

Hence pu A E
0;2
4 generates E0;2

y and rðfpugÞ0 0. But it is easily seen that
KerðbÞ=ImðbÞVE2;0

y GZ=pf f g. Thus we can take rðfpugÞG f . For sa n, we
have

rðfpsusgÞ ¼ rðfpugÞs G f f gs ¼ f s:

This means psus generates E0;2s
y , and by dimensional reason, we have

d2iþ1ðpi�1usÞG zð1Þ f i�1us�i for all i < s. r

Similarly, we have
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Lemma 3.4. Let 1a ia n and na sa p� 1. Then d2iþ1ðpi�1usÞG
zð1Þ f i�1us�i.

For the proof of this lemma, we prepare the following lemma.

Lemma 3.5. Let A be a graded algebra acting the Bockstein b with
HðA; bÞ ¼ 0. Let z A Aodd with bz ¼ 0 and write HðA; zÞ ¼ H and HðbA; zÞ ¼
IH. Then

HðA=ðzþHÞ; bÞH z�1IH; ImðbÞðA=ðzþHÞÞG bA=ðzbAþ IHÞ
identifying z�1IH as the submodule of A=ðzþHÞGA=KerðzÞ.

Proof. We note that

KerðbÞ j ðA=ðzþHÞÞGKerðbÞ j ðA=KerðzÞÞ G
�z

ImðzÞVKerðbÞHA:

On the other hand,

ImðbÞðA=ðzþHÞÞ G
�z

ImðbÞðImðzÞÞG ImðzÞðImðbÞÞG ImðzÞðKerðbÞÞ
since bðzaÞ ¼ zbðaÞ and HðA; bÞ ¼ 0. Thus we get

HðA=ðzþHÞ; bÞ G
�z

ðIm zVKerðbÞÞ=ImðzÞðKerðbÞÞ
H ðKerðzÞVKerðbÞÞ=ImðzÞðKerðbÞÞ ¼ HðKerðbÞ; zÞ:

Moreover we have

bA=ðzbAþ IHÞG bA=kerðzÞ G
�z

ImðzÞðIm bÞ: r

Let us write A ¼ E
�;0
2 GS2n nL2n, B ¼ E

�;0
4 GA=zð1Þ, and IA ¼ IE

þ;0
2 G bA,

IB ¼ IE
þ;0
4 G IA=ðzð1ÞIAÞ. From the above lemma. We have

Corollary 3.6. HðBþ; bÞGZ=pf f ; . . . ; f ng and IB=IHG bB where IHG
Z=pfzð1Þ f ; . . . ; zð1Þ f n�1g.

Proof. Here HðAþ; bÞ ¼ H ¼ 0 and hence

HðBþ; bÞ ¼ HðAþ=zð1Þ; bÞ ¼ HðAþ=ðzð1Þ þHÞ; bÞH zð1Þ�1
IH;

where IHGZ=pfzð1Þ f ; . . . ; zð1Þ f n�1g is still given in Lemma 3.1. Since bf ¼
zð1Þ ¼ 0 in B, f i are in KerðbÞ. r

Let us write D ¼ HðBþ; bÞGZ=pf f ; . . . ; f ng.

Proof of Lemma 3.4. From Theorem 2.4, we know for � < 2ðp� 1Þ,

Ker bðH �ðB ~GG;Z=pÞþÞG bBlDlZ=pf f nu; . . . ; f nup�2g:

This module is also isomorphic to H �ðBGÞ=p. For each ia p� 1, psui are in
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~EE0;�
y for su‰cient large s. Hence there is s 0 such that rfps 0uigG f f nui�ng, when

na ia p� 1. Moreover each element of form zð1Þ f kui must be killed in the
spectral sequence IE�;�

y . By dimensional reason, we have the lemma. q.e.d.

Next consider di¤erentials for elements in IE
�;2ðp�1Þ
4 . The fact that

IE
�;2ðp�1Þ
4 GKerðzð1ÞÞV IA is yi-torsion free implies that there does not exist

di¤erential such that drðxÞ0 0 A E
�;2ðp�1Þ
r for 4a ra 2p� 1 since zð1Þ f ius is yj-

torsion. Similarly since A=ðzþHÞGB=H is yj-torsion free, and so is IB=IHG
bB=H. Hence each element zð1Þ f ius does not go by di¤erential into a nonzero
element in IB=IH.

For the element wð1Þ A IE�;0
y , since rðwð1ÞÞ ¼ 0 A ~EE�;0

y , we have wð1Þ ¼
lpfps 0upþ1g in H �ðB ~GGÞ where note jzð1Þ f iusj ¼ odd. But wð1Þ is p-torsion also

in H �ðB ~GGÞ and fps 0upþ1g is torsion free and l ¼ 0. Therefore there is an
element z with drðzÞ ¼ wð1Þ in IE�;�

r . By dimensional reason or by naturality, we
have

d2p�1ðzð1Þup�1Þ ¼ wð1Þ:
Similarly we get

d2p�1ðzð1Þ f i�1up�1Þ ¼ bðzð2Þ f i�1Þ ¼ wð1Þ f i�1 � ði � 1Þzð2Þzð1Þ f i�2:

Recall that E ¼ S2n nL2n=ðzð1Þ;wð1ÞÞ. Let us write IE ¼ IE
þ;0
2pþ1 ¼

IB=ðwð1ÞIB;GÞ where

G ¼ Z=pfbðzð2Þ f Þ; . . . ; bðzð2Þ f n�1Þg:

Lemma 3.7. IE
0;þ
2pþ1 G IEHE=ðzð2Þ f n�1ÞG ~EE0;�

2pþ1.

Proof. Let x A IB and x ¼ 0 A E. Then x ¼ bðx 0Þ ¼ wð1Þa in B. Hence
wð1Þba ¼ 0. Here Kerðwð1ÞÞG Im zð1ÞlZ=pf f ng. So ba ¼ lf n but it does
not hold l0 0 in B, indeed, f n B bB. Thus ba ¼ 0. This means a ¼ ba 0 þP

li f
i. Therefore

wð1Þa ¼ wð1Þba 0 þ
X

wð1Þli f i

¼ wð1Þba 0 þ
X

liðwð1Þ f i � izð2Þzð1Þ f i�1Þ in B

since zð1Þ ¼ 0 A B. Thus we see that x A ðwð1ÞIB;GÞ and x ¼ 0 in IE. r

Lemma 3.8. HðEþ=zð2Þ; bÞGD.

Proof. Let x A Kerðb jE=zð2ÞÞ. Since E=ðzð2ÞÞ ¼ B=ðwð1Þ; zð2ÞÞ, this
means

bx ¼ zð2Þaþ wð1Þb in B:

Take more b, and we get
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0 ¼ b2x ¼ wð1Þa� zð2Þbaþ wð1Þbb:

Multiply by zð2Þ, we have zð2Þwð1Þðaþ bbÞ ¼ 0. Here we note that Kerðwð1ÞÞ
in B is isomorphic to Kerðzð1ÞÞG Im zð1Þ þ Z=pf f ng in A. This fact is shown
from that the Kudo’s transgression d2p�1 : Im zð1Þ ! B via. zð1Þ 7! wð1Þ is in-
jective. Hence wð1Þx ¼ 0 in B means that zð1Þx ¼ 0 in A. By dimensional
reason jzð2Þj > j f nj, we have zð2Þðaþ bbÞ ¼ 0. Thus

bx ¼ zð2Þð�bbÞ þ wð1Þb ¼ bðzð2ÞbÞ:

Hence bðx� zð2ÞbÞ ¼ 0 in B. Since HðB; bÞ ¼ D, we have

x� zð2Þb A Im b þ D in B:

Thus x A Im b þ D in E=zð2Þ. r

From Theorem 2.5, Lemma 2.7 and the above lemma, we see;

Corollary 3.9. When � < 2p2 � 2p, each element of H �ðB ~GGÞ is torsion free
or just p-torsion.

From the above corollary, the map r : IEm;0
y ! ~EEm;0

y is injective for 0 <
m < 2p2 � 2p. In particular elements bðzð2ÞxÞ A ~EE�;0

2p�1, �a 2ðpþ nÞ < 4p� 1
must be target drðzÞ for some z A ~EE�;�

r by arguments before Lemma 3.7. By the
naturality, we see

d2pþ1ðbðxÞupÞ ¼ bðxzð2ÞÞ in IE�;�
2pþ1

from the fact d2pþ1ðxupÞ ¼ xzð2Þ in ~EE�;�
r . For the cases jbðxÞjb 4p� 1, we can

write x ¼
P

x 0bðx 00Þ with jx 0j < 2p and we also have d2pþ1ðupbðxÞÞ ¼ zð2ÞbðxÞ.
Let F ¼ ~EE�;0

2pþ2 GE=ðzð2ÞÞ and IF ¼ IE=ðbðzð2ÞEÞÞ.

Lemma 3.10. IF HF and bHðE; zð2ÞÞG IHðIE; zð2ÞÞ where IHðIE; zð2ÞÞ ¼
fbðxÞ A IE j bðzð2ÞxÞ ¼ 0g=ðbðzð2ÞEÞÞ.

Proof. Let bðxÞ A IE and bðxÞ ¼ 0 A F . From the proof of Lemma 3.7, we
can see that bðxÞ ¼ zð2Þbb� wð1Þb ¼ bðzð2ÞbÞ A E. So x ¼ 0 A IF . r

From the above corollary and lemma, we show that all nonzero elements in IE�;þ
r

�0 0 modðpÞ must be killed.

Lemma 3.11. When sa n, we get

d2iþ1ðpi�1usþpÞG zð1Þ f i�1usþp�i if sb i

d2sþ1ðpsusþpÞ ¼ 0

d2iþ3ðpi�1usþpÞG zð1Þ f iusþp�i�1 nb i > sþ 1:

8><
>:
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Corollary 3.12.

IE
�;2j
2pðp�1Þþ1 G

IF GZf1gl bE=ðbðzð2ÞEÞÞ j ¼ 0

Zfp ju jg 0 < 2j < 2n

Zfpnu jg 2na 2ja 2p� 2

8><
>:

IE
�;2pþ2j
2pðp�1Þþ1 G

bHðE; zð2ÞÞlZfpn�1upg j ¼ 0

Zfpn�1upþjg 0 < 2j < 2n

Zfpnupþjg 2na 2ja 2p� 2:

8><
>:

Now we consider the case n ¼ 2. Recall wð2Þ=ðyp
1 y2 � y1 y

p
2 Þ ¼ w12ð2Þ0 �

w34ð2Þ0 and write it by wð2Þ0 so that d2pðp�1Þð fupð p�1ÞÞGwð2Þ0bðx1x2Þ A ~EE�;0
r .

Hence wð2Þ0bðx1x2Þ ¼ pa in H �ð ~GG;ZÞ. But nonzero elements in IE
�; s
2pðp�1Þþ1 for

0 < s < 2p2 are even dimensional from Cor. 3.12 and Theorem 2.5. Hence
wð2Þ0bðx1x2Þ ¼ 0 also in H �ð ~GG;ZÞ. By dimensional reason we have

d2ðp�1Þpþ3ðpupðp�1Þþ1ÞGwð2Þ0bðx1x2Þ in IE�;0
r :

Define

G ¼ E�;0
y GF=ðwð2Þ;wð2Þ0bðx1x2Þ; zð3ÞÞ

and IG ¼ IF=ðwð2Þf1; IFg;wð2Þ0bðx1x2ÞIF Þ:

Lemma 3.13. When n ¼ 2, IG ¼ bG and IGG IEþ;0
y . Moreover HðG; bÞG

DlZ=pfwð2Þ0x1x2g.

Proof. Let x ¼ 0 A G and x ¼ bx 0 A F . Then in F ,

bðx 0Þ ¼ wð2Þaþ wð2Þ0bðx1x2Þcþ zð3Þd for c A HðE;Zð2ÞÞ; d A Z=p:

By dimensional reason, we see d ¼ 0. First consider the case jxj ¼ even.
Applying b, we see

wð2Þbaþ wð2Þ0bðx1x2ÞbðcÞ ¼ 0:

Here jcj ¼ odd and c ¼ 0 otherwise wð2Þ0bðx1x2ÞbðcÞ0 0 modðwð2ÞÞ from
Theorem 2.5 and Theorem 2.6 (2). Thus wð2ÞbðaÞ ¼ 0. Hence for this case, we
can prove the lemma by the arguments similar to those of the proof of Lemma
3.9.

Let jxj ¼ odd. Then jcj ¼ even and also from Theorem 2.5, bc ¼ 0 and
bðx1x2Þc ¼ bðx1x2cÞ. Therefore we can prove the lemma similarly to the case
jxj ¼ even. r

Remark. The fact HðG; bÞGDlZ=pfwð2Þ0x1x2g is also proved in Section
4 below.

Thus we get the results for the case n ¼ 2.

Theorem 3.14. When n ¼ 2
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IE�;2pj
y G

Zf1gl IG if j ¼ 0 modðpÞ
Zfpgl IHðE; zð2ÞÞ 0 < j < p� 1 modðpÞ
Zfpg j ¼ p� 1 modðpÞ;

8><
>:

For j0 0 modðpÞ,

IE�;2j
y G

Zfpg j ¼ 1 modðpÞ; j0 pðp� 1Þ þ 1 modðp2Þ
Zfp2g 2a ja p� 1 modðpÞ or j ¼ pðp� 1Þ þ 1 modðp2Þ:

�

Corollary 3.15. All elements in H �ðBG2
yÞ are just p-torsion or torsion free.

Corollary 3.16. The reduced map r : H �ðBG2
yÞ ! H �ðBG2

y;Z=pÞ is given
by

rfpuspgG f f 2usp�2g 1a sa p� 1

rfpuspþ1gG f fuspg 0a sa p� 2

rfp2upðp�1Þþ1gG fwð2Þ0x1x2g
rfp2uspþjgG f f 2uspþj�2g 2a ja p� 1:

8>>><
>>>:

Now we study the integral cohomology of the finite groups Gn
m. The in-

tegral version of the spectral sequence is

IE�;�
2 ¼ H �ðB ~GGÞnLðzÞ ) H �ðBGn

mÞ:ð3:2Þ

Here the di¤erential is d2ðzÞ ¼ f 0 G fpmug A H �ðB ~GGÞ. This fact is proved by the
naturality to the restriction maps

S1 ! BZ=pm ! BS1

and by the isomorphism H �ðBZ=pmÞGZ½u�=ðpmuÞ. Similarly to the mod p
case, we have the isomorphism

H �ðBGn
mÞG ðKer f 0 jH �ðB ~GGÞÞlH �ðB ~GGÞ=ð f 0Þ:

For the integral case, d2ðzÞ0 0 even if mb 2. Let pmðiÞui generate IE0;�
y . Since

d2fpmði�1Þui�1zgG fpmði�1Þui�1gfpmug ¼ fpmði�1Þþmuig;
we have

pmði�1Þþm�mðiÞ j expðH �ðBGn
mÞÞ

where expðH �ðBGn
mÞÞ is the exponent of H �ðBGn

mÞ.
Since each element of H �ðBG2

yÞ is just p-torsion or torsion free, and
mðp2Þ ¼ 0 and mðp2 � 1Þ ¼ 2, we easily see that

Corollary 3.17. expðH �ðBG2
mÞÞ ¼ pmþ2.

This fact is extended for all n < p in Corollary 4.7 bellow.

cohomology of extraspecial p-groups for odd primes 11



4. Transfers

In this section, we study about generators pmðiÞui A IE 0;2i
y . We can take

fpsusg as a Chern class csðxÞ where x is a one dimensional representation with
xðxÞ ¼ e2pxi for x A R=ZGS1 and xðajÞ ¼ 1. Moreover fpnung is represented by
transfer.

Let Aodd be the maximal abelian subgroup of ~GG generated by

Aodd ¼ ha1; a3; . . . ; a2n�1i� S1

so that

H �ðBAodd ;Z=pÞGZ=p½y1; y3; . . . ; y2n�1�nLðx1; x3; . . . ; x2n�1ÞnZ=p½u�:
Consider the transfer

trðiÞ ¼ Cor
~GG
Aodd ðuiÞ A H �ðB ~GGÞ ¼ H �ðBGn

yÞ:

Since ½ ~GG;Aodd � ¼ pn, we have trðiÞ jS1 ¼ pnui. Moreover rðtrðiÞÞ is xeven-torsion
and yeven-torsion because by the Frobenius formula

yeven trðiÞ ¼ yeven CorðuiÞ ¼ Corði�oddðyevenÞuiÞ ¼ 0

where iodd : Aodd ! ~GG is the inclusion and i�oddðyevenÞ ¼ 0.

Lemma 4.1. If ia nðp� 1Þ, then rðtrðiÞÞG f f nui�ng or 0.

Proof. The transfer rðtrðiÞÞ is yeven-torsion, and xeven-torsion in

H �ðB ~GG;Z=pÞ, and also in E�;�
2p2þ1

for i < 2p2. Hence rðtrðiÞÞ is wð2Þ ¼P
y
p
2i�1 y2i � y

p
2i y2i�1-torsion in E

�;�
2p2þ1

. From Theorem 2.6, there is no nonzero
such torsion element in

E� 0;�
2p2þ1

=ðHðE; zð2ÞÞ þ Z=pf f n�1gÞ for �0 < 2pðp� 1Þ þ 1:

Also from Theorem 2.5 and Lemma 4.3 (2) below, the nonzero yeven-torsion
elements of degree less than 2nðp� 1Þ þ 1 is only the f n in HðE; zð2ÞÞþ
Z=pf f n�1g. r

From Corollary 3.12, we have (see also Lemma 4.6 bellow)

Corollary 4.2. If na ia ðp� 1Þ modðpÞ, then rðtrðiÞÞGf f nui�ng:

Proof. Recall trðiÞ jS1 ¼ pnui. From Corollary 3.12, we know trðiÞ0 0
modðpÞ in H �ðB ~GGÞ. Hence rðtrðiÞÞ0 0. Thus we have the corollary from the
above lemma. r

Lemma 4.3. Given kb 1, let a A S ¼ Sl=ðypk

i yj � yi y
pk

j j 1a i < ja lÞ.
Then we have

(1) if yia ¼ 0 for all i, then a ¼ 0.
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(2) if a A Idealðy1 � � � ysÞ and yia ¼ 0 for all 1a ia s, then jajb
sðpk � 1Þ þ 1.

Proof. Replacing yi y
pk

j by y
pk

i yj for i < j, we can uniquely write an ele-
ment a A S as

a ¼
X

lI yI ¼
X

lyi1
1 � � � yil

lðaÞ

where I ¼ ði1; . . . ; ilÞ ¼ ð0; . . . ; 0; imðIÞ; imðIÞþ1; . . . ; ilÞ with imðIÞ 0 0 and 0a is a
pk � 1 for all mðIÞ þ 1a sa l.

For the proof of (1), let ~II be the smallest I for lI 0 0 by the lexicographic
order (i.e., I > J if there is s such that ik ¼ jk for all k < s and is > js). Then
ymð~II Þa0 0 because ymð~II ÞyI > ymð~II Þ y~II for I > ~II . This shows (1).

Suppose that yia ¼ 0 for l � sa ia l. Then ~iil b pk � 1, otherwise yl y~II
becomes the smallest in yl yI , and hence yla0 0. Since a A Idealðyl�s � � � ylÞ, we

know ~iil ¼ pk � 1 if sb 1. Next applying yl�1 on a implies ~iil�1 ¼ pk � 1 if

sb 2. Continue this arguments, we know ~iit ¼ pk � 1 for l � sa ta l. This
shows (2). r

For a finite group G, an element x A H �ðBG;Z=pÞ is said to be essential if
it restricts trivially to all proper subgroups of G. We consider essential elements
for G ¼ Gn

1 ¼ p1þ2n
þ . Similar arguments are also done by Minh ([Mi]).

Proposition 4.4. If n < i < ðp� 1Þ, then trðiÞ A H �ðBGn
1 ;Z=pÞ is essential.

Proof. Any maximal subgroup M of Gn
1 is isomorphic to Gn�1

1 � Z=p. Let
hM; gi ¼ Gn

1 . Suppose that Aodd ¼ AHM. Then by the double coset formula,

trðiÞ jM ¼
Xp�1

k¼0

CorMgkAg�kVMðgk�uiÞ ¼ CorMA
X
k

gk�ui

 !
:

Let H �ðM;Z=pÞGH �ðBGn�1
1 ;Z=pÞnZ=p½y�nLðxÞ so that g�ðuÞ ¼ uþ y.

Then X
k

gk�ui ¼
X
k

ðyþ kyÞ i ¼
Xi

j¼0

i

j

� � X
k j

� �
uiyi�j ¼ 0 modðpÞ

since
Pp�1

k¼0 k
j ¼ 0 modðpÞ for j < p� 1.

Next suppose that hA;Mi ¼ G. Let ~AA ¼ AVM. Then ~AAG ðZ=pÞ s for
sa n. Since all maximal elementary abelian p-subgroup of Gn

1 have the rank ¼
nþ 1, there is a subgroup AVMHBHM with BG ðZ=pÞnþ1. By the double
coset formula, we also have

trðiÞ jM ¼ CorM~AA ðuiÞ ¼ CorMB CorB~AAðu
iÞ:

Since BG ~AA� ðZ=pÞnþ1�s, we see CorB~AAð�Þ ¼ 0. r
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Let A 0 ¼ hA;G1
1iHGn

1 . Then from Corollary 3.12 and Theorem 2.4, we
see

f f nup�ngGCor
Gn

1

A 0 ðupÞ where up ¼ fupg A H �ðBG1
1 ;Z=pÞHH �ðBA 0;Z=pÞ:

Proposition 4.5. For nb 2, the element Cor
Gn

1

A 0 ðupÞ A H �ðBGn
1 ;Z=pÞ is es-

sential.

Proof. Suppose that A 0 HM. Then by the double coset formula

Cor
Gn

1

A 0 ðupÞ jM ¼
Xp�1

k¼0

CorMgkA 0g�k VMðgk�upÞ ¼ CorMA 0

X
k

gk�up

 !
:

It is known that up j ha1; ci ¼ up � y
p�1
1 u [L]. Hence

g�up jA ¼ ðuþ yÞp � y
p�1
1 ðuþ yÞ ¼ ðup þ y

p�1
1 uÞ þ ðyp � y

p�1
1 yÞ:

From this equation we can prove (for details, see [L])

g�up ¼ up þ yp � wy where w ¼ Cor
G1

1

ha1; ci
ðup�1Þ þ y

p�1
2 :

Here we identify Cor
G1

1

ha1; ci
ð�Þ ¼ CorA

0

A ð�Þ since ha1; ci� ðZ=pÞn�1 GA and

G1
1 � ðZ=pÞn�1 GA 0. Thus we get

P
k g

k�up ¼ 0 since g�w ¼ w.
Next suppose that hA 0;Mi ¼ G. Let us write ~AA ¼ A 0 VM. If

rankpð ~AAÞa n, then we can take B as the proof of Proposition 4.4. Similarly we

get CorB~AAð�Þ ¼ 0 for the above case. Hence let ~AAG ðZ=pÞnþ1 and this implies
~AA ¼ A. Also by the double coset formula

Cor
Gn

1

A 0 ðupÞ jM ¼ CorMA ðup � y
p�1
1 uÞ ¼ CorMA ðupÞ � y

p�1
1 CorMA ðuÞ:

But the above formula is zero by the following reason. We take ~AA ¼ AH
BHM such that BGG1

1 � ðZ=pÞn�1. Here let us reorder i of ai so that BI
G1

1 ¼ hc; a3; a4i. The restrictions

Cor
G1

1

ha3; ci
ðupÞ j hal

3a4; ci ¼ Cor
ha l

3
a4; ci

hci ðupÞ ¼ 0 for 0a la p� 1;

Cor
G1

1

ha3; ci
ðupÞ j ha3; ci ¼

Xp�1

k¼0

ða4Þ�kðupÞ ¼
X

ðuþ ky3Þp ¼ 0

implies Cor
G1

1

ha3; ci
ðupÞ ¼ 0 (in fact, there is no essential element of degree 2p in

H �ðBG1
1 ;Z=pÞ). Moreover Cor

G1
1

ha3; ci
ðuÞ ¼ f ¼ 0. Hence we know

CorB~AAðu
pÞ ¼ 0 and CorB~AAðuÞ ¼ 0: r

Remark 4.1. For the group G2
1 , we note that

fwð2Þ0x1x2gG ðfpupðp�1ÞgfpugÞG rðfpupðp�1ÞgÞ f G f f 2upðp�1Þ�2g f :
There contains errors in Theorem 8.18 in [T-Y3]. The elements zpðp�1Þ�1z and
fwð2Þ0x1x1g in H �ðBG1;Z=pÞ should be deleted. Ignoring the assumption jbj0
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2pðp� 1Þ þ 2 in Lemma 8.18 occurred the errors. Hence h ¼ 0 in Prop. 6 in
[Mi], while the main theorem in [Mi] is of course correct.

Remark 4.2. Considering the restriction to G1
y and using the arguments in

Lemma 7.3 below, we can prove

f fupg j ðG1
1 � Z=pÞG trð2Þyp�1

3 :

Now we study mðiÞ for na ia p� 1 modðpÞ.

Lemma 4.6. Let na ia p� 1 modðpÞ. Then for the group Gn
y, the

number mðiÞ ¼ n, that is, pnui generates IE0;�
y .

Proof. By induction, we assume the above fact for n. Consider the map of
extensions

1 ���! Gn
y ���! Gnþ1

y ���! Z=plZ=p ���! 0

j1

x??? j2

x???
x???

0 ���! S1 l ðZ=pÞn ���! G1
y l ðZ=pÞn ���! Z=plZ=p ���! 0

and the induced spectral sequences

Eðnþ 1Þ�;�2 ¼ H �ðBðZ=plZ=pÞ;H �ðBGn
yÞÞ ) H �ðBGnþ1

y Þ
Eð1 0Þ�;�2 ¼ H �ðZ=plZ=p;H �ðBðS1 l ðZ=pÞnÞÞ ) H �ðBðG1

y l ðZ=pÞnÞÞ:
The di¤erential of the transferred element is

d2ðtrðiÞÞ ¼ d2ð j1!ðuiÞÞ ¼ j2!d2ðuiÞ

¼ j2!ðiui�1 n z12ð1ÞÞ ¼ ij1!ðui�1Þn z12ð1Þ ¼ i trði � 1Þn z12ð1Þ
where j! is the transfer map induced from an injection j.

We assume that nþ 1a ia p� 1 modðpÞ, and so na i � 1 modðpÞ. This

means that trði � 1Þ generates IE
0;2ði�1Þ
y and trði � 1Þ0 0 by inductive assump-

tion. Thus trðiÞ is not a permanent cycle in Eðnþ 1Þ�;�r . Hence pnþ1ui generates
IE0;2i

y for H �ðBGnþ1
y Þ. r

Corollary 4.7 ([T-Y2] Theorem 5.2). pmþn j expðH �ðBGn
mÞÞ.

Proof. Note that IE0;�
y is generated by pnupn�1 (resp. upn

) when � ¼
2ðpn � 1Þ (resp. � ¼ 2pn). Therefore the di¤erential in (3.2) is

d2ððpnupn�1Þn zÞ ¼ pnupn�1pmu ¼ pmþnupn

: r

5. Morava K-theory

In this section, we compute the Morava K-theory of the group ~GG. Let us
write the infinitive term E�;0

y by A, i.e.,
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A ¼ S4 nL4=ðwð1Þ;wð2Þ; zð1Þ; zð2Þ; zð3Þ;wð2Þ0bðx1x2ÞÞ:

Write by Ai, 0a ia 4, the S4-submodule of A generated by i-th product xj1 � � � xji
of odd degree generators. In particular, A0 ¼ S4=ðwð1Þ;wð2ÞÞ.

We consider the additive decomposition

A0 ¼ B0 lC0 with B0 ¼ A0=ðw12ð1ÞÞ; C0 ¼ A0hw12ð1Þi

where A0hwi means the A0-submodule of A generated by w (while A0fwg means
the free A0-module). Here we have

B0 GS12=ðw12ð1ÞÞnS34=ðw34ð1ÞÞ; C0 GS4=ðwð1Þ;wð2Þ0Þfw12ð1Þg

where Sij ¼ Z=p½yi; yj �, wijð1Þ ¼ y
p
i yj � yi y

p
j , so that wð1Þ ¼ w12ð1Þ þ w34ð1Þ and

wð2Þ ¼ wð2Þ0w12ð1Þ.
We also consider the decomposition of Aþ such that

Aþ ¼ Bþ lCþ with Bþ ¼ Aþ=ðz12ð1Þ; z12ð2Þ; x1x2; x3x4Þ;
Cþ ¼ Ahz12ð1Þ; z12ð2Þ; x1x2; x3x4i

Let B ¼ B0 lBþ and C ¼ C0 lCþ so that A ¼ BlC. Let us write

Bij ¼ Bij;0 lBij;þ where Bij;0 ¼ Sij=ðwijð1ÞÞ;

Bij;þ ¼ Sijfxi; xjg=ðzijð1Þ; zijð2Þ; xixjÞ
GSijfxi; xjg=ðyixj � yjxi; y

p
i xj � yjx

p
i ; xixjÞGSij=ðyjiÞfxiglZ=p½yj�fxjg

so that BGB12 nB34. Here

yji ¼ wjið1Þ=yi ¼ y
p
j � y

p�1
i yj:

The Qk-action is given by Qkxi ¼ y
pk

i . Hence Qk : Bij;þ ! Bij;0 ¼ Sij=ðwijð1ÞÞ is
injective since wijð1Þ ¼ yi yji. Then we can easily compute the Qk homology

HðBij ;QkÞGSij=ðypk

i ; ypk

j ;wijð1ÞÞ:
By Kunneth formula, we have;

Lemma 5.1.

HðB;QkÞGS4=ðypk

1 ; . . . ; ypk

4 ;w12ð1Þ;w34ð1ÞÞ:

Next we will study HðC;QkÞ. Recall

C0 ¼ S4=ðwð1Þ;wð2Þ0Þfw12ð1Þg Cþ ¼ ðS4 nL4Þhz12ð1Þ; z12ð2Þ; x1x2; x3x4i:

For ease of notation, let us write D ¼ S4=ðwð1Þ;wð2Þ0Þ. We already know z12ð1Þ
generates the D-module in Cþ since bðx1x2Þ ¼ z12ð1Þ.

Lemma 5.2. wð2Þ0z12ð2Þ ¼ 0.

Proof. In S12, we have P1w12ð1Þ ¼ 0 and
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P1w12ð2Þ ¼ P1ðyp2

1 y2 � y1 y
p2

2 Þ ¼ y
p2

1 y
p
2 � y

p
1 y

p2

2 ¼ w12ð1Þp:

Since w12ð2Þ ¼ w12ð2Þ0w12ð1Þ, we get P1w12ð2Þ0 ¼ w12ð1Þp�1. Hence in C, we get

0 ¼ P1ðwð2Þ0z12ð1ÞÞ ¼ ðw12ð1Þp�1 � w34ð1Þp�1Þz12ð1Þ þ wð2Þ0P1z12ð1Þ

The first term of the righthand side of the above equation is zero since w12ð1Þ ¼
�w34ð1Þ in A. The fact P1z12ð1Þ ¼ z12ð2Þ implies the result wð2Þ0z12ð2Þ ¼ 0.

r

Thus we get the map Q1 : Dhz12ð1Þi ! Dfw12ð1Þg. Here Q1ðz12ð1ÞÞ ¼ w12ð1Þ
and its image is a D-free module. Therefore this map is an isomorphism, i.e.,
z12ð1Þ generates a free D-module. Since Q0ðz12ð2ÞÞ ¼ w12ð1Þ, z12ð2Þ also gen-
erates a free D-module. Moreover Q0ðz12ð1ÞÞ ¼ 0 and Q1ðz12ð2ÞÞ ¼ 0. This
means that Dhz12ð1Þi and Dhz12ð2Þi have no intersection except for zero. Thus
we have

Lemma 5.3. C1 GDfz12ð1ÞglDfz12ð2Þg.

Next consider the module C2, Note that x1z12ð1Þ ¼ �y2x1x2 and x3z12ð1Þ ¼
�x3z34ð1Þ ¼ y4x3x4. Similar fact holds for z12ð2Þ. Thus we get

C2 ¼ S4hx1x2; x3x4iGS4hx1x2; f i:

We have the map Q0 : Dhx1x2i ! Dfz12ð1Þg with Q0ðx1x2Þ ¼ z12ð1Þ. While
wð2Þ0x1x2 0 0, but the fact y1x1x2 ¼ x1z12ð1Þ ðy3x1x2 ¼ �y3x3x4 ¼ �x3z34ð1ÞÞ
implies that Sþ

4 hx1x2i is a D-module. Hence we have the isomorphism

Lemma 5.4. There is an additive isomorphism

C2 GDfx1x2glZ=pfwð2Þ0x1x2glS4=ðwijð1Þ j i < jÞf f g:

Proof. We already know the module S4h f i from Theorem 2.5. The
kernel of the map Q0 : C2 ! Dfz12ð1Þg is direct sum of Z=pfwð2Þ0x1x2g and the
S4-module generated by f . r

The generators xi1xi2xi3 A C3 are represented as xi f , e.g., x1x2x3 ¼ fx3. The
S4-submodule generated by xi f , 1a ia 4 is still given in Theorem 2.5

C3 GHðE; zð2ÞÞodd GS4fxi f j 1a ia 4g=ðyjixi f j i0 jÞ:

We also note that Q0 : C3 ! Sþ
4 =ðwijð1Þ j i < jÞf f g is an isomorphism. The fact

C4 GZ=pfx1x2x3x4 ¼ f 2g
is also given in Theorem 2.5.

First note that Qkð f 2Þ ¼ 0, since this element is represented as the transfer.

Lemma 5.5. HðS4=ðwijð1ÞÞf f glC3;QkÞGS4=ðwijð1Þ; ypk

i Þf f g.
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Proof. Exchanging yi y
p
j by y

p
i yj if i > j, each element a A S4=ðwijð1Þ ¼

y
p
i yj � yi y

p
j Þ is uniquely represented as

a ¼
X

aIyI with aI A Z=p; yI ¼ yim
m � � � yi4

4 ; m < � � � < 4

such that im 0 0 and 0a ij < p for all m < j.
Similarly using the relation 0 ¼ yjixi ¼ ðyp

j � y
p�1
i yjÞxi, each element b A C3

is uniquely written as

b ¼
X

bI zI f with bI A Z=p; zI ¼ xmy
im
m � � � yi4

4 ; m < � � � < 4

such that 0a ij < p for all m < j. The Qk action is given by

QkðbÞ ¼
X

bI y
pkþim
m y

imþ1

mþ1 � � � y
i4
4 f :

Hence if b0 0 in C3, then QkðbÞ0 0 also in S4=ðwijð1ÞÞf f g. This proves the
lemma. r

Lemma 5.6. Let k be an algebraic closed field of chðkÞ ¼ p. For each l A k,
the sequence ðwð1Þ;wð2Þ0; y3 � ly4; y4Þ is regular in S4 n k.

Proof. The sequence is regular if and only if the dimension of the variety

dimk Varðwð1Þ;wð2Þ0; y3 � ly4; y4Þ ¼ 4 � 4 ¼ 0:

Letting y3 ¼ y4 ¼ 0, we only need to show dimk Varðw12ð1Þ;w12ð2Þ0Þ ¼ 0 where

w12ð2Þ0 ¼ ðyp2

1 y2 � y1 y
p2

2 Þ=ðyp
1 y2 � y1 y

p
2 Þ. The regularity of ðw12ð1Þ;w12ð2Þ0Þ in

S2 is well known, in fact, these elements are Dickson invariants

Z=p½y1; y2�SL2ðZ=pÞ ¼ Z=p½w12ð1Þ;w12ð2Þ0�: r

Let us write w12ðkÞ ¼ ðypk

1 y2 � y1 y
pk

2 Þ ¼ Qkz12ð1Þ ¼ QkQ0ðx1x2Þ.

Lemma 5.7. Suppose that aw12ðkÞ þ bw12ðk � 1Þp ¼ 0 in S4=ðwð1Þ;wð2ÞÞ.
Then

a ¼ ðw12ðk � 1Þp=w12ð1ÞÞc; b ¼ ðw12ðkÞ=w12ð1ÞÞc for c A S4=ðwð1Þ;wð2Þ0Þ:

Proof. When ka 2, the theorem is almost immediate. We assume
kb 3. Suppose that aw12ðkÞ=w12ð1Þ þ bw12ðk � 1Þp=ðw12ð1ÞÞ ¼ 0 in D ¼
S4=ðwð1Þ;wð2Þ0Þ. We have the decomposition

w12ðkÞ=w12ð1Þ ¼
Y

l AF
pk
�Fp

ðy2 � ly1Þ:

Let y2 � ly1 ¼ 0 for l A Fpk � Fp. Then by the supposition we get
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0 ¼ bw12ðk � 1Þp=w12ð1Þ ¼ bl 0ypk�p
1

in S4 nFp=ðwð1Þ;wð2Þ0; y2 � ly1Þ and l 0 0 0 A Fp because Fpk � Fp and
Fpk�1 � Fp have no intersection in Fp. Since ðwð1Þ;wð2Þ0; y2 � ly1; y1Þ is reg-
ular, we have b ¼ 0 in S4 nFp=ðwð1Þ;wð2Þ0; y2 � ly1Þ and we can take b ¼
ðy2 � ly1Þc 0 A S4 nFp=ðwð1Þ;wð2Þ0Þ. Continuing this argument for all other
l A Fpk � Fp and we get b ¼ w12ðkÞ=w12ð1Þc.

Apply the similar arguments for y2 � my1, m A Fpk�1 , we get the lemma.
r

Lemma 5.8. The homology HðC0 lC1 lDfx1x2g;QkÞ is isomorphic to

D=ðw12ðkÞ=w12ð1Þ;w12ðk � 1Þp=w12ð1ÞÞfw12ð1Þg:

Proof. We will show that the following sequence is exact

0 ! Dfx1x2g !Qk
Dfz12ð1Þ; z12ð2Þg !Qk

Dfw12ð1Þg:

The Qk-operations are given

Qkðz12ð1ÞÞ ¼ Qkðy1x2 � y2x1Þ ¼ y1 y
pk

2 � y2 y
pk

1 ¼ �w12ðkÞ
Qkðz12ð2ÞÞ ¼ Qkðyp

1x2 � y
p
2x1Þ ¼ ðyp

1 y
pk

2 � y
pk

1 y
p
2 Þ ¼ �w12ðk � 1Þp:

Hence if c1 ¼ az12ð1Þ þ bz12ð2Þ A C1 is in the kernel KerðQkÞ, then from Lemma
5.7, we have

c1 ¼ cðw12ðk � 1Þp=ðw12ð1ÞÞz12ð1Þ þ w12ðkÞ=ðw12ð1ÞÞz12ð2ÞÞ with c A D

which is just cQkðx1x2Þ, indeed,

Q0Qkðx1x2Þ ¼ w12ðkÞ and Q1Qkðx1x2Þ ¼ w12ðk � 1Þp

imply that

Qkðx1x2Þ ¼ w12ðk � 1Þp=ðw12ð1ÞÞz12ð1Þ þ w12ðkÞ=ðw12ð1ÞÞz12ð2Þ

since Q1z12ð1Þ ¼ w12ð1Þ, Q0z12ð2Þ ¼ w12ð1Þ, and Q0z12ð1Þ ¼ 0, Q1z12ð2Þ ¼ 0. r

Since w12ðkÞ and w12ðk � 1Þp are in Idealðypk

i Þ in A0 we have

Corollary 5.9. HðBlC0 lC1 lDfx1x2g;QkÞGS4=ðwð1Þ;wð2Þ; ypk

i Þ.

Corollary 5.10. HðE�;0
y ;QkÞ is generated as an S4-module by 1, wð2Þ0x1x2,

f and f 2.

Recall the isomorphism E
�;ps
y GC3 lS4=ðwijð1Þf f glZ=pf f 2g. Hence its

cohomology is still given in Lemma 5.5. As for elements f f 2usg, we may
assume that its Qk-action is trivial because HðE�;0

y ;QkÞ is generated by even
dimensional elements. Thus we get
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Theorem 5.11. There is an isomorphism

HðH �ðBG2
y;Z=pÞ;QkÞGZ=p½up2 �n ðS4=ðwð1Þ;wð2Þ; ypk

i ÞlZ=pfwð2Þ0x1x2g

l 0
s

Z=pf f 2usgl 0
t

S4=ðwijð1Þ; ypk

i Þf fuptgÞ

where 0a s0 ðp� 1Þ mod p and s0 p2 � 2 and 0a ta p� 2. Thus this ho-
mology is generated by even dimensional elements. Hence we have

KðkÞ�ðBG2
yÞGKðkÞ� nHðH �ðBG2

y;Z=pÞ;QkÞ:

Next consider the cases of finite groups G2
m, mb 2. By arguments after

(3.2), we see

HðH �ðBG2
m;Z=pÞ;QkÞGHðH �ðBG2

y;Z=pÞ;QkÞnLðzÞ:

We consider the Atiyah-Hirzebruch spectral sequence

E
�;�
2 ¼ H �ðBG2

m;KðkÞ�Þ ) KðkÞ�ðBG2
mÞ:

Recall KðkÞ� GZ=p½vk; v�1
k �. Since the first nonzero di¤erential is the form

d2pk�1ðxÞ ¼ vk nQkðxÞ, we still have the E
�;�
2pk -term. Since all elements in

HðH �ðBG2
y;Z=pÞ;QkÞ are permanent cycles in the above spectral sequence, we

only need to study drz.
Consider the injection Z=pm HG2

m. The Morava K-theory is

KðkÞ�ðBZ=pmÞGKðkÞ�½u�=ð½pm�ðuÞÞ:

Here ½p�ðuÞ ¼ vku
pk

implies ½pm�ðuÞ ¼ v
1þpkþ���þpðm�1Þk

k upmk

. Thus in the Atiyah-
Hirzebruch spectral sequence converging KðkÞ�ðBZ=pÞ, the di¤erential

d2pmk�1ðzÞ ¼ v
1þpkþ���þpðm�1Þk

k upmk

:

Thus we get

Theorem 5.12. Let mb 2. Then

KðkÞ�ðBG2
mÞGKðkÞ�ðBG2

yÞ=ðupmk Þ:

6. BP-theory

Let BP�ð�Þ be the Brown-Peterson cohomology theory with the coe‰cient
ring BP� ¼ Z=p½v1; . . .�, jvij ¼ �2ðpn � 1Þ. Since KðkÞoddðBG2

mÞ ¼ 0 for mb 2,

we also have BPoddðBG2
mÞ ¼ 0 from the theorem by Ravenel-Wilson-Yagita

[R-W-Y]. In this section we will study BP�ðBG2
mÞ more explicitly.

Recall that ~EE�;�
r (resp. IE�;�

r ) is the Hochschild-Serre spectral sequence
converging to H �ðBG2

y;Z=pÞ (resp. H �ðBG2
yÞ). From Lemma 3.13, we already

know that IEþ;0
y G bEþ;0

y lZ=pf f ; f 2;wð2Þ0x1x2g. The decomposition ~EEþ;0
y G

Bþ lC is given in §5 with
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HðBþ; bÞG 0 and HðC; bÞGZ=pfwð2Þ0x1x2; f ; f
2g:

Note that B and C are closed under the Bockstein operation. The Bockstein
images of C is

bCGDfw12ð1Þ; z12ð1Þgl ðSþ
4 =ðwijð1Þf f gÞ:

Here Q1z12ð1Þ ¼ w12ð1Þ. The Bockstein of B is

S4=ðw12ð1Þ;w34ð1ÞÞlS4hbfxsxt j 1a sa 2; 3a ta 4gi:

Lemma 6.1. If 00 x A B2 in the notation in §5, then Q1Q0x0 0 in B0.

Proof. Each element x in B2 is expressed as (recall the arguments before
Lemma 5.1)

x ¼ a13x1x3 þ a14x1x4 þ a23x2x3 þ a24x2x4

where a13 A S4=ðy21; y43Þ, a23 A S34=ðy43ÞnZ=p½y2�, a14 A S12=ðy12ÞnZ=p½y4�,
a24 A Z=p½y2; y4�.

Suppose that Q1Q0x ¼ 0 in B0 ¼ S4=ðw12ð1Þ;w34ð1ÞÞ. First let y1 ¼ y3 ¼ 0.
Then Q1Q0x ¼ Q1Q0a24x2x4 ¼ a24w24ð1Þ. But w24ð1Þ ¼ y

p
2 y4 � y2 y

p
4 is a non-

zero divisor in Z=p½y2; y4�. Hence a24 ¼ 0.
Next let y1 ¼ 0. Then Q1Q0x ¼ a23w23ð1Þ. But y2 � ly3 is a nonzero

divisor in S34=ðy34ÞnZ=p½y2� because the dimension of the variety

Varðy43; y2 � ly3Þ ¼ 6
m

ðy4 � my3; y2 � ly3Þ

is just one. Hence a23 ¼ 0. Similarly letting y3 ¼ 0, we have a14 ¼ 0.
Lastly, consider Q1Q0x1x3. The dimension of the variety is

Varðy21; y34; y1 � ly3Þ ¼ 6
m;m 0

Varðy2 � my1; y4 � m 0y3; y1 � ly3Þ

is also just one. Hence w13ð1Þ ¼ y
p
1 y3 � y1 y

p
3 is also nonzero divisor in

S4=ðy21; y43Þ. So a13 ¼ 0. r

Since Q1Q0ðxsxtÞ ¼ wstð1Þ and Q1ðz12ð1ÞÞ ¼ w12ð1Þ, we have;

Corollary 6.2. Q1ðIEþ;0
y ÞGS4hwijð1Þ j i < ji.

We also known IE
þ;2p
y GS4=ðwijð1ÞÞf f g. Considering the Atiyah-

Hirzebruch spectral sequence

E
�;�
2 ¼ H �ðBG2

y;BP�Þ ) BP�ðBG2
yÞ:

The first nonzero di¤erential is d2p�1ðxÞ ¼ v1 nQ1ðxÞ. The term E�;�
2p is gen-

erated by even dimensional elements. Hence we have;

Theorem 6.3. The graded ring gr BP�ðBG2
yÞ is isomorphic to
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ðBP� nS4=ðwð1Þ;wð2Þ; v1wijð1ÞÞlBP� n ðF lUÞÞnZ½fup2g�

where F ¼ Sþ
4 =ðwijð1ÞÞf fusp j 1a sa p� 2g; U ¼ Zfut j 0a ta p2 � 1g;

ut ¼
f1g t ¼ 0

fputg t ¼ 0; 1 modðpÞ and 0 < t0 pðp� 1Þ þ 1

fp2utg 2a ta p� 1 modðpÞ or t ¼ pðp� 1Þ þ 1:

8><
>:

Corollary 6.4. All BP�-linear relations in BP�ðBG2
yÞ are deduced from the

relations in BP�ðBVÞ.

Proof. Since ½p�ðyiÞ ¼ pyi þ v1 y
p
i þ � � � ¼ 0 in BP�ðBVÞ, we have the re-

lation in BP�ðBVÞ,
yj½p�ðyiÞ � yi½p�ðyjÞ ¼ v1ðyp

i yj � yi y
p
j Þ þ � � � ¼ v1wijð1Þ þ � � � ¼ 0: r

We consider the cases of finite groups G2
m, mb 2. Recall that

H �ðBG2
mÞG IEþ;0

y nLðzÞl IE 0;�
y =ðfpmugÞ:

We easily see that IE0;�
y =ðfpmugÞ is generated by ut, 0a ta p2 � 1 and fup2g

with

expðutÞ ¼

pm�1 ðt ¼ 2 modðpÞ but t0 pðp� 1Þ þ 2Þ
or ðt ¼ 1Þ or ðt ¼ pðp� 1Þ þ 1Þ

pm ð3a ta p� 1 modðpÞÞ or ð1 modðpÞ but

t0 1; 0 pðp� 1Þ þ 1Þ or ðt ¼ pðp� 1Þ þ 2Þ
pmþ1 ðt ¼ ps; 0 < s < pÞ
pmþ2 ðt ¼ p2Þ:

8>>>>>>>><
>>>>>>>>:

Theorem 6.5. For mb 2, we have the isomorphism

gr BP�ðBG2
mÞG gr BP�ðBG2

yÞ=ðvs1

1 yiu
pm

; vs2

2 wijð1Þup2m

; expðutÞutÞ
where sk ¼ 1 þ pk þ � � � þ pðm�1Þk.

Proof. We consider the Atiyah-Hirzebruch spectral sequence

E
�;�
2 ¼ H �ðBG2

m;BP
�Þ ) BP�ðBG2

mÞ:
The first nonzero di¤erential is d2p�1ðxÞ ¼ v1 nQ1ðxÞ. The 2p-term is

E�;�
2p G ðBP� nS4=ðwð1Þ;wð2Þ; v1wijð1ÞÞlBP� n ðF ÞÞnLðzÞ

lBP� nU=ðexpðutÞutÞn ~ZZ=ðpmþ2Þ½up2 �

where ~ZZ=ðpmþ2Þ½up2 � means Z½up2 �=ðpmþ2up2Þ. By Kð1Þ�ð�Þ theory, the next

nonzero di¤erential is d2pm�1ðyizÞ ¼ vs1

1 yiu
pm

. The last nonzero di¤erential

is d2p2m�1ðwijð1ÞzÞ ¼ vs2

2 wijð1Þup2m

from Kð2Þ�ð�Þ theory. Thus we get the the-
orem. r
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7. BP�ðBp1þ4
þ Þ

In this section, we will study the BP-theory of the case m ¼ 1, i.e.,
G2

1 ¼ p1þ4
þ . The integral cohomology is (the integral version of Lemma 2.9)

gr H �ðBG2
1 ÞG ððKerð f Þ jH �ðBG2

yÞÞfzglH �ðBG2
yÞ=ð f Þ:ð7:1Þ

Recall (see §6 also)

IEþ;0
y =ð f ÞG bBlDfw12ð1Þ; z12ð1Þg

Kerð f Þ j IEþ;0
y GS4hwstð1Þ; bðxsxtÞ j 1a sa 2 < ta 4il bC

IE
þ;2ps
y =ð f ÞGKerð f Þ j IEþ;2ps

y GSþ
4 =ðwijð1Þf fupsgÞ 1a sa p� 2:

8><
>:

Hence from Lemma 6.1 and the arguments before the lemma, we have

HðIEþ;0
y =ð f Þ;Q1ÞGSþ

4 =ðwijð1ÞÞ;
HðKerð f Þ j IEþ;0

y ;Q1ÞGSþ
4 =ðwijð1ÞÞf fzg;

HðIEþ;2ps
y nLðzÞ;Q1ÞGSþ

4 =ðwijð1Þf fupsgLðzÞ:

8><
>:

Thus we can prove that

Lemma 7.1. The homology Hðgr H �ðBG2
1 Þ;Q1Þ is isomorphic to

ððSþ
4 =ðwijð1ÞÞn ðLð fzÞlZ=pfupf ; . . . ; upðp�2Þf gnLðzÞÞlUÞn ~ZZ=p3½up2 �:

We will study the Atiyah-Hirzebruch spectral sequence

E�;�
2 ¼ H �ðgr H �ðBG2

1 Þ; ~KKð1Þ�Þ ) ~KKð1Þ�ðBG2
1 Þð7:2Þ

where ~KKð1Þ�ð�Þ is the integral K-theory with the coe‰cient ring ~KKð1Þ� ¼
ZðpÞ½v1; v

�1
1 �. The first nonzero di¤erential is also

d2p�1ðxÞ ¼ v1 nQ1ðxÞ

but Q1ðxÞ is considered as an element in gr H �ðBG2
1 Þ. We want to prove the

following lemma;

Lemma 7.2. d2p�1ðyi fzupðs�1ÞÞG v1yi fu
ps for 1a sa p� 2 and hence

Q1ðyi fzupðs�1ÞÞG yi fu
ps in H �ðBG2

1 ;Z=pÞ.

To prove this lemma, we prepare some lemmas. For a compact group G, it
is known that ~KKð1ÞoddðBGÞ ¼ 0 and ~KKð1Þ�ðBGÞ is torsion free by the Atiyah

theorem. Hence Kð1ÞoddðBGÞ ¼ 0. Moreover it is given

dimKð1Þ� Kð1Þ�ðBG2
1 Þ ¼ p4 þ p� 1

by Brunetti [B1]. In [B2], he also showed that the Euler characteristic for KðnÞ�-
theory has the property wn;pðG2

2 Þ ¼ pnwn;pðG2
1 Þ. Indeed, from Theorem 5.11 and

Theorem 5.12, we know dimKð1Þ� Kð1Þ�ðBG2
2 Þ ¼ p5 þ p2 � p.
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Given li A F�
p , 1a ia 4 with l1l2 ¼ l3l4, let g ¼ gðl1; . . . ; l4Þ be the au-

tomorphism of G2
1 defined by

ai 7! ali
i ; c 7! cl1l2 :

Then the induced map g� defines the automorphism of H �ðBG2
1 Þ, and moreover

the automorphism of the Hochschild-Serre spectral sequence converging to
H �ðBG2

1 Þ so that

yi 7! li yi u 7! l1l2u:

Indeed this gives the (weight) decomposition of the spectral sequence.
For a sequence I ¼ ði1; . . . ; i4Þ, let yI ¼ yi1

1 � � � yi4
4 . Suppose that in

~KKð1Þ�ðBG2
1 Þ, there is a relation

pyIfuptg ¼ vs1

X
K

aK y
K modðp2; vsþ1

1 Þ;ð*Þ

where yK 0 0 A S4=ðyp
i Þ, 00 aK A Z=p. Let J ¼ K � I . Applying g� on the

above equation, we have

ðl1l2Þ t ¼ l
j1
1 l

j2
2 l

j3
3 ðl1l2=l3Þ j4 :

Hence we get

j1 ¼ j2; j3 ¼ j4; t ¼ j1 þ j3 modðp� 1Þ:
On the other hand, by dimensional reason,

2t ¼ juptj ¼ jvs1j þ jyJ j ¼ 4i1 þ 4ðt� i1Þ modð2ðp� 1ÞÞ:
This means t ¼ 0 modðp� 1Þ. Similar facts hold for the di¤erentials since the
action g� is compatible with the di¤erentials of the spectral sequence. Thus we
get

Lemma 7.3. If (*) holds or drðyI zfuðt�2ÞpÞ ¼ righthandside of (*), then
t ¼ 0 modðp� 1Þ and letting J ¼ K � I ,

j1 ¼ j2 ¼ p� 1 � j3 ¼ p� 1 � j4 modðp� 1Þ:

Lemma 7.4. In (*), letting t ¼ 0, we have sb 2.

Proof. If s ¼ 1, then by [Y1], there is an element x A H �ðBG2
1 ;Z=pÞ such

that Q0ðxÞ ¼ yI and Q1x ¼ yK . But Q1xi ¼ y
p
i A S4 nL4 so this contradicts to

yK 0 0 in S4=ðyp
i Þ. r

Let us write by IV the vector space in S4=ðyp
i Þ

IV ¼ fy A S4=ðyp
i Þ j degðyÞ> 4ðp� 1ÞglZ=pfðy1 y2Þ jðy3 y4Þp�1�j j 0a ja p� 1g:

Lemma 7.5. dimZ=pðS4=ðyp
i ; IVÞÞ > ðp4 þ p� 1Þ=2.
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Proof. First note that dimZ=pðS4=ðyp
i ÞÞ ¼ p4. Since the largest degree of

S4=ðyp
i Þ is 8ðp� 1Þ, by the duality the t-dimensional homogeneous parts are

dimZ=pðS4=ðyp
i ÞÞ

t ¼ dimZ=pðS4=ðyp
i ÞÞ

8ðp�1Þ�t:

The degree of ðy1 y2Þ jðy3 y4Þp�1�j is of course 4ðp� 1Þ and it generates a p-
dimensional Z=p-vector space. Note degðIVÞb 4ðp� 1Þ. The 4ðp� 1Þ-
homogeneous parts of S4=ðyp

i Þ is quite large, e.g., dimZ=pðS4=ðyp
i ÞÞ

4ðp�1Þ > p2.
Since

dimZ=pfy j degðyÞa 4ðp� 1Þg
¼ 1=2 dimZ=pfS4=ðyp

i Þg þ 1=2 dimZ=pfy j degðyÞ ¼ 4ðp� 1Þg;

we know

dimZ=pðS4=ðyp
i ; IVÞÞ > p4=2 þ p2=2 � p > ðp4 þ p� 1Þ=2: r

Lemma 7.6. As Kð1Þ�-modules, we have the injection

Kð1Þ� nS4=ðyp
i ; IVÞHKð1Þ�ðBG2

1 Þ:

Proof. First we note that additively ~KKð1Þ� nS4=ðyp; IVÞH ~KKð1Þ�ðBG2
1 Þ,

because all targets of di¤erentials are in IV by dimensional reasons and Lemma
7.3. If 00 y A S4=ðyp

i ; IVÞ is zero in Kð1Þ�ðBG2
1 Þ, then there is y 0 A ~KKð1Þ�ðBG2

1 Þ
such that

py 0 ¼ vs1 y for sa 2:

But this does not happen from Lemma 7.3 and the definition of IV . r

Lemma 7.7. If d2p�1ðyizf Þ ¼ 0, then d4p�3ðyizf Þ ¼ 0 in the spectral sequence
(7.2).

Proof. From Lemma 7.1, we can write

d4p�3ðy1 fzÞ ¼ v2
1

X
bJ y

Jy1u
pf modðv3

1Þ:

If jJjb 0 and if there is ji 0 0 modðp� 1Þ, then from Lemma 7.3, we see
jyJ jb 4ðp� 1Þ, and this contradicts to the dimensional reason. Hence all
ji ¼ 0 modðp� 1Þ if j1 b 0. If j1 ¼ �1, there is the case yJy1 ¼ y

p�2
2 y3 y4 by

the similar arguments. Let us write

d4p�3ðy1 fzÞ ¼ v2
1

X
i

bi y
p�1
i

 !
y1 þ b 0yp�2

2 y3 y4

 !
fup modðv3

1Þ:ð**Þ

We consider the (twisted) automorphism tw defined by

tw : a1 $ a3; a2 $ a4; c 7! c;
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which induces

tw� : y1 $ y3; y2 $ y4; u 7! u

on the spectral sequence. Applying tw� on (**), we get

d4p�3ðy3 fzÞ

¼ v2
1ððb1 y

p�1
3 þ b2 y

p�1
4 þ b3 y

p�1
1 þ b4 y

p�1
2 Þy3 þ b 0yp�2

4 y1 y2Þ fup modðv3
1Þ:

Since y3d4p�3ðy1 fzÞ ¼ y1d4p�3ðy3 fzÞ, we know b4 ¼ b2 and b 0 ¼ 0. We also have
the other twisted map, e.g., tw 0 : a1 $ a4. Similarly, we get b1 ¼ b2 ¼ b3 ¼ b4.

We consider the other automorphism fl of G2
1 defined by

fl : a3 7! a3a
l
4 ; fl : a 7! a for a ¼ ai; i0 3 or c

which induces

f �
l : y4 7! y4 þ ly3; f �

l : y 7! y for y ¼ yi; i0 4 or u:

Apply f �
l on (**) with bi ¼ b. Then the left hand side of ð f �

l � id:Þ(**) is zero,
but the righthand side is

v2
1bððy4 þ y3Þp�1 � y

p�1
4 Þy1 fu

p 0 0; if b0 0:

Hence b must be zero. r

Proof of Lemma 7.2. If d2p�1ðyizf Þ0 0, then it is lv1yi fu
p for l0 0 A Z=p

by the dimensional reason. Suppose d2p�1ðyizf Þ ¼ 0. Then from above lemma,
d4p�3ðyi fzÞ ¼ 0. This means that all nonzero element in ~KKð1Þ� nS4=ðyp

i ; IVÞ are
not targets of di¤erentials. By arguments similar to the proof of Lemma 7.6 and
Lemma 7.4, we can show

Kð1Þ� nS4=ðyp
i ; IVÞf1; fupgHKð1Þ�ðBG2

1 Þ:
The dimension of the left hand side Kð1Þ�-vector space is larger than p4 þ p� 1
by Lemma 7.5. This contradicts to the result of dimKð1Þ� Kð1Þ�ðBG2

1 Þ by
Brunetti. Thus we get d2p�1ðyizf ÞG fyiupf g. By the induction on s we get the
lemma. q.e.d.

Therefore we get

E�;�
2p G ~KKð1Þ� n ðSþ

4 =ðwijð1Þf1; upðp�2Þzf glUÞnZ=p3½up2 �:
From Theorem 5.12, we know up2 ¼ 0 A Kð1Þ�ðBG2

2 Þ. Hence so in Kð1Þ�ðBG2
1 Þ.

However from Lemma 7.3, there is no y 0 A ~KKð1Þ�ðBG2
1 Þ such that py 0 ¼ vs1 yiu

p2

since y 0 A Sþ
4 =ðwijð1ÞÞ or y 0 A U . (Note that there is such y 0 A U for vs1u

p2
.)

Hence for some s, the element vs1 yiu
p2

is a target of di¤erential in the spectral
sequence. By dimensional reason we have

d4p�3ðyiupðp�2ÞfzÞG v2
1 yiu

p2

:

Thus we get;
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Lemma 7.8.

gr ~KKð1Þ�ðBG2
1 ÞG ~KKð1Þ� n ðSþ

4 =ðwijð1ÞÞlU n ~ZZ=p3½up2 �Þ;

gr Kð1Þ�ðBG2
1 ÞGKð1Þ� n ðS4=ðyp

i ÞlZ=pfu3; . . . ; upþ1gÞ:

Proof. We study elements in U . In H �ðBG2
yÞ, we have

u1 ¼ fpug ¼ f ; u2 ¼ fp2u2g ¼ f 2;

which are zero in H �ðBG2
1 Þ from (7.1). Relations p3ui ¼ v1 p

2upþi�1 in
~KKð1Þ�ðBhciÞ give that for U in ~KKð1Þ�ðBG2

1 Þ, e.g., pu3 ¼ v1upþ2, pu4 ¼ v1upþ3; . . .
r

Note that dimKð1Þ� Kð1Þ�ðBG2
1 Þ is in fact p4 þ p� 1.

Theorem 7.9. The BP�-algebra gr BP�ðBG2
1 Þ is isomorphic to the quotient of

the free BP�-algebra

BP� n ðSþ
4 =ðwð1Þ;wð2ÞÞlU lSþ

4 =ðwijð1ÞÞf fup; . . . ; fupðp�2ÞgÞn ~ZZ=p3½up2 �
by the following relations

ðv1wijð1Þ; v1yi fu
sp; v2

1 yiup2 ; v2wijð1Þup2Þ

Proof. We consider the Atiyah-Hirzebruch spectral sequence

E
�;�
2 ¼ H �ðBG2

1 ;BP
�Þ ) BP�ðBG2

1 Þ:

The first nonzero di¤erential is d2p�1ðxÞ ¼ v1 nQ1ðxÞ, which was still given in the
arguments for ~KKð1Þ�-theory.

E
�;�
2p GBP� n ðU lSþ

4 =ðwð1Þ;wð2Þ; v1wijð1ÞÞlS4hwijð1Þi=ðv1Þfzg

lSþ
4 =ðwð1Þ; v1Þf fup; . . . ; fupðp�2ÞglSþ

4 =ðwijð1Þf fzupðp�2ÞgÞn ~ZZ=p3½up2 �:

Here note that BP�=ðv1ÞnS4hwijð1Þifzg remains, while it disappears for ~KKð1Þ�-
theory.

The next nonzero di¤erential is d4p�3ðyiupðp�2ÞfzÞG v2
1 yiu

p2
same as the

~KKð1Þ�-theory. The last nonzero di¤erential is

d2p2�1wijð1ÞzG v2wijð1Þup2

which is given from Kð2Þ�-theory and (v2-version of ) Lemma 7.3. r

Proof of Remark 4.2. First we consider the element f fupg in
H �ðBG2

y;Z=pÞ. Recall that [L]

HevenðBG1
yÞ=pG ðS2=ðw12ð1ÞÞlZ=pftrð1Þ; . . . ; trðp� 1ÞgÞnZ=p½up�

where trðiÞ ¼ Cor
G1

y
ha1; ci

ðuiÞ and up ¼ fupg. Since
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Im rðBP�ðBG1
y � BZ=pÞÞGHevenðBG1

yÞnZ=p½y3�

for the Thom map r : BP ! HZðpÞ, we can write

f fupg jG1
y � Z=p ¼

X
aði 0; i 00; JÞ trði 0Þui 00

p yJ :ð*Þ

By arguments similar to the proof of Lemma 7.3, we have

i 0 þ i 00 þ j1 ¼ 2; j1 ¼ j2; j3 ¼ 0 modðp� 1Þ:

Hence by the dimensional reason, we can write

ð�Þ ¼ trð1Þup þ trð2Þayp�1
3 :

here we use the fact yi trð1Þ ¼ y2 trðiÞ ¼ 0 for i < p� 1.
Now we consider the conjugation map a�

4 on H �ðBG2
y;Z=pÞ (or

H �ðBG1
y � Z=p;Z=pÞ, H �ðBðha1; a3; ciÞ;Z=pÞ) which induces

a�
4 : u 7! uþ y3; yi 7! yi:

This action is invariant on the cohomology of G2
y, and so is on (*)

ða�
4 � 1Þ trð1Þup ¼ Corðuþ y3Þa�

4up � CorðuÞup ¼ trð1Þða�
4 � 1Þup:

We already know up j ha1; ci ¼ up � y
p�1
1 u. By the same argument as the proof

of Proposition 4.5, we have

ða�
4 � 1Þup ¼ y

p
3 � wy3 where w ¼ Cor

G1
1

ha1; ci
ðup�1Þ þ y

p�1
2 :

On the other hand

ða�
4 � 1Þ trð2Þ ¼ Corððuþ y3Þ2Þ � Corðu2Þ ¼ 2 trð1Þy3:

Hence we have

ða�
4 � 1Þð�Þ ¼ trð1Þðyp

3 � wy3Þ þ 2a trð1Þyp
3 :

Here it is known that w trð1Þ ¼ 0([L]). Thus a ¼ �1=2 and we get ð�Þ ¼
trð1Þup � 1=2 trð2Þyp�1

3 . Consider the restriction ð�Þ jG1
1 � Z=p, and we have the

remark since trð1Þ ¼ 0 in H �ðBG1
1 ;Z=pÞ. q.e.d.

8. Algebraic cobordism and Chow ring

Let X be a smooth algebraic variety over C. Recently Levine-Morel
[L-M1,2] defined an algebraic cobordism W�ðX Þ having following properties.

(1) There is the natural map r : W�ðXÞ ! MU �ðXÞ such that W� ¼
W�ðptÞGMU �ðptÞ where MU �ð�Þ is the complex cobordism theory.

(2) W�ðXÞnW � ZGCH�=2ðXÞ; the classical Chow ring.
(3) W�ðXÞnW � ~KKð1Þ� GK0ðXÞn ~KKð1Þ�; where K0ðXÞ is the Grothendieck

group of algebraic bundle over the variety X .
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Let G be an algebraic group over C, Totaro [To1,2] defines the Chow ring
CH �ðBGÞ of the classifying space as a limit of algebraic varieties. He con-
jectured that

CH�=2ðBGÞðpÞ GBP�ðBGÞnBP� ZðpÞ:

In particular he showed above conjecture for �a 4 ([To2] Corollary 3.5).
Recall that except for elements in F ¼ Sþ

4 =ðwijð1ÞÞf fupsg in Theorem 6.3, all
elements in BP�ðBG2

yÞ are represented by transferred Chern classes, and hence
come from the algebraic cobordism where transfers and Chern classes exist.
Hence we only need to see whether fups are in the Chow ring or not.

Theorem 8.1. f fupg A BP�ðBG2
yÞ comes from the algebraic cobordism.

Corollary 8.2. When p ¼ 3, the natural maps r : W�ðBG2
mÞ ! BP�ðBG2

mÞ
are epic for all mb 1 or m ¼ y.

Proof of Theorem 8.1. By Totaro (Theorem 3.1 in [To2]), K0ðBGÞn
~KKð1Þ� G ~KKð1Þ�ðBGÞ. From Theorem 6.3, fups is nonzero in ~KKð1Þ�ðBG2

yÞ.
Hence from (3) there is fs A W�ðBG2

yÞ with rð fsÞ ¼ vt1 fu
ps. Now consider the

case s ¼ 1. Note that W�ðX Þ is generated by positive degree elements as a W�-
module from (2). Hence t ¼ 0; 1. If t ¼ 1, then j fsj ¼ 4 and this contradicts to
Totaro’s conjecture for � ¼ 4. Thus t ¼ 0 and we have the theorem. q.e.d.
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