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THEOREMS OF PICARD TYPE FOR ENTIRE FUNCTIONS OF

SEVERAL COMPLEX VARIABLES

Jin Lu*

Abstract

In this paper, some theorems of Picard type relating to the total derivative for

entire functions of several complex variables are proved.

1. Introduction

In 1940, H. Milloux showed that for a meromorphic function f on the
complex plane, the following inequality

Tf ðrÞaNf ðr; 0Þ þNf ðr;yÞ þNf ðkÞ ðr; 1Þ �Nf ðkþ1Þ ðr; 0Þ þ Sðr; f Þ
holds, where Tf ðrÞ is the characteristic function of f and Sðr; f Þ ¼ Oðlog rTf ðrÞÞ
holds for all large r outside a set with finite measure ([2], [3] and [6]). The
important characteristic of the above inequality is that the right side of it contains
a counting function of f ðkÞ, and hence we can derive theorems of Picard type
relating to derivatives. For example, we can directly derive from the above
inequality the following: Let f be an entire function on the complex plane, and
let a; b ðb0 0Þ be two distinct complex numbers. If f 0 a and f ðkÞ 0 b, then
f is constant ([2]). It is natural to ask the following question: Whether such
kinds of theorems hold for entire functions of several complex variables? In this
paper we discuss this question.

For z A C n, we write z ¼ ðz1; z2; . . . ; znÞ. First we give the definition of
total derivative.

Definition 1.1. Let f be an entire function on C n, the total derivative Df
of f is defined by

Df ðzÞ ¼
Xn

j¼1

zj fzj ðzÞ;
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where fzj is the partial derivative of f with respect to zj ð j ¼ 1; 2; . . . ; nÞ. The
k-th order total derivative Dkf of f is defined by

Dkf ¼ DðDk�1f Þ;
inductively.

The merit of the total derivative is the following: If f is a transcendental
entire function on C n, then for any positive integer k, Dkf is also a transcen-
dental entire function on C n (see Lemma 2.2 bellow). However the partial
derivative may not have this property. The main theorems in this paper are
the following:

Theorem 1.1. Let f be an entire function on C n, and let a and b (b0 0) be
two distinct complex numbers and k be a positive integer. If f 0 a and Dkf 0 b,
then f is constant.

Theorem 1.2. Let f be an entire function on C n, and let b0 0 be a com-
plex number and kb 2 a positive integer. If f k �Df 0 b, then f is constant.

This theorem is also a generalization of a result of [6] on entire function of
one complex variable. In the Section 4 of this paper, we will give an example to
indicate that these two theorems are not valid if the total derivative is replaced
by the partial derivative.

2. Notations and lemmas

For z ¼ ðz1; . . . ; znÞ A C n, define jzj ¼ ðjz1j2 þ � � � þ jznj2Þ1=2. Let

SnðrÞ ¼ fz A C n; jzj ¼ rg; BnðrÞ ¼ fz A C n; jzja rg:

Set d ¼ qþ q and d c ¼ ðq� qÞ=4pi. Define

onðzÞ ¼ dd c logjzj2; snðzÞ ¼ d c logjzj25on�1
n ðzÞ; nnðzÞ ¼ dd cjzj2:

Then snðzÞ is a positive measure on SnðrÞ with the total measure one. Let
a A P1. If f �1ðaÞ0C n, we denote by Z f

a the a-divisor of f , write Z f
a ðrÞ ¼

BnðrÞVZ f
a and define

nf ðr; aÞ ¼ r2�2n

ð
Z

f
a ðrÞ

nn�1
n ðzÞ:

Then the counting function Nf ðr; aÞ is defined by

Nf ðr; aÞ ¼
ð r

0

½nf ðt; aÞ � nf ð0; aÞ�
dt

t
þ nf ð0; aÞ log r;

where nf ð0; aÞ is the Lelong number of Z f
a at the origin. Then Jensen’s formula

gives that
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Nf ðr; 0Þ �Nf ðr;yÞ ¼
ð
SnðrÞ

logj f ðzÞjsnðzÞ þOð1Þ:

We define the proximity function mf ðr; aÞ by

mf ðr; aÞ ¼
ð
SnðrÞ

logþ
1

j f ðzÞ � aj snðzÞ if a0y;

¼
ð
SnðrÞ

logþj f ðzÞjsnðzÞ if a ¼ y:

We also define the characteristic function Tf ðrÞ by

Tf ðrÞ ¼ mf ðr;yÞ þNf ðr;yÞ:
The first main theorem states that ([4], Chapter 4, A5.1)

Tf ðrÞ ¼ mf ðr; aÞ þNf ðr; aÞ þOð1Þ:
Let I ¼ ða1; . . . ; anÞ be a multi-index, where aj ð j ¼ 1; 2; . . . ; nÞ are nonnega-

tive integers. We denote by jI j the length of I , that is, jI j ¼
Pn

j¼1 aj. Define

qI f ¼ qjI jf

qza11 � � � qzann
:

Lemma 2.1 ([7], Theorem 1). Let f be a non-constant meromorphic function
on C n, and let I ¼ ða1; a2; . . . ; anÞ be a multi-index. Then

mq I f=f ðr;yÞ ¼
ð
SnðrÞ

logþ
q I f

f
ðzÞ

����
����snðzÞ ¼ Oðlog rTf ðrÞÞ

holds for all large r outside a set with finite Lebesgue measure.

We say f to be transcendental if

lim
r!y

Tf ðrÞ
log r

¼ y:

Lemma 2.2. Let f be a transcendental entire function on C n. Then for any
positive integer k, Dkf is also a transcendental entire function on C n, and

mDkf=f ðr;yÞ ¼ Oðlog rTf ðrÞÞ

holds for all large r outside a set with finite Lebesgue measure.

Proof. Since f is an entire function on C n, then we have a convergent
series on C n as follows:

f ðzÞ ¼
Xy
m¼0

PmðzÞ;

theorems of picard type for entire functions 223



where PmðzÞ is either identically zero or a homogeneous polynomial of degree m
in z ðm ¼ 0; 1; 2; . . .Þ. By the homogeneity of PmðzÞ we have

Xn

j¼1

zjP
m
zj
ðzÞ ¼ mPmðzÞ ðm ¼ 1; 2; . . .Þ:

Hence we see

Df ðzÞ ¼
Xn

j¼1

zj fzj ðzÞ ¼
Xy
m¼1

mPmðzÞ:

By induction, we have

Dkf ðzÞ ¼
Xy
m¼1

mkPmðzÞ ðk ¼ 1; 2; . . .Þ:

Since f is transcendental, there are infinitely many terms of fPmðzÞg which

are not identically zero. Hence there are infinitely many terms of fmkPmðzÞg
which are not identically zero. Thus Dkf is a transcendental entire function on
C n for all positive integers k.

It is clear that, for any positive integer k, there are multi-indices I1; . . . ; Ip
such that

Dkf ðzÞ ¼
Xp

j¼1

QIj ðzÞqIj f ðzÞ;

where QIj ðzÞ ð j ¼ 1; 2; . . . ; pÞ are polynomials in z. Note that, for any rational
function RðzÞ, we have mRðr;yÞ ¼ Oðlog rÞ. Hence

mDkf=f ðr;yÞ ¼
ð
SnðrÞ

logþ
Xp

j¼1

QIj ðzÞ
qIj f

f
ðzÞ

�����
�����snðzÞ

a
Xp

j¼1

ð
SnðrÞ

logþ
q Ij f

f
ðzÞ

����
����snðzÞ þ

Xp

j¼1

ð
SnðrÞ

logþjQIj ðzÞjsnðzÞ þOð1Þ

¼
Xp

j¼1

mq
Ij f=f ðr;yÞ þ

Xp

j¼1

mQIj
ðr;yÞ þOð1Þ

¼
Xp

j¼1

mq
Ij f=f ðr;yÞ þOðlog rÞ:

Thus by Lemma 2.1, we have completed the proof. r

Lemma 2.3. Let f be a transcendental entire function on C n, and let a be
a complex number. Then for any positive integer k,

mDkþ1f=ðDkf�aÞðr;yÞ ¼ Oðlog rTf ðrÞÞ
holds for all large r outside a set with finite Lebesgue measure.
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Proof. It is easy to see that DðDkf � aÞ ¼ Dkþ1f . By Lemma 2.2, we see
that Dkf � a is a transcendental entire function, and

mDkþ1f=ðDkf�aÞðr;yÞ ¼ mDðDkf�aÞ=ðDkf�aÞðr;yÞð2:1Þ

¼ Oðlog rTDkf�aðrÞÞ ¼ Oðlog rTDkf ðrÞÞ

holds for all large r outside a set with finite Lebesgue measure. Note that

TDkf ðrÞ ¼ mDkf ðr;yÞamDkf=f ðr;yÞ þmf ðr;yÞ ¼ mDkf=f ðr;yÞ þ Tf ðrÞ:ð2:2Þ
By Lemma 2.2, (2.1) and (2.2), we get the desired conclusion. r

Lemma 2.4. Let f be a polynomial of degree p. If Df is constant, then f is
constant and Df 1 0.

Proof. We write f as

f ðzÞ ¼
Xp

m¼0

PmðzÞ;

where PmðzÞ is either identically zero or a homogeneous polynomial of degree
m ðm ¼ 0; 1; 2; . . . ; pÞ. As in the proof of Lemma 2.2, we have

Df ðzÞ ¼
Xp

m¼1

mPmðzÞ;

If Df is constant, every mPmðzÞ must be identically zero, so is PmðzÞ ðm ¼ 1;
2; . . . ; pÞ. Thus f is constant and Df 1 0. r

3. Main inequalities

In order to prove our theorems we first give some estimates for the charac-
teristic function relating to the total derivative. As usual, the notation ‘‘k P’’
means that the assertion P holds for all large r A ½0;þyÞ outside a set with finite
Lebesgue measure.

Theorem 3.1. Let f be a transcendental entire function on C n. Then for
any positive integer k,

k Tf ðrÞaNf ðr; 0Þ þNDkf ðr; 1Þ �NDkþ1f ðr; 0Þ þOðlog rTf ðrÞÞ:

Proof. By the equality

1

f
¼ Dkf

f
�Dkf � 1

Dkþ1f
�D

kþ1f

f

and the definition of the proximity function, we see

mf ðr; 0ÞamDkf=f ðr;yÞ þmðDkf�1Þ=Dkþ1f ðr;yÞ þmDkþ1f=f ðr;yÞ þOð1Þ:ð3:1Þ
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By the first main theorem, we have

mðDkf�1Þ=Dkþ1f ðr;yÞ ¼ mDkþ1f=ðDkf�1Þðr; 0Þð3:2Þ

¼ mDkþ1f=ðDkf�1Þðr;yÞ þNDkþ1f=ðDkf�1Þðr;yÞ

�NDkþ1f=ðDkf�1Þðr; 0Þ þOð1Þ:

By Lemma 2.2, we know that Dkf and Dkþ1f are transcendental entire
functions on C n, and hence NDkf ðr;yÞ ¼ NDkþ1f ðr;yÞ ¼ 0. Then by Jensen’s
formula, we see

NDkþ1f=ðDkf�1Þðr; 0Þ �NDkþ1f=ðDkf�1Þðr;yÞð3:3Þ

¼
ð
SnðrÞ

log
Dkþ1f

Dkf � 1
ðzÞ

����
����snðzÞ þOð1Þ

¼
ð
SnðrÞ

logjDkþ1f ðzÞjsnðzÞ þ
ð
SnðrÞ

log
1

Dkf � 1
ðzÞ

����
����snðzÞ þOð1Þ

¼ NDkþ1f ðr; 0Þ �NDkþ1f ðr;yÞ �NDkf�1ðr; 0Þ þNDkf�1ðr;yÞ þOð1Þ

¼ NDkþ1f ðr; 0Þ �NDkþ1f ðr;yÞ �NDkf ðr; 1Þ þNDkf ðr;yÞ þOð1Þ

¼ NDkþ1f ðr; 0Þ �NDkf ðr; 1Þ þOð1Þ:

By (3.1), (3.2) and (3.3), we have

Tf ðrÞ ¼ mf ðr; 0Þ þNf ðr; 0Þ þOð1Þ
aNf ðr; 0Þ þNDkf ðr; 1Þ �NDkþ1f ðr; 0Þ

þmDkf=f ðr;yÞ þmDkþ1f=f ðr;yÞ þmDkþ1f=ðDkf�1Þðr;yÞ þOð1Þ:

Therefore, by Lemmas 2.2 and 2.3, we obtain the conclusion of the theorem 3.1.
r

As usual, we use the notation Nf ðr; aÞ for the counting function of the
a-divisor of f which does not count multiplicities.

Theorem 3.2. Let f be a transcendental entire function on C n. Then

k Tf ðrÞa 2Nf ðr; 0Þ þNDf ðr; 1Þ þOðlog rTf ðrÞÞ:

Proof. If the zero multiplicity r of f at z0 ¼ ðz01 ; z02 ; . . . ; z0nÞ is at least three
(see [1] for the definition of multiplicity of zero), then in a neighborhood of z0,
we can expand f as a convergent series of homogeneous polynomials in z� z0:

f ðzÞ ¼
Xy
m¼r

Pmðz� z0Þ;
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where r is a positive integer with rb 3. By the homogeneity of Pmðz� z0Þ, we
have

Xn

j¼1

ðzj � z0j ÞPm
zj
ðz� z0Þ ¼ mPmðz� z0Þ; m ¼ r; rþ 1; . . . :

Hence we see

Df ðzÞ ¼
Xn

j¼1

zj fzj ðzÞ ¼
Xn

j¼1

ðzj � z0j Þ fzj ðzÞ þ
Xn

j¼1

z0j fzj ðzÞ

¼
Xy
m¼r

mPmðz� z0Þ þ
Xy
m¼r

Gm�1ðz� z0Þ

¼
Xy

m¼r�1

~PPmðz� z0Þ;

where Gmðz� z0Þ and ~PPmðz� z0Þ are either identically zero or a homogeneous
polynomials in z� z0 of degree m, respectively. By the same way we have

D2f ðzÞ ¼ DðDf ÞðzÞ ¼
Xy

m¼r�2

~~PP~PP
mðz� z0Þ;

where ~~PP~PP
mðz� z0Þ is either identically zero or a homogeneous polynomial in

z� z0 of degree m ðm ¼ r� 2; r� 1; r; . . .Þ. Therefore, the zero multiplicity of
D2f at z0 is at least r� 2.

Hence by the definition of the counting function, we have

Nf ðr; 0Þ �ND2f ðr; 0Þa 2Nf ðr; 0Þ þOðlog rÞ:
Thus, by Theorem 3.1, we have

k Tf ðrÞaNf ðr; 0Þ þNDf ðr; 1Þ �ND2f ðr; 0Þ þOðlog rTf ðrÞÞ

a 2Nf ðr; 0Þ þNDf ðr; 1Þ þOðlog rTf ðrÞÞ:

This completes the proof. r

4. Proofs of Theorems

Proof of Theorem 1.1. First we prove that f is a polynomial. Assume the
contrary. Then f is a transcendental entire function ([1] or [5]), and hence

F ðzÞ ¼ f ðzÞ � a

b

is a transcendental entire function. By Theorem 3.1, we have

k TF ðrÞaNF ðr; 0Þ þNDkF ðr; 1Þ þOðlog rTF ðrÞÞ:
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Since DkF ¼ Dkf=b, Tf ðrÞ ¼ TF ðrÞ þOð1Þ and the assumptions, we deduce from
above inequality that

k Tf ðrÞaNf ðr; aÞ þNDkf ðr; bÞ þOðlog rTf ðrÞÞ ¼ Oðlog rTf ðrÞÞ:ð4:1Þ
Now f is transcendental, we can get a contradiction by (4.1).

Therefore f is a polynomial ([1] or [5]). Since f 0 a, f must be constant.
r

Proof of Theorem 1.2. First we prove that f is a polynomial. Assume the
contrary. Then f is a transcendental entire function, and hence

F ðzÞ ¼ f kþ1ðzÞ
ðk þ 1Þb

is also a transcendental entire function. Obviously, DF ðzÞ ¼ f kðzÞ �Df ðzÞ=b,
and the zero multiplicity at each point of 0-divisor of F is at least k þ 1b 3.
Hence

NF ðr; 0Þa
1

3
NF ðr; 0Þ þOðlog rÞ:

By the assumption we deduce that DF ðzÞ0 1, and from Theorem 3.2 we have

k TF ðrÞa 2NF ðr; 0Þ þNDF ðr; 1Þ þOðlog rTF ðrÞÞ

a
2

3
NF ðr; 0Þ þOðlog rTF ðrÞÞa

2

3
TF ðrÞ þOðlog rTF ðrÞÞ:

Hence we see

k 1

3
TF ðrÞaOðlog rTF ðrÞÞ:ð4:2Þ

Now F is transcendental, (4.2) gives a contradiction. Therefore f is a poly-
nomial, so is f k �Df . Since f k �Df 0 b, f k �Df must be constant. Since the
degree of f k �Df is not less than the degree of Df , then Df is constant. By
Lemma 2.4, we conclude that f is constant. r

The following example shows that Theorems 1.1 and 1.2 are not valid if the
total derivative is replaced by the partial derivative.

Example 4.1. Let f ðz1; z2Þ ¼ ez2 . It is clear that f 0 0. Since fz1ðz1; z2Þ1
0, then fz1 0 1 and for any positive integer k, f k � fz1 0 1. However f is not
constant.
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