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Abstract. We study the homological properties of random simplicial
complexes. In particular, we obtain the asymptotic behavior of lifetime sums
for a class of increasing random simplicial complexes; this result is a higher-
dimensional counterpart of Frieze’s ((3)-limit theorem for the Erdés—Rényi
graph process. The main results include solutions to questions posed in an
earlier study by Hiraoka and Shirai about the Linial-Meshulam complex pro-
cess and the random clique complex process. One of the key elements of the
arguments is a new upper bound on the Betti numbers of general simplicial
complexes in terms of the number of small eigenvalues of Laplacians on links.
This bound can be regarded as a quantitative version of the cohomology van-
ishing theorem.

1. Introduction.

The Erdés—Rényi G(n,p) model has been extensively studied since the 1960s ([9],
[4], [5]). This model, defined as the distribution of random graphs with n vertices where
the edge between each pair of vertices is included with probability p independently of
any other edge, is one of the most typical models of random graphs. One of the main
themes in G(n, p) theory is searching for threshold probabilities. For example, Erdés and
Rényi [5] showed that the threshold for graph connectivity of G(n,p) is p = (logn)/n.
When we vary p and consider a family of the Erd6s—Rényi graphs with parameter p, the
following construction is often useful. Let K,, = V,, U E,, be the complete graph with n
given vertices, where V,, and FE,, denote the sets of vertices and edges, respectively. We
assign an independent random variable u. to each edge e € F,, and let u, be uniformly
random on [0, 1]. For each p € [0, 1], a random subgraph K, (p) of K, is then defined by

Ku(p):=V,U{e€ B, | u. <p}.

This construction, the so-called Erdés—Rényi graph process over n vertices, yields an
increasing family KC,, := {K,(t)}se[0,1] of random graphs. This process is closely related
to the concept of the minimum weight on K,,, which can be seen as follows. For each
spanning tree T" in K, define its weight as ), ue. Let W, be the minimum weight
among all the spanning trees in K,. Then
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n—1 1
W, = ;t :/0 Bo(Kn(t))dt, (1.1)

where ¢; € [0, 1] is the i-th random time at which the number of connected components of
K, (t) decreases, and Sy(K,(t)) denotes the zeroth (reduced) Betti number of K, (t), that
is, the number of connected components of K, (¢t) minus one. This type of relation holds
for a general increasing family of graphs. Applying this formula and analyzing 8y (K,,(t))
in detail, Frieze [7] obtained the following significant result about the behavior of W,.

THEOREM 1.1 (¢(3)-limit theorem [7]). It holds that

M8

Jim B[W,] = ((3) <= k™3 =1.202- )

=~
Il

1

and for any e > 0,
li_}rn P(|W, —¢(3)] >¢) =0.

Recently, there has been a growing interest in studying random simplicial complexes
as a higher-dimensional generalization of random graphs. Since an Erd6s—Rényi graph
can be regarded as a one-dimensional random simplicial complex, and graph connectivity
can be equivalently described as the vanishing of the zeroth (reduced) homology, it is
natural to seek a higher-dimensional analogue to the theory of Erdés—Rényi’s G(n,p)
model. The d-Linial-Meshulam model [14] and the random clique complex model [12]
are typical models of this type. The d-Linial-Meshulam model Yy(n,p) is defined as
the distribution of d-dimensional random simplicial complexes with n vertices and the
complete (d—1)-dimensional skeleton such that each d-simplex is placed with independent
probability p. The random clique complex model C'(n, p) is defined as the distribution of
the clique complex of the Erdés—Rényi graph that follows G(n,p). Here, given a graph
G, its clique complex Cl(G) is defined as the maximal simplicial complex among those for
which the one-dimensional skeletons are equal to G. Linial, Meshulam, and Wallach [14],
[16] exhibited the threshold for the vanishing of the (d— 1)-th homology for the d-Linial-
Meshulam model, which is analogous to the connectivity threshold of the Erdés—Rényi
graph. Later, Kahle [13] obtained similar results for the random clique complex model.

Along another line, Hiraoka and Shirai [10] obtained a higher-dimensional analogue
of (1.1) in the context of the theory of persistent homology. Persistent homologies can
describe the topological features of a filtration (i.e., an increasing family of simplicial
complexes; see, e.g., [3], [L7]). In particular, these provide rigorous definitions for the
concepts of birth and death times of higher-dimensional holes, sometimes called cycles
and cavities. The lifetimes, which are defined as the difference between the birth time
and death time, measure the persistence of each hole in the filtration. In [10], Hiraoka
and Shirai proved that the lifetime sum Ly (X) of the k-th persistent homology associated
with a filtration X = {X (¢) }o<s<1 is equal to fol Br(X (t)) dt, where B (X (t)) represents
the k-th (reduced) Betti number of the simplicial complex X (¢) (see Theorem 4.2). When
k =0 and X is the Erd6s—Rényi graph process over n vertices, the result is consistent
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with the second identity of (1.1). They also obtained a relation analogous to the first
identity (see Theorem 1.1 in [10]). Thus, it is natural to seek the asymptotic behavior of
the lifetime sum L (&X,,) for a random filtration &,, = {X,,(¢) bo<t<1 or X, = {X,(¢) }i>0
over n vertices as a higher-dimensional generalization of Theorem 1.1. Typical random
filtrations include the d-Linial-Meshulam complex process IC%d ) = {K,gd) (t)}o<t<1, where
K (t) follows Yy(n,t), and the random clique complex process Cp, = {Cy(t)}g<i<1>
where C,,(t) follows C(n,t) (see Section 4.2 for further details). For these models, the
following estimates were proved by Hiraoka and Shirai.

THEOREM 1.2 ([10, Theorem 1.2]). Let d > 1. There exist positive constants ¢
and C such that for sufficiently large n,

endt < E[Ld—l(lcéd))] < Cn*l

THEOREM 1.3 ([10, Theorem 6.10]). Let k > 0. There exist positive constants ¢
and C' such that for sufficiently large n,

Cn¥logn (k=0,1),

Cn¥ (k >2). (1.2)

en®/2H-Y (D) < BIL(CL)] < {

In [10], the asymptotic behavior of IE[Ld,l(ICg,d))]/nd_1 as m — oo is also discussed,
and a possible limiting constant I;_1 is found by a heuristic argument. For the exact
value of I;_1, see (4.10) and (4.11) and Section 4.4. The exact growth exponent of
E[Lx(C,)], mentioned as a problem in that paper, is considered here.

In this paper, we obtain sharp quantitative estimates of lifetime sums Ly (X,,) for
a large class of random filtrations over n vertices. The main results include a rigorous
proof of the convergence of Lk(ngfi))/nd’1 to I4—1 and a determination of the growth
exponent of E[L(C,)]. These results solve problems posed in [10] and are summarized
in the following theorems.

”
] “0

In particular, IE[Ld_l(ICEld))]/nd_1 converges to Iy_1 asn — oo.

THEOREM 1.4. Letd > 1. For anyr € [1,00),

La_1(K)

lim E v

n—oo

—Iqa

THEOREM 1.5. Let k > 0. There exist positive constants ¢ and C such that, for
sufficiently large n,

enk /2= ) < (L, (C)] < Ont/2H1=1/ ()

As seen from Theorem 1.5, the exponent of the lower estimate in (1.2) is exact. To
prove these theorems, we introduce a new upper estimate of the Betti numbers of general
simplicial complexes (Theorem 2.5). This estimate is a quantitative version of the coho-
mology vanishing theorem ([8], [1], see also Theorem 2.3). By applying this theorem and
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modified versions of known estimates to a family of multi-parameter random simplicial
complexes, including the d-Linial-Meshulam complex and the random clique complex,
we obtain several inequalities involving the expectations of Betti numbers. Theorem 3.6,
in particular, provides an essentially new upper estimate. By integrating these inequali-
ties with respect to the filtration parameter, we obtain good estimates of E[Lj(X,,)] for
a class of random filtrations over n vertices (Theorems 4.3 and 4.4). Theorem 1.5 is a
special case of these theorems, and Theorem 1.2 also follows from them. The proof of
Theorem 1.2 in [10] is based on the monotonicity of Bd_l(Kr(ld) (t)) with respect to t.
Our approach is different and is applicable to more general random filtrations. For the
proof of Theorem 1.4 and an extension (Theorem 4.11), we additionally make use of the
result by Linial and Peled [15] on the convergence of ,Bd(Kﬁld) (¢/n))/n? as n — oo for
each ¢ > 0.

This paper is organized as follows. In Section 2, we provide fundamental concepts
for graphs and simplicial complexes and derive upper estimates of Betti numbers as
a quantitative generalization of the cohomology vanishing theorem. In Section 3, we
provide several estimates for the expectations of Betti numbers for a class of random
simplicial complexes. In Section 4, we introduce the concept of persistent homologies and
prove the main theorems about lifetime sums for random simplicial complex processes.

NOTATION. We use the Bachmann—Landau big-O, little-o, and some related no-
tation associated with n (the number of vertices) tending to co. Furthermore, for non-
negative functions f(n) and g(n),

e f(n) =Q(g(n)) means that g(n) = O(f(n)); and
e f(n) =< g(n) means that f(n) = O(g(n)) and g(n) = O(f(n)).

The notation X ~ v indicates that a random variable X has probability distribution v.
For a,b € R, a Vb and a A b denote max{a,b} and min{a,b}, respectively.

2. Upper bounds of Betti numbers of simplicial complexes.

2.1. Preliminaries and statement of results.

Let V be a finite set. For k > 0, (Z) denotes the set of all subsets A of V' whose
cardinalities #A are k. Note that (}) contains a single element (.. Assume V # () and
let £ C (‘2/) We regard V and E as a vertex set and an edge set, respectively, and
call G = V U E an undirected graph on V. Throughout this article, graphs are simple
undirected finite graphs, with no multiple edges and no self-loops.

Saying that v € V is adjacent to w € V means {v,w} € E. For v € V, the degree
of v is defined as #{w € V | {v,w} € E} and is denoted by deg(v). A vertex v € V is
called isolated if deg(v) = 0. The averaging matrix A[G] = {@yw }v,wev associated with

G is defined by

1/deg(v) if w is adjacent to v,
Ay = < 1 if v is isolated and v = w,

0 otherwise.
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The Laplacian L£[G] of a simple random walk on G is defined by L[G] := Iy — A[G],
where [, is the matrix that acts as the identity operator on V. All the eigenvalues of
L[G] are real and belong to the interval [0,2] (see Section 2.2 for details). Note that
the nonzero vectors that are constant on each connected component are eigenvectors
with associated eigenvalue zero, and the number of connected components of G coincides
with the multiplicity of the zero eigenvalues. When #V > 2, A2[G] denotes the second
smallest eigenvalue of L][G], counting multiplicities. In particular, A2[G] > 0 if and only
if G is connected. We call \2[G] the spectral gap of G. By convention, A\2[0] = 0, and we
set Ao[G] =0 for #V = 1.

We next introduce the concept of simplicial complexes, which are higher-dimensional
counterparts of graphs.

DEFINITION 2.1. Let V' be a nonempty finite set and X a collection of nonempty
subsets of V. X is called an abstract simplicial complex on V if X satisfies the following
two conditions.

(1) {v} € X for all v € V;
(2) Ifoe X and 0 # 7 C o, then 7 € X.

In what follows, we omit the word “abstract” and simply call X a simplicial complex.
For ¢ € X, its dimension dim ¢ is defined to be #o0 — 1. We call ¢ € X with dimo = k
a k-dimensional simplex or, equivalently, a k-simplex. The dimension of X is defined as
the maximum among the dimensions of the simplices in X. Graphs are regarded as zero-
or one-dimensional simplicial complexes in a natural manner. We say that 7 € X is a
face of o € X whenever 7 C 0. For k > 0, X denotes the set of all k-simplices of X.
By convention, we regard () as a (—1)-simplex and set X_; = {@}. The k-dimensional
skeleton X*) of X is defined by X*) .= Ll?:o X;. The simplicial complex X is said to
include the complete k-dimensional skeleton if Xy = (kzl)

Given a simplicial complex X on V and k > 0, an ordered sequence (vg, vy, ..., Vk)
consisting of k 4+ 1 distinct elements of V is called an ordered (k-)simplex of X if
{vg,v1,...,vx} € Xi. The collection of all ordered k-simplices of X is denoted by
E(Xg), with B(X) == ||; ¥(X;). By convention, we set X(X_1) = X({0}) := {0}. Two
ordered simplices are called equivalent if they can be transformed into each other by
an even permutation. The equivalence class of an ordered simplex o = (vg,v1,...,Vk)
is denoted by (o) or (vg,v1,...,v;) and is called the oriented simplex generated by o.
Let Ci(X) be the R-vector space of all linear combinations of oriented k-simplices in X
with coefficients in R under the relation that (vg,v1,...,vx) = —(v1,vp,...,v;) for any
oriented k-simplices. We set C_1(X) = R per convention. For k > 1, the k-th boundary
map Oy : Cx(X) = Cr—1(X) is well-defined as a linear extension of

k

ak<1)0,1)1, N ,Uk> = Z(—l)i<vo, ey Vi1 U541y - - - 7Uk>
=0

for (v, v1,...,vk) € Cp(X). We also define a linear map dy: Co(X) — R such that
do{v)y =1 for v € V. For all k > 0, it holds that 9y 0 Ox+1 = 0, that is, ker 9y D Im Jg11.
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The k-th homology vector space of X over R is defined by Hy(X) := ker 0y/Im Og41.
The dimension of this space is called the k-th Betti number of X and is denoted by

Br(X).

REMARK 2.2. In the usual definitions for homologies, Jy is defined as a zero op-
erator. This difference makes the Betti number £y(X) as defined above smaller by 1
than the conventional Betti number. In this sense, 8;(X) in our definition is often called
the reduced Betti number. For simplicity, we omit the word “reduced” throughout this

paper.

Let k > 0. A real-valued function f on X(X}) is called a k-cochain if f is alternat-
ing, that is, if f(UE(O)a Ve(1)) - - - ,’Ug(m) = (sgn f) f(’l)()7 V1, .. ,’Uk) for all (vg,v1,..., Uk) S
Y(X}) and all permutations ¢ on {0, 1,...,k}. The real vector space C*(X) formed by
all k-cochains is called the k-cochain vector space. We set C~1(X) = R per convention.
The k-th coboundary map dj.: C*(X) — C*+1(X) is defined by the linear extension of

k+1

dip() = 3 (~1) (o)

i=0
for p € C*(X) and o = (vo, ..., Vkr1) € B(Xpy1), where
o= (Vo, ., Vim1,Vig1, -5 Vkt1) € B(Xp). (2.1)

By definition, d_1¢p for ¢ € C71(X) = R is identically ¢ on X(Xj). Elements of Im dj,_,
(resp., ker dy,) are called k-coboundaries (k-cocycles). That diodi_1 = 0, that is, ker dj, D
Imdg_q, can be verified. The k-th cohomology vector space of X is then defined by
H*(X) :=kerdy/Imdg_1. Note that H*(X) is isomorphic to Hy(X).

To state the cohomology vanishing theorem and its quantitative generalization, we
further introduce the concept of links of simplicial complexes. Given a D-dimensional
simplicial complex X and a j-simplex 7 in X with —1 < j < D, we define the link lkx (1)
of 7 in X by

kx(r):={ceX|tNo=0 and TUc € X}.

Note that lkx (7) is either the empty set or a simplicial complex with dimension at most
D — j — 1. If the codimension of 7 in X is no more than 2 (i.e., D — j < 2), then lkx (1)
is either the empty set or a graph. By definition, lkx (@) is always equal to X.

A simplicial complex X is said to be pure D-dimensional if, for every simplex o in
X, there exists some D-simplex containing o. Note that a pure D-dimensional simplicial
complex is D-dimensional. The following is a special case of Theorem 2.1 of [1].

THEOREM 2.3 (Cohomology vanishing theorem (8], [1]). Let D > 1, and let X
be a pure D-dimensional simplicial complex such that Ay[lkx (7)] > 1 — D™ for every
(D — 2)-simplex 7 € X. Then, HP~1(X) = {0}.

The main purpose of this section is to generalize Theorem 2.3 to an upper estimate
of the Betti number. This estimate is one of the key elements of the arguments in the
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later sections.

DEFINITION 2.4. Let G be a graph on V and let {)\l}fi‘; be all the not necessarily
distinct eigenvalues of L[G]. We define

VGia):=#{i| i <a} -1
for a > 0. We also set y(0; @) :== 0 per convention.

THEOREM 2.5. Let X be a simplicial complex and D > 1. Then,

Bpa(X) < > A(lkx (1)1 D). (2.2)

TEXD_2

Recall that the graph lkx (7)) is the one-dimensional skeleton of the simplicial
complex lkx (7). This theorem is an extension of Theorem 2.3. In fact, under the
assumptions of Theorem 2.3, v(lkx (7));1 — D™1) = y(lkx(7); 1 — D) = 0 for every
T E XD,Q, so that ﬂ[),l(X) =0.

We devote the rest of this section to proving Theorem 2.5. The proof is based on
careful modifications to the proof of Theorem 2.3 and a nice transformation of X to
remove the assumption of pure dimensionality.

2.2. Auxiliary operators.

Here, we give an overview of some preliminary concepts and facts about simplicial
complexes as described in [1] and state them in a way that is useful for this research.
Let X be a pure D-dimensional simplicial complex. For simplices o in X, m(c) denotes
the number of D-simplices containing . Note that m(-) > 1 from the assumption of
pure D-dimensionality. For ordered simplices o = (vg,...,v;) € Z(X), m(o) is defined
as m({vo,...,vr}). Simple calculations show that, for all =1 <k < D and 7 € (X}),

Z m(o) = (k+2)1 (D — k)m(7),

0€X(Xp41);0DT

where o O 7 implies that all vertices of 7 are vertices of . We equip C*(X) with an
inner product (-,-) defined by

(pv) = > mo)p(o)(o) for g€ CHX), k>0 (23)
(k+1)!
ceX(Xk)
and
(¢, %) = #Xppyp for o,y € CTH(X) =R. (24)
The induced norm is denoted by || - ||. For k > —1, denote by gy1: C*H(X) —

C*(X) the adjoint operator of dy, that is, the unique operator satisfying (dgp,v) =
(¢, 0k11%) for all p € C*(X) and ¢p € C*+1(X). For ordered simplices o = (v, ..., vx) €
3(Xg) and 7 = (wo,...,w;) € X(X;), the notation o7 indicates an ordered sequence
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(Vo .+ Uk, Wo, ..., wy). A straightforward calculation gives the following expressions.
For ¢ € C¥(X), 1 € C**1(X), and o € X(X}) with k > 0,

Seaitlo) = > Tzfgf(:))¢(va)
vEX(Xo);
vo€X(Xpy1)
and
k
die(0) = (D= Bgto) = Y Y0 ). @9

veD(Xo); =0
vo€X(Xk+1)
See (2.1) for the definition of o;.
For k > 0, the down Laplacian and the up Laplacian on C*¥(X) are defined by
Lilown .= dy,_1 6y and L® := 0p11dy, respectively. The Laplacian Ly on C*(X) is defined
by

Li = L™ + L\P.

Note that Lgo‘”“, LyP, and Ly, are self-adjoint and non-negative definite operators with
respect to the inner product (2.3) and, further, that the relations

ker LI°V™ = ker 0y, (2.6)
ker L,” = ker dy,
H*(X) =~ ker Li°"™ Nker L}® = ker Ly, (2.8)

hold, which can be shown by simple calculations. We also note that if G is a pure
one-dimensional simplicial complex on V (i.e., a graph without isolated vertices), then
Ly? = L|G] from (2.5). By combining the fact that the transpose of A[G] is a stochastic
matrix, the eigenvalues of L[G] are all real and lie between 0 and 2.

2.3. Localization.

Let X be a pure D-dimensional simplicial complex, and let 7 = (vg,...,v;) €
Y(X;) be a fixed ordered j-simplex in X with —1 < j < D. We write lkx(7) for
Ikx ({vo,...,v;}) and define m,(n) = m(rn) for n € lkx (7). In other words, m,(n) is
the number of (D — j — 1)-simplices in lkx(7) containing n. For 0 <[ < D —j — 1,
Y(kx(7);) denotes the set of all ordered Il-simplices of lkx (7). Since lkx(7) is a pure
(D — j — 1)-dimensional simplicial complex, we can define various concepts for lky (1),
as we did in the previous subsection for X, by replacing X with lkx (7). We distinguish
the concepts from those for X by adding the superscript (or subscript) 7 in the notation.
For example, the coboundary operator on C!(lkx (7)) is denoted dJ. Other symbols are
indicated by (-,-)-, | - ||+, 6], and so on.

DEFINITION 2.6. Let —1 < j < k < D and take 7 € $(X;) and ¢ € C*(X). The
localization ¢, € C*~7=1(lkx (7)) of ¢ with respect to 7 is defined by
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¢r(n) = @(rn) for n € B(lkx (7)k—j-1)-
A straightforward calculation gives the following identities.

LEMMA 2.7 ([1, Lemmas 1.10 and 1.12, and Corollary 1.13]). For D > 1 and
p € CP=L(X), the following identities hold.

1
D|gl* = m Z -2,

" reX(Xp_s)
1 T
ldp-1% = llell* = R > Udge-lz = lle-l13)-
" T7eX(Xp_a)
In particular, we have
1 . _
ldp—1¢ll” = [CES Z {Id5e- 117 = (1 = DYl 12} - (2.9)
" res(Xp_s)

2.4. Upper bounds of Betti numbers.

Let D > 1 and let X be a pure D-dimensional simplicial complex. Take 7 € Xp_»o
or 7 € X(Xp_2). Let Nx(7) denote the number of vertices in lkx (7). The eigenval-
ues of L[lkx(7)], including repeated values, are denoted by A7 and the corresponding
eigenvectors by ¢7 (i = 1,..., Nx(7)). Without loss of generality, we may assume that
AT =0, ¢ is a constant vector, and {wf}fvlem is an orthonormal basis of C(lkx (7)).
We consider the orthogonal decomposition of CO(lkx (7)):

COlkx (7)) = AT & A3 & A3,
where
AT : = spang {7},
AL s =spang{y] |i#land \] <1— D71},
A% : = spang{y7 | \T > 1— D'}

For j = 1,2,3, 7 denotes the orthogonal projection of C°(lkx (7)) onto A7. We obtain
the following formula by direct calculation.

LEMMA 2.8 ([1, Lemma 1.11]).  For ¢ € CP~Y(X) and 7 € 2(Xp_2),

ez = ™0 (55 10)()”

The following lemma is important for proving the cohomology vanishing theorem
and its quantitative generalization.

LEMMA 2.9.  Let X be a pure D-dimensional simplicial complex with D > 1. Then,
for each T € Xp_q, there exists some i € {1,...,Nx (1)} such that A\ > 1. Moreover,
for p € CP7H(X),
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TEX(Xp_2)

1 2 .
P < 55 (o 3 Iederl +1oaaelP + ldpasl?). (210)

where X := min{\] — (1 — D1

)| 7€ Xp_g and A\T >1— D~
p €ker Lp_1, then

Y'> 0. In particular, if

lel* <

2 T

: TEE(XD72)

PROOF. Note that the zeroth up Laplacian on lky (7) is equal to L[lkx(7)]. For

simplicity, we use £ to denote L[lkx(7)] in the following. Since X is pure, by the
definition of L,
Nx(7)

> A =tr(£) = Nx(7)

for each 7 € Xp_o. This implies that A\ > 1 for some ¢ € {1

- Nx(7)}-
For an arbitrary 7 € £(Xp_») and ¢ € CP~1(X),

3
||d0907'||r (Lprs pr)r Z Lrlor, ] or)r

> (Lrgpr, m50r)r > kl|lTier||2,

where x := (1 — D™!) + X\ < 2. In the above equation, the first inequality follows from
the non-negative definiteness of £. The second equality follows by expressing 73 ¢, as a

.
linear combination of the eigenvectors {7 }; generating AJ. From (2.9), we have

1 : _
ldo1ol” = 5=y > (ldgerliz = (1 = D7Hller|?)
" reX(Xp_s)
1 . _
> m Z (“||7T3SDT||3 -(1-D 1)”907“3)
" rex(Xp_s)
1 T — T T
=B > el (= D7) + e )
" reX(Xp_2)
Therefore,

A . 1-D7! . .
= > el <ldoel’+ = DL (IrTerlli + Imzer ).
(D-1)! (D-1)!

T€X(Xp_2) Te€X(Xp_2)
(2.12)
Then,

1
AD || = m Z M-I (from Lemma 2.7)

: TEE(Xsz)
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3
- o Al

T rex(Xp_o) =1

aZ T T
<Soom X (el +linsedl?) + ldpagl®  (fom (212)
" reX(Xp_a)
K m(7) 2
= — Op—
TES(Xp_2)
K T
+ D=1 Z 75 -7 + ldp-1]1*  (from Lemma 2.8)
’ TEX(Xp_2)
2 T
<Ipael’ + pmgy > IeEerll + ool
" reX(Xp_a)

Thus, (2.10) holds. If ¢ € ker Lp_1, then the second and third terms in the right-hand
side of (2.10) vanish because

@ € ker Lp_; = ker L™ N ker LY =kerdp_1Nkerdp_q
from (2.6), (2.7), and (2.8). Thus, (2.11) holds. O

Theorem 2.3 can now be proved by combining Lemma 2.9 with (2.8), but we proceed
further. First, we prove a variant of Theorem 2.5 with the extra assumption that X is
pure D-dimensional.

THEOREM 2.10. Let X be a pure D-dimensional simplicial complex with D > 1.
Then,

Bpa(X)< Y A(lkx(r);1—D7).

T€EXp_2

ProOOF. For each 7 € Xpp_o, select an arbitrary 7 € (X p_s) from the ordered
sequences of elements of 7. Define a linear map

F:kerLp_1 — @ A3

T€EXpD_2

by F(¢) = (73¥s)rexp_,- From Lemma 2.9, F is injective. Comparing the dimension-
alities, we have

Bp-1(X)=dim(ker Lp_1) < Y dimA7 = > y(kx(r);1-D7'). O

TEXD_2 T€EXD-2

We now remove the assumption of pure D-dimensionality in Theorem 2.10. Let
D > 1 and let X be a simplicial complex. We assume dim X > D — 1 and consider the
(D — 1)-th Betti number. Let Mp_1(X) be the set of all maximal (D — 1)-simplices in
X, namely, the set of all (D — 1)-simplices that are not contained in any D-simplex. We

define a new simplicial complex X~ by adding vertices and simplices to Xp as follows.
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For each o0 € Mp_1(X), we construct a D-simplex s, := o L {v, } with a new vertex v,.
D . .. .
We let X~ be the simplicial complex generated by Xp U {s5}senr,_,(x), that is, the

smallest simplicial complex that includes Xp U {s5}scrr, ,(x). Clearly, X7 is a pure
D-dimensional simplicial complex. In addition, the identity

Bp-1(X) = Bp-1(X") (2.13)

holds. Indeed, let X[P! denote the simplicial complex X N YD. In other words, X!
is generated by Xp U Xp_1. Since kerdp_1 and Imdp_o do not change from replacing
X with XP! we have Bp-1(X) = 5D,1(X[D]). By construction, YD and X! are
homotopy equivalent, which implies that ﬂD,l(YD) = Bp_1(XPl). Thus, (2.13) holds.

For the proof of the following lemma, we note a few simple facts about some graphs
G. Let a € ]0,2). If G consists of only one vertex or one edge and its two vertices, then
v(G; ) = 0. Also, adding an isolated vertex or an isolated edge to a non-empty graph
G increases v(G; «) by exactly one.

LEMMA 2.11. Let D and X be as stated above. For o € [0,2),

Z ’y(lkX(T)(l);a) = Z Yp-1(Ikgn (7); @).

TE€EXD-2 TE(YD)D—Z

Proor. If 7 € Xp_o \ (YD)D,Q7 then lkx(7) = 0, which implies that
v(kx(7)M;a) = 0. Suppose T € (YD)D_Q \ Xp_2. Then there exists some o €
Mp_1(X) such that 7 C s, and 7 € 0. Since s, is the only D-simplex of x” that
contains 7, k¢ (7) consists of only the isolated edge s, \ 7. Thus, y(Ik¢p (7); ) = 0. If
T€Xp_oN (YD)D_Q, then v(lkx (1)™M; a) = y(Ikn (7); ) because lk—p (7) is obtained
from lk x () (7) by replacing its isolated vertices with isolated edges. Therefore,

Z Y(kx (1)Msa) = z v(Tkxo) (7); @)

T€XD-2 Te(XIPHp_o
= Y A(kgo(r);a). O
TG(YD)D—Z

We can now prove Theorem 2.5.

PrROOF OF THEOREM 2.5. We may assume that dim X > D — 1, since otherwise
both sides of (2.2) vanish. Noting that X ~ is a pure D-dimensional simplicial complex,

we have
Bp_1(X)=Bp1(X")  (from (2.13))
< Z V(Ikyp (r);1=D71) (from Theorem 2.10)
re(X)p_2
= Z ’y(lkX(T)(l); 1-D) (from Lemma 2.11). O

TEXD-2
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As a corollary, the assumption of pure D-dimensionality in Theorem 2.3 can be
removed.

COROLLARY 2.12. Let D > 1, and let X be a simplicial complexr such that
Xo[lkx (7)] > 1 — D™t for every (D — 2)-simplex 7 € X. Then, HP~1(X) = {0}.

3. Estimates of Betti numbers of random simplicial complexes.

3.1. Statement of results.

In this section, we consider multi-parameter random simplicial complexes, which
were introduced in [2], [6], and give some estimates of their Betti numbers. Linial-
Meshulam complexes [14] and random clique complexes [12] are shown as typical exam-
ples in this framework.

Let n € N and p = (po,p1,--.,Pn—1) be a multi-parameter with 0 < p; < 1 for
all i = 0,1,...,n — 1. We start with the set V of n vertices and retain each vertex
with independent probability py. Next, each edge with both ends retained is added with
independent probability p;. Iteratively, for i = 2,3,...,n — 1, each i-simplex for which
all faces were added by this procedure is added to our complex with independent proba-
bility p;. The distribution of the resulting random simplicial complexes X is denoted by
X (n,p). We call this model the multi-parameter random complex model with n vertices
and multi-parameter p.

ExXAMPLE 3.1. Let n > d > 1 and let 0 < p < 1 be fixed. Define p =
(p07p17~'7pn71) by

1 (0<i<d-1),
DPi =43P (Z = d)a
0 (d+1<i<n—1).

The corresponding random simplicial complex follows the d-Linial-Meshulam complex
model Yy(n,p). The Erdés—Rényi graph model G(n, p) is identified with Y;(n, p).

EXAMPLE 3.2. Let n > d > 1 and let 0 < p < 1 be fixed. Define p =
(pOapla cee 7pn—1) by

1 (0<i<d—1),
pii=qp (i=d),
1 (d+1<i<n—1).

We call the corresponding random simplicial complex C,(Ld) (p) the random d-flag complex.
The random clique complex C,,(p) is identical to the random 1-flag complex Cy(Ll)(p).

We state several estimates for the Betti numbers of the multi-parameter random
complexes X (n,p) according to the dependence of p on n. Their proofs are left to
subsequent subsections. To state the propositions, we introduce some notation:
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k+1

k
q-1 = 17 dk ::sz(z#l) (nggn_l)v
i=0

. (3.1)
rp = TeAL pr ) (-1<k<n-2).
EL R
Here, we set 0/0 = 0 and (J) = 1 per convention. Note that 0 < g, < 1,0 < 7, < 1,
and P(o € X) = g, for any o € (kL)' Moreover, both g and rj are nonincreasing with

respect to k.
In what follows, k£ > 0 is always fixed. The following proposition follows from an
easy application of the Morse inequality (see also Section 6 of [6]).

PROPOSITION 3.3.  Letc; > 0 and c2 > 0 satisfy (k+1)/c1+ca/(k+2) < 1. Then,
there exist some ng € N and g > 0, depending only on k, c1, and co, such that if n > ng,
then

c c
Th_1 > El and 1 < f (3.2)

together imply E[Br(X)] > egnFtlq;.

The next result is an upper estimate for ry, sufficiently large. This is a generalization
of the cohomology vanishing theorem to multi-parameter random complexes (see, e.g.,
[13, Theorem 1.1 (1)] and [6, Theorem 2]).

PROPOSITION 3.4.  Let p > 1 and § > 0. Then, there exists a Ky > 0, depending
only on k, p, and §, such that if
S (p+ ) log(nri_1)

K
o1 > =2 and T > , (3.3)
n n

then P(B1(X) # 0) < n*+lg(nri_1)~" and E[Br(X)] < n**lgp(nri_1)t 7.

COROLLARY 3.5. Let 6§ € (0,1, v >0, >0, and M > 0. Then, for sufficiently
large n,

0)1
T > w and Mr,ife > re_1 (3.4)
n

imply
P(Br(X) # 0) < n*gp(nre1) ™% and E[Br(X)] < n*gp(nre_1) /.
The last result is a general upper estimate, which is the main result of this section.

THEOREM 3.6. Letl € N. There exists a constant C' > 0 depending only on k and
l such that for alln € N,

E[Br(X)] < nk“qk{l A C(m‘k)_l}.
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Here, if i, = 0, then the right-hand side is interpreted as n*+lqy.
We apply these results to typical examples.

EXAMPLE 3.7 (Linial-Meshulam complex). Consider the d-Linial-Meshulam com-
plex X ~ Yy(n,p), as in Example 3.1. Letting k = d — 1, we obtain ¢ = 1, rp,—1 = 1,
and 7 = p. Theorem 3.6, Proposition 3.3, and Corollary 3.5 with § = M = 1 together
imply that for given 0 < ¢ < k+ 2,1 € N, and v/ > v > 1, there exist ¢g > 0 and C > 0
such that the following hold.

(1) For every n € N,

E[B4_1(X)] < n*{1 A C(np)~'}.

(2) For sufficiently large n, if p < ¢/n, then

E[Bd—l (X)] Z Eond.

(3) For sufficiently large n, if p > (v'logn)/n, then

P(fa-1(X) #0) <n'™ and E[fg (X)) <n®t.

ExaMPLE 3.8 (Random clique complex). Consider the random clique complex
k+1

X ~ C(n,p), as in Example 3.2. For 0 < k < n — 1, we obtain ¢ = p( 2 ), re_1 = p~,

and r, = p**tl. Here, (;) = 0 per convention. Theorem 3.6, Proposition 3.3, and

Corollary 3.5 with # = 1/(k 4+ 1) and M = 1 together imply that, for given ¢; > 0 and
e >0 with (k+1)/c1 +c2/(k+2) <1,leN,and v/ > v > 1/(k+1), there exist g9 > 0
and C > 0 such that the following hold.

(1) For every n € N,
E[5(X)] < n*pC2 LA Clnpt )1,
(2) For sufficiently large n, if (¢1/n)"/* < p < (ca/n)"*+1 then
E[B(X)] > egn*+1p(‘1).

(3) For sufficiently large n, if p > {(v/logn)/n}*/ 1 then

k41
P(Br(X) #£0) < nk+1p( 2 )(npk)—(k-‘rl)u
— nk/2+17u(npk+1)k/2,kl,

and

E[8(X)] < nf*1p(*s") (nph) L=+,
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Note that when v/ > k/2 4+ 1+ n for some n > 0 in (3), the first conclusion implies
P(8r(X) # 0) = o(n™"). When n = 0, this claim is consistent with Theorem 1.1 (1) in
[13].

3.2. Proofs of Propositions 3.3 and 3.4.

We follow [12, Section 7] for the proof of Proposition 3.3. For k > 0, let fi(X)
denote the cardinality of X, the set of all k-simplices of X. We set f_1(X) = 1 per
convention. The following inequality holds for arbitrary simplicial complexes.

LEMMA 3.9 (A version of the Morse inequality). Let X be a simplicial complex.
For every k > 0,

(X)) = fep1(X) = frm1(X) < Br(X) < fr(X). (3.5)
ProoF. Since fx(X) = dimker dy, + rank dj, we have

Br(X) = dimker dy, — rank dj,_1
= (fx(X) —rankdy) — rank dj_4
> fr(X) = fre1(X) = fe—1(X)

and
ﬁk(X) Sdimkerdk ka(X) Il

PROOF OF PROPOSITION 3.3. Choose ng > k such that

Tlo(k+ 1) C2

1.
(no—k‘>61 + k+2 <
Then, (3.2) implies that, for n > ny,
n (n—Fk—1)rg Co
= = <
Bl (0] = () 1y Jan = PSS BIACO] < L2 5BIACY)

and

n k+1 ng k-+1
Elfr-1(X)] = g=——E[f(X)] < Elfrx(X)].
a0 = ()1 = o BLACO] < 2 sl
Combining these estimates with the first inequality of (3.5) yields the desired inequality.
O

We now turn to proving Proposition 3.4. The following theorem states that the spec-
tral gap of the Erdés—Rényi graph G ~ G(n,p) concentrates around 1 if the parameter
p is sufficiently large.

THEOREM 3.10 (Theorem 1.1 in [11], spectral gap theorem in [13]). Let G ~
G(n,p) be the Erdds—Rényi graph. Letn >0, § > 0, and € > 0. Then, for sufficiently
large n, if
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p> (I14+n+0)logn

n
then P(A2[G] >1—¢) > 1—en™".

The following lemma concerns the structure of links in multi-parameter random
complexes. Let X ~ X(n,p) be a multi-parameter random complex with an n-point
vertex set V' that is defined on a probability space (92, F,P). For a simplex 7 with
P(r € X) > 0, we define a probability space (Q,, F,P;) by

QT::{TGX}7-FT::{B€“F|BCQT}5 a‘ndPT():P(|QT)

Let Vx(7) denote the vertex set of lkx(7) and Nx(7) denote its cardinality; these are
random variables on €2,. The expectation with respect to P, is denoted by E,. Let
Bin(n, p) indicate the binomial distribution with parameters n and p.

LEMMA 3.11. Let 0 < k < n — 2 and consider 7 € (Z) Provided that P(T IS
X) > 0, the distribution of (Ikx (7)) under P, is X(n — k, (rp_1,7%/7%-1,0,...,0)).
In particular, the distribution of Nx (1) under P, is Bin(n — k,rg_1).

PROOF. A vertex v € V\7 belongs to Vx (7) if and only if X contains every possible
simplex that can be described as the union of {v} and a subset of 7. For 0 < i < k, there
are (f) such i-simplices. This implies

P, (veVx(r sz _

Moreover, events {v € Vx(7)},cv\, are independent under P since distinct events are
described in terms of distinct simplices. Let V C V' \ 7 with P(Vx(r) = V) > 0. An
edge between vertices v and w in 1% belongs to lkx(7) if and only if X contains every
possible simplex described as the union of {v,w} and a subset of 7. For 1 <i < k+ 1,
there are (,*,) such possible i-simplices. This implies

k4l

Pr({v, w} € lkx(7) | Vx(7 Hpﬁ ) =

Tho1
Moreover, events {e € lkX(T)}ee(g) are independent under P, (- | Vx(7) = V) by the
same reasoning as used above. Thus, the claim holds. O
ProOOF OoF PROPOSITION 3.4. From Theorem 2.5,
E[Be(X)] < Y E[Nx(7);7 € Xpo1, doflkx(r)M] <1 (k+1)7"]
e (i)

> P(r € Xp_1)E-[Nx(7); Aallkx (1) V] < 1= (b +1)7"]

re(})

_ (Z) G BN MalZ) < 1— (k+1)7Y),
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where Z ~ X(n — k, (rk—1,7%/Tk-1,0,...,0)) and N is the number of vertices of Z,
which follows Bin(n — k,7,_1). The last identity follows from Lemma 3.11. Define
p = E[N] = (n — k)rp_1 and recall the Chernoff bound

1/5

PN — ul > 5] < exp (—“5) | (3.6)

If Ko > 2k and (3.3) holds, then u > nri_1 — k > nrg_1/2 > Ky /2. Thus,

re_ o (pA0)log(nrg_1) (p+6/2)logm

Th—1 nre—1 m> | pu—p3/5 | m

for Ky sufficiently large. By combining these estimates with Theorem 3.10, for ¢ =
(k+ 1)~ A277, we have

E[N;o[Z] <1— (k+1)7]
Tutp®/]
< Y mBOulZ) <1 (k4 1)t N = m)B(N = m) + B[N N — | > 6]
m=Lu—pi3/5)
Tutp®/]
< Z mem* PP(N = m) + E[N}Y2P(IN — p| > pu/5)1/?
= p3/5)
1/5
< el — 15110 + (o + 1) exp (—“10)
< 2ep??

when K| is sufficiently large. Here, note that the distribution of A\y[Z] under P(- | N = m)
is that of A2[G] with G ~ G(m, 1y /ri—1). Therefore,

BL5 ()] < 26 oo as

nrzH)l*P

< 2en®q_1nri_1 ( 5

< gy (nry_1)

The estimate of P(8,(X) # 0) is obtained in the same way. In this case, from Corol-
lary 2.12, we have

P(B1(X) # 0) < P(There exists 7 € Xj_1 such that Ao[lkx(7)V] <1— (k+1)7")
< > P(r € Xp1, Maflkx ()M <1 (k+1)7Y)

re(})

_ <Z)qk_1P(A2[Z} <1—(k+1)7).

Then, for e = (k+1)"1 A277,
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P(A2[Z] <1-(k+1)71)

[t/

1/5
< Z P(A[Z] <1—(k+1)"'| N =m)P(N =m) +exp (,u5 >
m=|p—u3/5]
i/
< el ¥ e (25 ) < 2t
for Ky sufficiently large. Therefore,
n _
P (X) £ 0) < 2} oo
1—p
< (152
< nF g (nrg_y) 7. O

PrOOF OF COROLLARY 3.5. Take K{ in Proposition 3.4 in which we let p and §
be v/6 and §/(20), respectively. From (3.4), for sufficiently large n, we have rp_q > r >
Ky/n and

S (v/0+6/(20)) log(nri—1) .

- n

Indeed, if we set ¥ = (v 4 d)(logn)/n, then, for sufficiently large n,

v 4 v 4 0
nrk—< 20) og (nri—1) >m‘k—<0 20>log(nMr,i )

()0t (2§ - 2

_ v 4 ~ ) log M
> — | = — — — — —
> nF <9+29 (1 —0)log (nT) (1/+2> <logn 7 >

) )
=3 logn — (; + 20) {(1 — 0)(loglogn + log(v + §)) + log M }
>0
The conclusion follows from Proposition 3.4. g

3.3. Proof of Theorem 3.6.

Theorem 2.5 plays a key role in proving Theorem 3.6. We first discuss the eigenvalues
of the averaging operator on the Erdés—Rényi graph.

Let G = VUE be a graph and let h € N. We call w = (vg,v1,...,v) € VIT!
a walk on G with length h if v; is adjacent to v;4; for all i = 0,1,...,h — 1. A walk
w = (vo,v1,...,vn) € VI where vg = vy, is called a closed walk. We denote by
Wi(G) the set of all length-h closed walks on G. Given a graph G and a closed walk
w = (vg, v1,...,0,) € Wh(G), let G(w) = V(w)UE(w) denote the subgraph of G induced
by w, where
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V(w) :={vg,v1,...,0p-1} and E(w) := {{vo,v1},{v1,v2},...,{vn_1,vn}}

are the vertex set and the edge set, respectively. The multiplicity ms(w) of s € V(w) is
defined by

ms(w) :=#{j € {0,1,...,h —1} | v; = s}.

For 1 <w,e < h, the set W,"°(G) is the set of all w € W,(G) such that #V (w) = v and
#E(w) = e, and wy’“ is the number of length-h closed walks on v unlabeled vertices that
traverse exactly e edges (perhaps multiple times). That is,

Wy = WK o),
where K, is the complete graph with v vertices.
LEMMA 3.12.  The following properties hold for l € N and 1 < wv,e < 21.
(1) If wy® >0, thene > v — 1.
(2) IfwS ™ >0, then e <.

PrROOF. Take w € W, °(K,). By applying the Euler—Poincaré formula to the
graph G(w), we have v —e = 1 — 51(G(w)) < 1. This implies (1). For the proof of (2),
take w € W5T(Koy1). Since 1(G(w)) = 0 (and G(w) is connected), G(w) is a tree.
Then, since w is a closed walk, w passes through each edge of G(w) at least twice. This
implies e < [. O

LEMMA 3.13. Let G ~ G(n,p) be the Erdés—Rényi graph and let o > 0. Let
{pi}, be all the (not necessarily distinct) eigenvalues of the averaging matriz A[G].
Then, forl € N and n > 21,

. (2l)' v,e_ v, e n(l_p)n_l
Elt{i | i 2 a}] < a2l(n — 21 + 1)2p2! > wyntpt+ o2l
1<v,e<2l;
e>v—1

PROOF. To proceed, we identify the vertex set of G with {1,2,...,n}. Let
{Xij}1§i<j§n be independent and identically distributed random variables that follow
the Bernoulli distribution with parameter p. The Erdés—Rényi graph G can be gener-
ated by {Xi;}1<i<j<n: edge {i,j} is supposed to belong to G if and only if X;; =1. In
addition, we define X;; = 0 for 1 <7 <n and X;; = X;; for 1 <1i < j < n. Then, a;,
the (4, j)-component of A[G], is given by

s=1 s=1

1 if ZXL@:O and i=j,
s=1

0 otherwise.

aij =
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The obvious bound gives
#{i | i > 0} < — Z = — r(A[GP).

Let I(G) denote the number of isolated vertices of G. With this,

21y B )
tr(A[G] )— g Qigiq Qiqig Qi _vio
1<i0,i1,..yi21—1<N
= E Qigiy Qiyig *** Qigy_yig + I(G)

1<i0,i1,...y021—1<N;
1075217117512 ----- 211770

Qigiy Qiyig ** " Qigy_1dgy T I(G)
w=(ig,1,...,421) EWai (G)
201—1

= > H sx, o T1O)

ioq ; 1 Xis
w=(0,%1,...,i21) EW21(G) s;=177%38;

201 1
< + 1(Q). (3.7
= X, . +1
wW=(30,01,--yi01) EWa1 (G) §=0 ZS#Z"(W) isi T
Here, in the second line, we used the fact that, for each i = 1,...,n, a;; # 0 if and only

if a;s = 0 for every s # 4. In the third line, recall that if vertex 7 is not adjacent to vertex
J # i, then a;; = 0. The last inequality follows from the fact that each ; has at least
one adjacent vertex in V(w).
By using the independence of {X;; }1<i<j<n, the expectation of the first term of the
last line of (3.7) is equal to
211 1

> El ]
wW=(i0,i1 ... in1) EWar (Kn) j=0 ZS#V(U}) Xigs, + L

; w € Wy (G)

2[—-1

1
> P(w e Wa(G)E| [] = T 1
W= (i0,i1,.. in ) EWay (K ) =0 £=s; &V (w) 5 8;

= 2 2 oI Bz )™ (38)

1<v,e<2l; w=(io,i1,...,i21) EW“(Kn) 1€V (w)
e>v—1

where Z,, ~ Bin(n — v,p). Here, Lemma 3.12(1) was used for the last identity. We also
have, denoting m;(w) by m,,
E[(Z, +1)7™]
<mE[(Zy +mi)  (Zo+mi— 1) (Zy + 1) 7

— 1 - (n—w)!
O(T+mi)(r+mi71)~~(r+1) rl(n—v—r)!

= mi! 'pT(l _ p)n—v—r

r=
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(n—v+m))n—v+m;—1)---(n—v+1)p™

X nz_fj (n—v & ms) p (1 — )T
(r+m)!(n—v—r)

r=
< ml'
~ (n—wv+ 1)mipmi’

Since Y ey () mi(w) = 21, we have [y, {mi(w)!} < (2])!. By combining these
estimates, (3.8) is dominated by

Z Z p° (20)! < Z wy; “np° (21)!

_ 20,21 > — 20,20
1< €2 (i iyewe ey (T O F DI T T (n v )
e>v—1 e>v—1

( v,e v e
S(nf21+12l 21 Z Wy NP
1<v,e<2l;
e>v 1

Since E[I(G)] = n(1 — p)"~1, we reach the desired conclusion. O

We remark that v(G;1 — «) is #{¢ | u; > a} — 1 since L|G] = Iy — A[G]. Now, we
prove Theorem 3.6.

PROOF OF THEOREM 3.6.  Since E[f(X)] = (,";)qr, the second inequality of
(3.5) implies that

E[Br(X)] < n* . (3.9)

Thus, it suffices to prove

E[B,(X)] < Cnf g (nry) ™!

for some constant C' that depends on only k£ and [. Take K in Proposition 3.4 with
p=14+1and § =1. Take K; > KoV 1 such that z'/* > (I 4 2)logz for all z > K;.
Suppose that

K1 (TL’I"kfl)l/l

Tk 2 7 (3.10)

n

Then, r,—1 > rp > Ki/n and r, > (I + 2){log(nrr—_1)}/n hold. Thus, from Proposi-
tion 3.4 with p=1I1+1and § =1,

E[Br(X)] < n* g (nrp_1) ™" < n g (nry) L

Next, consider the constraint

(3.11)
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for some constant Ko > K; that will be specified later. By applying Theorem 2.5 to X
with D = k + 1, we have

EBp(X) <E| > (kx(n)™;1—-(k+1)7")
TEX k-1
= > P(reXp)E[y(kx(r) 51— (k+1)71)]
re(Y)

_ (Z) G E[(Z:1 - (k+ 1)),

where Z ~ X (n—k, (rg—1,7k/Tk-1,0,...,0)). The last identity follows from Lemma 3.11.
Denote by N the number of vertices of Z, which follows Bin(n — k,7,_1). Define u :=
E[N] = (n — k)ry_1. Take Ky > K; V 2k so that |z — 23/5] > 2[ for all > K5/2 and
suppose that (3.11) holds. Consequently, we have p > nry,_1/2 > Ky/2 and [pu—p®/%| >
2l. Then, Lemma 3.13 implies that

E[v(Z;1 - (k+1)7")]

[utp®/®]
< Y ER(Z1-(k+1)H)+1|N=m]P(N =m)
m=|p—ps/3]
+EM(Z1 = (k+ 1)) + GIN = p| > 4?7 —1
3/5
[utp=/"] (2[)'(16-’- 1)2l ve - e
< Z (m — 21+ 1)2(ry/ )21 Wy M
m=|p—p3/5] m Tk/Th—1 1<v,e<2l; Tk—1
e>v—1
r m—1
+(k+1)2lm<1—rk ) }P(N=m)+E[N;N—MI>u3/5]—1
k—1
wv,e
< (20! (k + 1) %nry,_ 2l v
20! ( ) k 119,2@:91; (n1e—1) 2=t (g, g ) 2e
e>v—1

+(k+1)"E +E[N]PP(N — p| > )2 -1, (3.12)

r N—1
N(l— K >
Tk—1

where

[t/ —_— 2N\
A, = — P(N =m).
Y Z (m—21—|—1> (m’k1> ( m)

m=u—p/]

If K5 (which depends on only & and ) is chosen to be larger in advance, each A, becomes
less than 2. In what follows, C' is a positive constant depending on only k and [; it may
vary from line to line. Concerning the first term of the last line of (3.12), we have
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)
1<v,e<2l; (k)27 (e )2
2271):1

2l e
= Z Z Woy
0 1<v o<l (nrp_1)™(nry)2l—e
v—e=1—m

w?e
= 2 2 (from Lemma 3.12(2))
v—e=1l-m

1 21
< (nry) 7! nglﬂ’e + (nrp_1)7 " Z Z wy;*
e=1

m=1 1<v,e<2l;
v—e=1-m

< C(nry)~ "

Here, the first inequality follows from the relations nri_1 > nry > Ko > 1, and the last
one follows from the inequality (nrx_;)~! < (nrg)~!in (3.11).
Considering the second term of (3.12),

r N—-1
E[N(l k )
Tk—1

= E[1Z]

= Z P(v is an isolated vertex in Z)
ve{l,2,....,n—k}

=Mn—-kre-1(1— rk)”*kfl

< Cnrg_1 (m"k)*l.

The last inequality follows from the inequalities (1 — 2)™ < e™™% < C(mx)~! for 0 <
r <1and m >0, and exp(ri(k + 1)) < eF+L.
The third term of (3.12) is dominated by (u? + u)'/? exp(—p'/%/10) from the Cher-
noff bound (3.6), which is less than 1 for K, greater than some absolute constant.
Combining these estimates, we obtain

E[Bi(X)] < Cn"qe_1nri—1(nr) ™" = Cn* gy (nrg)
Lastly, if
ry < —, (3.13)
then, from (3.9),
E[Bx(X)] < n**lgp < Kn® gy (nry) ™"

Since (3.10), (3.11), and (3.13) cover all cases, the proof is completed. O
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4. Estimates of lifetime sums of random simplicial complex processes.

4.1. Persistent homology.

Let X be a simplicial complex. A family X' = {X(¢)};>0 of subcomplexes of X is
a right-continuous filtration of X if X (s) C X(t) for 0 < s <t and X (t) = (5, X(t')
for t > 0. Since X is a finite simplicial complex, X (t) differs from J,,_, X (¢') only
finitely many times. Here, X (¢) can be the empty set, which is considered to be a
(—1)-dimensional simplicial complex.

Let R[R>¢] be an R-vector space of formal linear combinations of finite elements
in R>o. Each element of R[R>] is expressed as a linear combination of monomials z*
(t € R>g), where z is an indeterminate. The product of two elements is given by the
linear extension of az® - bz! := abz*** (a,b € R, s,t € R>p). This operation equips
R[R>o] with a graded ring structure. For k > 0, the k-th persistent homology PHy(X)
of X = {X(t)}+>0 is defined as the result of taking a direct sum in the k-th homology
vector space:

PH(X) := €D Hi(X (1))

t>0

It follows that PHj(X) has a graded module structure over the graded ring R[R>] with
isomorphisms from Hj (X (s)) to Hx(X(¢)) (0 < s < t) induced by the inclusion from
X(s) to X(t). The following theorem is called the structure theorem of the persistent
homology.

THEOREM 4.1 ([17], [10]). For each k > 0, there exist unique indices p,q € Z>g
and {b;}P11 {d;}_, C R such that b; < d; for all i = 1,...,p. Furthermore, the

i=17
following graded module isomorphism holds.

P p+q
PH,(X) ~ P ((z")/(z")) & P ("), (4.1)
i=1 i=p+1

where (2) expresses an ideal in R[R>o] generated by the monomial z°.

Here, b; and d; are called the k-th birth and death times, respectively, and they indi-
cate the times of the appearance and disappearance (again, respectively) of k-dimensional
holes in the filtration X = {X (¢)}1>0. The lifetime [; is defined by I; := d; — b;. We set
d; = o0 for p+1 <4 <p+q. We define the lifetime sum L;(X) by

p+q

Li(X) = (di — by).

i=1
The following formula is a generalization of (1.1) to filtrations.

THEOREM 4.2 (Lifetime formula [10, Proposition 2.2]). Let X = {X(t)}+>0 be a
right-continuous filtration of a simplicial complex X. Then, for each k > 0,
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L(Xx) = /OOO B (X (1)) dt.

Let £k > 0 and T > 0. We also define the k-th lifetime sum until time 7" by

p+q

(Lu(X))r =Y ((di AT) = (b; AT)).

i=1

As an analogue of Theorem 4.2, the equality

T
(Li(X))r = / Br(X (1)) dt

holds.

4.2. Lifetime sums of random simplicial complex processes.

We consider a class of random simplicial complex processes associated with an n-
point vertex set V' and moving multi-parameters p = (po,p1,...,Pn—1). Let n € N and
denote the complete (n — 1)-dimensional simplicial complex by K(n), that is, the family
of all nonempty subsets of V. To each simplex ¢ € K(n) we assign an independent
non-negative random variable u, with distribution function F,. We assume that these
distribution functions F, are identical for equal-dimensional simplices and, for each o €
K(n) with dimo = i, we denote F, by p;(-). We define a random simplicial complex
process X, = {X,,(t) }+>0 by

X, (t) :={0c € K(n) | u, <t for every simplex §) # 7 C o}.

We call this process the multi-parameter random complex process with n vertices and
multi-parameter function p(-) = (po(), p1(*)s .-, Pn—1(:)). Note that X, (t) ~ X(n,p(t))
for fixed ¢ and that &), is a right-continuous filtration of K (n). Note also that X,,(¢) can
be expressed as

X,(t)={oc e K(n) | w, <t},

where w, := max{u, |0 # 7 C o}.

In what follows, each p;(t) is assumed to be independent of n. We write ¢ (¢) and
ri(t), respectively, for the g and 7 defined in (3.1) that are associated with X, (¢). The
generalized inverse function 7 of 7y is defined by

Frp(u) =inf{t > 0| ri(t) > u} foru <1,

and 7 (1) = co. We additionally define

Qr(t) = / qr(s)ds fort >0,
0
@k(u) = Qk(fk(u)) and \Ifk(u) = Qk(fk_l(u)) for u € [0, 1)

We note that ®;, > W, since 7y is nondecreasing with respect to k. Moreover, 7,
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®y, and ¥, are nondecreasing right-continuous functions. The following relations are
fundamental. For ¢t > 0, u € [0,1), and € > 0,

o i (ri(t) —e) <t < F(ri(t)); and
o 7 (Fp(u) —e) <u < rp(fr(u)) if Fr(u) > .

We provide results for the asymptotic behavior of the lifetime sum of X}, in the following
theorems.

THEOREM 4.3. (1) If there exist A € (0,1] and ug € (0,1) such that
Dp(ug) >0 and Dy (g) > ADy(u) for 0 < u < wug, (4.2)

then, for any m € N, there exists a constant C > 0 such that for sufficiently large
n’

E[(Lg(X,))7] < CnfTid, (i) (1+Tn=™) forT > 0.

Moreover, if fooo ' dgiy1(t) < oo for some § > 0, then

E[L,(X,)] = O <nk+1c1>k (i)) :

(2) If Dx(u) = O(W™) as u — 0 for all m > 0, then, for all m € N, there exists a
constant C' > 0 such that for sufficiently large n,

E[(Lk(Xn))r) < CA+T)n™™ forT > 0.

Moreover, if [;°t'° dgi11(t) < oo for some & > 0, then E[Li(X,)] = O(n™™) for
all m > 0.

THEOREM 4.4.  Suppose that there exist ug € (0,1), B > 1, and D € [0,(k +
2)/(4(k+1))) such that

O (Du) > BUi(u) for0<u < up.

Then, there exists some ¢ > 0 such that for T > 7(0),
1
E[(Lg(X,))7] > enf T, (n) for sufficiently large n.

In particular, E[Ly(X,)] = Q(n*+1®,(1/n)).
Before proceeding to the proof, we consider typical situations in which

Op(u) =0(u) asu—0 (4.3)
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for some constant 0 < a < oo. Here, we write f(u) = ©(g(u)) as u — 0 to indicate
that there exist ¢; > 0, cg > 0, and up € (0,1) such that c1g(u) < f(u) < cag(u) for
all u € (0,ug]. Note also that u™ = 0 and 0° = 1 by convention. Then, we have the
following.

e Theorem 4.3(1) holds when a < oo;

e Theorem 4.3(2) holds when a = oo;

e Theorem 4.4 holds when Uy (u) = o(Pg(u)) as u — 0.
In particular, we have the following result.

COROLLARY 4.5.  Suppose that @y satisfies (4.3) with 0 < a < oo and Vi (u) =
o(®r(u)) as u — 0. Then, for each T > 0,

E[(Li(X,))r] < nfHi=e
Moreover, if [;°t'+° dgp1(t) < oo for some § > 0, then E[Ly(X,)] < n*F1-.

The case ¥y (u) = O(Px(u)) as u — 0 is sensitive, and we cannot provide a simple
answer for it because more detailed relations between ®; and ¥j affect the asymptotic
behaviors of E[(Ly(X,))r] and E[Lx (X, )], and Theorem 4.3 does not always give proper
upper estimates. Here, we just consider the case where Uy (u) is identically @y (u) for all
u € [0,1).

THEOREM 4.6. If @ (u) = Ui (u) for alluw € [0,1), then Li(X,) = 0 almost surely
for all n € N.

Theorems 1.2 and 1.5 are special cases of Corollary 4.5, as will be shown below. We
can modify the range of the parameter ¢ to [0, c0) by setting p;(t) = 1 for ¢ > 1 and all i:
in other words, X,,(t) = K(n) for ¢ > 1. This modification does not affect the lifetimes
because the one-point set {1} is a Lebesgue null set and all dimensional homologies of
K (n) vanish. When we are interested in a filtration with parameters in a finite interval,
we will make such a modification, if necessary, without explicitly mentioning it.

EXAMPLE 4.7. Let n > d > 1 be fixed and define p(t) = (po(t),...,pn-1(t)) by

1 (0<i<d-1),
pi(t):==qt (i=d), for 0 <t < 1.
0 (d+1<i<n-1)

The corresponding process K\ = {Kr(fl) (t)Yo<i<a is called the d-Linial-Meshulam com-
plex process. This is a higher-dimensional analogue of the Erdés—Rényi graph process
Kn = {K.(t)}o<i<1, which is identified with the 1-Linial-Meshulam complex process.
We can easily confirm that
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(0,0) (k<d—1),
(u)()):(ul’uoo) (k:d_1)7
Dy (u), ¥ =
(@l VWD =4 (19 0279 — (0(u0), 002)) (k= d).

From Corollary 4.5 and Theorem 4.6, we have

0 (k#d-1,d),
E[L(K{)] = dni™ (h=d - 1),
ndtt (k= d).
The case k = d — 1 corresponds to Theorem 1.2.

EXAMPLE 4.8. Let n > d > 1 be fixed and define p(t) = (po(t),...,pn-1(t)) by

1 (0<i<d-1),
pi(t) =<t (i=d), for 0 <t < 1.
1 d+1<i<n-—-1)

We call the corresponding process cl? = {C’r(ld) (t) Yo<t<1 the d-flag complex process. Note
that the case d = 1 corresponds to the random clique complex process C,, = {C,(t) }o<i<1-
By straightforward computation, we have

(0,0) (k<d—-1),
(Pr(u), Up(u) = < (u,0) = (u',u>) (k=d—-1),
(e (u<k+1—d>/<d+1>+(’“$l)’l),@(u(k+1>/<d+1>+(’;)’1)) (k > d).

From Corollary 4.5 and Theorem 4.6, we have

0 (k<d-1)
E[L,(CV)] < - ’
[Li(Cr™)] {n(k+2)d/(d+1)( D7 k> d-1).

The case d = 1 corresponds to Theorem 1.5.
PROOF OF THEOREM 4.3. (1) From (4.2), for any j € N,
28 (2%) > ATy (u) for u € [0, up).
Thus, the following estimate holds for 0 < K < 1.
O (Ku) > AK"®p(u) for u € [0, ugl, (4.4)
where v = —log, A > 0. In particular, we have

Dy (v) > Ay (ug)v”  for v € [0, uo] (4.5)
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by letting u = up and K = v/ug in (4.4). Let m € N. Take [ € N such that [ > v + m.
Theorem 3.6 implies that there exists some C' > 0 such that for all n,

E[Bi(Xn (1)) < 0™ ap(){L A Clnri(1) ™'}

Let T > 0. In what follows, n € N is taken to be sufficiently large and independent of T'.
Define S,, = 7x(1/n). Then,

/OSHATE[ﬁk(Xn(t))] dt < nk+1a,, (:L) |

Next, suppose t > S,,. Then, 7 (t) > r(S,) > 1/n. Let Z(t) = —(nry(t)) !, which is a
right-continuous nondecreasing function. Then, denoting 7 (ug) by to,

T
/ E[B (X, (1)) dt

Sn AT

_ ( /WWT] ; /wm )Em(xn(tm it

< ankH/ Q1. (DE(t) dt + TCn* 1 qp (T) (1 (1)) ™
(Snsto
= —Cnkt! ( [Q(HEM)]ZS, —/ Qk(t) dEU)) + TCOn g (T) (nri(t0)) ™
(Snsto]

< COntt? (@k(uo)(nuo)_l + lim Qr(t —e)dE(t) + T'(nup)~ l).
0 (Snte to]

By noting that ®j(up) > 0, from (4.5), we have

(5 (uo) + T)(nug) ™" < Mﬂ‘mék (711) <C'(1+Tn ™)y <;) ,

where C’ > 0 is a constant independent of n and T. Writing Z(u) = inf{t > 0 | Z(t) > u}
for v € R and taking a small € > 0, we have

/ Qu(t — ) d=(t) < / B (et — <)) d=(1)
(Sn+e,to]

(Sn""svt()]

= /s testo] il(nrk(t —e) (le) 4=()

1 / _
= (—Z(t — &))" d=(t
A ( ) Spte, to] ) 0
() L. =3 o)
—Py (= (—E(E(u) — )" du
A ") J(@(S,+e),2t0)]

to)

< l@k (1) =y

A n (Sn"!‘f
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“an (rlt) 1 —_i/z{(‘E(toW*”” — (~E(Sn+2)' "}
1

1 ye
< m‘bk (n) (nr1(Sn)) !

< b 4 (r
S AQ—A/D) F\n)-
Here, we used (4.4) with K = 1/(nr(t —¢)) and u = r4(t — €) in the second line, noting

that K < 1 and u < ug for t € (S, + &,%0]. In the fourth line, we used the change of
variable formula with ¢ = Z(u). Thus,

T
1 1
E[Br( X, ()] dt < C (C’ + ) nF e, () 1+Tn™™
[ AT /D) n)! )
and the first result given in Theorem 4.3 (1) follows.

Now, suppose that M := fooo 149 dgp1(t) < oo for some § > 0. Let w, = max{u, |
0 # 7 C o} for o € K(n) and define U, = max {w,|o € (kiz)} The distribution
function of w, for o € (k‘;) is equal to qx41(-). Take m € N such that m > (y+k+2)/6.
From the first conclusion with this m, there exists a constant C' > 0 such that, for

sufficiently large n,
1
BI(L4(6))an] < Co* (1)
n

by letting T'=n"™. Then,

izt =E| [ " X)) 4

Un Un
{ Be(Xn(t)) dt; U, < nﬂ + E[ Be(Xn (b)) dt; Uy, > n™
0 0

IN

E
E[(Lk(Xn))nm] + nk+1]E[Un ; U, > nm]
C

nk:Jrlq)k (1> +nk+1n7m5E[U71l+6]'
n

IN

For the second term, we have

nfm(sE[U:bﬂds] S nfm(;E Z w1+5

o
€ (if2)

< -tk [T /OO 148 g "
=n <k+2 o Qr+1(t)

< Mn™"?

M 1
< mq)k (n) (from (4.5)).
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The final conclusion in part (1) of the theorem follows by combining these estimates.

(2) Let I € Nand &, = n~'/2. From the assumption, there exist ¢ > 0 and ug € (0,1)
such that ®;(u) < cu! for all u € (0,ug]. Moreover, r4(t) > &, for t > #(g,,). Thus,
from Theorem 3.6, for sufficiently large n,

T

i (en) AT
E[(Lk(X,))r] = / E[B(Xa(£))] dt + / E{8 (X, (1)) dt

k(en)/\T
T

<( 1 )mEr et [ oo

T (En) AT

T
S cnk+1—l/2 +an+1—l/2/ qk:(t) dt
0

=(c+ CT)TLk+1_l/2

for T > 0.
The second conclusion of part (2) of the theorem follows in the same manner as that
of part (1). O

PROOF OF THEOREM 4.4. Let T > 7,(0) and a = k/2 4 1. Define

Sn = fk,1 (Din> and Tn = ?k (%)
for large enough n such that o/(Dn) < ug and T,, < T.

Suppose S,, > T;, for some n. Then, ¥y (a/(Dn)) = Qw(Sn) > Qr(Tyn) = Pr(a/n),
while ®(a/n) > BU,(a/(Dn)) by assumption. Therefore, ®;(a/n) = 0, which implies
O (u) =0 for u € [0,/n]. In this case, the conclusion is trivially true.

Thus, we may assume that S, < T, for every n. If t € [S’n, Tn), then

~ «
kal(t) > kal(Sn) > Din
and
(t) < limry(T, —e) < =
Tk = a0 Te(dln S n.
Since

(k+1)D+ a _2(k+1)D+1<1
a E+2  k+2 2 ’

we can apply Proposition 3.3 to obtain the existence of ng € N and g9 > 0 such that, if
n > ng, then

E[Br(Xn(t))] > con®TLqi(t) for t €[S, Th).

Thus, for n > ng,
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Ty
E[(L(X))r] / E[Bi (X (1)) dt

n

T
Z EonkJrl / qk (t) dt

n

et (o (%) e ()
et (o (2) -0 ()

1
> eo(1 — B~ H)nf 1, () ) O
n

PROOF OF THEOREM 4.6. Note that for any 0 <k <n—1and ¢ >0,

k k
k+1

ae () > [T i) DGR = T i) ® D) = (e (1)),

i=0 i=0

Then, for v € (0,1) and t > 7,_1(u), the inequality qx(t) > (rp_1(¢))*+! > u**+1 holds.
Thus,

0 = By (u) — Ty (u) :/ 02 T ) = ),
'f'k—l u
Therefore, 7;_1(u) = 7x(u) for uw € (0, 1), which implies that ry_1(t) = ri(t) for ¢ > 0
from the (weak) monotonicity and right-continuity of ri. Therefore, for ¢ > 0,

k+1 k+1 .
0 = riea (t) = 7i(t) = ria <1sz ~>zqk<t> (1_Hpi<t><~>>. (4.6)

Here, in the inequality above, we used the relation 751 (t) > rx—1(t)qx—1(t) = gx(t). Let
t > 0. (4.6) implies that ¢ (t) =0 or p;(t) = 1foralli =1,2,...,k+1. If gx(¢t) = 0, then
Br (X, (t)) = 0 almost surely. Suppose that p;(t) = 1 for all ¢ = 1,2,...,k + 1. Then,
Br(X,(t)) = 0 almost surely since X,(¢) includes the complete (k + 1)-dimensional
skeleton. Thus, in all cases, f;(X,(t)) = 0 almost surely. This implies Ly(X,) = 0
a.s. O

4.3. Limiting constants.
As a refinement of Theorems 4.3 and 4.4, it is natural to consider the behavior of
the normalized k-th lifetime sum

_ Li(X,
L) = e ()

of a filtration X,,. It is not yet known what general conditions are needed for L (X,,) to
converge in a certain sense as n — o0o. In the case where &, is the d-Linial-Meshulam
complex process K\ = {K,(ld)(t)}ogtgl, Hiraoka and Shirai [10, Section 7.1] made a
formal argument and conjectured that the expectation of Zd_l(lc;d)) converges to some
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positive constant I;_1. Their argument was based on recent work by Linial and Peled [15]
on the convergence of KT(Ld)(c/n) for fixed ¢ > 0. We justify their argument and prove
Theorem 1.4 in a more general form by using the upper estimate in Example 3.7.

One of the special features of PHd_l(ICgld)) is that all the birth times b; in (4.1)
are zero because K,(Ld)(O) is the complete (d — 1)-dimensional simplicial complex. Given
this, we can obtain a formula for the generalized sums of lifetimes as follows. Let d;
(i=1,...,p+q) be the death times in (4.1) for the k-th persistent homology of a general
filtration X = {X(¢)}i>0.

PROPOSITION 4.9.  Let ¢ be a right-continuous nondecreasing function on [0, 00)
with ©(0) = 0. Suppose that b; =0 fori=1,...,p+q. Then,

p+q
Sood)= [ mx©)dett),
=1 [0,00)
where p(t—) = lim o p(t — €).
Proor. This is proved by simple calculation:

p+q

Ptq oo
ECEED S ARTROEED

oo [Ptaq
= /O <Z 1[0,d¢)(t)> d@(t)
- /ooo Br(X (1)) dep(t). -

Let @« > 0 and d € N. We consider the d-Linial-Meshulam complex process lC%d)
and define

p+q

Lan (30 = 3

which is the sum of the a-th powers of the (d — 1)-th lifetimes of K. Clearly,
LY (k) = Ly_1 (K. From Proposition 4.9,

LY —a/ Ba_1 (KW (t))t>t dt.

Below, we study the precise asymptotic behavior of L, o‘) (IC(d)) as n — 00.
We recall some results in [15]. For d > 2, let t}, be the unique root in (0,1) of the
equation

(d+1)1—t)+ (1 +dt)logt =0,

and define the constant ¢} = 14(t}) > 0, where
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Galt) = (1?%2, te(0.1).

For d =1, define t] = ¢ = 1. For ¢ > ¢}, let t. denote the smallest positive root of the
equation ¢4 (t) = c. Note that ¢, < t}.

THEOREM 4.10. For ¢ > 0,

) (/n
lim E[ﬁd(Kr; (¢/n))] = ga(0), (4.7)
n—00 (d)
where
0 (e <cy),

9409 =\ et — 1) + Tt (-t ().

Moreover, for any € > 0,

d
Ba(Kx (c/n))
(@)
PrOOF. The claim for ¢ # ¢ follows from the results in [15]. When ¢ = ¢,

the assertion follows from the monotonicity of ﬁd(K,(ld) (1)) and the continuity of g4 with
ga(c}y) = 0. Indeed, for € > 0, take ¢’ > ¢, such that gq4(c’) < e/2. Then,

lim P [ —ga(e)| >

n—oo

E;| =0. (4.8)

K (o K
PVA ;%m»>%§PVA BaE) € e
(2) (2)
(d)
<p[<Kj/> 1
(2) 2
Since the last term converges to 0 as n — 0o, we obtain (4.8) for ¢ = ¢j;. The proof of
(4.7) with ¢ = ¢; is similar. O

Since
(@ (@ (4)) — (@ n—1
6d(Kn (t)) - ﬁd—l(Kn (t)) - fd(Kn (t)) - < )

by the Euler—Poincaré formula, we have

el () (15 (s ()

Write
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Then, E[Z,] = (¢/(d+1))(1 — d/n). Note that fd(KT(,,d) (¢/n)) ~ Bin((dzl),c/n) for the
d-Linial-Meshulam complex. Thus, by direct computation,

E[(Z, — E[Z,))?] = di - (1 - Z) (1 - ;) <Z)1 0 as 1 — 0.

Therefore, we obtain lim,, o, E[(Z, — ¢/(d +1))?] = 0.
From these estimates, for each ¢ > 0,

E[Ba_1 (K (c/n))]

lim 0 = ha(c)
n— 0o (d)
and, for any ¢ > 0,
(&
lim P [ M — hg(c)| > s] =0, (4.9)
where
C
ha(c) :==1— P galc) > 0. (4.10)
For a > 0, define
) = % 0 ha(s)s® 1 ds. (4.11)

The constant in Theorem 1.4 is then defined by Iy := I c(ll—)r The following theorem
is the main result of this subsection. Theorem 1.4 is a particular case of Theorem 4.11
with a = 1.

THEOREM 4.11. Letd > 1 and o > 0. Then Ic(ﬁ)l is finite, and for any r € [1,00),

»

In particular, ]E[Lgy_')1 (Kéd))]/nd’o‘ converges to Ié(i)l as n — 0.

o d
L ()

(o)
nd—a - Id—l

lim E l
n— oo

PROOF. We may assume without loss of generality that all random variables are
defined in a common probability space (€2, F,P). Denote the L"-norm on (2, F,P) by
[l ||z~ From the second inequality of (3.5) and (4.9), for s > 0, we have

(d)
(K 1
0 < Pamrlfin (s/n)) i . (S/”))yo,n](s) < forneN (4.12)

and

Ba_1(EY" (s/n))
nd

1
Lo, (s) — Ehd(s) in probability as n — co. (4.13)
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Take I € N such that [ > 1V ra. From Example 3.7 (1), there exists C' > 0 such that

(KD
supE Bas - (s/n)) Lio,n) (s)] <1ACs™' for s >0. (4.14)
neN

Applying Fatou’s lemma to an appropriate subsequence, we obtain (1/d)hg(s) < 1 A
Cs~!. From this estimate, Ic(l(i)l must be finite. From Proposition 4.9 and Minkowski’s
inequality,

|26, ey mt== — 12

-1

‘LT

00 ) (¢ /m
aA (ﬁdl(K:d ( / ))1[0,n](3)_ ;hd(s)> Sa—lds

LT

< a/ Un(s)s* ! ds,
0
where

Ba—1(Kx (s/n))
nd

Lol (5) — =ha(s)

Un(s) = ’ d!

LT

Combining (4.12) and (4.13), we obtain lim,, ., U,(s) = 0 for each s > 0. Moreover,
from (4.12) and (4.14),

- 1/r
1 rt z?d_l(liéd)(s/n)) 1
Un(s) < E|l = —_— + —
ilelp (s) 21;15) l( !> o !hd(s)

1 (r—=1)/r l 1
< (d') (LACYTs™Umy 4 Ehd(s).

Thus, sup,,cn Un(s)s* ! is Lebesgue integrable over [0, 00). The dominated convergence
theorem implies that fooo U, (s)s®~1ds converges to 0 as n — oo. This completes the
proof. g

4.4. The expression of the constant Iéa_)l.
We now provide more concrete expressions for I C(ﬁ)l. By an argument similar to that

in [10, Section 7.1], Ic(l(i)l can be expressed as

th a+1 1
(@) 1 ¢ (—log s) . a/ _
I, = d!(a+1)</0 1_s) ds + (c) t*( log s)ds .

d

For any d € N and o > 0,

iy 1 a+1 0o totl
/ e = / A ¢
o (1—9) (1—e)

—logt}
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da—1+k
toz-‘rl ( ) —(k+1)t di
/ logt} Z k
B Z (da -1+ k) / potl —(k+ 1) gy
k=0 —logt}
o (da—1+ k) 1 /°° 1
= Z —_— u* e " du.
a+2
P ( (k+1) _

(k+1) logt}

Here, we used the change of variable formulae with ¢ = —log s in the first line and with
= (k + 1)t in the fourth line. For d € N and z > 0, define

o0
Jap(x) = / u” e du.

—(k+1) logt}
Then, using integration by parts,
Ja(w +1) = aap(@) + () (k +1)7 (= log )"

As Jy (1) = (t5)**1, we have

(k+ 1) 1 t
Jor(x+1)=a!(t k“Z + ogty)’

for x € NU{0}. Then, for any d,« € N,

/f (— logso"“1 B da—l—i—k Jag(a+2)
o (1-— (k+1)at2
* a+1 ; %\ 7
DS <da —1+ k) ("5 (k4 1P (logty)
P k (k+1) = 7!
a+1
_ (—logth)? do — 1 +k (tn)k+L
= (et Z (k + 1)o+2=7
=0 k=0
(a+1)! aH logt* Z da -1 i (t5)k+?
(da —1)! (& + 1)arz—i—
7=0 =0 0
da—1 a+1 :
a—|—1 ! da—1 (—logth)? _. .
{da— 1)1 { } Z;) T‘i Ligyo—i—j(ty).
j:

Here, [Z] denotes Stirling numbers of the first kind, that is, the coefficients of the identity

x(f"‘l)"'(x‘f'n—l):zn:[:jxi,

=0

where [8] =1 by convention, and Lig(x) is the polylogarithm
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<k
Lis(x :;k— (s€Z,0<z<1).
Thus, for any d, « € N,

doa—1 a+1 .
o a—1 (—logt%)? . .
I = dv{ da—1)! Z { } > TdLla-i'Q—i—j(td)

j=0
() {~ 10gtd -1 -t}
4.1
* dla+1) ’ (4.15)

where we used the identity (d + 1)(1 — t}) + (1 + dt};) logt}; = 0 for the last term. In
particular, noting that ¢J = 1, for any ae € N,

a—1 a—1
o a—1 a—1 .
Ié):ag { ; :|Lla+2 i ):ag [ p ]C(a+2—z).
i=0 i=0

In particular, we have the specific values

Io=1I{" = ¢(3),

I =2¢(3),

1§V = 3(¢(3) + ¢(4)),

I” 4«&+%@+%@»

1) = 5(¢(3) + 6¢(4) + 11¢(5) + 6¢(6)).

Also, by letting @« = 1 and d > 2 in (4.15), we obtain

d—1
1 1 d—1 . % * . * (_ log t;kl)2 : *
Id71 = E |:(d]_)' ; [ i :l {L13i<td) + (— IOg td) ng,i(td) + 72 Lllfi(td)

—logt¥){—logth — (1 — t*
( gtd)éd(l gttd;)d( td)}] (4.16)

In particular,

1] . t5(logts)®  (logts){logts + (1 —t3)}
I, = = | Lis (83 log %) log(1 — % 2
1= 5 [Lia(t) + o5 (1 - ) + 22D et L8],
t3(logts)(logts —2) | t5(logts)?

21— 1) 2(1—t3)2

1
L= [Lig(tg) + (logtz — 1) log(1 — t5) +

(logt3){logts + (1 — 5)}
3(1—1t5)3 ’
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