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Exponential decay of stochastic oscillatory integrals

on classical Wiener spaces
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Abstract. An exponential decay of a stochastic oscillatory integral with phase

function determined as a stochastic line integral of a 1-form is studied. A su‰cient

condition for such an integral to decay exponentially fast is given in terms of the exterior

derivative of the 1-form, i.e., the magnetic field.

1. Introduction and statement of main result.

A stochastic oscillatory integral is an integral defined by

IðlÞ :¼
ð

X

exp½
ffiffiffiffiffiffiffi

�1
p

lq�c dn;

where X is a real abstract Wiener space with Wiener measure n, and q, c are real

valued Wiener functionals. In general, X is an infinite dimensional vector space.

Studies of oscillatory integrals on infinite dimensional spaces, including stochastic

ones, have a long history (for example, see [1]–[7], [10], [11], [16]–[21], [23], [28]–

[31] and references therein), and are motivated by and closely related to Feyn-

man path integrals. One of the goals of such studies of oscillatory integrals is

to establish a principle of stationary phase. Recently a new approach to study

a stochastic oscillatory integral was introduced by P. Malliavin and the author

[23] by using complex transformations on a complexified Wiener space. In par-

ticular, a general machinery to study an exponential decay of IðlÞ as l ! y

was achieved in [23], [29]. Even though many contributions were made for the

studies of oscillatory integrals on infinite dimensional spaces as mentioned above,

a general scheme to deal with the principle has not been established yet except for

a case where q is a quadratic Wiener functional. For example, see [4], [28] and

the references therein. Then one may ask a question if the principle of station-
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ary phase is really available on an infinite dimensional space. The exponential

decay of IðlÞ as l ! y can be thought of as a positive answer to the question,

as an evidence for a principle of stationary phase to hold on an infinite dimen-

sional space. Namely, the principle of stationary phase on R
n insists that the

oscillatory integral decays at the order of l�n=2 and the exponential decay guar-

antees to substitute y for n. In this paper, we run the machinery developed

in [23], [29] to show an exponential decay of IðlÞ as l ! y when the phase

function of stochastic oscillatory integral is given by a stochastic line integral of

a 1-form along the Brownian motion. We shall polish up the abstract machin-

ery given in [23], [29], and then run it in a concrete setting where we can take

advantage of the powerful Itô calculus. A su‰cient condition for IðlÞ to decay

exponentially fast in terms of the exterior derivative of the 1-form, i.e. the mag-

netic field, will be established.

We shall state a main result of the present paper more precisely, and then

make some comments on it. Let D A N and ðW ;H; mÞ be the D-dimensional

classical Wiener space over ½0; 1�1;

W ¼ fw : ½0; 1� ! R
D : w is continuous and wð0Þ ¼ 0g;

H ¼ h A W :
h is absolutely continuous and has a

square integrable derivative _hh on ½0; 1�

� �

;

and m be the Wiener measure on W. The Cameron-Martin subspace H is a real

separable Hilbert space with the inner product h� ; �iH given by

hh; kiH ¼

ð1

0

h _hhðtÞ; _kkðtÞi dt;

where hx; yi ¼
PD

a¼1 x
aya for x ¼ ðx1; . . . ; xDÞ, y ¼ ðy1; . . . ; yDÞ A R

D. For

x0 A R
D, N A Zþ :¼ N U f0g, Y ¼ ðy0; . . . ; yNÞ A CyðRD; ðRDÞNþ1Þ, V ¼ ðv0; . . . ;

vNÞ A CyðRD;RNþ1Þ, a ¼ ða1; . . . ; aNÞ A ½0; 1ÞN , and l > 0, we define

ql
x0
½Y;V ; a� ¼

ð1

0

hy0ðwx0
ðtÞÞ; �dwðtÞiþ

ð1

0

v0ðwx0
ðtÞÞ dt

þ
X

N

i¼1

l�ð1�aiÞ

ð1

0

hy iðwx0
ðtÞÞ; �dwðtÞiþ

ð1

0

v iðwx0
ðtÞÞ dt

� �

;

where wx0
ðtÞ ¼ x0 þ wðtÞ, wðtÞ ¼ ðw1ðtÞ; . . . ;wDðtÞÞ is the position of w A W at

time t, and

1 In this paper, the lowercase d is used to indicate both exterior and stochastic di¤erentiations.

To emphasize the dimension, we use the uppercase D instead of the standard letter d.
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ð 1

0

hy jðwx0
ðtÞÞ; �dwðtÞi ¼

X

D

a¼1

ð1

0

y j
aðwx0

ðtÞÞ � dwaðtÞ;

y j
a being the ath component of y j, and �dwaðtÞ being the Stratonovich integral

with respect to waðtÞ under m. In the present paper, we investigate an exponen-

tial decay as l ! y of

IðlÞ :¼ pl
1 ðx0; x1Þ :¼

ð

W

exp½
ffiffiffiffiffiffiffi

�1
p

lql
x0
½Y;V ; a�ðwÞ�dx1ðwx0

ð1ÞÞmðdwÞ;

where x1 A R
D and dx1ðwx0

ð1ÞÞmðdwÞ denotes the integration with respect to

Watanabe’s pull-back of Dirac’s delta function dx1 concentrating at x1 via wx0
ð1Þ

([22]). Thus, we are dealing with a stochastic oscillatory integral with the phase

function ql
x0
½Y;V ; a�ðwÞ and the amplitude function dx1ðwx0

ð1ÞÞ on ðW ;H; mÞ, and
we will show its exponential decay as l ! y, which is governed by the term
Ð 1

0 hy
0ðwx0

ðtÞÞ; �dwðtÞiþ
Ð 1

0 v
0ðwx0

ðtÞÞ dt. Our main result is

Theorem 1.1. Let x0; x1 A R
D and Y ¼ ðy0; . . . ; yNÞ A CyðRD

; ðRDÞNþ1Þ.
Suppose that

(A.1) all components ðdy iÞab of the exterior derivative dy i of y i, and v i

ði ¼ 0; . . . ;N; a; b ¼ 1; . . . ;DÞ are polynomials on R
D,

(A.2) dy0ðx0Þ0 0.

Put

K ¼ maxfðdegðdy iÞabÞ þ 1; ðdeg v iÞ � 1 : i ¼ 0; . . . ;N; a; b ¼ 1; . . . ;Dg:

Then there exist C1;C2 > 0 such that

jpl
1 ðx0; x1ÞjaC1 exp½�C2l

1=ðKþ5Þ� for any l > 0:ð1:1Þ

We shall make several remarks on the theorem.

Remark 1.2. (i) Set

Yl;a ¼ ly0 þ
X

N

i¼1

laiy i; V l;a ¼ lv0 þ
X

N

i¼1

laiv i

and define a Schrödinger operator S l;a relative to the magnetic field dYl;a (the

exterior derivative of Yl;a) and V l;a by

S l;au ¼ ð1=2ÞDuþ
ffiffiffiffiffiffiffi

�1
p

hYl;a; duiþf
ffiffiffiffiffiffiffi

�1
p

ðð1=2Þ d �Yl;a þV l;aÞ � ð1=2ÞjYl;aj2gu;

where u A CyðRD
;RÞ, D is the Laplacian on R

D, and

d �Yl;a ¼
X

D

a¼1

qYl;a
a

qxa
:
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As is well-known, pl
1 ðx0; x1Þ is the value of the heat kernel corresponding to S l;a

at time 1.

(ii) According to the previous remark, the assumptions (A.1) and (A.2)

are of interest from the point of view of the gauge invariance of Schrödinger

operators.

(iii) Let N ¼ 0 and v0 1 0. Suppose (A.1) and (A.2). Due to the gauge

invariance, without loss of generality, we may assume that each component y0a
of y0 is a polynomial on R

D (also see the proof of Theorem 1.1). Decomposing

y0a as y0aðx0 þ �Þ ¼PL
i¼0 y

ðiÞ
a , where L ¼ maxfdeg y0a : 1a aaDg and yðiÞa is a

homogeneous polynomial of order i if ia deg y0a and equal to 0 if i > deg y0a , we

then have

pl
1 ðx0; x1Þ ¼ e

ffiffiffiffiffi

�1
p

lhyð0Þ;x1�x0i

�
ð

W

exp
ffiffiffiffiffiffiffi

�1
p

l
X

L

i¼1

ð1

0

hyðiÞðwðtÞÞ; �dwðtÞi
 !" #

dx1�x0
ðwð1ÞÞmðdwÞ:

Intuitively speaking, each
Ð 1

0 hy
ðiÞðwðtÞÞ; �dwðtÞi is a homogeneous polynomial of

order i þ 1 on W (cf. [28]). Moreover, dy0ðx0Þ ¼ dyð1Þð0Þ. Thus the assump-

tion (A.2) may be thought of as a condition which indicates that the asymptotic

behaviour is dominated by the quadratic term
Ð 1

0 hy
ð1ÞðwðtÞÞ; �dwðtÞi of the phase

function
PL

i¼1

Ð 1

0 hy
ðiÞðwðtÞÞ; �dwðtÞi. Such a domination by the quadratic term

of the phase function is one of the key ingredients to achieve a principle of

stationary phase in R
n ([8]).

(iv) We shall give an explanation about the rather complicated forms of

the phase function ql
x0
½Y;V ; a� and the corresponding 1 form Yl;a. To do this,

consider a long time asymptotic behavior of stochastic oscillatory integral

JðTÞ :¼
ð

W

exp
ffiffiffiffiffiffiffi

�1
p ðT

0

hy0ðxþ bðtÞÞ; �dbðtÞi
� �

dxðxþ bðTÞÞ dP;

where bðtÞ is a D-dimensional Brownian motion on a probability space ðW;F;PÞ
and x A R

D. Suppose that every component y0a of y0 is a polynomial, and decom-

pose them as in the previous paragraph. Then, by the space-time scaling prop-

erty of the Brownian motion, we have

JðTÞ ¼ T�D=2

ð

W

exp
ffiffiffiffiffiffiffi

�1
p X

L

i¼0

T ðiþ1Þ=2
ð1

0

hyðiÞðwðtÞÞ; �dwðtÞi
" #

d0ðwð1ÞÞmðdwÞ:

Thus such stochastic oscillatory integrals as discussed in the theorem appear

naturally in a study of long time asymptotic behavior of heat kernels associated

with Schrödinger operators with magnetic fields. The theorem may be regarded
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as a first step toward the study in such a direction via the complex analysis on the

Wiener space W introduced in [23], [29].

(v) Consider the case where N ¼ 0. If v0 ¼ 0, then pl
1 ðx0; x1Þ is the heat

kernel at time t ¼ 1 corresponding to the Schrödinger operator with vector poten-

tial ly0. In this case, upper estimations of the heat kernel is closely related to

asymptotic behaviors of the infimum of the spectra of the Schrödinger operator,

and, via a precise analytic estimation of the asymptotic behavior of its infimum of

the spectra, Ueki [30], [31] obtained much sharper exponential decay than ours.

When v0 is general, assuming the uniform positivity of dy0, Prat [25] obtained

a precise estimation of derivatives of the distribution of
Ð T

0 hy0ðwðtÞÞ; dwðtÞiþÐ T

0 vðwðtÞÞ dt on R under dyðxþ wðtÞÞmðdwÞ and showed that the distribution

admits an analytic density function with respect to the Lebesgue measure.

Theorem 1.1 implies that the distribution of
Ð T

0 hy0ðwðtÞÞ; dwðtÞiþ
Ð T

0 vðwðtÞÞ dt

possesses a density function of the Gevrey class of order K þ 5.

2. General estimation on a pinned Wiener space.

In this section, we develop a general scheme to estimate asymptotic behaviors

of stochastic oscillatory integrals on a pinned Wiener space, which is an exten-

sion of the estimation obtained in [29]. To do this, let ðW0;H0; m0Þ be a pinned

Wiener space;

W0 ¼ fw A W : wð1Þ ¼ 0g; H0 ¼ H VW0

and m0 is the pinned Wiener measure on W0. H0 is a Hilbert space with the

inner product h� ; �iH0
inherited from H.

We shall review a definition of analytic functions on W0. For a separable

Hilbert space E, n A N , and p A ð1;yÞ, we denote by D
n;pðW0;EÞ a Sobolev

space of E-valued n-times di¤erentiable functions on W0 in the sense of the

Malliavin calculus, whose derivatives of order up to n are all p-th integrable

with respect to m0. The m-th Malliavin gradient of F A D
n;pðW0;EÞ (ma n) is

denoted by ‘m
0 F . We use ‘�

0 to denote the adjoint operator of ‘0. For details,

see [22]. Set

D
y;y�ðW0;EÞ ¼ 7

n AN

7
p A ð1;yÞ

D
n;pðW0;EÞ:

We say F A D
y;y�ðW0;RÞ is analytic (F A CoðW0Þ in notation) if there is

p A ð1;yÞ such that

Xy

n¼0

rn

n!
k‘n

0 FkL pðm0;H
nn

0
Þ < y; for every r > 0;
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where H
nn
0 is a Hilbert space of n-linear mappings of H n

0 to R of Hilbert-Schmidt

type, and kGkL pðm0;EÞ is the L p-norm of G : W0 ! E with respect to m0. For

properties of analytic functions on W0, see [23], [28]. For r > 0, j A Zþ, N A Zþ,
f A CoðW0Þ, and q ¼ ðq0; . . . ; qNÞ A ðCoðW0ÞÞNþ1, we define random variables

Mj½f; r� ¼
X

y

n¼j

rn

n!
k‘n

0 fk
2
H

nn

0
; and

Lj½q; r� ¼
X

N

i¼0

fMjþ1½qi; r� þMjþ1½‘�
0‘0qi; r�g þ 1þ

X

N

i¼0

ð‘�
0 ‘0qiÞ2

 !1=2

:

Set

QðN; rÞ ¼ q A ðCoðW0ÞÞNþ1
:
L0½q; r� A Ly�ðm0;RÞ; and

exp½L1½q; r�=L0½q; 1�3� A L0þðm0;RÞ

� �

;

CðrÞ ¼ fc A CoðW0Þ : M0½c; r� A L1þðm0;RÞg;

AðNÞ ¼ fz ¼ ðz0; . . . ; zNÞ A RNþ1 : 1a jzj2a 2g;

where Ly�ðm0;EÞ ¼7p A ð1;yÞ L
pðm0;EÞ and L pþðm0;EÞ ¼6r A ðp;yÞ L

rðm0;EÞ.
For q A QðN; rÞ and z A AðNÞ, we define qðzÞ by

qðzÞ ¼
X

N

i¼0

z iqi:

We are now ready to state our general estimation, which is an extension of

[29, Theorem 1.2].

Theorem 2.1. There exist constants C1;C2b 0 such that, if 1 < r < e, e > 0,

N A Zþ, q A QðN; rÞ, and c A CðeÞ, then there is a k0 A N so that

ð

W0

e
ffiffiffiffiffi

�1
p

lqðzÞ
c dm0

�

�

�

�

�

�

�

�

aC1

ð

W0

exp C2
1

k

L1½q; r�
L0½q; 1�3

" #

M0 c;
1

k

� �

dm0

 !1=2

ð2:1Þ

�
ð

W0

exp �l
minfk‘0q

ðzÞk2H0
; 1g

54ekL0½q; 1�

" #

dm0

 !1=2

for any z A AðNÞ, kb k0 and l > 1.

Proof. Let 1 < r < e, e > 0, N A Zþ, q A QðN; rÞ, c A CðeÞ, and z A AðNÞ.
It is easily seen that
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M1½qðzÞ; 1�a 2
X

N

i¼0

M1½qi; 1�:

Hence

M :¼ 2eL0½q; 1�b eð1þM1½qðzÞ; 1�Þ:ð2:2Þ

Due to [23, Lemma 8.5], we have, for f A D
y;y�ðW0;RÞ and r > 1,

k‘0Mj ½f; 1�kH0
a 2

1

log r

� �1=2

Mj½f; 1�1=2Mjþ1½f; r�1=2:

Moreover, it is easily seen that

‘0 1þ
X

N

i¼0

ð‘�
0 ‘0qiÞ2

( )1=2
0

@

1

A

	

	

	

	

	

	

	

	

	

	

	

	

H0

a

X

N

i¼0

M1½‘�
0 ‘0qi; 1�1=2:

Since L1½q; r�b 1, these estimates yield that

k‘0L0½q; 1�kH0
a 5ðN þ 1Þ 1

log r

� �1=2

L0½q; 1�1=2L1½q; r�1=2:

Hence

k‘0Mk2H0

M 4
a

25ðN þ 1Þ2
4e2 log r

L1½q; r�
L0½q; 1�3

:ð2:3Þ

Moreover it holds that

j‘�
0 ‘0q

ðzÞj
M

a

jzj 1þP
N

i¼0

ð‘�
0 ‘0qiÞ2

� �1=2

2eL0½q; 1�
a 1:ð2:4Þ

By virtue of (2.2)–(2.4) and [29, Theorem 1.2], we can find k0 A N such that

each kb k0 possesses Ck A L2ðm0;RÞ satisfying that

ð

W0

e
ffiffiffiffiffi

�1
p

lqðzÞ
c dm0

�

�

�

�

�

�

�

�

ð2:5Þ

a

ð

W0

C 2
k dm0

� �1=2 ð

W0

exp �l
minfk‘0q

ðzÞk2H0
; 1g

54ekL0½q; 1�

" #

dm0

 !1=2

for any l > 1. While Theorem 1.2 in [29] does not state explicitly about depen-

dence of Ck and k0 on qðzÞ and c, tracing its proof carefully and making use of

(2.3) and (2.4), we can find constants C3;C4b 0, which are independent of q, z, r,

e, N and c, such that
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jCkj2aC3 exp C4
1

k2

25ðN þ 1Þ2
4e2 log r

L1½q; r�
L0½q; 1�3

" #

M0 c;
1

k

� �

:

At the same time, we also notice that what was required of k0 was only that the

RHS of the above inequality is in L1ðm0;RÞ if kb k0 (see the proofs of Lemmas

2.16 and 2.19 in [29]). Hence k0 can be taken to be independent of z A AðNÞ.
Thus, we obtain the desired constants C1;C2b 0 and estimation (2.1). r

In repetition of the argument employed in the proof of [23, Scholium 8.1],

we can conclude from Theorem 2.1 the following.

Corollary 2.2. Let 1 < r < e, e > 0, N A Zþ, q A QðN; rÞ, c A CðeÞ and

AHAðNÞ. Suppose that, for some d; a; b > 0, it holds that

sup
z AA

ð

W0

exp½dk‘0q
ðzÞk�a

H0
� dm0 < y and

ð

W0

exp½dL0½q; 1�b� dm0 < y:ð2:6Þ

Then there are C1;C2 > 0 such that

sup
z AA

ð

W0

e
ffiffiffiffiffi

�1
p

lqðzÞc dm0

�

�

�

�

�

�

�

�

aC1 exp½�C2jljg� for every l A R;ð2:7Þ

where g ¼ ab=ðaþ abþ 2bÞ.

As an application of the corollary, we obtain

Corollary 2.3. Let N A Zþ, e > 0, q ¼ ðq0; . . . ; qNÞ A Dy;y�ðW0;R
Nþ1Þ,

c A CðeÞ, and AHAðNÞ. Suppose that there is K A N such that ‘K
0 qi ¼ 0, 0a

iaN, and that (2.6) holds for some d; a; b > 0. Then, (2.7) holds.

Proof. On account of the commutation rule

‘0‘
�
0 ¼ ‘�

0 ‘0 þ I on Dy;y�ðW0;HnEÞ;

E being a real separable Hilbert space, we have

‘K
0 ð‘�

0 ‘0qiÞ ¼ 0; i ¼ 0; . . . ;N:

It is then straightforward to see that

M0½qi; r�;M0½‘�
0 ‘0qi; r� A Ly�ðm0;RÞ; L1½q; r�a rK�1L0½q; 1� r > 1:

Since L0½q; 1�b 1, this implies that

q A 7
r>1

QðN; rÞ:

The assertion then follows from Corollary 2.2. r
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3. Calculus on classical Wiener spaces.

In this section, we shall develop some estimations on the classical Wiener

space ðW ;H; mÞ which will be used to show Theorem 1.1.

For a Hilbert space E, we denote by D
n;pðW ;EÞ a Sobolev space of E-

valued n-times di¤erentiable p-th integrable functions on W in the sense of the

Malliavin calculus with p-th integrable derivatives of all orders up to n. The

m-th Malliavin derivative of F A D
n;pðW ;EÞ is denoted by ‘mF . Let P0 be

the orthogonal projection of H onto H0. Through an inclusion W0 HW , we can

identify P0 � ‘ on W with ‘0 on W0. Namely, every F A D
y;y�ðW ;EÞ admits a

quasi-continuous version (cf. [22]), which can be evaluated on W0 while W0 is a m-

null set. If we write again F for the restriction of the quasi-continuous version to

W0, then h‘0F ; hi ¼ h‘F ; hi ¼ hP0 � ‘F ; hi for any h A H0 with m0-probability

1. In what follows, we shall also write ‘0 for P0 � ‘.

We shall introduce some more notations. For x0; x1 A R
D, set

wx0;x1ðtÞ ¼ x0 þ wðtÞ þ tðx1 � x0Þ; t A ½0; 1�:

For h A CyðRD
;R

DÞ and 1a aaD, define H h
a A CyðRD

;R
DÞ by

H h
a ¼ ðH h

abÞ1abaD; H
h
ab ¼

qha
qxb

�
qhb

qxa
:

Notice that H h
ab’s are coe‰cients of �2 dh, dh being the exterior derivative of h;

�2 dh ¼
X

D

a;b¼1

H
h
ab dx

a5dxb:

Lemma 3.1. Let f A Cyð½0; 1� � R
D
;RÞ. Suppose that, for every n A Zþ,

there exist Cnb 0 and Kn A Zþ such that

maxfjqI
xfðt; xÞj : I ¼ ði1; . . . ; inÞ A f1; . . . ;DgngaCnð1þ jxjÞKnð3:1Þ

for any ðt; xÞ A ½0; 1� � R
D, where q I

x ¼ ðq=qx i1Þ � � � ðq=qx inÞ and maxf� � �g ¼ fðt; xÞ

for n ¼ 0. Then, for every h1; . . . ; hn A H0 and 1a aaD, it holds that

‘n
0

ð1

0

fðt;wðtÞÞ dt

� �

; h1 n � � �n hn


 �

Hnn

ð3:2Þ

¼ �
X

jI j¼n

ð1

0

ð t

0

q I
xfðs;wðsÞÞ ds

� �

d

dt

Y

n

j¼1

h
ij
j ðtÞ

 !

dt

and
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‘n
0

ð 1

0

fðt;wðtÞÞ � dwaðtÞ

� �

; h1 n � � �n hn


 �

Hnn

ð3:3Þ

¼ �
X

jI j¼n

ð1

0

ð t

0

qI
xfðs;wðsÞÞ � dw

aðsÞ

� �

d

dt

Y

n

j¼1

h
ij
j ðtÞ

 !

dt

þ
X

n

m¼1

X

jI j¼n�1

ð1

0

q I
xfðt;wðtÞÞ

Y

n�1

j¼1

h
ij
kðm; jÞðtÞ

 !

_hha
mðtÞ dt;

where jI j ¼ n for I A f1; . . . ;Dgn, and kðm; jÞ ¼ j if jam� 1 and ¼ j þ 1 if

jbm.

In particular, if each component ha of h A CyðRD;RDÞ and v A CyðRD;RÞ

enjoys (3.1) with fðt; xÞ ¼ haðxÞ and ¼ vðxÞ for any n A Zþ, then, for every

x0; x1 A R
D and h A H0,

‘0

ð1

0

hhðwx0;x1ðtÞÞ; �dwx0;x1ðtÞiþ

ð1

0

vðwx0;x1ðtÞÞ dt

� �

; h


 �

H

ð3:4Þ

¼
X

D

a¼1

ð1

0

ð t

0

hH h
a ðwx0;x1ðsÞÞ; �dwx0;x1ðsÞi�

qv

qxa
ðwx0;x1ðsÞÞ ds

� �� �

_hhaðtÞ dt:

Finally, if ha’s and v are all polynomials and K ¼ maxfdeg ha; ðdeg vÞ � 1 :

1a aaDg, then

‘Kþ2
0

ð1

0

hhðwx0;x1ðtÞÞ; �dwx0;x1ðtÞiþ

ð1

0

vðwx0;x1ðtÞÞ dt

� �

¼ 0:ð3:5Þ

Proof. Since h‘0G; hiH ¼ h‘G; hiH and hð1Þ ¼ 0 for G A D
y;y�ðW ;RÞ

and h A H0, (3.2) and (3.3) are obtained as an application of the derivation

property of ‘0 and an integration by parts formula on ½0; 1�. (3.4) follows from

these two identities in conjunction with Itô’s formula. (3.5) is an immediate

consequence of (3.2) and (3.3). r

If f : R ! R has a property that supx ARj f ðxÞj=ð1þ jxjÞL < y for some

L A Zþ, then, for some p > 0, exp½ pj f ðxÞj2=L� is integrable with respect to the

normal Gaussian measure ð2pÞ�1=2 exp½�x2=2� on R. We shall continue such an

estimation to the Wiener space W.

Lemma 3.2. Let f A Cyð½0; 1� � R
D;RÞ be as in Lemma 3.1. Then, for each

n A Zþ, there are pn; p
0
n > 0 such that

ð

W

exp pn ‘n
0

ð1

0

fðt;wðtÞÞ dt

	

	

	

	

	

	

	

	

2=Kn

Hnn

" #

mðdwÞ < y;ð3:6Þ
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ð

W

exp p 0
n ‘n

0

ð1

0

fðt;wðtÞÞ � dwaðtÞ

	

	

	

	

	

	

	

	

2=K 0
n

Hnn

" #

mðdwÞ < y; 1a aaD;ð3:7Þ

where K 0
n ¼ maxfKn�1; 1þ Kn;Knþ1g and K�1 ¼ 0.

Proof. We first show (3.6). Since

h‘n
0 fðt;wðtÞÞ; h1 n � � �n hniH ¼

X

jI j¼n

qI
xfðt;wðtÞÞ

Y

n

j¼1

h
ij
j ðtÞ; h1; . . . ; hn A H0;

by virtue of (3.1), we obtain that, for t A ½0; 1�,

k‘n
0 fðt;wðtÞÞk

2
HnnaDntn

X

jI j¼n

jq I
xfðt;wðtÞÞj

2
aC2

nD
2n 1þ sup

s A ½0;1�

jwðsÞj

 !2Kn

:

Hence

‘n
0

ð1

0

fðt;wðtÞÞ dt

� �	

	

	

	

	

	

	

	

H

aCnD
n 1þ sup

t A ½0;1�

jwðtÞj

 !Kn

:

Remembering that a D-dimensional Brownian motion bðtÞ on a probability

space ðW;F;PÞ enjoys a property that

exp sup
t A ½0;T �

jbðtÞj2
" #

A L0þðP;RÞ for any T > 0;ð3:8Þ

we can conclude (3.6) from the above estimation.

We now show (3.7). We fix a A f1; . . . ;Dg. On account of (3.1)–(3.3), we

have

‘n
0

ð1

0

fðt;wðtÞÞ � dwaðtÞ

	

	

	

	

	

	

	

	

2

Hnn

a 2n2Dn
X

jI j¼n

ð1

0

ð t

0

qI
xfðs;wðsÞÞ � dw

aðsÞ

�

�

�

�

�

�

�

�

2

tðn�1Þ dt

þ 2n2Dn�1
X

jI j¼n�1

ð1

0

jq I
xfðt;wðtÞÞj

2
tðn�1Þ dt

a 4n2Dn
X

jI j¼n

ð1

0

ð t

0

qI
xfðs;wðsÞÞ dw

aðsÞ

�

�

�

�

�

�

�

�

2

tðn�1Þ dt

þ n2Dn
X

jI j¼n

ð1

0

ð t

0

q

qxa
qI
xfðs;wðsÞÞ ds

�

�

�

�

�

�

�

�

2

tðn�1Þ dt
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þ 2n2Dn�1
X

jI j¼n�1

ð1

0

jqI
xfðt;wðtÞÞj

2
tðn�1Þ dt

a 4n2Dn
X

jI j¼n

sup
t A ½0;1�

ð t

0

qI
xfðs;wðsÞÞ dw

aðsÞ

�

�

�

�

�

�

�

�

2

þ n2D2nC2
nþ1 1þ sup

t A ½0;1�

jwðtÞj

 !2Knþ1

þ 2n2D2n�2C2
n�1 1þ sup

t A ½0;1�

jwðtÞj

 !2Kn�1

:

Hence, by (3.8), in order to see (3.7), it su‰ces to show that

exp sup
t A ½0;1�

ð t

0

qI
xfðs;wðsÞÞ dw

aðsÞ

�

�

�

�

�

�

�

�

2=K 0
n

" #

A L0þðm;RÞð3:9Þ

for any I A f1; . . . ;Dgn. To do this, fix I A f1; . . . ;Dgn arbitrarily. By a stan-

dard time change argument, we can find a 1-dimensional Brownian motion

fBðtÞgtb0 such that

ð t

0

qI
xfðs;wðsÞÞ dw

aðsÞ ¼ B

ð t

0

jq I
xfðs;wðsÞÞj

2
ds

� �

:

By (3.1) and (3.8), we can find p 00
n such that

~CC :¼

ð

W

exp p 00
n

ð1

0

jqI
xfðt;wðtÞÞj

2
dt

� �1=Kn
" #

mðdwÞ < y;

which means that

m

ð1

0

jqI
xfðt;wðtÞÞj

2
dtb k a

� �

a ~CC exp½�p 00
n k

a=Kn � for any k A N ; a > 0:

This implies that

m sup
t A ½0;1�

ð t

0

qI
xfðs;wðsÞÞ dw

aðsÞ

�

�

�

�

�

�

�

�

> k

 !

a ~CC exp½�p 00
n k

a=Kn � þ m sup
0atak a

jBðtÞj > k

� �

a ~CC exp½�p 00
n k

a=Kn � þ 2D exp½�ð1=2DÞk2�a�
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(for the last inequality, see [26, Theorem 4.2.1]). Setting a ¼ 2Kn=ð1þ KnÞ, we

arrive at

m sup
t A ½0;1�

ð t

0

qI
xfðs;wðsÞÞ dw

aðsÞ

�

�

�

�

�

�

�

�

> k

 !

a ð ~CC þ 2DÞ exp½�minfp 00
n ; ð1=2DÞgk2=ðKnþ1Þ�; k A N ;

which yields (3.9). r

We shall close this section with an estimation of the reciprocal of the pinned

Malliavin covariance of a stochastic line integral.

Lemma 3.3. Let x0; x1 A R
D, N A Zþ, h0; . . . ; hN A CyðRD;RDÞ, and f ¼

ðf0; . . . ; fNÞ A CyðRD;RNþ1Þ. Suppose that all ath components h i
a of h i, and f i,

a ¼ 1; . . . ;D, i ¼ 0; . . . ;N satisfy the condition (3.1) with f ¼ h i
a or ¼ f i for any

n A Zþ, and that

dh0ðx0Þ0 0:ð3:10Þ

For x ¼ ðx1; . . . ; xNÞ A R
N , define hðxÞ ¼ h0 þ

PN
i¼1 x

ih i, fðxÞ ¼ f0 þ
PN

i¼1 x
if i,

and

F x
x0;x1

ðwÞ ¼

ð1

0

hhðxÞðwx0;x1ðtÞÞ; �dwx0;x1ðtÞiþ

ð1

0

fðxÞðwx0;x1ðtÞÞ dt:

Then there are e; d > 0 such that

sup
jxjae

ð

W

exp½dk‘0F
x
x0;x1

ðwÞk
�2=3
H �mðdwÞ < y:ð3:11Þ

Proof. Define

f x
x0;x1;a

ðw; tÞ ¼

ð t

0

hH hðxÞ

a ðwx0;x1ðsÞÞ; �dwx0;x1ðsÞi�
qfðxÞ

qxa
ðwx0;x1ðsÞÞ ds

( )

:

Due to (3.4), we have

k‘0F
x
x0;x1

ðwÞk2H ¼
X

D

a¼1

v½0;1�ð f
x
x0;x1;a

ðw; �ÞÞ;

where

v½0;T �ð f Þ ¼
1

T

ðT

0

f ðtÞ �
1

T

ðT

0

f ðsÞ ds

� �2

dt; f A L2ð½0;T �;RÞ;T > 0:
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By the assumption (3.10), there exists a0 A f1; . . . ;Dg such that H
h0
a0 ðx0Þ 6¼ 0.

Then, to show (3.11), it su‰ces to find constants e;C1;C2 > 0 such that

sup
jxjae

m v½0;1�ð f
x
x0;x1;a0

ðw; �ÞÞa
1

k

� �

aC1 exp½�C2k
1=3�; k A N :ð3:12Þ

In what follows, for the sake of simplicity, we shall write H x and f̂fx for H hðxÞ

a0
and

qfðxÞ=qxa0 , respectively. Then H xðxÞ ¼ ðH x
1 ðxÞ; . . . ;H

x
DðxÞÞ A R

D and f̂fxðxÞ A R.

Since H 0ðx0Þ ¼ H h0

a0
ðx0Þ 6¼ 0 and the mapping ðx; xÞ 7! H xðxÞ is continuous, there

exist e0; d0; d1 > 0 so that

inf
jxjae0; jx�x0jad0

jH xðxÞjb d1:ð3:13Þ

In the remainder of the proof, we shall use Cj, j ¼ 1; 2; . . . ; to denote constants

which are independent of x with jxja e0 and k A N .

Define

tk ¼ minfinfftb 0 : jwx0;x1ðtÞ � x0j > d0g; k
�2=3g; k A N :

Then it holds ([26, Theorem 4.2.1]) that

mðtk < k�2=3Þa 2D exp �
d20
8D

k2=3

" #

for any kb
2jx1 � x0j

d0

� �3=2

:ð3:14Þ

Observe that

ðT

0

hH xðwx0;x1ðtÞÞ; �dwx0;x1ðtÞi ¼

ðT

0

hH xðwx0;x1ðtÞÞ; dwðtÞi

þ

ðT

0

~HH x
x0;x1

ðwx0;x1ðtÞÞ dt; T A ½0; 1�;

where ~HH x
x0;x1

¼ hH x; x1 � x0iþ ð1=2Þ d �H x (recall that d �H x ¼
PD

a¼1ðqH
x
a =qx

aÞ).

Since

v½0;T �ð f Þb
S

T
v½0;S �ð f Þ; 0 < SaT ;ð3:15Þ

the above identity implies that

v
1=2
½0;1�ð f

x
x0;x1;a0

ðw; �ÞÞb t
1=2
k

�

v
1=2
½0; tk �

ð�

0

hH xðwx0;x1ðtÞÞ; dwðtÞi

� �

� v
1=2
½0; tk �

ð �

0

f ~HH x
x0;x1

� f̂fxgðwx0;x1ðtÞÞ dt

� ��

:

Notice that
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C3 :¼ sup
jxjae0; jx�x0jad0

fjf̂fxðxÞj þ jH xðxÞj þ jd �H xðxÞjg < yð3:16Þ

to see that

v
1=2
½0; tk �

ð�

0

f ~HH x
x0;x1

� f̂fxgðwx0;x1ðtÞÞ dt

� �

aC4k
�2=3 on ftk ¼ k�2=3g;

where C4 ¼ C3ðjx1 � x0j þ 2Þ. Thus, we have

fw : v
1=2
½0;1�ð f

x
x0;x1;a0

ðw; �ÞÞa k�1; tkðwÞ ¼ k�2=3gð3:17Þ

H w : v
1=2
½0; tk �

ð �

0

hH xðwx0;x1ðtÞÞ; dwðtÞi

� �

a ð1þ C4Þk
�2=3; tkðwÞ ¼ k�2=3

� �

for any k A N .

By a standard time change argument, we can find a 1-dimensional Brownian

motion fBxðtÞgtb0, which may depend on x, such that

ðT

0

hH xðwx0;x1ðtÞÞ; dwðtÞi ¼ Bx

ðT

0

jH xðwx0;x1ðtÞÞj
2
dt

� �

; Tb 0:

Observe that, if T > 0, f A C1ð½0;T �; ½0;yÞÞ, fð0Þ ¼ 0, and f 0 > 0, then

v½0;T �ð f ðfÞÞb
fðTÞ

T sup
0ataT

f 0ðtÞ
v½0;fðTÞ�ð f Þ:ð3:18Þ

Due to (3.13),

jH xðwx0;x1ðtÞÞjb d1; t A ½0; tk�; and

ð tk

0

jH xðwx0;x1ðtÞÞj
2
dtb d21tk:

Hence, by virtue of (3.15), (3.16) and (3.18), we have

v½0; tk �

ð�

0

hH xðwx0;x1ðtÞÞ; dwðtÞi

� �

b

Ð tk
0 jH xðwx0;x1ðtÞÞj

2
dt

tk sup
0atatk

jH xðwx0;x1ðtÞÞj
2
v�

0;
Ð tk

0
jH xðwx0 ; x1

ðtÞÞj2 dt
ðBxÞb

d21
C2

3

v½0; d21k�2=3�ðB
xÞ:

Plugging this into (3.17), we obtain

fw : v
1=2
½0;1�ð f

x
x0;x1;a0

ðw; �ÞÞa k�1; tkðwÞ ¼ k�2=3gð3:19Þ

H v
1=2

½0; d21k
�2=3�

ðBxÞa
C3ð1þ C4Þ

d1
k�2=3

� �

; k A N :
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Remember (cf. [14, Lemma V.10.6]) that

mðv1=2½0;T �ðB
xÞa eÞa

ffiffiffi

2
p

exp � T

27e2

� �

; T ; e > 0:

Combining this with (3.19), we obtain a constant C5 > 0 such that

m½v1=2½0;1�ð f
x
x0;x1;a0

ðw; �ÞÞa k�1; tk ¼ k�2=3�a
ffiffiffi

2
p

exp½�C5k
2=3�; k A N ;

which, in conjunction with (3.14), implies that there are C6;C7 > 0 such that

m½v1=2½0;1�ð f
x
x0;x1;a0

ðw; �ÞÞa k�1�aC6 exp½�C7k
2=3�; k A N :

Thus (3.12) has been verified and the proof completes. r

4. Proof of Theorem 1.1.

In this section, we give a proof of Theorem 1.1. A key ingredient to com-

bine observations made in the preceding two sections is Watanabe’s pull-back of

tempered distributions via non-degenerate Wiener functionals. Namely, as a

measure on W0, the following identification holds;

d0ðwð1ÞÞmðdwÞ ¼
1
ffiffiffiffiffiffi

2p
p D

m0ðdwÞ:ð4:1Þ

By virtue of the quasi-sure analysis ([22]), we can restrict F A D
y;y�ðW ;RÞ to

W0 and may think of it as a functional on W0, even though W0 is a m-null set.

Namely, F admits a quasi-continuous version, which can be evaluated on W0.

Then, because of (4.1), several L p-estimations on W0 follow from those on W.

Lemma 4.1. (i) There exists Cb 0 such that

ð

W0

eF dm0aCð1þ kFkDþ2;4ðDþ2ÞÞ
Dþ2

ð

W

e4F dm

� �1=4

ð4:2Þ

for any F A D
y;y�ðW ;RÞ with

Ð

W
e4F dm < y, where

kFkn;p ¼
X

n

m¼0

k‘mFkL pðm;HnmÞ:

(ii) Let a > 0. There is C 0
b 0 such that

ð

W0

eC
�a

dm0aC 0ð1þ kCkDþ2;4ðDþ2ÞÞ
Dþ2

ð

W

e8C
�a

dm

� �1=4

ð4:3Þ

for any non-negative C A D
y;y�ðW ;RÞ with

Ð

W
e8C

�a

dm < y.
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Proof. Recall ([27]) that d0ðwð1ÞÞ A D
�ðDþ2Þ;2ðW ;RÞ, the dual space of

D
Dþ2;2ðW ;RÞ. Hence, by (4.1), to show the assertions, it su‰ces to estimate the

D
Dþ2;2-norms of eF and eC

�a

. To do this, notice that there are universal con-

stants cni1���ij and ~ccnk1k2i1���ij such that

‘neF ¼
X

n

j¼1

X

i1þ���þij¼n

cni1���ij ð‘
i1Fn � � �n‘ ijFÞeF;

‘neC
�a ¼

X

n

j¼1

X

i1þ���þij¼n

X

n

k1;k2¼1

~ccnk1k2i1���ij ð‘
i1Cn � � �n‘ ijCÞC�k1a�k2eC

�a

for any F;C A D
y;y�ðW ;RÞ with C > 0 m-a.s.. Since

C�k1a�k2a k1 þ
k2

a

� �

þ 1

� �

!eC
�a

;

where ½b� ¼ maxfm A Z : ma bg, applying Hölder’s inequalities repeatedly, we

obtain constants C1;C2b 0 so that

keFkDþ2;2aC1ð1þ kFkDþ2;4ðDþ2ÞÞ
Dþ2keFkL4ðm;RÞ

keC�akDþ2;2aC2ð1þ kCkDþ2;4ðDþ2ÞÞ
Dþ2ke2C�akL4ðm;RÞ;

which completes the proof. r

We proceed to the proof of the theorem.

Proof of Theorem 1.1. Assume (A.1) and (A.2). For each y i, define ~yy i
A

CyðRD;RDÞ by

~yy iðxÞ ¼
ð 1

0

tðdy iÞðtxÞ½x� dt; x A R
D
; i ¼ 0; . . . ;N;

where we are thinking of the exterior derivative dy iðyÞ at y A R
D as an element

of RD nR
D, and dy iðyÞ½x� denotes its action on x. There are c i

A CyðRD;RÞ,
i ¼ 0; . . . ;N, such that dc i ¼ y i � ~yy i. See [15, p. 135]. We then have

pl
1 ðx0; x1Þ ¼ exp

ffiffiffiffiffiffiffi

�1
p

lðc0ðx1Þ � c0ðx0ÞÞ þ
X

N

i¼1

laiðc iðx1Þ � c iðx0ÞÞ
( )" #

�
ð

W

exp½
ffiffiffiffiffiffiffi

�1
p

lql
x0
½ ~YY;V ; a�ðwÞ�dx1ðwx0

ð1ÞÞmðdwÞ;

where ~YY ¼ ð~yy0; . . . ; ~yyNÞ. Thus, to have the estimation as described in the the-

orem, using ~yy j’s instead of y j ’s if necessary, we may and will assume that
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(A.3) all components of y i and v i, i ¼ 0; . . . ;N, are polynomials on R
D,

and deg y i
aaK, 0a iaN, 1a aaD.

In the sequel, we set

K 0 ¼ maxfdeg y i
a; ðdeg v iÞ � 1 : i ¼ 0; . . . ;N; a ¼ 1; . . . ;Dg:

Then K 0
aK .

Applying Cameron-Martin’s formula to the shift given by hðtÞ ¼ tðx1 � x0Þ,
on account of (4.1), we have

pl
1 ðx0; x1Þ ¼

e�jx1�x0j2=2
ffiffiffiffiffiffi

2p
p D

ð

W0

exp½
ffiffiffiffiffiffiffi

�1
p

lql
x0;x1

� dm0;ð4:4Þ

where

ql
x0;x1

ðwÞ ¼ qx0;x1;0ðwÞ þ
X

N

i¼1

l�ð1�aiÞqx0;x1; iðwÞ;

qx0;x1; iðwÞ ¼
ð1

0

hy iðwx0;x1ðtÞÞ; �dwx0;x1ðtÞiþ
ð 1

0

v iðwx0;x1ðtÞÞ dt;

i ¼ 0; 1; . . . ;N. We shall show the theorem by applying Corollary 2.3 to

qx0;x1 :¼ ðqx0;x1;0; . . . ; qx0;x1;NÞ A D
y;y�ðW ;R

Nþ1Þ:

By Lemma 3.1, we see that

‘K 0þ2
0 qx0;x1; i ¼ 0; i ¼ 0; . . . ;N:ð4:5Þ

Applying Lemma 3.3 with h i ¼ y i, f i ¼ v i, i ¼ 0; . . . ;N, we can find

l0; d > 0 such that

X

N

i¼1

l
�2ð1�aiÞ
0 < 1 and sup

lbl0

ð

W

exp½dk‘0q
l
x0;x1

k�2=3
H � dm < y:

Combined with Lemma 4.1, the second estimation yields that

sup
lbl0

ð

W0

exp
d

8
k‘0q

l
x0;x1

k�2=3
H0

� �

dm0 < y:

Thus, if we set

A ¼ fð1; l�ð1�a1Þ; . . . ; l�ð1�aN ÞÞ A R
Nþ1

: lb l0gHAðNÞ;
then

sup
z AA

ð

W0

exp
d

8
k‘0q

ðzÞ
x0;x1

k�2=3
H0

� �

dm0 < y; where qðzÞx0;x1
¼

X

N

i¼0

z iqx0;x1; i:ð4:6Þ
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Denote by ‘� the adjoint operator of ‘ on ðW ;H; mÞ. Since ‘0ðd0ðwð1ÞÞ ¼

0, it is then easily seen that

ð

W

h‘0F ;‘0GiH d0ðwð1ÞÞmðdwÞ ¼

ð

W

ð‘�‘0F ÞGd0ðwð1ÞÞmðdwÞ

for any F ;G A D
y;y�ðW ;RÞ. Hence, by (4.1), the adjoint ‘�

0 of ‘0 on W0

enjoys that

‘�
0 ‘0F ¼ ‘�‘0F m0-a:s:

Remember [24] that, if F A D
y;y�ðW ;HÞ and FðwÞ

zffl}|ffl{
�

ðtÞ is adapted, then

‘�F ¼

ð1

0

h FðwÞ
zffl}|ffl{

�

ðtÞ; dwðtÞi;

and that ‘�ðGF Þ ¼ G‘�F � h‘G;FiH , G A D
y;y�ðW ;RÞ. Then, by virtue of

Lemma 3.1 and a direct computation, we obtain

‘�‘0qx0;x1; iðwÞ

¼ �
XD

a¼1

ð1

0

waðtÞH y i

a ðwx0;x1ðtÞÞ þ tðt� 1Þ
qH y i

a

qxa
ðwx0;x1ðtÞÞ

( )

; �dwx0;x1ðtÞ

* +

þ
XD

a¼1

ð1

0

 

waðtÞ
qv i

qxa
ðwx0;x1ðtÞÞ þ tðt� 1Þ

q2v i

qðxaÞ2
ðwx0;x1ðtÞÞ

� tH y i

aaðwx0;x1ðtÞÞ

!

dt

for m-a.e. w A W , where qH yi
a =qxa ¼ ðqH y i

ab=qx
aÞ1abaD. Hence, due to Lemma

3.2, there is a p > 0 such that

ð

W

exp½ pL0½qx0;x1 ; 1�
1=ðK 0þ1Þ� dm < y:

Since L0½qx0;x1 ; 1�b 1, this implies that L0½qx0;x1 ; 1�
1=ðK 0þ1Þ

A D
y;y�ðW ;RÞ.

Then, by Lemma 4.1, this also yields that

ð

W0

exp
p

4
L0½qx0;x1 ; 1�

1=ðK 0þ1Þ

� �

dm0 < y:ð4:7Þ

It follows from (4.5)–(4.7) that all assumptions in Corollary 2.3 are fulfilled

with q ¼ qx0;x1 , a ¼ 2=3 and b ¼ 1=ðK 0 þ 1Þ. Then, applying Corollary 2.3 and

recalling that K 0
aK , we obtain constants L1;L2 > 0 such that
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sup
z AA

ð

W0

exp½
ffiffiffiffiffiffiffi

�1
p

lqðzÞx0;x1
� dm0

�

�

�

�

�

�

�

�

aL1 exp½�L2jlj1=ðKþ5Þ� for every l A R:

By (4.4) and the very definition of A, we see that

jpl
1 ðx0; x1Þja

1
ffiffiffiffiffiffi

2p
p D

for any l > 0; and

jpl
1 ðx0; x1ÞjaL1 exp½�L2l

1=ðKþ5Þ� for every lb l0:

We therefore arrive at (1.1). r
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