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Perturbation theory for m-accretive operators and

generalized complex Ginzburg-Landau equations
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Abstract. Global existence of unique strong solutions is proved for the generalized

complex Ginzburg-Landau equation. The proof is based on a new type perturbation

theorem for m-accretive operators in complex Hilbert spaces.

1. Introduction.

Let W be a bounded or unbounded domain in R
N with compact C2-

boundary qW (including R
N itself ). In L2ðWÞ we consider the initial-boundary

value problem for the ‘‘generalized’’ complex Ginzburg-Landau equation:

qu

qt
þ ðlþ iaÞAðx;DÞuþ ðkþ ibÞgðx; juj2Þu� gu ¼ 0 on W� Rþ,

u ¼ 0 on qW� Rþ;

uðx; 0Þ ¼ u0ðxÞ; x A W:
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ð1:1Þ

Here u is a complex-valued unknown function, i ¼
ffiffiffiffiffiffiffi

�1
p

, l; k A Rþ, a; b; g A R are

constants, g A C1ðW� ð0;yÞ;RÞ, and Aðx;DÞ is the second order elliptic di¤er-

ential operator in divergence form:

Aðx;DÞu :¼ �
X

N

j;k¼1

q

qxk

 

ajkðxÞ
qu

qxj

!

:

Problem (1.1), originally derived by Newell and Whitehead [16], appears in

the mathematical description of spatial pattern formation and of the onset of

instabilities in nonequilibrium fluid dynamical systems (see Cross and Hohenberg

[4]). Problem (1.1) is formally a mixed type model in the sense that it is reduced

to a nonlinear Schrödinger equation when l ¼ k ¼ g ¼ 0 and to a nonlinear heat

equation when a ¼ b ¼ g ¼ 0.
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When Aðx;DÞ ¼ �D and gðx; juj2Þ ¼ jujp�1 ðp > 1Þ, the existence and

uniqueness of solutions to (1.1) have been established by many authors using

various methods (cf. Bu [3], Doering, Gibbon and Levermore [5], Levermore and

Oliver [12], Okazawa and Yokota [18], Temam [20], Unai and Okazawa [22]

and Yang [23]). The case that gðx; juj2Þ does not depend on x explicitly has been

systematically studied in more general situations by Ginibre and Velo [6], [7],

[8]. However, there seems to be no work in which the linear and nonlinear terms

depend explicitly on the spatial variables.

The purpose of this paper is to prove the global existence of unique strong

solutions to (1.1) under the condition that the coe‰cient kþ ib of nonlinear term

satisfies

jbj
k
a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2s
p

s
ð1:2Þ

without any restriction on the dimension Nb 1 and the constant s > 0, where

s is an upper bound of the ratio sðqg=qsÞðx; sÞ=gðx; sÞ (see (2.2) below); note

that s ¼ ðp� 1Þ=2 and
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2s
p

=s ¼ 2
ffiffiffi

p
p

=ðp� 1Þ if gðx; juj2Þ ¼ jujp�1 ðp > 1Þ.
It should be noted that condition (1.2) excludes nonlinear Schrödinger equations.

We regard (1.1) as the initial value problem for abstract evolution equation

du

dt
þ Au ¼ 0; uð0Þ ¼ u0;ð1:3Þ

in X :¼ L2ðWÞ by setting

A :¼ ðlþ iaÞS þ ðkþ ibÞB� g with DðAÞ :¼ DðSÞVDðBÞ;
where

Su :¼ Aðx;DÞu for u A DðSÞ :¼ H 2ðWÞVH 1
0 ðWÞ;

Bu :¼ gðx; juj2Þu for u A DðBÞ :¼ fu A X ; gðx; juj2Þu A Xg:

According to the theory of nonlinear semigroups we have only to show that

Aþ g is m-accretive in X. In a previous paper [18] we proved the same result

for (1.1) with Aðx;DÞ ¼ �D and gðx; juj2Þ ¼ jujp�1. In this special case the m-

accretivity of Aþ g is a consequence of a perturbation theorem for m-accretive

operators prepared in [18]. Unfortunately, the perturbation theorem is too

simple to be applied to (1.1) itself. So the main task in this paper is to

generalize the perturbation theorem in [18] to control the contribution of x-

dependence in the nonlinear term. Actually, the m-accretivity of Aþ g under

condition (1.2) is guaranteed by the following two inequalities:

jImðBu1 � Bu2; u1 � u2Þja
s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2s
p ReðBu1 � Bu2; u1 � u2Þ;ð1:4Þ
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ð1:5Þ

jImðSu;BeuÞja
s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2s
p ReðSu;BeuÞ þ

1þ s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1þ 2sÞd
p kS1=2ukðc1kBeuk þ c2kukÞ;

where Be is the Yosida approximation of B (for d, c1 and c2 see (2.1) and (2.3)

below). Evidently, (1.4) implies that ðkþ ibÞB is accretive in X under condition

(1.2). Therefore it remains to prove the maximality of the accretive operator

ðlþ iaÞS þ ðkþ ibÞB. This is achieved by the key inequality (1.5). In this con-

nection, we note that the second term on the right-hand side of (1.5) is absent from

the perturbation theorem in [18].

This paper is organized as follows. In Section 2 we state our main result on

the global existence of unique strong solutions to (1.1) (Theorem 2.2). Section

3 is a review of the nonlinear semigroup theory. In Section 4 we develop the

perturbation theory mentioned above. Namely, we consider the m-accretivity

of linear combinations of a nonnegative selfadjoint operator and a nonlinear m-

accretive operator with complex coe‰cients. We prove the main result in Section

5 which is largely devoted to the proofs of (1.4) and (1.5) (Lemmas 5.3 and 5.5).

2. Results.

We impose the following conditions on Aðx;DÞ and gðx; sÞ:
(A) Aðx;DÞ is uniformly elliptic in W, that is, there is a constant d

ð0 < da 1Þ such that for x A R
N and x A W,

djxj2a
X

N

j;k¼1

ajkðxÞxjxka d�1jxj2;ð2:1Þ

where ajk ¼ akj A C1ðW;RÞVW 1;yðW;RÞ (cf. Brezis [1, Remarque IX.25]).

(B) g A CðW� ½0;yÞ;RÞVC 1ðW� ð0;yÞ;RÞ and there are constants s > 0

and c1, c2b 0 such that for all ðx; sÞ A W� ð0;yÞ,

0a s
qg

qs
ðx; sÞa sgðx; sÞ;ð2:2Þ

j‘xgðx; sÞja c1gðx; sÞ þ c2:ð2:3Þ

For example, let p > 1. Then gðx; sÞ :¼ ðjxj2 þ 1Þsðp�1Þ=2 þ jxj2 satisfies (2.2) and

(2.3) with respective constants s ¼ ðp� 1Þ=2 and c1 ¼ c2 ¼ 1.

Before stating our result we give a definition of strong solutions to (1.1).

Definition 2.1. Let X and A be as defined in Section 1. Then the global

strong solution to (1.1) is defined as an X-valued function uðtÞ :¼ uðx; tÞ with the

following properties:
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(a) uðtÞ A DðAÞ Etb 0 and Auð�Þ A Lyð0;T ;XÞ ET > 0.

(b) uð�Þ is Lipschitz continuous on ½0;T �: uð�Þ A C0;1ð½0;T �;XÞ ET > 0.

(c) The strong derivative u 0ðtÞ exists for a.a. tb 0 and is bounded in X

on ½0;T �: uð�Þ A W 1;yð0;T ;X Þ ET > 0.

(d) uð�Þ satisfies the equation in (1.3) a.e. on ½0;yÞ as well as the initial

condition.

We now state our main result in this paper.

Theorem 2.2. Let l > 0, k > 0, and k�1jbja
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2s
p

=s. Then for any

initial value u0 A DðAÞ there exists a unique global strong solution uðtÞ :¼ uðx; tÞ
to (1.1) in X such that

uð�Þ A Lyð0;T ;H 2ðWÞÞVLyð0;T ;DðBÞÞVC0;1=2ð½0;T �;H 1
0 ðWÞÞ ET > 0ð2:4Þ

with the estimates

kuðtÞka egtku0k;ð2:5Þ

kuðtÞ � vðtÞka egtku0 � v0k;ð2:6Þ

k‘uðtÞ � ‘vðtÞk2a cðu0; v0Þe2gtku0 � v0k;ð2:7Þ
where vðtÞ is a solution to (1.1) with initial value v0 A DðAÞ and cðu0; v0Þ is given by

cðu0; v0Þ :¼ ðdKÞ�1½LðkAu0k þ kAv0kÞ þ ðLjgj þ
ffiffiffiffiffiffi

cK
p

Þðku0k þ kv0kÞ�:

Here K, L and c depend on lþ ia, kþ ib and the constants appearing in condition

(B).

Remark. 1) It is remarkable that condition (1.2) is free from the fact that

A and g depend explicitly on x.

2) LetNa 3. Then it seems that the solution is of classC1; this may be shown

by regarding (1.1) as a semilinear evolution equation (cf. [3], [5], [12], [21], [23]).

3) Let Nsa 2. Then it is desirable to show that (1.1) has unique global

solutions with no restriction on the coe‰cients lþ ia and kþ ib (for mild solu-

tion cf. [6], [7], [8] and for C1-solution cf. [3], [5], [12], [20], [23]).

Corollary 2.3. In Theorem 2.2 assume further that c1 ¼ 0 in condition

(2.3). Then

dk‘uðtÞk2 þ ekuðtÞk2a ðd�1k‘u0k2 þ eku0k2Þ exp 2gþ ð1þ sÞk
s

ffiffiffiffi

de
p c2

� �

t

� �

ð2:8Þ

for e > 0. In particular, if c1 ¼ c2 ¼ 0, then one can take e ¼ 0 in (2.8):

k‘uðtÞka d�1egtk‘u0k:
Note that if g is independent of x: gðx; sÞ ¼ gðsÞ, then c1 ¼ c2 ¼ 0.
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3. Preliminaries.

In this section we briefly review the abstract Cauchy problem with m-

accretive operator and its relation to the theory of nonlinear semigroups.

Let X be a complex Hilbert space with inner product ð� ; �Þ and norm k � k.

An operator A with domain DðAÞ and range RðAÞ in X is said to be

accretive (or monotone) if ReðAu1 � Au2; u1 � u2Þb 0 for u1; u2 A DðAÞ. If, in

addition, Rð1þ AÞ ¼ X , then we say that A is m-accretive (or maximal mono-

tone) in X.

The following is fundamental (see Kōmura and Konishi [11], Miyadera [14,

pp. 145–148] and Showalter [19, Theorem IV.4.1]; cf. also [18, Lemma 2.1]).

Theorem 3.1. Let A be an operator in X and g A R. If Aþ g is m-accretive

in X, then for every u0 A DðAÞ there exists a unique strong solution uðtÞ to the

initial value problem

du

dt
þ Au ¼ 0; uð0Þ ¼ u0;ð3:1Þ

in the following sense:

(a) uðtÞ A DðAÞ and kAuðtÞka egtkAu0k for all tb 0.

(b) kuðtÞ � uðsÞka egþðtþsÞkAu0k � jt� sj, t; sb 0, where gþ :¼ maxf0; gg.

(c) du=dt exists a.e. on ½0;yÞ, with kðdu=dtÞðtÞka egtkAu0k (a.e.).

(d) uð�Þ satisfies the equation in (3.1) a.e. on ½0;yÞ as well as the initial

condition.

We can define the solution operator UðtÞ : DðAÞ ! DðAÞ by UðtÞu0 :¼ uðtÞ,

tb 0, where uð�Þ is a unique solution to (3.1) in the sense of Theorem 3.1 (a)–(d).

Denoting the continuous extension again by UðtÞ, we obtain a one-parameter

family fUðtÞ; tb 0g on DðAÞ (the closure of DðAÞ in X ) which satisfies

(a) Uð0Þ ¼ 1, Uðtþ sÞ ¼ UðtÞUðsÞ, t; sb 0,

(b) UðtÞv ! vðt # 0Þ, v A DðAÞ,

(c) kUðtÞv1 �UðtÞv2ka egtkv1 � v2k, v1; v2 A DðAÞ, tb 0.

In this paper the family fUðtÞ; tb 0g is called a semigroup of type g on DðAÞ

generated by �A.

4. Perturbations of m-accretive operators.

The following is an essence in our perturbation theory for m-accretive

operators.

Proposition 4.1. Let v0; v1; v2 A X and lþ ia, kþ ib A C with l > 0, k > 0.

Assume that there are constants k1 > 0, ab 0, bb 0 and cb 0 such that

Generalized complex Ginzburg-Landau equations 5



jImðv1; v2Þja k1 Reðv1; v2Þ þ akv1k2 þ bkv2k2 þ ckv0k2; andð4:1Þ

K :¼ k1
l

k
� b

l2 þ a2

k2 þ b2
� a > 0:ð4:2Þ

If k�1jbja k�1
1 , then

Kkv1kaLkðlþ iaÞv1 þ ðkþ ibÞv2k þ
ffiffiffiffiffiffi

cK
p

kv0k;ð4:3Þ

where

L :¼ k1

k
þ 2b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

l2 þ a2
p

k2 þ b2
þ

ffiffiffiffiffiffiffi

bK
p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2 þ b2
q :ð4:4Þ

Proof. Suppose that k�1jbja k�1
1 . Then it follows from (4.1) that

Reðv1; ðkþ ibÞv2Þb kReðv1; v2Þ � jbj � jImðv1; v2Þj

b ðk�1
1 k� jbjÞjImðv1; v2Þj � k�1

1 kðakv1k2 þ bkv2k2 þ ckv0k2Þ

b�k�1
1 kðakv1k2 þ bkv2k2 þ ckv0k2Þ:

Setting Nðv1; v2Þ :¼ kðlþ iaÞv1 þ ðkþ ibÞv2k, we see that

lkv1k2 ¼ Reðv1; ðlþ iaÞv1Þ

¼ Reðv1; ðlþ iaÞv1 þ ðkþ ibÞv2Þ �Reðv1; ðkþ ibÞv2Þ

aNðv1; v2Þkv1k þ k�1
1 kðakv1k2 þ bkv2k2 þ ckv0k2Þ:

Since kv2ka s�1½Nðv1; v2Þ þ rkv1k� for r :¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

l2 þ a2
p

and s :¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2 þ b2
q

, it fol-

lows that

Kkv1k2a ðk1k�1 þ 2brs�2ÞNðv1; v2Þkv1k þ bs�2Nðv1; v2Þ2 þ ckv0k2;

where K is given by (4.2). Solving this inequality, we obtain the assertion. r

Corollary 4.2. Let v0; v1; v2 A X . Assume that ðv1; v0Þb 0 and there are

constants k1; k2 > 0 and c1; c2b 0 such that

jImðv1; v2Þja k1 Reðv1; v2Þ þ k2ðv1; v0Þ1=2ðc1kv2k þ c2kv0kÞ:ð4:5Þ

Then for every pair of lþ ia, kþ ib A C with l > 0, k > 0 the assumption of

Proposition 4.1 is satisfied.

Proof. Let e > 0. Then (4.1) is derived from (4.5). In fact, for example,

we can take

a :¼ k2

4
ðc1 þ c2Þe; b :¼ k2

2
c1e;ð4:6Þ
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and c :¼ ðk2=4Þðc1e
�3 þ 2c2e

�1 þ c2eÞ. Since e > 0 is arbitrary, (4.2) is also

satisfied for any pair of lþ ia, kþ ib A C with l > 0, k > 0. Thus we obtain

(4.3) under the condition k�1jbja k�1
1 . r

In applications we encounter (4.5) rather than (4.1). But K and L in (4.3)

are easily determined with the coe‰cients in (4.1) rather than those in (4.5).

An operator B in X is said to be m-sectorial of type SðkÞ if B is m-accretive

and sectorial of type SðkÞ: for u1; u2 A DðBÞ,

jImðBu1 � Bu2; u1 � u2Þja kReðBu1 � Bu2; u1 � u2Þð4:7Þ

(cf. Goldstein [9, Definition 1.5.8]). Let kþ ib A C with k > 0 and k�1jbja k�1.

Then (4.7) implies that ðkþ ibÞB is accretive in X:

Reððkþ ibÞðBu1 � Bu2Þ; u1 � u2Þb ðk�1k� jbjÞjImðBu1 � Bu2; u1 � u2Þjb 0:

Let fBe; e > 0g be the Yosida approximation of B:

Be :¼ e�1ð1� JeÞ ¼ BJe;

where Je :¼ ð1þ eBÞ�1, e > 0. Then ðkþ ibÞBe ¼ ðkþ ibÞBJe is also accretive

in X:

Reððkþ ibÞðBev1 � Bev2Þ; v1 � v2Þ

¼ ekkBev1 � Bev2k
2 þReððkþ ibÞðBðJev1Þ � BðJev2ÞÞ; Jev1 � Jev2Þb 0:

Next let S be a nonnegative selfadjoint operator in X, and lþ ia A C with

lb 0. Since ðlþ iaÞS is m-accretive in X, it follows that ðlþ iaÞS þ ðkþ ibÞBe

is also m-accretive in X (see e.g. [19, Lemma IV.2.1]). Therefore for f A X and

e > 0 there exists a unique solution ue A DðSÞ of the equation

ðlþ iaÞSue þ ðkþ ibÞBeue þ ue ¼ f :ð4:8Þ

Now we can state a criterion for the m-accretivity of ðlþ iaÞS þ ðkþ ibÞB.

Lemma 4.3. Let S be a nonnegative selfadjoint operator in X. Let B be

a nonlinear m-sectorial operator of type Sðk1Þ in X. Let lþ ia, kþ ib A C with

lb 0, k > 0 and k�1jbja k�1
1 .

Then ðlþ iaÞS þ ðkþ ibÞB is m-accretive in X if and only if for every f A X,

kBeuek is bounded as e # 0, where ue is a unique solution of (4.8).

This lemma is essentially proved by Brezis, Crandall and Pazy [2, Theorem

2.1] in which l ¼ k ¼ 1 and a ¼ b ¼ 0. In the proof of the ‘‘only if ’’ part we

obtain
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kBeueka k�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2 þ b2

q

kBuk;

where u is a unique solution of the equation ðlþ iaÞSuþ ðkþ ibÞBuþ u ¼ f .

Now we can state and prove a perturbation theorem for m-accretive oper-

ators which extends [18, Theorem 2.5] and applies to problem (1.1).

Theorem 4.4. Let S be a nonnegative selfadjoint operator in X. Let B be a

nonlinear m-sectorial operator of type Sðk1Þ in X. Assume that DðSÞVDðBÞ0q

and there are constants k2 > 0 and cjb 0 ð j ¼ 1; 2Þ such that for u A DðSÞ and

e > 0,

jImðSu;BeuÞja k1 ReðSu;BeuÞ þ k2kS1=2ukðc1kBeuk þ c2kukÞ:ð4:9Þ

Let lþ ia, kþ ib A C with l > 0, k > 0 and k�1jbja k�1
1 . Then for g A R,

Aþ g :¼ ðlþ iaÞS þ ðkþ ibÞB; DðAÞ :¼ DðSÞVDðBÞ;

is m-accretive in X and hence for u0 A DðAÞ and tb 0,

KkSUðtÞu0kaLegtkAu0k þ ðLjgj þ
ffiffiffiffiffiffi

cK
p

ÞkUðtÞu0k;ð4:10Þ

where fUðtÞ; tb 0g is the semigroup of type g on DðAÞ generated by �A and K,

L are the constants defined by (4.2), (4.4) and (4.6).

Proof. First we note that (4.9) is nothing but (4.5) with v1 :¼ Su, v2 :¼ Beu

and v0 ¼ u. Thus we can determine the constants K and L such that for u A DðSÞ,

KkSukaLkðlþ iaÞSuþ ðkþ ibÞBeuk þ
ffiffiffiffiffiffi

cK
p

kuk:ð4:11Þ

Now let ue be a unique solution of (4.8). Then we see from (4.11) that

KkSuekaLk f � uek þ
ffiffiffiffiffiffi

cK
p

kuek:

Since DðSÞVDðBÞ0q, we can conclude that fkuekg is bounded as e # 0 (see

[19, Lemma IV.2.2]) and so are fkSuekg and fkBeuekg, too. Therefore Lemma

4.3 yields that Aþ g ¼ ðlþ iaÞS þ ðkþ ibÞB is m-accretive in X.

Finally we prove (4.10). Setting u ¼ UðtÞu0 A DðSÞVDðBÞ in (4.11) and

noting that BeUðtÞu0 ! BUðtÞu0 ðe # 0Þ, we obtain

KkSUðtÞu0kaLkAUðtÞu0k þ ðLjgj þ
ffiffiffiffiffiffi

cK
p

ÞkUðtÞu0k:

Thus (4.10) follows from Theorem 3.1 (a). r

Here is an information on invariant sets for UðtÞ (cf. [18, Corollary 2.6]).

Corollary 4.5. In Theorem 4.4 assume further that B0 ¼ 0, c1 ¼ 0 in (4.9)

and DðAÞ is dense in DðS1=2Þ (that is, DðAÞ is a core for S1=2). Then UðtÞ leaves

DðS1=2Þ invariant and for v A DðS1=2Þ, tb 0 and e > 0,

N. Okazawa and T. Yokota8



kðeþ SÞ1=2UðtÞvka kðeþ SÞ1=2vk exp gþ k2k

2k1
ffiffi

e
p c2

� �

t

� �

:ð4:12Þ

In particular, if c1 ¼ c2 ¼ 0 in (4.9), then one can take e ¼ 0 in (4.12).

Proof. It su‰ces to prove (4.12) for the elements in DðAÞ. Let v A

DðAÞ and e > 0. Setting uðsÞ :¼ UðsÞv, we see that ðd=dsÞkðeþ SÞ1=2uðsÞk2 ¼
2Reðu 0ðsÞ; ðeþ SÞuðsÞÞ a.e. on ½0;yÞ. Integrating this equality on ½0; t�, we have

kðeþ SÞ1=2uðtÞk2 ¼ kðeþ SÞ1=2vk2 � 2

ð t

0

ReðAuðsÞ; ðeþ SÞuðsÞÞ ds:

It follows from (4.9) with c1 ¼ 0 that

kðeþ SÞ1=2uðtÞk2a kðeþ SÞ1=2vk2 þ 2g

ð t

0

kðeþ SÞ1=2uðsÞk2 ds

þ 2c2k2k

k1

ð t

0

kS1=2uðsÞk � kuðsÞk ds:

Noting that 2
ffiffi

e
p kS1=2uðsÞk � kuðsÞka kðeþ SÞ1=2uðsÞk2, we have

kðeþ SÞ1=2uðtÞk2a kðeþ SÞ1=2vk2 þ 2gþ c2k2k

k1
ffiffi

e
p

� �
ð t

0

kðeþ SÞ1=2uðsÞk2 ds:

According to the Gronwall inequality we can obtain (4.12) for v A DðAÞ. r

5. Proof of the main theorem.

Throughout this section we assume that conditions (A) and (B) introduced

in Section 2 are satisfied. As stated in Section 1, we define two operators S, B

in X :¼ L2ðWÞ with inner product ð� ; �Þ and norm k � k:

Su :¼ �
X

N

j;k¼1

q

qxk
ajkðxÞ

qu

qxj

� �

for u A DðSÞ :¼ H 2ðWÞVH 1
0 ðWÞ;

Bu :¼ gðx; juj2Þu for u A DðBÞ :¼ fu A X ; gðx; juj2Þu A Xg:

To apply the results in Section 4, we shall show that the operators S, B satisfy

the assumption of Theorem 4.4. It is well-known (see e.g. Mizohata [15, Section

3.16]) that S is a nonnegative selfadjoint operator in X, satisfying

kukH 2ðWÞa cðkSuk þ kukÞ Eu A DðSÞ:ð5:1Þ

We start with the meaning of inequality (2.2).
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Lemma 5.1. Let h A Cð½0;yÞ;RÞVC1ðð0;yÞ;RÞ and assume that

0a s
dh

ds
a shðsÞ Es > 0ð5:2Þ

for some constant s > 0. Then the function s 7! s½hðsÞ�2 is nondecreasing and for

t; s > 0,

tsjhðtÞ � hðsÞj2a s2

1þ 2s
ðt� sÞft½hðtÞ�2 � s½hðsÞ�2g:ð5:3Þ

Proof. We modify the proof of Liskevich and Perelmuter [13, Lemma 2.2].

First we note that

r2
dh

dr

� �2

a
s2

1þ 2s

d

dr
fr½hðrÞ�2g Er > 0:

In fact, by (5.2) we have

½hðrÞ�2 þ 2rhðrÞ dh
dr

� 1þ 2s

s2
r2

dh

dr

� �2

¼ hðrÞ � 1

s
r
dh

dr

� �

hðrÞ þ 1þ 2s

s
r
dh

dr

� �

b 0:

Therefore the Cauchy-Schwarz inequality yields that for t; s > 0,

jhðtÞ � hðsÞj2 ¼
ð t

s

r
dh

dr
r�1 dr

� �2

a

ð t

s

r2
dh

dr

� �2

dr

ð t

s

r�2 dr

a
s2

1þ 2s
ðt½hðtÞ�2 � s½hðsÞ�2Þðs�1 � t�1Þ:

This is equivalent to (5.3). r

For h A Cð½0;yÞ;RÞVC 1ðð0;yÞ;RÞ we define the operator H : C ! C by

Hz :¼ zhðjzj2Þ; z A C :ð5:4Þ

Lemma 5.2. Let h and H be as defined above. Then under condition (5.2),

H is sectorial of type Sðs=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2s
p

Þ in C : for z1; z2 A C ,

jImðz1 � z2ÞðHz1 �Hz2Þja
s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2s
p Reðz1 � z2ÞðHz1 �Hz2Þ:ð5:5Þ

Proof. Let wðz1; z2Þ :¼ ðz1 � z2ÞðHz1 �Hz2Þ and y :¼ argðz1z2Þ. Then we

have
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Rewðz1; z2Þ ¼ jz1j2hðjz1j2Þ þ jz2j2hðjz2j2Þ � ½hðjz1j2Þ þ hðjz2j2Þ�Reðz1z2Þ

b jz1j2hðjz1j2Þ þ jz2j2hðjz2j2Þ � ½hðjz1j2Þ þ hðjz2j2Þ�jz1j � jz2j � jcos yj

b ðjz1j � jz2jÞ½jz1jhðjz1j2Þ � jz2jhðjz2j2Þ�;

Imwðz1; z2Þ ¼ ½hðjz1j2Þ � hðjz2j2Þ� Imðz1z2Þ

¼ ½hðjz1j2Þ � hðjz2j2Þ�jz1j � jz2j sin y:

We see from (5.2) that the function s 7! shðs2Þ is nondecreasing which implies

that Rewðz1; z2Þb 0. Setting t :¼ jz1j2 and s :¼ jz2j2, we have

jImwðz1; z2Þj
Rewðz1; z2Þ

a
jhðtÞ � hðsÞj

ffiffiffiffi

ts
p

jsin yj
thðtÞ þ shðsÞ � ½hðtÞ þ hðsÞ�

ffiffiffiffi

ts
p

jcos yj
:

Noting that

jsin yj
p� qjcos yj a

1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 � q2
p ð0a qa pÞ;

we obtain

jImwðz1; z2Þj
Rewðz1; z2Þ

a
jhðtÞ � hðsÞj

ffiffiffiffi

ts
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðt� sÞft½hðtÞ�2 � s½hðsÞ�2g
q :

Therefore (5.5) follows from (5.3). r

Here we note that H is m-accretive on C . The question is reduced to the

real-space case. In fact, the equation zþHz ¼ f in C is equivalent to

jzj þ jzjhðjzj2Þ ¼ j f j; arg z ¼ arg f :

Obviously, the mapping s 7! sþ shðs2Þ is a bijection of ½0;yÞ.
As a consequence of Lemma 5.2 we can obtain

Lemma 5.3. Let ðBuÞðxÞ ¼ gðx; juðxÞj2ÞuðxÞ for u A DðBÞ. Then B is m-

sectorial of type Sðs=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2s
p

Þ in X: for u1; u2 A DðBÞ,

jImðBu1 � Bu2; u1 � u2Þja
s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2s
p ReðBu1 � Bu2; u1 � u2Þ:ð5:6Þ

Proof. Let z A C and x A W. Replace hðjzj2Þ in (5.4) with gðx; jzj2Þ. Then

we have (5.5) with Hzj ¼ gðx; jzjj2Þzj ð j ¼ 1; 2Þ. Setting zj ¼ ujðxÞ ð j ¼ 1; 2Þ and
integrating the inequality over W, we obtain (5.6).

Next we show that B is m-accretive in X. Let f A X and e > 0. Since the
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operator H is m-accretive on C (as noted above), we see that for almost all

x A W the equation

zþ egðx; jzj2Þz ¼ f ðxÞð5:7Þ

in C has a unique solution z ¼ ueðxÞ such that

jueðxÞj þ egðx; jueðxÞj
2ÞjueðxÞja j f ðxÞj;ð5:8Þ

jueðxÞ � ~uueðxÞja j f ðxÞ � ~ff ðxÞj;ð5:9Þ

where ~uueðxÞ is a unique solution of (5.7) with f replaced with ~ff . Using ap-

proximation by simple functions, we see from (5.9) that ue is measurable on W.

Therefore ue A DðBÞ and we obtain Rð1þ eBÞ ¼ X . r

Lemma 5.4. C1ðWÞ is invariant under ð1þ eBÞ�1
for every e > 0. More

precisely, put ueðxÞ :¼ ð1þ eBÞ�1
f ðxÞ for f A C1ðWÞ and e > 0. Then ue A C1ðWÞ

and

‘ue ¼
1

1þ egðx; juej
2Þ
‘f �

2e

Jac

qg

qs
ðx; juej

2Þue Reðue‘f Þð5:10Þ

�
e

Jac
f1þ egðx; juej

2Þg‘xgðx; juej
2Þue;

where

Jac ¼ f1þ egðx; juej
2Þg 1þ egðx; juej

2Þ þ 2e
qg

qs
ðx; juej

2Þjuej
2

� �

:ð5:11Þ

In particular, W
1;p
0 ðWÞVC1ðWÞ ð1a p < yÞ is invariant under ð1þ eBÞ�1

for

e > 0.

Proof. Given e > 0 let ueðxÞ ¼ veðxÞ þ iweðxÞ ¼ ð1þ eBÞ�1
f ðxÞ for f ¼

f1 þ if2 A C1ðWÞ. Then it follows from (5.7) that

ueðxÞ þ egðx; jueðxÞj
2ÞueðxÞ ¼ f ðxÞ:ð5:12Þ

To show that ue A C1ðWÞ we set

UeðxÞ :¼
tðveðxÞ;weðxÞÞ; F ðxÞ :¼ tð f1ðxÞ; f2ðxÞÞ:ð5:13Þ

To apply the inverse function theorem, (5.12) is usually regarded as

Fðx;UeðxÞÞ ¼ ðx;FðxÞÞ

and ðx;UeðxÞÞ ¼ F�1ðx;FðxÞÞ if F is proved to be C1-bijection.

To be more precise, for x ¼ tðx1; . . . ; xNÞ A W and x ¼ tðx1; x2Þ A R
2 we set
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Gðx; xÞ :¼ tðG1ðx; xÞ;G2ðx; xÞÞ :¼ xþ egðx; jxj2Þx;

Fðx; xÞ :¼ ðx;Gðx; xÞÞ

¼ tðx1; . . . ; xN ; x1 þ egðx; jxj2Þx1; x2 þ egðx; jxj2Þx2Þ:

Here it is worth noticing that

ðx� hÞ � ðgðx; jxj2Þx� gðx; jhj2ÞhÞ ¼ Reðz� wÞðgðx; jzj2Þz� gðx; jwj2ÞwÞ;

where z :¼ x1 þ ix2 and w :¼ h1 þ ih2. Therefore we see from Lemma 5.2 that

gðx; jxj2Þx is accretive (or nondecreasing) on R
2 with respect to x so that both

Gðx; �Þ : R2 ! R
2 and F : W� R

2 ! W� R
2 are bijections. Moreover we can

show that F is a C1-bijection. In fact, it follows from condition (B) that F is

of class C1 and its Jacobian matrix is given as follows: for ðx; xÞ A W� R
2,

DFðx; xÞ :¼

qxj

qxk

� �

j;k

qxj

qxm

� �

j;m

qGl

qxk

� �

l;k

qGl

qxm

� �

l;m

0

B

B

B

B

@

1

C

C

C

C

A

¼

IN�N 0N�2

qGl

qxk

� �

l;k

qGl

qxm

� �

l;m

0

B

@

1

C

A
;

j; k ¼ 1; . . . ;N; l;m ¼ 1; 2;

where IN�N is the N �N unit matrix and 0N�2 is the N � 2 zero matrix.

Denoting by qxGðx; xÞ the matrix ðqGl=qxmÞl;m, we have

qxGðx; xÞ ¼
1þ egðx; jxj2Þ þ 2e

qg

qs
ðx; jxj2Þx21 2e

qg

qs
ðx; jxj2Þx1x2

2e
qg

qs
ðx; jxj2Þx1x2 1þ egðx; jxj2Þ þ 2e

qg

qs
ðx; jxj2Þx22

0

B

B

@

1

C

C

A

and hence Jacðx; xÞ :¼ detDFðx; xÞ ¼ det qxGðx; xÞb 1. Therefore we can con-

clude by the inverse function theorem that F�1 is also of class C1 so that

ue A C1ðWÞ.

Next we prove (5.10). It follows from (5.12) and (5.13) that Gðx;UeðxÞÞ ¼

F ðxÞ. Di¤erentiating both sides of this equality with respect to xk, we have

qxGðx;UeðxÞÞ
q

qxk
UeðxÞ ¼

q

qxk
FðxÞ � e

qg

qxk
ðx; juej

2ÞUeðxÞ:

Solving this linear system of equations with respect to qve=qxk and qwe=qxk, we

obtain

qve

qxk
¼

1

Jac
1þ egðx; juej

2Þ þ 2e
qg

qs
ðx; juej

2Þw2
e

� �

qf1

qxk

�
2e

Jac

qg

qs
ðx; juej

2Þvewe

qf2

qxk
�

e

Jac
f1þ egðx; juej

2Þg
qg

qxk
ðx; juej

2Þve:

Generalized complex Ginzburg-Landau equations 13



Using the equality w2
e ¼ juej2 � v2e and noting that Jac ¼ det qxGðx;UeðxÞÞ co-

incides with (5.11), we have

qve

qxk
¼ 1

1þ egðx; juej2Þ
qf1

qxk
� 2e

Jac

qg

qs
ðx; juej2Þve Re ue

qf

qxk

� �

ð5:14Þ

� e

Jac
f1þ egðx; juej2Þg

qg

qxk
ðx; juej2Þve:

Since qwe=qxk is given by (5.14) with ve and f1 replaced with we and f2, re-

spectively, we see that ‘ue ¼ ‘ve þ i‘we can be written as (5.10). Furthermore,

it follows from (5.10), (2.3) and (5.8) that jueðxÞja j f ðxÞj and

j‘ueðxÞja 2j‘f ðxÞj þ ej‘xgðx; jueðxÞj2Þj � jueðxÞj

a 2j‘f ðxÞj þ c1egðx; jueðxÞj2ÞjueðxÞj þ c2ejueðxÞj

a 2j‘f ðxÞj þ ðc1 þ c2eÞj f ðxÞj:

This proves that ue A W
1;p
0 ðWÞVC1ðWÞ if f A W

1;p
0 ðWÞVC 1ðWÞ. r

Now we want to prove the key inequality which generalizes [18, Lemma 3.2].

Lemma 5.5. For u A DðSÞ and e > 0,

ð5:15Þ

jImðSu;BeuÞja
s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2s
p ReðSu;BeuÞ þ

1þ s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1þ 2sÞd
p kS1=2ukðc1kBeuk þ c2kukÞ;

where d, s, c1 and c2 are the constants in (2.1)–(2.3).

Proof. Put D0 :¼ H 2ðWÞVH 1
0 ðWÞVC 1ðWÞ. Then it follows from the

elliptic regularity and Morrey’s theorem that

C0ðWÞH ð1þ SÞðH 2ðWÞVH 1
0 ðWÞVC 1;aðWÞÞ ð0 < a < 1Þ

H ð1þ SÞD0

(see e.g. Brezis [1, p. 198]). This implies that ð1þ SÞD0 is dense in X and hence

D0 is a core for S (see Kato [10, Problem III.5.19]). Therefore it su‰ces to

prove (5.15) for the elements in D0. Let f A D0 and set ue :¼ ð1þ eBÞ�1
f .

Then it follows from Lemma 5.4 (with p ¼ 2) that Be f ¼ e�1ð f � ueÞ A H 1
0 ðWÞV

C 1ðWÞ and ðq=qxkÞBe f is given by
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1

e

qf

qxk
� que

qxk

� �

¼ gðx; juej2Þ
1þ egðx; juej2Þ

qf

qxk
þ 2

Jac

qg

qs
ðx; juej2Þue Re ue

qf

qxk

� �

þ 1

Jac
f1þ egðx; juej2Þg

qg

qxk
ðx; juej2Þue:

The integration by parts gives ðSf ;Be f Þ ¼ I1ð f Þ þ 2I2ð f Þ þ I3ð f Þ, where

I1ð f Þ :¼
ð

W

gðx; juej2Þ
1þ egðx; juej2Þ

X

N

j;k¼1

ajk
qf

qxj

qf

qxk
dx;

I2ð f Þ :¼
ð

W

1

Jac

qg

qs
ðx; juej2Þ

X

N

j;k¼1

ajk ue
qf

qxj

� �

Re ue
qf

qxk

� �

dx;

I3ð f Þ :¼
ð

W

1

Jac
f1þ egðx; juej2Þg

X

N

j;k¼1

ajk
qf

qxj

qg

qxk
ðx; juej2Þue dx:

Modifying the proof in [17], we shall show that

jImðSf ;Be f Þ � Im I3ð f Þja
s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2s
p fReðSf ;Be f Þ �Re I3ð f Þg:ð5:16Þ

First we see from the symmetry of ðajkðxÞÞ and ellipticity (2.1) that I1ð f Þ and

Re I2ð f Þ are nonnegative; note that

Re I2ð f Þ ¼
ð

W

1

Jac

qg

qs
ðx; juej2ÞQðReðue‘f ÞÞ dx;ð5:17Þ

where we have set QðhÞ :¼ PN
j;k¼1 ajkðxÞhjðxÞhkðxÞ for h A L2ðW;C

NÞ. Thus we

have

ReðSf ;Be f Þ �Re I3ð f Þ ¼ I1ð f Þ þ 2Re I2ð f Þb 0;ð5:18Þ

ImðSf ;Be f Þ � Im I3ð f Þ ¼ 2 Im I2ð f Þ:ð5:19Þ
Applying the Cauchy-Schwarz inequality to the sum in the integrand and then

to the integral I2ð f Þ, we see from (5.17) that

jI2ð f Þj2a
ð

W

1

Jac

qg

qs
ðx; juej2ÞQðue‘f Þ dx �Re I2ð f Þ:

Since Qðue‘f Þ ¼ juej2Qð‘f Þ and Jacb 1þ egðx; juej2Þ, it follows from (2.2) that

jI2ð f Þj2a s

ð

W

1

Jac
gðx; juej2ÞQð‘f Þ dx �Re I2ð f Þ

a sI1ð f ÞRe I2ð f Þ:
This enables us to estimate jIm I2ð f Þj2 ¼ jI2ð f Þj2 � jRe I2ð f Þj2. In fact, we see

that
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jIm I2ð f Þj2a sI1ð f ÞRe I2ð f Þ � jRe I2ð f Þj2:
Since I1ð f Þ is given by (5.18), we obtain

jIm I2ð f Þj2a sfReðSf ;Be f Þ �Re I3ð f ÞgRe I2ð f Þ � ð1þ 2sÞjRe I2ð f Þj2:
Applying the geometric-arithmetic mean inequality 2aba a2 þ b2 with

a :¼ s

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2s
p fReðSf ;Be f Þ �Re I3ð f Þg; b :¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2s
p

Re I2ð f Þ

to the first term on the right-hand side, we have

jIm I2ð f Þj2a
s2

4ð1þ 2sÞ fReðSf ;Be f Þ �Re I3ð f Þg2:

In view of (5.19) this is equivalent to (5.16). It follows from (5.16) that

jImðSf ;Be f Þja
s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2s
p ReðSf ;Be f Þ þ

s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2s
p jRe I3ð f Þj þ jIm I3ð f Þj

a
s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2s
p ReðSf ;Be f Þ þ

1þ s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2s
p jI3ð f Þj:

This proves (5.15) because jI3ð f Þja d
�1=2kS1=2f kðc1kBe f k þ c2k f kÞ. In fact, we

have

jI3ð f Þja
ð

W

juej
X

N

j;k¼1

ajk
qf

qxj

qg

qxk
ðx; juej2Þ

�

�

�

�

�

�

�

�

�

�

dx

a

ð

W

juej½Qð‘f Þ�1=2½Qð‘xgðx; juej2ÞÞ�1=2 dx:

Since Be f ¼ Bue, we see from (2.1), (2.3) and (5.8) that

juej½Qð‘xgðx; juej2ÞÞ�1=2a d
�1=2juej � j‘xgðx; juej2Þj

a d
�1=2ðc1gðx; juej2Þjuej þ c2juejÞ

a d
�1=2ðc1jðBe f ÞðxÞj þ c2j f ðxÞjÞ:

Noting that DðS1=2Þ ¼ H 1
0 ðWÞ and

kS1=2f k2 ¼
ð

W

Qð‘f Þ dx Ef A H 1
0 ðWÞ;ð5:20Þ

we can obtain (5.15). r

We are now in a position to prove Theorem 2.2 and Corollary 2.3.

Proof of Theorem 2.2. Define S and B as in Section 1. Then Lemmas

5.3 and 5.5 show that the assumption of Theorem 4.4 is satisfied, with

k1 ¼
s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2s
p ; k2 ¼

1þ s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1þ 2sÞd
p :
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Let l > 0, k > 0 and k�1jbja
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2s
p

=s. Then it follows from Theorem 4.4

that
Aþ g ¼ ðlþ iaÞS þ ðkþ ibÞB

is an m-accretive operator with domain DðAÞ dense in X. Denoting by fUðtÞg
the semigroup of type g on X generated by �A, we see that if u0 A DðAÞ then

uðtÞ :¼ UðtÞu0 is a unique solution to (3.1). This implies that (1.1) admits a

unique global strong solution uðx; tÞ in the sense of Definition 2.1.

It remains to prove (2.4)–(2.7). From a property of the semigroup of type

g we obtain (2.5) and (2.6); note that 0 A DðAÞ and A0 ¼ 0. Next, (4.10) together

with (2.5) yields that for all tb 0,

KkSuðtÞka ½LkAu0k þ ðLjgj þ
ffiffiffiffiffiffi

cK
p

Þku0k�egtð5:21Þ

which implies by (5.1) that uð�Þ A Lyð0;T ;H 2ðWÞÞ for any T > 0. By virtue of

Theorem 3.1 (a) we see also that uð�Þ A Lyð0;T ;DðBÞÞ. These prove the first

two assertions of (2.4). It follows from (5.20), the symmetry of ðajkÞ and ellipticity

(2.1) that

dk‘uk2a kS1=2uk2a d�1k‘uk2 Eu A DðSÞ:ð5:22Þ

The first inequality in (5.22) together with the Cauchy-Schwarz inequality implies

that

dk‘u� ‘vk2a ðkSuk þ kSvkÞku� vk Eu; v A DðSÞ:ð5:23Þ

Therefore (2.7) follows from (2.6) and (5.21). To show that uð�Þ A
C 0;1=2ð½0;T �;H 1

0 ðWÞÞ let t; s A ½0;T �. Then by Theorem 3.1 (b) we have

kuðtÞ � uðsÞka e2gþTkAu0k � jt� sj:

Using (5.21) and (5.23) (with u, v replaced with uðtÞ, uðsÞ), we have

dKk‘uðtÞ � ‘uðsÞk2a 2½LkAu0k þ ðLjgj þ
ffiffiffiffiffiffi

cK
p

Þku0k�kAu0ke3gþtjt� sj:

Thus we obtain the remaining part of (2.4). r

Proof of Corollary 2.3. We see from (5.22) that

dk‘uk2 þ ekuk2a kðeþ SÞ1=2uk2a d�1k‘uk2 þ ekuk2 Eu A DðSÞ:

Since k2=k1 ¼ ð1þ sÞ=ðs
ffiffiffi

d
p

Þ, (2.8) follows from (4.12). r
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Notes added in proof. 1. The proofs of Lemmas 5.4 and 5.5 require a

little more care. In the proof of Lemma 5.4 we have tacitly assumed that

g A C1ðW� ½0;yÞ;RÞ instead of that g A C 1ðW� ½0;yÞ;RÞ. Nevertheless we can

prove Lemma 5.5 by this ‘‘weak’’ form of Lemma 5.4. In fact, put gnðx; sÞ :¼

gðx; sþ nÞ for n > 0. Then gn belongs to C1ðW� ½0;yÞ;RÞ and satisfies (2.2)

and (2.3). Thus the weak form of Lemma 5.4 is meaningful for ð1þ eBnÞ�1,

where Bnu :¼ gnðx; juj
2Þu. Consequently, we can obtain Lemma 5.5 with B

replaced with Bn. To conclude (5.15) it su‰ces to note that ðBnÞ
e
u ! Beuðn # 0Þ

in X .

2. After the submission of the paper, the authors could prove smoothing

e¤ect on the solutions to (1.1). To this end the operators S and B should be cast

into the language of subdi¤erential operators. For details see Discrete Contin.

Dynam. Systems 2001, Added Volume, 280–288.
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