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Abstract. In the article, the Cauchy problem of the form

q2uðx; tÞ ¼ f ðuðx; tÞ; q p
1 uðx; aðtÞtÞ; x; tÞ; uðx; 0Þ ¼ 0ð�Þ

or of the form

q2uðx; tÞ ¼ f ðuðx; tÞ; q p
1 uðaðx; tÞx; tÞ; x; tÞ; uðx; 0Þ ¼ 0ðyÞ

is studied. In ð�Þ and ðyÞ uðx; tÞ denotes a real valued unknown function of the real

variables x and t. p denotes a fixed positive integer. It is assumed that f ðu; v; x; tÞ is

continuous in ðu; v; x; tÞ and Gevrey in ðu; v; xÞ. aðtÞ in ð�Þ and aðx; tÞ in ðyÞ are called

shrinkings, since they satisfy the conditions supjaðtÞj < 1 and supjaðx; tÞj < 1, respectively.

1. Introduction.

In the paper [3] the local Cauchy problems of the form

q2uðx; tÞ ¼ f ðuðx; tÞ; q p
1 uðx; aðtÞtÞ; x; tÞ; uðx; 0Þ ¼ 0ð1:1Þ

and

q2uðx; tÞ ¼ f ðuðx; tÞ; q p
1 uðaðx; tÞx; tÞ; x; tÞ; uðx; 0Þ ¼ 0ð1:2Þ

were considered. In (1.1) and (1.2) uðx; tÞ denotes a real valued unknown function

of the real variables x and t. The variable x is called the space variable and t the

time variable. qi, i ¼ 1 or 2, denotes partial di¤erentiation with respect to the ith

variable. p is an arbitrarily fixed positive integer. f and a are given continuous

functions. In particular, a is called a shrinking, since it satisfies the inequality of

the form 0 < jaðtÞjam or 0 < jaðx; tÞjam, where m is a positive constant less

than 1. As was mentioned in [3], a shrinking seems to compensates the loss of

smoothness caused by di¤erentiation with respect to the space variable. In virtue

of this property of a shrinking we can consider a local Cauchy problem such as

(1.1) or (1.2) in which the maximum order of di¤erentiation with respect to the
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space variable is greater than the corresponding order with respect to the time

variable.

Kawagishi [3] solved the problems (1.1) and (1.2) under the condition that

f ðu; v; x; tÞ is analytic in ðu; v; xÞ. Roughly speaking, [3] can be said to be a gen-

eralization to the non-linear case of the results of Augustynowicz et al. [1], [2] for

linear di¤erential equations. The purpose of the present note is to generalize the

results of [3] to the case where f ðu; v; x; tÞ is a Gevrey type function of ðu; v; xÞ.

In §2 we shall begin with the definition of a Gevrey function and list up

necessary properties of Gevrey functions. In this section we shall quote some re-

sults that were given in Yamanaka [6 ], [7]. Although some of them may not be

considered quite suitable for our present situation without modification, we shall

make no modification in order not to make the note longer.

The existence of a solution of the Cauchy problem (1.1) will be given in §3 as

Theorem 3.1. The uniqueness of the solution of the same Cauchy problem will

be shown in another theorem, Theorem 3.2, in the same section. Our result in §3

can be said to be a partial generalization of a result of Matsumoto [4]1).

In §4 we shall study the properties of the composition of a Gevrey function

and a real analytic function. This is a preparation for §5.

In §5, the final section, we shall treat the Cauchy problem of the form (1.2).

The existence of a solution of the Cauchy problem (1.2) will be given as Theorem

5.1. The uniqueness of the solution of the same Cauchy problem will be shown

in another theorem, Theorem 5.2.

2. Gevrey functions, 1.

2.1. Gevrey functions of one variable.

We denote by Zþ the set of all non-negative integers. Let I be an interval

in R and l a constant greater than 1. We fix such a l throughout this paper. If

w : I ! R is a Cy function and there are two positive constants C;M such that

the inequality

jwðkÞðxÞjaCM kðk!Þl

holds for all x A I and all k A Zþ, then w is called a Gevrey function on I of order

l. As is easily seen, a Cy function w : I ! R is a Gevrey function of order l if

and only if there are two positive constants C 0
;L such that the inequality

jwðkÞðxÞja 2�5C 0Lkðk!Þlð1þ kÞ�2

1) In [4] only linear di¤erential equations are considered. However, the coe‰cients of the equa-

tions in [4] are assumed to be in some wider class of functions than the Gevrey class, i.e., the ultra-

di¤erentiable class.
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holds for all x A I and all k A Zþ. So we write, according to Yamanaka [6 ],

GlðkÞ ¼ 2�5ðk!Þlð1þ kÞ�2

for k ¼ 0; 1; 2; . . . and define

jwjL ¼ sup
jwðkÞðxÞj

LkGlðkÞ
; x A I ; k A Zþ

� �

for each Cy function w : I ! R. We denote by gLðIÞ the family of all Cy func-

tions w : I ! R such that jwjL < y.

Besides the family gLðIÞ we need another type of Gevrey family. If w : I ! R

is a Cy function, we write

IwI ¼ sup
x A I

jwðxÞj; kwkL ¼ maxf26IwI; 23L�1jw 0jLgð2:1Þ

and define

GLðIÞ ¼ w : I �!
Cy

R; kwkL < y

n o

:

Between the two types of Gevrey families gLðIÞ and GLðIÞ there is the following

relation.

Proposition 2.1. If 0 < L < M, then gLðIÞHGMðIÞH gMðIÞ and the in-

clusion maps in these inclusion relations are linear and bounded.

Proof. See Lemma 5.2 of Yamanaka [7]. r

The norm k � kL has the following useful property.

Proposition 2.2. If v and w are in GLðIÞ, then the product vw is again in

GLðIÞ and the inequality kvwkLa kvkLkwkL holds.

Proof. See Theorem 5.4 of Yamanaka [7]. r

As for the result of di¤erentiation of a function belonging to the family gLðIÞ

there is the following fact.

Proposition 2.3. Let L be a positive constant, a a constant greater than 1

and q a positive integer. Assume that w A gLðIÞ. Then the qth derivative wðqÞ of

w is in the family gaLðIÞ and the inequality

jwðqÞjaLa ðaLÞq
lq

log a

� �lq

jwjL

holds.
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Proof.

jwðkþqÞðxÞj

ðaLÞkGlðkÞ
a

jwjLL
kþqGlðk þ qÞ

ðaLÞkGlðkÞ
a jwjLðaLÞ

q
a�ðkþqÞðk þ qÞlq

a jwjLðaLÞ
q sup
tb0

a�ttlq ¼ jwjLðaLÞ
q lq

e log a

� �lq

a jwjLðaLÞ
q lq

log a

� �lq

: r

For us the following modification of the above proposition is useful.

Proposition 2.4. Let L and M be positive constants such that L < M.

Assume that w is in gLðIÞ and q is a positive integer. Then wðqÞ is in gMðIÞ and

the inequality

jwðqÞjMaMð1þlÞq lq

M � L

� �lq

jwjLð2:2Þ

holds.

Proof. Write a ¼ M=L. Then we see by Proposition 2.3 that wðqÞ is in

gaLðIÞ ¼ gMðIÞ and the inequality

jwðqÞjMaM q lq

log a

� �lq

jwjLð2:3Þ

holds. Further we have

log a ¼

ð a

1

1

t
dt >

a� 1

a
¼

M � L

M
:

Substituting this relation into (2.3), we obtain (2.2). r

As for the result of composition of two Gevrey type functions there is the

following fact.

Proposition 2.5. Let I ; J be open intervals and L;M be positive constants.

Assume that w : J ! R is a Cy function such that w 0 A gLðJÞ and v : I ! J is a

Cy function such that v 0 A gMðIÞ. Assume further that the inequality

jv 0jMaL�1Mð2:4Þ

holds. Then the derivative ðw � vÞ 0 of the composite function w � v : I ! R belongs

to the family gMðIÞ and the inequality

jðw � vÞ 0jMaL�1Mjw 0jL

holds.
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Proof. See Theorem 3.1 of Yamanaka [6 ]. r

The Proposition 2.5 is modified as follows.

Proposition 2.6. Let I ; J be open intervals and L;M be positive constants.

Assume that w : J ! R is in the family GLðJÞ and v : I ! J is in the family GMðIÞ.

Assume further that the inequality (2.4) holds. Then the composite function w � v :

I ! R belongs to the family GMðIÞ and the inequality

kw � vkMa kwkL

holds.

Proof. See Theorem 5.3 of Yamanaka [7]. r

2.2. Gevrey functions of several variables.

In this subsection we consider Gevrey functions of several variables. For

a function of m variables we denote by qj the partial di¤erentiation with respect

to the jth variable and write q ¼ ðq1; . . . ; qmÞ. Further, if k ¼ ðk1; . . . ; kmÞ is an

element of Zm
þ , then we write qk ¼ qk1

1 � � � qkm
m . Let U be an open set of Rm. If

f : U ! R is a Cy function and there are positive constants C;M such that the

inequality

jqkf ðxÞjaCM jkjðk!Þl; where jkj ¼ k1 þ � � � þ km; k! ¼ k1! � � � km!;

holds everywhere in U for any m dimensional index k ¼ ðk1 . . . ; kmÞ, then f

is called a Gevrey function on U of order l. A Cy function f : U ! R is a

Gevrey function of order l, if and only if there are positive constants C 0;L such

that the inequality

jqkf ðxÞjaC 0LjkjGlðjkjÞ

holds everywhere in U for any m dimensional index k. For this reason we write

j f jL ¼ sup
x;k

jqkf ðxÞj

LjkjGlðjkjÞ

for any Cy function f : U ! R and define

gLðUÞ ¼ f : U �!
Cy

R; j f jL < y

n o

:

Further we write, like (2.1),

IwI ¼ sup
x AU

jwðxÞj; kwkL ¼ max 26IwI; 23L�1 max
i

jqiwjL

� �
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and define

GLðUÞ ¼ w : U �!
Cy

R; kwkL < y

n o

:

It is necessary for us to know what comes out when m Gevrey functions

g1ðxÞ; . . . ; gmðxÞ of one variable x are substituted for the first m variables

y1; . . . ; ym in a Gevrey function f ðy1; . . . ; ym; xÞ of mþ 1 variables y1; . . . ; ym; x.

Proposition 2.7. Let J1; . . . ; Jm and I be open intervals and L;M be posi-

tive constants. Write U ¼ J1 � � � � � Jm � I . Let f be an element of the family

GLðUÞ and gi : I ! Ji, i ¼ 1; . . . ;m, be in the family GMðIÞ. Assume that

MbL 1þmax
i

jg 0
i jM

� �

:ð2:5Þ

Put

jðxÞ ¼ f ðg1ðxÞ; . . . ; gmðxÞ; xÞ

for x A I . Then j is in GMðIÞ and the inequality

kjkMa k f kL

holds.

Proof. See Lemma 8.1 of Yamanaka [6]. r

2.3. Partial Gevrey functions.

It is necessary for us to consider functions of mþ 1 variables which are in

a Gevrey class with respect to the first m variables only. We call them partial

Gevrey functions. For a function f ðy1; . . . ; ym; tÞ of mþ 1 variables y1; . . . ; ym; t

we write ~qq ¼ ðq1; . . . ; qmÞ. For a non-negative integer j0 we write Zþð j0Þ ¼

f j A Zþ; ja j0g. Let U be an open set of R
m, I a real open interval and j0 a

non-negative integer. Then we denote by CyðUÞnC j0ðIÞ the set of all func-

tions f : U � I ! R such that the partial derivative ~qqkq
j
mþ1 f : U � I ! R exists

and continuous for each ðk; jÞ A Zm
þ �Zþð j0Þ. Further, if hðtÞ is a positive valued

function of t A I , we write

ghðUÞnC j0ðIÞ ¼ f A CyðUÞnC j0ðIÞ; sup
t A I

j f ð� ; . . . ; � ; tÞjhðtÞ < y

� �

;

GhðUÞnC j0ðIÞ ¼ f A CyðUÞnC j0ðIÞ; sup
t A I

k f ð� ; . . . ; � ; tÞkhðtÞ < y

� �

:

If hðtÞ is identically equal to a positive constant L, then we write gLðUÞnC j0ðIÞ

and GLðUÞnC j0ðIÞ instead of ghðUÞnC j0ðIÞ and GhðUÞnC j0ðIÞ, respectively.
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3. The Cauchy problem with shrinking at the time variable.

In this section we want to solve the Cauchy problem (1.1):

q2uðx; tÞ ¼ f ðuðx; tÞ; q p
1 uðx; aðtÞtÞ; x; tÞ; uðx; 0Þ ¼ 0:

In the first subsection we prove the existence of a solution to the problem.

3.1. Existence of a solution.

The purpose of this subsection is to prove the following theorem.

Theorem 3.1. Let R;T0;L;M;m; q and r0 be positive constants. Assume

that M > maxf1;Lg, m < 1 and lpq < 1, where p is the integer in the equation

(1.1). Write U ¼ fðv;w; xÞ A R
3
; jvj < R; jwj < R; jxj < r0g and assume that f is a

member of the family GLðUÞnC 0ð�T0;T0Þ. Assume further that aðtÞ is a real

valued continuous function of t A ð�T0;T0Þ satisfying the inequality 0 < aðtÞam.

Write hðtÞ ¼ Mð1þ jtjqÞ. Then there is a positive number T1 such that the Cauchy

problem (1.1) has a solution u A Ghð�r0; r0ÞnC1ð�T1;T1Þ.

Proof. Solving the Cauchy problem (1.1) is clearly equivalent to solving the

integral equation

vðx; tÞ ¼ f

ð t

0

vðx; tÞ dt;

ð

aðtÞt

0

q
p
1 vðx; tÞ dt; x; t

 !

:ð3:1Þ

Now, from the assumption that f is in GLðUÞnC 0ð�T0;T0Þ it immediately

follows that

Af :¼ sup
ðv;w;xÞ AU ; jtj<T0

j f ðv;w; x; tÞj < yð3:2Þ

and

Bf :¼ supfjqi f ð� ; � ; � ; tÞjL; jtj < T0; 1a ia 3g < y:ð3:3Þ

For any two positive constants K and T we define

FðK ;TÞ ¼ v A Ghð�r0; r0ÞnC 0ð�T ;TÞ; sup
jtj<T

kvð� ; tÞkhðtÞaK

( )

:

Note first that, if v A FðK ;TÞ, then

Ivð� ; tÞI ¼ sup
jxj<r0

jvðx; tÞja 2�6kvð� ; tÞkhðtÞa 2�6K ; jtj < T ;ð3:4Þ

and

jq1vð� ; tÞjhðtÞa 2�3hðtÞkvð� ; tÞkhðtÞa 2�3hðtÞK ; jtj < T :ð3:5Þ
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Let us next show that, for any given K > 0, there is a number T2ðKÞ such that,

if v A FðK ;T2ðKÞÞ, then the right hand side of (3.1) makes sense for all ðx; tÞ A

ð�r0; r0Þ � ð�T2ðKÞ;T2ðKÞÞ. To this end take for the moment a T > 0 arbi-

trarily and let v be in FðK ;TÞ. We see by (3.4) that

sup
jxj<r0

ð t

0

vðx; tÞ dt

�

�

�

�

�

�

�

�

< 2�6KT ; jtj < T :

It follows that, if T satisfies

Ta 26K�1Rð3:6Þ

and jtj < T , then we can substitute

ð t

0

vðx; tÞ dt for v in f ðv;w; x; tÞ. It follows

from (3.5) that, if v A FðK ;TÞ and jtj < T , then

jq p
1 vðx; tÞja 2�3KhðtÞpGlðp� 1Þ

and
ð aðtÞt

0

q
p
1 vðx; tÞ dt

�

�

�

�

�

�

�

�

�

�

a 2�3KGlðp� 1Þ

ð aðtÞjtj

0

hðtÞp dt

< 2�3KGlðp� 1ÞM pð1þ T qÞpmT

< 2�3KGlðp� 1ÞM pð1þ TÞpqT :

Therefore, if T satisfies the inequality

2�3KGlðp� 1ÞM pð1þ TÞpqTaRð3:7Þ

and jtj < T , then we can substitute

ð aðtÞt

0

q
p
1 vðx; tÞ dt for w in f ðv;w; x; tÞ.

We denote by T2ðKÞ the maximum value of T that satisfies (3.6) and (3.7).

We know from the above arguments that, if v AFðK ;T2ðKÞÞ and jtj<T2ðKÞ, then

the right member of (3.1) is well defined for all ðx; tÞ A ð�r0; r0Þ�ð�T2ðKÞ;T2ðKÞÞ.

It follows that, if v A FðK ;T2ðKÞÞ, we can define

FðvÞðx; tÞ ¼ f

ð t

0

vðx; tÞ dt;

ð aðtÞt

0

q
p
1 vðx; tÞ dt; x; t

 !

for all ðx; tÞ A ð�r0; r0Þ � ð�T2ðKÞ;T2ðKÞÞ.

Let us next show that there is a number T3ðKÞ A ð0;T2ðKÞ� such that, if v is

in FðK ;T3ðKÞÞ, then FðvÞ is in Ghð�r0; r0ÞnC 0ð�T3ðKÞ;T3ðKÞÞ. To this end

take for the moment a T A ð0;T2ðKÞ� arbitrarily and let v be in FðK ;TÞ. Write

jðx; tÞ ¼

ð t

0

vðx; tÞ dtð3:8Þ
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and

cðx; tÞ ¼

ð aðtÞt

0

q
p
1 vðx; tÞ dt:ð3:9Þ

We want to apply Proposition 2.7 to the composite function f ðjðx; tÞ;cðx; tÞ; x; tÞ.

By (3.5) we have, for each ðk; tÞ A Zþ � ð�T ;TÞ,

jqkþ1
1 vðx; tÞja jq1vð� ; tÞjhðtÞhðtÞ

k
GlðkÞa 2�3KhðtÞkþ1

GlðkÞ:

Therefore we have

jqkþ1
1 jðx; tÞja

ð t

0

jqkþ1
1 vðx; tÞj dt

�

�

�

�

�

�

�

�

a

ðjtj

0

2�3KhðtÞkþ1
GlðkÞ dt

a 2�3KhðtÞkþ1
GlðkÞT

and

jq1jð� ; tÞjhðtÞa 2�3KhðtÞT :ð3:10Þ

Now suppose that T satisfies the inequality

Ta 23K�1 1

L
�

1

M

� �

:ð3:11Þ

Then we have

2�3KhðtÞTa
hðtÞ

L
�
hðtÞ

M
a

hðtÞ

L
� 1:

Therefore we see by (3.10) that the following assertion is correct.

Assertion 3.1. If T satisfies 0 < TaT2ðKÞ and (3.11) and v is in FðK ;TÞ,

then the function j defined by (3.8) satisfies the inequality

jq1jð� ; tÞjhðtÞa
hðtÞ

L
� 1ð3:12Þ

for jtj < T .

As for cðx; tÞ we have, since 0 < aðtÞam < 1,

jqkþ1
1 cðx; tÞja

ð aðtÞt

0

jq pþkþ1
1 vðx; tÞj dt

�

�

�

�

�

�

�

�

�

�

ð3:13Þ

a

ðmt

0

jq pþkþ1
1 vðx; tÞj dt

�

�

�

�

�

�

�

�

¼ m

ð t

0

jq pþkþ1
1 vðx;msÞj ds

�

�

�

�

�

�

�

�
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a

ð t

0

jq pþ1
1 vð� ;msÞjhðsÞhðsÞ

k
GlðkÞ ds

�

�

�

�

�

�

�

�

a hðtÞkGlðkÞ

ð t

0

jq pþ1
1 vð� ;msÞjhðsÞ ds

�

�

�

�

�

�

�

�

:

We use here Proposition 2.4 and (3.5). As a result we obtain the following

estimation of jq pþ1
1 vð� ;msÞjhðsÞ.

jq pþ1
1 vð� ;msÞjhðsÞa hðsÞð1þlÞp lp

hðsÞ � hðmsÞ

� �lp

jq1vð� ;msÞjhðmsÞ

a hðsÞ2lp
lp

Mð1�mqÞjsjq

� �lp

2�3KhðmsÞ

a hðTÞ2lpM�lp lp

1�mq

� �lp

2�3KhðtÞjsj�lpq
:

It follows that

ð t

0

jq pþ1
1 vð� ;msÞjhðsÞ ds

�

�

�

�

�

�

�

�

a
hðTÞ2lp

M lp

lp

1�mq

� �lp
KhðtÞ

23
T 1�lpq

1� lpq
:ð3:14Þ

Substituting (3.14) in (3.13), we obtain

jqkþ1
1 cðx; tÞja

lp

1�mq

� �lp
M lp2�3K

1� lpq
ð1þ T qÞ2lpT 1�lpqhðtÞkþ1

GlðkÞ

and

jq1cð� ; tÞjhðtÞa
lp

1�mq

� �lp
M lp2�3K

1� lpq
ð1þ T qÞ2lpT 1�lpqhðtÞ:ð3:15Þ

Now suppose that T satisfies the inequality

lp

1�mq

� �lp
M lp

1� lpq
ð1þ T qÞ2lpT 1�lpq

a 23K�1 1

L
�

1

M

� �

ð3:16Þ

and jtj < T . Then we have, in virtue of (3.15),

jq1cð� ; tÞjhðtÞa
hðtÞ

L
�
hðtÞ

M
a

hðtÞ

L
� 1:

It follows that the following assertion is correct.
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Assertion 3.2. If T satisfies 0 < TaT2ðKÞ and (3.16) and v is in FðK ;TÞ,

then the function c defined by (3.9) satisfies the inequality

jq1cð� ; tÞjhðtÞa
hðtÞ

L
� 1ð3:17Þ

for jtj < T .

We denote by T3ðKÞ the maximum value of T A ð0;T2ðKÞ� that satisfies (3.11)

and (3.16). Then, by Assertion 3.1 and 3.2, we see that, if 0 < TaT3ðKÞ and v

is in FðK ;TÞ, then the inequality

hðtÞbLð1þmaxfjq1jð� ; tÞjhðtÞ; jq1cð� ; tÞjhðtÞgÞð3:18Þ

holds for jtj < T . The condition (3.18) is of the same type as (2.5) in Prop-

osition 2.7. Therefore we can use it here and conclude that, if 0 < TaT3ðKÞ

and v is in FðK ;TÞ, then FðvÞ is in the family Ghð�r0; r0ÞnC 0ð�T ;TÞ and the

norm kFðvÞð� ; tÞkhðtÞ is estimated as follows.

kFðvÞð� ; tÞkhðtÞa k f ð� ; � ; � ; tÞkLð3:19Þ

¼ max 26I f ð� ; � ; � ; tÞI; 23L�1 max
1aia3

jqi f ð� ; � ; � ; tÞjL

� �

amaxf26Af ; 2
3L�1Bf g:

We want FðvÞ to be in the family FðK ;TÞ. In view of (3.19) we see that, in

order for FðvÞ to be in this family, it is enough for K to satisfy the inequality

Kbmaxf26Af ; 2
3L�1Bf g. So we define

K0 :¼ maxf26Af ; 2
3L�1Bf g:

We have proved that, if 0 < TaT3ðK0Þ, then F maps FðK0;TÞ into itself.

Our next task is to estimate the di¤erence Fðv1Þ �Fðv0Þ, where v1 and v0
are two elements of the family FðK0;T3ðK0ÞÞ. Take two elements v0, v1 of this

family arbitrarily and set vy ¼ yv1 þ ð1� yÞv0 for 0 < y < 1. Further define

jyðx; tÞ ¼

ð t

0

vyðx; tÞ dtð3:20Þ

and

cyðx; tÞ ¼

ð aðtÞt

0

q
p
1 vyðx; tÞ dt:ð3:21Þ
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Write

Aiðx; tÞ ¼

ð1

0

qi f ðjyðx; tÞ;cyðx; tÞ; x; tÞ dyð3:22Þ

for i ¼ 1; 2. Then the di¤erence Fðv1Þ �Fðv0Þ is expressed as follows.

Fðv1Þðx; tÞ �Fðv0Þðx; tÞð3:23Þ

¼ f ðj1ðx; tÞ;c1ðx; tÞ; x; tÞ � f ðj0ðx; tÞ;c0ðx; tÞ; x; tÞ

¼

ð1

0

q

qy
f ðjyðx; tÞ;cyðx; tÞ; x; tÞ dy

¼ A1ðx; tÞðj1ðx; tÞ � j0ðx; tÞÞ þ A2ðx; tÞðc1ðx; tÞ � c0ðx; tÞÞ:

Using this relation and Proposition 2.2, we obtain

kFðv1Þð� ; tÞ �Fðv0Þð� ; tÞkhðtÞa kA1ð� ; tÞkhðtÞkj1ð� ; tÞ � j0ð� ; tÞkhðtÞð3:24Þ

þ kA2ð� ; tÞkhðtÞkc1ð� ; tÞ � c0ð� ; tÞkhðtÞ:

In order to estimate the right member of this inequality we write

gi;y; tðxÞ ¼ qi f ðjyðx; tÞ;cyðx; tÞ; x; tÞ

and define L1 ¼ ðLþMÞ=2. Since f A GLðUÞnC 0ð�T0;T0Þ and L1 > L, we see

that

Df :¼ supfkqi f ð� ; � ; � ; tÞkL1
; jtj < T0; 1a ia 3g < y:ð3:25Þ

Therefore we see again by Proposition 2.7 that, if, instead of (3.12) and (3.17), the

conditions

jq1jyð� ; tÞjhðtÞa
hðtÞ

L1
� 1; jtj < Tð3:26Þ

and

jq1cyð� ; tÞjhðtÞa
hðtÞ

L1
� 1; jtj < Tð3:27Þ

are satisfied, then gi;y; t A Ghð�r0; r0Þ and kgi;y; tkhðtÞa kqi f ð� ; � ; � ; tÞkL1
aDf .

From the last inequality we obtain

kAið� ; tÞkhðtÞa sup
0aya1

kgi;y; tkhðtÞaDf :ð3:28Þ
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In order that the condition (3.26) is satisfied it is enough that T satisfies,

instead of (3.11),

Ta 23K�1
0

1

L1
�

1

M

� �

:ð3:29Þ

In order that the condition (3.27) is satisfied it is enough that T satisfies, instead

of (3.16),

lp

1�mq

� �lp
M lp

1� lpq
ð1þ T qÞ2lpT 1�lpq

a 23K�1
0

1

L1
�

1

M

� �

:ð3:30Þ

We need further to estimate kj1ð� ; tÞ � j0ð� ; tÞkhðtÞ and kc1ð� ; tÞ � c0ð� ; tÞkhðtÞ
in terms of suptkv1ð� ; tÞ � v0ð� ; tÞkhðtÞ. By (3.20) we clearly have

kj1ð� ; tÞ � j0ð� ; tÞkhðtÞaT sup
jtj<T

kv1ð� ; tÞ � v0ð� ; tÞkhðtÞ:ð3:31Þ

From (3.21) we obtain

jc1ðx; tÞ � c0ðx; tÞjð3:32Þ

a

ð aðtÞt

0

jq p
1 v1ðx; tÞ � q

p
1 v0ðx; tÞj dt

�

�

�

�

�

�

�

�

�

�

a

ð aðtÞt

0

jq1v1ð� ; tÞ � q1v0ð� ; tÞjhðtÞhðtÞ
p�1

Glð p� 1Þ dt

�

�

�

�

�

�

�

�

�

�

a

ð aðtÞt

0

2�3hðtÞkv1ð� ; tÞ � v0ð� ; tÞkhðtÞhðtÞ
p�1

Glð p� 1Þ dt

�

�

�

�

�

�

�

�

�

�

a 2�3Glðp� 1ÞhðTÞpT sup
jtj<T

kv1ð� ; tÞ � v0ð� ; tÞkhðtÞ

and

jqkþ1
1 c1ðx; tÞ � qkþ1

1 c0ðx; tÞjð3:33Þ

a

ð aðtÞt

0

jq pþkþ1
1 v1ðx; tÞ � q

pþkþ1
1 v0ðx; tÞj dt

�

�

�

�

�

�

�

�

�

�

a

ðmt

0

jq pþkþ1
1 v1ðx; tÞ � q

pþkþ1
1 v0ðx; tÞj dt

�

�

�

�

�

�

�

�

am

ð t

0

jq pþkþ1
1 v1ðx;msÞ � q

pþkþ1
1 v0ðx;msÞj ds

�

�

�

�

�

�

�

�
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a

ð t

0

jq pþ1
1 v1ð� ;msÞ � q

pþ1
1 v0ð� ;msÞjhðsÞhðsÞ

k
GlðkÞ ds

�

�

�

�

�

�

�

�

a

ð t

0

hðsÞð1þlÞp lp

hðsÞ � hðmsÞ

� �lp

jq1v1ð� ;msÞ � q1v0ð� ;msÞjhðmsÞhðsÞ
k
GlðkÞ ds

�

�

�

�

�

�

�

�

�

�

a hðtÞ2lpþk
GlðkÞM

�lp lp

1�mq

� �lp
T 1�lpq

1� lpq
sup
jtj<T

jq1v1ð� ; tÞ � q1v0ð� ; tÞjhðtÞ

a hðtÞ2lpþk GlðkÞ

M lp

lp

1�mq

� �lp
T 1�lpq

1� lpq
sup
jtj<T

hðtÞ

23
kv1ð� ; tÞ � v0ð� ; tÞkhðtÞ

� �

a 2�3hðtÞ2lpþk GlðkÞ

M lp
hðTÞ

lp

1�mq

� �lp
T 1�lpq

1� lpq
sup
jtj<T

kv1ð� ; tÞ � v0ð� ; tÞkhðtÞ:

It follows from (3.32) and (3.33) that

kc1ð� ; tÞ � c0ð� ; tÞkhðtÞð3:34Þ

¼ max 26 sup
x

jc1ðx; tÞ � c0ðx; tÞj; 2
3hðtÞ�1jq1c1ð� ; tÞ � q1c0ð� ; tÞjhðtÞ

� �

amax 23Glð p� 1ÞhðTÞpT ;
hðTÞ2lp

M lp

lp

1�mq

� �lp
T 1�lpq

1� lpq

( )

� sup
jtj<T

kv1ð� ; tÞ � v0ð� ; tÞkhðtÞ:

If we define

ChðTÞ ¼ max 23Glð p� 1ÞhðTÞpT ;
hðTÞ2lp

M lp

lp

1�mq

� �lp
T 1�lpq

1� lpq

( )

;ð3:35Þ

then (3.34) is rewritten as

kc1ð� ; tÞ � c0ð� ; tÞkhðtÞaChðTÞ sup
jtj<T

kv1ð� ; tÞ � v0ð� ; tÞkhðtÞ:ð3:36Þ

In view of (3.24), (3.28), (3.31) and (3.36) we see that, if T satisfies the inequalities

0 < TaT3ðK0Þ, (3.29) and (3.30), then the inequality

kFðv1Þð� ; tÞ �Fðv0Þð� ; tÞkhðtÞaDf ðT þ ChðTÞÞ sup
jtj<T

kv1ð� ; tÞ � v0ð� ; tÞkhðtÞ

holds for jtj < T . If T satisfies one more inequality

Df ðT þ ChðTÞÞa 2�1
;ð3:37Þ
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then the inequality

kFðv1Þð� ; tÞ �Fðv0Þð� ; tÞkhðtÞa 2�1 sup
jtj<T

kv1ð� ; tÞ � v0ð� ; tÞkhðtÞ

holds for jtj < T .

We denote by T1 the maximum value of T A ð0;T3ðK0Þ� that satisfies the

inequalities (3.29), (3.30) and (3.37). Then F maps FðK0;T1Þ into itself and the

inequality

sup
jtj<T1

kFðv1Þð� ; tÞ �Fðv0Þð� ; tÞkhðtÞa 2�1 sup
jtj<T1

kv1ð� ; tÞ � v0ð� ; tÞkhðtÞ

holds for every pair ðv1; v0Þ A FðK0;T1Þ �FðK0;T1Þ. It follows that there is a

unique element v A FðK0;T1Þ such that

FðvÞ ¼ v:

This element v A FðK0;T1Þ satisfies the integral equation (3.1) for jxj < r0 and

jtj < T1 and

uðx; tÞ :¼

ð t

0

vðx; tÞ dtð3:38Þ

becomes a solution of the Cauchy problem (1.1). Since v is in the family

Ghð�r0; r0ÞnC 0ð�T1;T1Þ, the function u defined by (3.38) enters in the family

Ghð�r0; r0ÞnC1ð�T1;T1Þ. r

3.2. Uniqueness of the solution.

The solution of the Cauchy problem (1.1) is unique in the following sense.

Theorem 3.2. Let R;T0;T1;L;M; r0 and m be positive constants. Assume

that T1aT0 and m < 1. Write U ¼ fðv;w; xÞ A R3
; jvj< R; jwj< R; jxj< r0g. In

the di¤erential equation (1.1) assume that f is an element of the family GLðUÞn

C 0ð�T0;T0Þ and aðtÞ is a real valued continuous function of t A ð�T0;T0Þ satisfying

the inequality 0< aðtÞam. Suppose that there are two solutions ui A GMð�r0; r0Þn

C 1ð�T1;T1Þ, i ¼ 0; 1, such that

juiðx; tÞj < R and jq p
1 uiðx; tÞj < R for jxj < r0; jtj < T1:

Then u1ðx; tÞ ¼ u0ðx; tÞ for all ðx; tÞ A ð�r0; r0Þ � ð�T1;T1Þ.

Proof. Write viðx; tÞ ¼ q2uiðx; tÞ for i ¼ 0; 1. Then each vi is a solution of

the integral equation (3.1) and is in GMð�r0; r0ÞnC 0ð�T1;T1Þ. Further, by the

assumption of the theorem, the quantity

max
i

sup
jtj<T1

jq1við� ; tÞjM
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is finite. We denote this quantity by Sv. Next take a number M � >maxfM;Lg.

Then we have of course

jq1við� ; tÞjM �a jq1við� ; tÞjMaSv:

Moreover, since M � > M, we see that there is another positive number S 0
v such

that S 0
vbSv and

jq pþ1
1 við� ; tÞjM �aS 0

v:

Next let us see that the di¤erence wðx; tÞ :¼ v1ðx; tÞ � v0ðx; tÞ becomes a

solution of a linear integral equation. For this purpose set vy ¼ yv1 þ ð1� yÞv0
for 0 < y < 1 and define jyðx; tÞ, cyðx; tÞ and Aiðx; tÞ by (3.20), (3.21) and (3.22),

respectively. Then we have (3.23). In the present case, however, we have

Fðv0Þ ¼ v0 and Fðv1Þ ¼ v1. So we have

v1ðx; tÞ � v0ðx; tÞ ¼ A1ðx; tÞðj1ðx; tÞ � j0ðx; tÞÞ þ A2ðx; tÞðc1ðx; tÞ � c0ðx; tÞÞ:

This means that wðx; tÞ is a solution of the linear integral equation

wðx; tÞ ¼ A1ðx; tÞ

ð t

0

wðx; tÞ dtþ A2ðx; tÞ

ð aðtÞt

0

q
p
1 wðx; tÞ dt:ð3:39Þ

Our purpose here is to show that the equation (3.39) has only the zero

solution. For this purpose we have first to confirm that Aiðx; tÞ is a Gevrey

function of x. This is seen as follows. Since jq1vyð� ; tÞjM �aSvaS 0
v, we have

jq1jyð� ; tÞjM �aS 0
vT1. Similarly we have jq1cyð� ; tÞjM �aS 0

vT1. In view of these

facts we take a positive number q < ðlpÞ�1 and write

L1 ¼
LþM �

2
; M y ¼ maxfM �

;L1ð1þ S 0
vT1Þg; hðtÞ ¼ M yð1þ jtjqÞ:

Then we have

L1ð1þmaxfjq1jyð� ; tÞjhðtÞ; jq1cyð� ; tÞjhðtÞgÞ

aL1ð1þmaxfjq1jyð� ; tÞjM y ; jq1cyð� ; tÞjM ygÞ

aL1ð1þ S 0
vT1Þa hðtÞ:

Note also that, since f A GLðUÞnC 0ð�T0;T0Þ and L1 > L, the finite constant

Df is defined by (3.25). In view of these facts we can use Proposition 2.7 again

and conclude that Ai is in Ghð�r0; r0ÞnC 0ð�T1;T1Þ and

sup
jtj<T1

kAið� ; tÞkhðtÞaDf :ð3:40Þ

Next we estimate the two integrals in the right member of (3.39) in terms of
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kwð� ; tÞkhðtÞ. Take a positive number TaT1 arbitrarily. It is clear that the in-

equality

sup
jtj<T

ð t

0

wð� ; tÞ dt

�

�

�

�

�

�

�

�

hðtÞ

aT sup
jtj<T

kwð� ; tÞkhðtÞð3:41Þ

holds. Moreover, by the same argument for obtaining (3.34), we obtain

sup
jtj<T

ð

aðtÞt

0

q
p
1wð� ; tÞ dt

�

�

�

�

�

�

�

�

�

�

hðtÞ

aChðTÞ sup
jtj<T

kwð� ; tÞkhðtÞ;ð3:42Þ

where ChðTÞ is the constant defined by (3.35).

From (3.39), (3.40), (3.41) and (3.42) we obtain

sup
jtj<T

kwð� ; tÞkhðtÞaDf ðT þ ChðTÞÞ sup
jtj<T

kwð� ; tÞkhðtÞ:

It follows that, if T is su‰ciently small, then

sup
jtj<T

kwð� ; tÞkhðtÞ ¼ 0

and

jtj < T ) sup
jxj<r0

jwðx; tÞj ¼ 0:

So we write now

T2 ¼ sup T A ð0;T1�; 0a t < T ) sup
jxj<r0

jwðx; tÞj ¼ 0

( )

;

T3 ¼ sup T A ð0;T1�; 0b t > �T ) sup
jxj<r0

jwðx; tÞj ¼ 0

( )

:

We want to show that T1 ¼ T2 ¼ T3. For this purpose suppose T2 < T1. Then,

if T2a t < minfT2=m;T1g, then

ð

aðtÞt

0

q
p
1wðx; tÞ dt ¼ 0:

It follows that the integral equation (3.39) reduces to

wðx; tÞ ¼ A1ðx; tÞ

ð t

T2

wðx; tÞ dtð3:43Þ
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in the interval T2a t < minfT2=m;T1g. From (3.43) we obtain

jwðx; tÞja sup
jsj<T1; jxj<r0

jA1ðx; sÞj
ð t

T2

jwðx; tÞj dt

a 2�6 sup
jsj<T1

kAð� ; sÞkhðsÞ
ð t

T2

jwðx; tÞj dt

a 2�6Df

ð t

T2

jwðx; tÞj dt:

It follows that wðt; xÞ ¼ 0 for all ðx; tÞ such that T2a t < minfT2=m;T1g and

jxj < r0. This contradicts the definition of T2. There arises a similar contra-

diction, if we assume that T3 < T1. Thus the proof of the fact that T1 ¼ T2 ¼
T3 and the proof of the theorem itself is now complete. r

4. Gevrey functions, 2.

This section is a preparation for solving the Cauchy problem (1.2) in the next

section, §5. Here we investigate the properties of the composite function w � v
of a Gevrey function w and a real analytic function v. First let us make some

notational agreement. If r is a positive constant, we write DðrÞ ¼ fz A C ; jzj< rg
and denote by AðrÞ the set of all holomorphic functions from DðrÞ into C whose

restrictions on the real interval ð�r; rÞ are real valued. Further, if r and m are

positive constants, we write

Bðr;mÞ ¼ fv A AðrÞ; jvðzÞjam for all z A DðrÞg:

Let us now prove the following proposition.

Proposition 4.1. Let L;m; r0 and r0 be positive constants. Write I0 ¼
ð�r0; r0Þ. Assume that m < 1 and

r0b
r0 þm�3=4L�1

1�m1=4
:ð4:1Þ

Let b be an element of Bðr0;mÞ and denote by a the restriction to the real interval

I0 of b. Let w be a member of the Gevrey family GLðI0Þ. Write vðxÞ ¼ aðxÞx.
Then the composite function w � v : I0 ! R is in the family G ffiffiffi

m
p

LðI0Þ and the

inequality

jðw � vÞ 0j ffiffiffi

m
p

LaCðm; lÞjw 0jLð4:2Þ

holds, where Cðm; lÞ is a constantb 1 that depends only on m and l.
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Proof. We have to estimate the successive derivatives of the composite

function w � v. To this end we use the higher order chain rule given by

Yamanaka [6 ]. By the formula given in Theorem 2.1 of [6 ] we have

ðw � vÞðnÞðxÞð4:3Þ

¼
X

n

j¼1

n

j

� �

wð jÞðvðxÞÞ
qn�j

qhn�j

ð1

0

v 0ðxþ yhÞ dy

� �j
" #

h¼0

¼
X

n

j¼1

n

j

� �

wð jÞðvðxÞÞ
qn�j

qhn�j

ð1

0

v 00ðxþ yhÞ dy

� �j
" #

h¼0

;

where v0ðzÞ ¼ bðzÞz. If we write

jxðhÞ ¼

ð1

0

v 00ðxþ yhÞ dy;

cj;xðhÞ ¼ fjxðhÞg
j;

then the formula (4.3) is rewritten as

ðw � vÞðnÞðxÞ ¼
X

n

j¼1

n!

j!ðn� jÞ!
wð jÞðvðxÞÞc

ðn�jÞ
j;x ð0Þ:ð4:4Þ

Let us estimate the magnitude of c
ðn�jÞ
j;x ð0Þ. For this purpose we write r1 ¼

m�3=4L�1 and r2 ¼ r0 � r0 � r1. Note that the condition (4.1) implies that

r2 ¼ r0 � ðr0 þm�3=4L�1Þb r0 � r0ð1�m1=4Þ ¼ r0m
1=4:

Using this fact and the fact that the inequality jv0ðzÞja r0m holds for jzja r0,

we see that, if jzj < r0 þ r1, then

jv 00ðzÞja
r0m

r2
a

r0m

r0m
1=4

¼ m3=4:

Therefore we see that, if x A I0, h A Dðr1Þ, then we have

jjxðhÞjam3=4 and jcj;xðhÞjam3j=4:

It follows that the inequality

jc
ðkÞ
j;x ð0Þjam3j=4 k!

rk1
ð4:5Þ

holds for all x A I0 and all k A Zþ.

Now take an element w of GLðI0Þ. Using (4.4) and (4.5), we obtain the

following estimation of the derivative ðw � vÞðnþ1ÞðxÞ.

PDEs in the Gevrey class with shrinkings 667



jðw � vÞðnþ1ÞðxÞja
X

nþ1

j¼1

ðnþ 1Þ!
j!ðnþ 1� jÞ! jw

ð jÞðv0ðxÞÞj � jcðnþ1�jÞ
j;x ð0Þjð4:6Þ

¼
X

n

j¼0

ðnþ 1Þ!
ð j þ 1Þ!ðn� jÞ! jw

ð jþ1Þðv0ðxÞÞj � jcðn�jÞ
jþ1;xð0Þj

a jw 0jL
X

n

j¼0

ðnþ 1Þ!
ð j þ 1Þ!ðn� jÞ!L

jGlð jÞm3ð jþ1Þ=4 ðn� jÞ!
r
n�j
1

¼ 2�5jw 0jLðnþ 1Þ!
X

n

j¼0

L jj!l

ð j þ 1Þ!ð1þ jÞ2
m3ð jþ1Þ=4

r
n�j
1

a 2�5jw 0jLðnþ 1Þ!ðnþ 1Þ!l�1ðm3=4LÞn
X

n

j¼0

ðm3=4Lr1Þ j�n

ð1þ jÞ2

a 2�5jw 0jLðm3=4LÞnðnþ 1Þ!l
X

y

j¼0

1

ð1þ jÞ2

a 2�4ðnþ 1Þljw 0jLðm3=4LÞnn!l:

Note here that

Cðm; lÞ :¼ sup
n

2ðnþ 1Þlþ2
mn=4 < y:ð4:7Þ

It follows from (4.6) and the definition (4.7) of the constant Cðm; lÞ that the in-

equality

jðw � vÞðnþ1ÞðxÞjaCðm; lÞ2�5jw 0jLð
ffiffiffiffi

m
p

LÞnn!lð1þ nÞ�2

holds for all n and all x A I0. This means that ðw � vÞ 0 is in g ffiffiffi

m
p

LðI0Þ and the

inequality (4.2) holds. It is clear that Cðm; lÞb 1. r

5. The Cauchy problem with shrinking at the space variable.

In this section we want to solve the Cauchy problem (1.2):

q2uðx; tÞ ¼ f ðuðx; tÞ; q p
1 uðaðx; tÞx; tÞ; x; tÞ; uðx; 0Þ ¼ 0:

In the first subsection we prove the existence of a solution to the problem.

5.1. Existence of a solution.

The purpose of this subsection is to prove the following theorem. In the

theorem we use the symbol n in the same meaning as in the subsection 2.3 of §2.
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Theorem 5.1. Let R;T0;L;M and r0 be positive constants. Assume that

M >maxf1;Lg. Write U ¼ fðv;w; xÞ A R3
; jvj< R; jwj< R; jxj< r0g and assume

that f is a member of the family GLðUÞnC 0ð�T0;T0Þ. Assume that aðx; tÞ is a

real valued continuous function of ðx; tÞ A ð�r0; r0Þ � ð�T0;T0Þ such that the fol-

lowing condition [C1] is satisfied:

[C1]: For each t A ð�T0;T0Þ the function að� ; tÞ : ð�r0; r0Þ ! R is the restric-

tion to the real interval ð�r0; r0Þ of a member of the family Bðr0;mÞ,

where m is a positive constant less than 1 and r0 is another positive con-

stant satisfying the condition (4.1) in Proposition 4.1.

Then there is a positive number T1 such that the Cauchy problem (1.2) has a

solution u A GMð�r0; r0ÞnC1ð�T1;T1Þ.

Proof. Solving the initial value problem (1.2) is clearly equivalent to solving

the integral equation

vðx; tÞ ¼ f

ð t

0

vðx; tÞ dt;

ð t

0

q
p
1 vðaðx; tÞx; tÞ dt; x; t

� �

:ð5:1Þ

Now, from the assumption that f is in GLðUÞnC 0ð�T0;T0Þ it follows that

the finite constants Af and Bf are defined by (3.2) and (3.3), respectively. For

any two positive constants K and T we define

FðK ;TÞ ¼ v A GMð�r0; r0ÞnC 0ð�T ;TÞ; sup
jtj<T

kvð� ; tÞkMaK

( )

:

Note first that, if v A FðK ;TÞ, then

Ivð� ; tÞI ¼ sup
jxj<r0

jvðx; tÞja 2�6kvð� ; tÞkMa 2�6K ; jtj < T ;ð5:2Þ

and

jq1vð� ; tÞjMa 2�3Mkvð� ; tÞkMa 2�3MK ; jtj < T :ð5:3Þ

Let us next show that, for any given K > 0, there is a number T2ðKÞ such

that, if v A FðK ;T2ðKÞÞ, then the right-hand side of (5.1) makes sense for all

ðx; tÞ A ð�r0; r0Þ � ð�T2ðKÞ;T2ðKÞÞ. To this end take for the moment a T > 0

arbitrarily and let v be in FðK ;TÞ. We see by (5.2) that

sup
jxj<r0

ð t

0

vðx; tÞ dt

�

�

�

�

�

�

�

�

< 2�6KT ; jtj < T :

It follows that, if T satisfies

Ta 26K�1R
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and jtj < T , then we can substitute

ð t

0

vðx; tÞ dt for v in f ðv;w; x; tÞ. It follows

from (5.3) that, if v A FðK ;TÞ and jtj < T , then

jq p
1 vðx; tÞja 2�3KM pGlðp� 1Þ

and
ð t

0

q
p
1 vðaðx; tÞx; tÞ dt

�

�

�

�

�

�

�

�

< 2�3KM pGlðp� 1ÞT :

Therefore, if T satisfies the inequality

Ta
23R

KGlðp� 1ÞM p

and jtj < T , then we can substitute

ð t

0

q
p
1 vðaðx; tÞx; tÞ dt for w in f ðv;w; x; tÞ.

So we write

T2ðKÞ ¼ min T0; 2
6K�1R;

23R

KGlðp� 1ÞM p

� �

:

From the above arguments we know that, if v A FðK ;T2ðKÞÞ and jtj <

T2ðKÞ, then the right member of (5.1) is well-defined for all ðx; tÞ A ð�r0; r0Þ�

ð�T2ðKÞ;T2ðKÞÞ. It follows that, if v A FðK ;T2ðKÞÞ, we can define

FðvÞðx; tÞ ¼ f

ð t

0

vðx; tÞ dt;

ð t

0

q
p
1 vðaðx; tÞx; tÞ dt; x; t

� �

for all ðx; tÞ A ð�r0; r0Þ � ð�T2ðKÞ;T2ðKÞÞ.

Let us next show that there is a number T3ðKÞ A ð0;T2ðKÞ� such that, if v is

in FðK ;T3ðKÞÞ, then FðvÞ is in GMð�r0; r0ÞnC 0ð�T3ðKÞ;T3ðKÞÞ. To this end

take for the moment a T A ð0;T2ðKÞ� arbitrarily and let v be in FðK ;TÞ. Write

jðx; tÞ ¼

ð t

0

vðx; tÞ dt;

otðx; tÞ ¼ q
p
1 vðaðx; tÞx; tÞ

and

cðx; tÞ ¼

ð t

0

otðx; tÞ dt:

We want to apply Proposition 2.7 to the composite function ð�r0; r0Þ C x 7!

f ðjðx; tÞ;cðx; tÞ; x; tÞ. As for jðx; tÞ it immediately follows from (5.3) that the

following inequality holds.

sup
jtj<T

jq1jð� ; tÞjMa 2�3MKT :ð5:4Þ
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In order to consider cðx; tÞ we write a ¼ 1=
ffiffiffiffi

m
p

. Then, since a > 1 and q1vð� ; tÞ A
gMð�r0; r0Þ, we see that q1q

p
1 vð� ; tÞ ¼ q

pþ1
1 vð� ; tÞ is in gaMð�r0; r0Þ and, in virtue of

Proposition 2.3 and (5.3), we have the following estimation of jq pþ1
1 vð� ; tÞjaM .

jq1q p
1 vð� ; tÞjaMa jq1vð� ; tÞjMðaMÞ p lp

log a

� �lp

ð5:5Þ

a 2�3Mkvð� ; tÞkMM p alp

log a

� �lp

¼ 2�3 alp

log a

� �lp

M pþ1kvð� ; tÞkM :

Since q1q
p
1 vð� ; tÞ is in gaMð�r0; r0Þ and a satisfies the condition [C1] in the theo-

rem, we can use here Proposition 4.1 and conclude that q1otð� ; tÞ is in the family

gMð�r0; r0Þ and satisfies the inequality

jq1otð� ; tÞjMaCðm; lÞjq1q p
1 vð� ; tÞjaMð5:6Þ

a 2�3M pþ1Cðm; lÞ alp

log a

� �lp

kvð� ; tÞkM :

It follows from (5.6) and the condition kvð� ; tÞkMaK that

jq1cð� ; tÞjMa 2�3Cðm; lÞ alp

log a

� �lp

M pþ1KT :ð5:7Þ

Examining the two inequalities (5.4) and (5.7), we know that the inequality

sup
jtj<T

maxfjq1jð� ; tÞjM ; jq1cð� ; tÞjMga M

L
� 1ð5:8Þ

holds, if T satisfies the inequality

Ta
M

L
� 1

� �

23

MK
min 1;

1

Cðm; lÞM p

log a

alp

� �lp
( )

ð5:9Þ

¼ M

L
� 1

� �

23

Cðm; lÞM pþ1K

log a

alp

� �lp

:

Therefore, if T A ð0;T2ðKÞ� satisfies (5.9), then we can use Proposition 2.7 and

conclude that the function x 7! FðvÞðx; tÞ ¼ f ðjðx; tÞ;cðx; tÞ; x; tÞ is in GMð�r0; r0Þ
and the inequality kFðvÞð� ; tÞkMa k f ð� ; � ; � ; tÞkL holds for jtj < T . So we put

T3ðKÞ ¼ min T2ðKÞ; M

L
� 1

� �

23

Cðm; lÞM pþ1K

log a

alp

� �lp
( )

:
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We now know that, if 0 < TaT3ðKÞ and v A FðK ;TÞ, then FðvÞ is in

GMð�r0; r0ÞnC 0ð�T ;TÞ and

sup
jtj<T

kFðvÞð� ; tÞkMa sup
jtj<T

k f ð� ; � ; � ; tÞkLð5:10Þ

¼ sup
jtj<T

max 26I f ð� ; � ; � ; tÞI; 23L�1 max
1aia3

jqi f ð� ; � ; � ; tÞjL

� �

amaxf26Af ; 2
3L�1Bf g:

We want FðvÞ to be in the family FðK ;TÞ. In view of (5.10) we see that, in

order for FðvÞ to be in this family, it is enough for K to satisfy the inequality

Kbmaxf26Af ; 2
3L�1Bf g. So we define

K0 :¼ maxf26Af ; 2
3L�1Bf g:

We have proved that, if 0 < TaT3ðK0Þ, then F maps FðK0;TÞ into itself.

Our next task is to estimate the di¤erence Fðv1Þ �Fðv0Þ, where v1 and v0
are two elements of the family FðK0;T3ðK0ÞÞ. Take two elements v0, v1 of this

family arbitrarily and set vy ¼ yv1 þ ð1� yÞv0 for 0 < y < 1. Further define

jyðx; tÞ ¼

ð t

0

vyðx; tÞ dt;ð5:11Þ

oy; tðx; tÞ ¼ q
p
1 vyðaðx; tÞx; tÞð5:12Þ

and

cyðx; tÞ ¼

ð t

0

oy; tðx; tÞ dt:ð5:13Þ

Write

Aiðx; tÞ ¼

ð1

0

qi f ðjyðx; tÞ;cyðx; tÞ; x; tÞ dyð5:14Þ

for i ¼ 1; 2. Then

Fðv1Þðx; tÞ �Fðv0Þðx; tÞ

¼ A1ðx; tÞðj1ðx; tÞ � j0ðx; tÞÞ þ A2ðx; tÞðc1ðx; tÞ � c0ðx; tÞÞ

and

kFðv1Þð� ; tÞ �Fðv0Þð� ; tÞkMa kA1ð� ; tÞkMkj1ð� ; tÞ � j0ð� ; tÞkMð5:15Þ

þ kA2ð� ; tÞkMkc1ð� ; tÞ � c0ð� ; tÞkM :

In order to estimate the right member of this inequality we write

gi;y; tðxÞ ¼ qi f ðjyðx; tÞ;cyðx; tÞ; x; tÞ
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and define L1 ¼ ðLþMÞ=2. Since f A GLðUÞnC 0ð�T0;T0Þ and L1 > L, we see

that

Df :¼ supfkqi f ð� ; � ; � ; tÞkL1
; jtj < T0; 1a ia 3g < y:ð5:16Þ

Therefore we see again by Proposition 2.7 that, if, instead of (5.8), the conditions

jq1jyð� ; tÞjMa
M

L1
� 1; jtj < Tð5:17Þ

and

jq1cyð� ; tÞjMa
M

L1
� 1; jtj < Tð5:18Þ

are satisfied, then gi;y; t A GMð�r0; r0Þ and kgi;y; tkMa kqi f ð� ; � ; � ; tÞkL1
aDf holds.

From the last inequality we obtain

kAið� ; tÞkMa sup
0aya1

kgi;y; tkMaDf :ð5:19Þ

The condition (5.17) is satisfied, if T satisfies

Ta
23

K0

1

L1
�

1

M

� �

;ð5:20Þ

since we have, like (5.4), jq1jyð� ; tÞjMa 2�3MK0T for jtj < T . The condition

(5.18) is satisfied, if T satisfies

Ta
23

K0M pCðm; lÞ

log a

alp

� �lp 1

L1
�

1

M

� �

:ð5:21Þ

We need further to estimate kj1ð� ; tÞ � j0ð� ; tÞkM and kc1ð� ; tÞ � c0ð� ; tÞkM in

terms of suptkv1ð� ; tÞ � v0ð� ; tÞkM . By (5.11) we clearly have

kj1ð� ; tÞ � j0ð� ; tÞkMaT sup
jtj<T

kv1ð� ; tÞ � v0ð� ; tÞkM :ð5:22Þ

As for kc1ð� ; tÞ � c0ð� ; tÞkM we note first that we have, like (5.5),

jq pþ1
1 v1ð� ; tÞ � q

pþ1
1 v0ð� ; tÞjaMa

alp

log a

� �lp

M pjq1v1ð� ; tÞ � q1v0ð� ; tÞjM :

From this we obtain, like (5.6),

jq1ðo1; t � o0; tÞð� ; tÞjMaCðm; lÞjq pþ1
1 v1ð� ; tÞ � q

pþ1
1 v0ð� ; tÞjaMð5:23Þ

aM pCðm; lÞ
alp

log a

� �lp

jq1ðv1 � v0Þð� ; tÞjM :
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Moreover we have

Iðo1; t � o0; tÞð� ; tÞIa Iq
p
1 ðv1 � v0Þð� ; tÞIð5:24Þ

a jq1ðv1 � v0Þð� ; tÞjMMp�1Glðp� 1Þ

a 2�5M p�1plpjq1ðv1 � v0Þð� ; tÞjM :

From (5.23) and (5.24) we obtain

kðo1; t � o0; tÞð� ; tÞkMð5:25Þ

¼ maxf26Iðo1; t � o0; tÞð� ; tÞI; 2
3M�1jq1ðo1; t � o0; tÞð� ; tÞjMg

amax 2M p�1plp
; 23M p�1Cðm; lÞ

alp

log a

� �lp
( )

jq1v1ð� ; tÞ � q1v0ð� ; tÞjM

¼ 23M p�1Cðm; lÞ
alp

log a

� �lp

jq1v1ð� ; tÞ � q1v0ð� ; tÞjM

aM pCðm; lÞ
alp

log a

� �lp

kv1ð� ; tÞ � v0ð� ; tÞkM :

It follows from (5.25) that

kðc1 � c0Þð� ; tÞkMaT sup
jtj<T

kðo1; t � o0; tÞð� ; tÞkMð5:26Þ

aTM pCðm; lÞ
alp

log a

� �lp

sup
jtj<T

kv1ð� ; tÞ � v0ð� ; tÞkM :

From (5.15), (5.19), (5.22) and (5.26) it follows that, if T satisfies the inequalities

0< TaT3ðK0Þ, (5.20) and (5.21), then the inequality

kFðv1Þð� ; tÞ �Fðv0Þð� ; tÞkM

aDfT 1þ Cðm; lÞM p alp

log a

� �lp
( )

sup
jtj<T

kv1ð� ; tÞ � v0ð� ; tÞkM

a 2DfTM
pCðm; lÞ

alp

log a

� �lp

sup
jtj<T

kv1ð� ; tÞ � v0ð� ; tÞkM

holds for jtj < T . If T satisfies one more inequality

Ta
1

4DfM pCðm; lÞ

log a

alp

� �lp

;ð5:27Þ
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then the inequality

kFðv1Þð� ; tÞ �Fðv0Þð� ; tÞkMa 2�1kv1ð� ; tÞ � v0ð� ; tÞkM

holds for jtj < T .

We denote by T1 the maximum value of T A ð0;T3ðK0Þ� that satisfies the

inequalities (5.20), (5.21) and (5.27). Then F maps FðK0;T1Þ into itself and the

inequality

sup
jtj<T1

kFðv1Þð� ; tÞ �Fðv0Þð� ; tÞkMa 2�1 sup
jtj<T1

kv1ð� ; tÞ � v0ð� ; tÞkM

holds for every pair ðv1; v0Þ A FðK0;T1Þ �FðK0;T1Þ.

It follows that there is a solution v A FðK0;T1Þ of the integral equation (5.1).

It further follows that there is a solution in GMð�r0; r0ÞnC1ð�T1;T1Þ of the

Cauchy problem (1.2). r

5.2. Uniqueness of the solution.

The solution of the Cauchy problem (1.2) is unique in the following sense.

Theorem 5.2. Let R;T0;T1;L;M and r0 be positive constants. Assume that

T1aT0. Write U ¼ fðv;w; xÞ A R
3
; jvj < R; jwj < R; jxj < r0g. In the di¤erential

equation (1.2) assume that f is an element of the family GLðUÞnC 0ð�T0;T0Þ.

Assume further that aðx; tÞ is a real valued continuous function of ðx; tÞ A ð�r0; r0Þ�

ð�T0;T0Þ such that the condition [C1] in Theorem 5.1 is satisfied. Suppose that

there are two solutions ui A GMð�r0; r0ÞnC1ð�T1;T1Þ, i ¼ 0; 1, such that

juiðx; tÞj < R and jq p
1 uiðx; tÞj < R for jxj < r0; jtj < T1:

Then u1ðx; tÞ ¼ u0ðx; tÞ for all ðx; tÞ A ð�r0; r0Þ � ð�T1;T1Þ.

Proof. Write viðx; tÞ ¼ q2uiðx; tÞ for i ¼ 0; 1. Then each vi is a solution of

the integral equation (5.1) and is in GMð�r0; r0ÞnC 0ð�T1;T1Þ. Further, by the

assumption of the theorem, the quantity

max
i

sup
jtj<T1

jq1við� ; tÞjM

is finite. We denote this quantity by Sv. Next take a number M � > maxfM;Lg.

Then we have of course

jq1við� ; tÞjM �a jq1við� ; tÞjMaSv:

Moreover, since M � > M, we see that there is another positive number S 0
v such

that S 0
vbSv and

jq p
1 við� ; tÞjM �aS 0

v:
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Next write wðx; tÞ ¼ v1ðx; tÞ � v0ðx; tÞ. As was done in subsection 3.2, we can

construct a linear integral equation to which wðx; tÞ is a solution. In fact set

vy ¼ yv1 þ ð1� yÞv0 for 0< y< 1 and define jyðx; tÞ, oy;tðx; tÞ, cyðx; tÞ and Aiðx; tÞ

by (5.11), (5.12), (5.13) and (5.14), respectively. We define further

htðx; tÞ ¼ q
p
1 wðaðx; tÞx; tÞ:

Then wðx; tÞ becomes a solution of the integral equation

wðx; tÞ ¼ A1ðx; tÞ

ð t

0

wðx; tÞ dtþ A2ðx; tÞ

ð t

0

htðx; tÞ dt:ð5:28Þ

Let us see that there is a positive number M�bM� such that kAið� ; tÞkM�
< y

for jtj<T1. Since jq1vyð� ; tÞjM �aSvaS 0
v, we have jq1jyð� ; tÞjM �aS 0

vT1. Sim-

ilarly we have jq1cyð� ; tÞjM �aS 0
vT1. In view of these facts we write

L1 ¼
LþM �

2
; M� ¼ maxfM �

;L1ð1þ S 0
vT1Þg:

Then we have

L1ð1þmaxfjq1jyð� ; tÞjM�
; jq1cyð� ; tÞjM�

gÞaL1ð1þ S 0
vT1ÞaM�:

Note also that, since f A GLðUÞnC 0ð�T0;T0Þ and L1 > L, the finite constant

Df is defined by (5.16). In view of these facts we can use Proposition 2.7 again

and conclude that Ai is in GM�
ð�r0; r0ÞnC 0ð�T1;T1Þ and

sup
jtj<T1

kAið� ; tÞkM�
aDf :ð5:29Þ

Next we estimate the two integrals in the right member of (5.28). It is clear

that the inequality
ð t

0

wð� ; tÞ dt

�

�

�

�

�

�

�

�

M�

a

ð t

0

kwð� ; tÞkM�
dt

�

�

�

�

�

�

�

�

ð5:30Þ

holds. Moreover, just like (5.6), we have

jq1htð� ; tÞjM�
a 2�3M pþ1

� Cðm; lÞ
alp

log a

� �lp

kwð� ; tÞkM�
ð5:31Þ

and

Ihtð� ; tÞI ¼ sup
x

jhtðx; tÞjaGlð0Þjhtð� ; tÞjM�
ð5:32Þ

aGlð0Þ2
�3M p

�Cðm; lÞ
alðp� 1Þ

log a

� �lð p�1Þ

kwð� ; tÞkM�

a 2�8M p
�Cðm; lÞ

alp

log a

� �lp

kwð� ; tÞkM�
:
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It follows from (5.31) and (5.32) that the inequality

khtð� ; tÞkM�
¼ maxf26Ihtð� ; tÞI; 2

3M�1
� jq1htð� ; tÞjM�

gð5:33Þ

aM p
�Cðm; lÞ

alp

log a

� �lp

kwð� ; tÞkM�

holds. From (5.28), (5.29), (5.30) and (5.33) we obtain the inequality

kwð� ; tÞkM�
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0
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�
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that holds for jtj < T1. It follows that kwð� ; tÞkM�
¼ 0 for jtj < T1. This means

that wðx; tÞ ¼ 0 and v0ðx; tÞ ¼ v1ðx; tÞ for all ðx; tÞ A ð�r0; r0Þ � ð�T1;T1Þ. r
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