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Abstract. It is well-known that the classification of flat surfaces in Euclidean 3-

space is one of the most basic results in di¤erential geometry. For surfaces in the

complex Euclidean plane C
2 endowed with almost complex structure J, flat surfaces are

the simplest ones from intrinsic point of views. On the other hand, from J-action point

of views, the most natural surfaces in C
2 are slant surfaces, i.e., surfaces with constant

Wintinger angle. In this paper the author completely classifies flat slant surfaces in

C
2. The main result states that, beside the totally geodesic ones, there are five large

classes of flat slant surfaces in C
2. Conversely, every non-totally geodesic flat slant

surfaces in C
2 is locally a surface given by these five classes.

1. Introduction.

Let M be an n-dimensional Riemannian manifold isometrically immersed

in a Kählerian manifold ð ~MM; g; JÞ endowed with Kähler metric g and almost

complex structure J. For each vector X tangent to M, we put

JX ¼ PX þ FX ;ð1:1Þ

where PX and FX are the tangential and normal components of JX. Then P is

an endomorphism of the tangent bundle TM. For any nonzero vector X tangent

to M at a point p, the angle yðX Þ, 0a yðX Þa p=2, between JX and the tangent

space TpM is called the Wirtinger angle of X. The submanifold M is called slant

if its Wirtinger angle y is constant, i.e., yðXÞ is independent of the choice of the

X in the tangent bundle TM. The Wirtinger angle y of a slant immersion is

called the slant angle. A slant submanifold with slant angle y is simply called

y-slant. Slant submanifolds of a Kählerian manifold are characterized by the

condition P2 ¼ cI for some real number c A ½�1; 0�. Complex and totally real

immersions are slant immersions with slant angle 0 and p=2, respectively. A

slant immersion is called proper slant if it is neither complex nor totally real. A

totally real immersion f : M ! ~MM is called Lagrangian if dimR M ¼ dimC
~MM.
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There exist ample examples of proper slant submanifolds in complex-space-forms

(see, for examples, [1], [4]–[6], [9]).

When M is an oriented surface in a Kählerian manifold ~MM, one also

has the notion of Kähler angle a defined by a ¼ cos�1ðhJX ;YiÞ A ½0; p�, where

fX ;Yg is a local positive orthonormal frame field on M. The Kähler angle

a and the Wirtinger angle y of an oriented surface M are related by yðpÞ ¼

minfaðpÞ; p� aðaÞg. In this sense, an oriented surface in a Kählerian manifold

is slant if and only if it has constant Kähler angle.

From J-action point of views, slant submanifolds are the simplest and the

most natural submanifolds of a Kählerian manifold. Slant submanifolds arise

naturally and play some important roles in the studies of submanifolds of

Kählerian manifolds. For example, K. Kenmotsu and D. Zhou proved in [7]

that every surface in a complex space form ~MM 2ð4cÞ is proper slant if it has

constant curvature and nonzero parallel mean curvature vector.

Flat surfaces in Euclidean 3-space E
3 are the simplest surfaces from intrinsic

point of views. The classification theorem of flat surfaces in E
3 is one of most

basic results in di¤erential geometry (see, for instance [8]). For surfaces in the

complex Euclidean plane C
2, flat surfaces are also the simplest ones from in-

trinsic point of views. On the other hand, from J-action point of views, the most

simplest surfaces in C
2 are slant surfaces.

The purpose of this paper is thus to classify flat slant surfaces in the

complex Euclidean plane. In section 2 we recall some basic facts, lemmas, and

the existence and uniqueness theorems of slant submanifolds. In section 3, we

prove the main theorem which states that, beside the totally geodesic ones, there

are five large classes of flat slant surfaces in C
2. Conversely, every non-totally

geodesic flat slant surfaces in C
2 is locally a surface given by these five classes.

Class V of flat slant surfaces is related with the solutions of certain wave equation

and of certain second order ordinary di¤erential equation with two prescribed

conditions. In section 4, we prove that the second order di¤erential equation

with the prescribed conditions alway has solutions. This existence result implies

that class V of flat slant surfaces is indeed very large. In this section we also

prove that, for any nonzero function l of one variable, there exists a y-Legendre

curve in S3 whose curvature in S3 is given by l csc y. In the last section we

provide explicit examples of flat slant surfaces of class V.

2. Basic formulas and existence theorem.

Let x : M ! ~MMm be an isometric immersion of a Riemannian n-manifold

into a Kählerian m-manifold. Denote by R and ~RR the Riemann curvature

tensors of M and ~MMm, respectively. Denote by h and A the second fundamental

form and the shape operator of the immersion x; and by ‘ and ~‘‘ the Levi-Civita
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connections of M and ~MMm, respectively. The second fundamental form h and

the shape operator A are related by hAxX ;Yi ¼ hhðX ;Y Þ; xi.

The well-known equation of Gauss is given by

~RRðX ;Y ;Z;WÞ ¼ RðX ;Y ;Z;WÞ þ hhðX ;ZÞ; hðY ;WÞið2:1Þ

� hhðX ;WÞ; hðY ;ZÞi;

for X ;Y ;Z;W tangent to M and x; h normal to M.

For the second fundamental form h, we define its covariant derivative ‘h

with respect to the connection on TMlT?M by

ð‘XhÞðY ;ZÞ ¼ DX ðhðY ;ZÞÞ � hð‘XY ;ZÞ � hðY ;‘XZÞ:ð2:2Þ

The equation of Codazzi is

ð ~RRðX ;YÞZÞ? ¼ ð‘XhÞðY ;ZÞ � ð‘YhÞðX ;ZÞ;ð2:3Þ

where ð ~RRðX ;YÞZÞ? denotes the normal component of ~RRðX ;YÞZ.

For an endomorphism Q on the tangent bundle of the submanifold, we

define its covariant derivative ‘Q by

ð‘XQÞY ¼ ‘X ðQY Þ �Qð‘XYÞ:ð2:4Þ

For a y-slant submanifold M in a Kählerian n-manifold ~MM n, we have [1]

P2 ¼ �ðcos2 yÞI ; hPX ;Yiþ hX ;PYi ¼ 0;ð2:5Þ

ð‘XPÞY ¼ thðX ;YÞ þ AFYX ;ð2:6Þ

DX ðFY Þ � Fð‘XYÞ ¼ fhðX ;YÞ � hðX ;PY Þ;ð2:7Þ

where I denotes the identity map and thðX ;Y Þ and fhðX ;YÞ are the tangential

and normal components of JhðX ;Y Þ.

If we define a symmetric bilinear TM-valued form a on M by

aðX ;YÞ ¼ thðX ;Y Þ;ð2:8Þ

then we obtain

hðX ;Y Þ ¼ csc2 yðPaðX ;YÞ � JaðX ;YÞÞ:ð2:9Þ

For an n-dimensional y-slant submanifold in C
n with y0 0, the equations of

Gauss and Codazzi become

RðX ;Y ;Z;WÞ ¼ csc2 yfhaðX ;WÞ; aðY ;ZÞi� haðX ;ZÞ; aðY ;WÞigð2:10Þ
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ð‘XaÞðY ;ZÞ þ csc2 yfPaðX ; aðY ;ZÞÞ þ aðX ;PaðY ;ZÞÞgð2:11Þ

¼ ð‘YaÞðX ;ZÞ þ csc2 yfPaðY ; aðX ;ZÞÞ þ aðY ;PaðX ;ZÞÞg:

We recall the following Existence Theorem from [6] for later use.

Existence Theorem. Let y A ð0; p=2�. Suppose there exist an endomorphism

P on the tangent bundle TM and a symmetric bilinear TM-valued form a on M

such that

P2 ¼ �ðcos2 yÞI ;ð2:12Þ

hPX ;Yiþ hX ;PYi ¼ 0;ð2:13Þ

hð‘XPÞY ;Zi ¼ haðX ;Y Þ;Zi� haðX ;ZÞ;Yi;ð2:14Þ

RðX ;Y ;Z;WÞ ¼ csc2 yfhaðX ;WÞ; aðY ;ZÞi� haðX ;ZÞ; aðY ;WÞig;ð2:15Þ

for X ;Y ;Z;W A TM, and

ð‘XaÞðY ;ZÞ þ csc2 yfPaðX ; aðY ;ZÞÞ þ aðX ;PaðY ;ZÞÞgð2:16Þ

is totally symmetric. Then there exists a y-slant isometric immersion from M into

C
n whose second fundamental form is given by

hðX ;Y Þ ¼ csc2 yðPaðX ;YÞ � JaðX ;YÞÞ:ð2:17Þ

Let M be a proper y-slant surface in a Kählerian surface ~MM 2. For a given

unit tangent vector field e1 of M, we choose a canonical orthonormal frame

fe1; e2; e3; e4g defined by

e2 ¼ ðsec yÞPe1; e3 ¼ ðcsc yÞFe1; e4 ¼ ðcsc yÞFe2:ð2:18Þ

We call such an orthonormal frame an adapted frame.

We need the following lemmas

Lemma 2.1. Let M be a slant surface in a Kähler surface with slant angle

y A ð0; p=2�. Then, with respect to an adapted frame, we have

o
4
3 � o

2
1 ¼ �cot yfðtraceA3Þo

1 þ ðtraceA4Þo
2g;ð2:19Þ

where A3;A4 are the shape operators with respect to e3; e4 and fo1;o2g is the dual

frame of fe1; e2g.

This lemma can be found in [1, p. 29].

Lemma 2.2. A proper slant surface in C
2 is flat if and only if its normal

connection is flat.
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Proof. Follows from the fact that every proper slant surface in C
2 satisfies

AFXY ¼ AFYX (cf. [1, p. 24]). r

Lemma 2.3. If M is a flat slant surface in C
2 with slant angle y A ð0; p=2�,

then there exists an adapted slant frame e1; e2; e3; e4 such that the second fun-

damental form of M in C
2 takes the form:

hðe1; e1Þ ¼ me3; hðe1; e2Þ ¼ 0; hðe2; e2Þ ¼ je4;ð2:20Þ

for some functions m; j.

Proof. Since M is a flat slant surface in C
2 with slant angle y A ð0; p=2�,

Lemma 2.2 implies that M has flat normal connection. Thus the shape op-

erators of M are simultaneous diagonalizable. Hence there exists an ortho-

normal basis e1; e2 such that AFe1 ;AFe2 are diagonalized with respect to e1; e2.

Therefore, by applying AFXY ¼ FFYX , we conclude that the second fundamental

form takes the form of (2.20). r

We also need the following.

Definition 2.1. Let S3 denote the unit hypersphere in C
2 centered at the

origin. Then S3 admits a canonical Sasakian structure with structure vector field

x ¼ iz, z A S3. A unit speed curve z : I ! S3
HC

2 defined over an open interval

I is called a y-Legendre curve if

hizðsÞ; z 0ðsÞi ¼ cos yð2:21Þ

for some constant angle y. A y-Legendre curve with y ¼ p=2 is known as a

Legendre curve. y-Legendre curves in S3 are also known as generalized helices

in S3 (cf. [4]).

Lemma 2.4. A unit speed curve z : I ! S3
HC

2 is a y-Legendre curve with

nonzero curvature in S3 if and only if z satisfies the second order di¤erential

equation:

z 00ðsÞ � ðcsc yÞlðsÞiz 0ðsÞ þ ð1� ðcot yÞlðsÞÞzðsÞ ¼ 0ð2:22Þ

for some nonzero function l over I.

Proof. If z is a (unit speed) y-Legendre curve in S3, we have hz; zi ¼

hz 0; z 0i ¼ 1 and hiz; z 0i ¼ cos y. By taking di¤erentiation of these equations we

find

hz; z 0i ¼ hz 0; z 00i ¼ hiz; z 00i ¼ 0; hz 00; zi ¼ �1:ð2:23Þ

If we put z 00 ¼ a1zþ a2izþ a3z
0 þ a4iz

0, then by taking the scalar product of z 00

with iz and z 0, we obtain a2 þ a3 cos y ¼ 0 and a3 þ a2 cos y ¼ 0 respectively.

Classification of flat slant surfaces 723



Therefore we obtain a2 ¼ a3 ¼ 0. Thus, z 00 ¼ a1zþ a4iz
0. Also, by taking the

inner product of z 00 with z and by applying (2.23), we obtain a1 ¼ a4 cos y� 1.

If a4 ¼ 0, then a1 ¼ �1. Hence z 00 þ z ¼ 0. In this case, z is an open part

of a great circle of S3 which is impossible by our assumption. Therefore, if we

put a4 ¼ l csc y, we obtain a1 ¼ l cot y� 1 which implies (2.22).

Conversely, if z ¼ zðsÞ is a unit speed curve in S3 satisfying (2.22), then by

taking the inner product of (2.22) with z and by applying hz 00; zi ¼ �1, we obtain

hiz; z 0i ¼ cos y. Thus, z is a y-Legendre curve. Moreover, from (2.22) we see

that the curvature of z in S3 is nonzero. r

Examples 2.1. For any y A ð0; p=2�, there exist many y-Legendre curves

with nonzero curvature in S3 (see Theorem 4.2). For examples, for any constant

l0 0, the map

zðsÞ ¼ eðil csc yÞs=2
�

cos
s

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

l2 þ ð2� l cot yÞ2
q

� �

ð2:24Þ

þ i
ð2 cos y� l csc yÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

l2 þ ð2� l cot yÞ2
q sin

s

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

l2 þ ð2� l cot yÞ2
q

� �

;

2 sin y
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

l2 þ ð2� l cot yÞ2
q sin

s

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

l2 þ ð2� l cot yÞ2
q

� ��

defines a unit speed y-Legendre curve with nonzero curvature in S3.

3. The main theorem.

The main result of this paper is the following classification theorem for flat

slant surfaces in C
2.

Theorem 3.1. We have the following.

(I) Let y A ð0; p=2�. Then, for any y-Legendre curve z : I ! S3
HC

2 defined

on an open interval I and any function b of one variable defined on I, the map

xðx; yÞ ¼ zðyÞxþ

ð y

0

bðuÞz 0ðuÞ du:ð3:1Þ

defines a flat y-slant surface in C
2.

(II) Let y A ð0; p=2�. Then, for any given nonzero function j ¼ jðyÞ of one

variable defined on an open interval I containing 0, the map

xðx; yÞ ¼ xþ i cos y

ð y

0

dt

jðtÞ
; sin y

ð y

0

e iðcsc yÞt

jðtÞ
dt

� �

ð3:2Þ

defines a flat y-slant surface in C
2.
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(III) If mðxÞ0 0 and kðyÞ are two functions of one variable defined on

some open intervals containing 0 such that c ¼ kðyÞ þ cot y
Ð x

0 dx=m0 0 for some

y A ð0; p=2�, then the map

xðx; yÞ ¼ i

ð y

0

kðyÞe iy csc y dyþ e iy csc y cos y

ð x

0

dx

mðxÞ
; sin y

ð x

0

e ix csc y

mðxÞ
dx

� �

ð3:3Þ

defines a flat y-slant surface in C
2.

(IV) If y A ð0; p=2Þ and uðxÞ; vðyÞ are two functions of one variable defined on

some open intervals containing 0 with vð0Þ0 0 and v 0ðyÞ0 0, then the map

xðx; yÞ ¼

�
ð x

0

uðxÞe ix csc y dx� ivðyÞe ix csc y sin yþ ivð0Þ sin y;ð3:4Þ

sin y tan y

ð y

0

v 0ðyÞe iy csc y dy

�

defines a flat y-slant surface in C
2.

(V) Suppose f is a nonzero function of one variable defined on an open interval

containing 0 such that f 0 cot y for some y A ð0; p=2� and suppose r ¼ rðx; yÞ with

qr=qy0 0 is a solution of the wave equation:

rxy �
f 0ðx� yÞ

f ðx� yÞ
ry þ fðcot yÞ f ðx� yÞ � f 2ðx� yÞgr ¼ 0ð3:5Þ

and K is a C
2-valued solution of the ordinary di¤erential equation:

K 00ðuÞ þ i csc y�
f 0ðuÞ

f ðuÞ � cot y

� �

K 0ðuÞ þ f ðuÞð f ðuÞ � cot yÞKðuÞ ¼ 0;ð3:6Þ

satisfying jK j2 ¼ 1 and jK 0j2 ¼ ð f � cot yÞ2, then

xðx; yÞ ¼

ð y

0

ryK
0ðx� yÞ

ðcot y� f Þ f
e ix csc y �

ð x

0

ðrKðx� yÞÞye
ix csc y dx

� �

dyð3:7Þ

þ

ð x

0

rKðx� yÞe ix csc y dx; f ¼ f ðx� yÞ

defines a flat y-slant surface in C
2.

(VI) Conversely, locally every flat slant surface in C
2 is either an open part of

a slant plane or, up to rigid motions of C
2, a surface given by one of the five

classes of slant immersions defined by (3.1), (3.2), (3.3), (3.4) and (3.7).

Proof. (I) Let z : I ! S3
HC

2 be a (unit-speed) y-Legendre curve and b

a nonzero function of one variable defined on I . Consider the map defined by

(3.1). Then
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xxðx; yÞ ¼ zðyÞ; xyðx; yÞ ¼ ðxþ bðyÞÞz 0:ð3:8Þ

Hence, x defines an isometric immersion from the surface M with metric

g ¼ dx2 þ ðxþ bðyÞÞ2 dy2ð3:9Þ

into C
2. Then M is a flat surface. If we put e1 ¼ zðyÞ and e2 ¼ z 0ðyÞ, we

obtain hie1; e2i ¼ cos y due to the fact that z is a y-Legendre curve. Thus

x : M ! C
2 is an isometric y-slant immersion.

(II) For any given nonzero function j ¼ jðyÞ of one variable defined on an

open interval I containing 0, consider the map x defined by (3.2). Then we have

xx ¼ ð1; 0Þ; xy ¼
1

j
ði cos y; e iðcsc yÞy sin yÞ:ð3:10Þ

Let M denote the surface endowed with metric

g ¼ dx2 þ
1

j2ðyÞ
dy2:ð3:11Þ

Then M is a flat surface and x defines an isometric y-slant immersion from M

into C
2.

(III) Let mðxÞ0 0 and kðyÞ be two functions of one variable defined on open

intervals containing 0 such that c ¼ kðyÞ þ cot y
Ð x

0 dx=m0 0. Consider the map

x defined by (3.3). Then we have

xx ¼
cos y

mðxÞ
e iy csc y;

sin y

mðxÞ
e ix csc y

� �

; xy ¼ ðie iy csc yc; 0Þ:ð3:12Þ

Let M denote the surface endowed with metric

g ¼
dx2

m2ðxÞ
þ c2 dy2:ð3:13Þ

Then M is a flat surface and x is an isometric y-slant immersion from M into C
2.

(IV) Let y A ð0; p=2Þ and uðxÞ; vðyÞ be two functions of one variable defined

on open intervals containing 0 with vð0Þ0 0 and v 0ðyÞ0 0. Consider the map

x defined by (3.4). Then

xx ¼ ððuðxÞ þ vðyÞÞe ix csc y; 0Þ;

xy ¼ ð�iv 0ðyÞ sin ye ix csc y; v 0ðyÞ sin y tan ye iy csc yÞ:
ð3:14Þ

Let M denote the surface endowed with metric

g ¼ ðuðxÞ þ vðyÞÞ2 dx2 þ ðv 0ðyÞ tan yÞ2 dy2;ð3:15Þ

Then M is a flat surface and x is an isometric y-slant immersion from M into C
2.
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(V) Let f be a nonzero function of one variable defined on an open interval

containing 0 such that f 0 cot y, r ¼ rðx; yÞ be a solution of (3.5) with ry 0 0,

and K is a C
2-valued solution of the (3.6) satisfying jK j2 ¼ 1 and jK 0j2 ¼

ð f � cot yÞ2. Consider the map x defined by (3.7). Then we have

xx ¼ Kðx� yÞre ix csc y; xy ¼
ryK

0

f ðcot y� f Þ
e ix csc y;ð3:16Þ

where f ¼ f ðx� yÞ.

From jK j ¼ 1, we obtain hK ;K 0i ¼ 0, where h ; i is the standard inner

product of C
2. Thus we have hxx; xyi ¼ 0. Therefore, the map (3.7) defines

an isometric immersion from the surface M endowed with metric

g ¼ r2 dx2 þ
r2y

f 2
dy2ð3:17Þ

into C
2. Since r is a solution of the wave equation (3.5), a straightforward

computation shows that M is a flat surface and x is a y-slant immersion.

Conversely, if M is a flat slant surface in C
2 with slant angle y ¼ 0, then M

is a complex surface in C
2. Thus it is a minimal surface. Since M is flat, M is

totally geodesic due to the equation of Gauss. Therefore, M is an open part of

a holomorphic line, i.e., an open part of a 0-slant plane.

Now, suppose M is a flat slant surface with slant angle y A ð0; p=2�. Then,

by Lemma 2.3, there exists an adapted frame e1; e2; e3; e4 such that the second

fundamental form of M takes the form:

hðe1; e1Þ ¼ me3; hðe1; e2Þ ¼ 0; hðe2; e2Þ ¼ je4;ð3:18Þ

for some nonzero functions m; j. If m ¼ j ¼ 0 identically, then M is totally

geodesic. In this case, M is an open portion of a y-plane.

We divide our study of non-totally geodesic flat y-slant surfaces into four

cases: (a) m ¼ 0 and j0 0, (b) m; j0 0 and e2m ¼ 0, (c) m; j0 0, e2m0 0 and

e1j ¼ 0, or (d) m0 0, e2m0 0 and e1j0 0, for the functions m; j given in (3.18).

Case (a). m ¼ 0 and j0 0.

In this case, equation (2.2) of Codazzi and (3.18) imply

o2
1ðe1Þ ¼ 0; e1j ¼ jo1

2ðe2Þð3:19Þ

which implies ½e1; j
�1e2� ¼ 0. Thus there exists a coordinate chart fx; yg on M

such that q=qx ¼ e1 and q=qy ¼ j�1e2. Therefore the metric tensor of M is

given by

g ¼ dx2 þ
1

j2
dy2:ð3:20Þ
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Using (3.20) we obtain

‘q=qx
q

qx
¼ 0; ‘q=qx

q

qy
¼ �

jx
j

q

qy
; ‘q=qy

q

qy
¼

jx
j3

q

qx
�
jy

j

q

qy
:ð3:21Þ

Applying (3.21) we get

R
q

qx
;
q

qy

� �

q

qx
¼

2j2
x � jjxx
j2

� �

q

qy
;ð3:22Þ

where R is the curvature tensor of M. Since M is flat, (3.22) implies ðj�1Þxx ¼ 0.

Thus

j�1 ¼ bðyÞ þ aðyÞxð3:23Þ

for some functions a; b. From (3.21) and (3.23) we get

‘q=qx
q

qx
¼ 0; ‘q=qx

q

qy
¼ aðyÞj

q

qy
;

‘q=qy
q

qy
¼ �

a

j

q

qx
þ ðb 0 þ a 0xÞj

q

qy
:

ð3:24Þ

From (1.1), (2.18), (3.18) and (3.20) we have

h
q

qx
;
q

qx

� �

¼ h
q

qx
;
q

qy

� �

¼ 0;

h
q

qy
;
q

qy

� �

¼ i csc y
q

qy
þ

1

j
cot y

q

qx
:

ð3:25Þ

Combining (3.24), (3.25) and the formula of Gauss we know that the

immersion x of M in C
2 satisfies

xxx ¼ 0;

xxy ¼ jaðyÞxy;

xyy ¼
1

j
cot y�

a

j

� �

xx þ ðða 0xþ b 0Þjþ i csc yÞxy:

ð3:26Þ

Integrating the first equation in (3.26) yields

xðx; yÞ ¼ PðyÞxþDðyÞ;ð3:27Þ

for some C
2-valued functions PðyÞ;DðyÞ. Hence we have

xx ¼ PðyÞ; xy ¼ P 0ðyÞxþD 0ðyÞ; xxy ¼ P 0ðyÞ:ð3:28Þ

B.-Y. Chen728



Applying the second equation in (3.26) and (3.28) we obtain

bðyÞP 0ðyÞ ¼ aðyÞD 0ðyÞ:ð3:29Þ

From (3.20) and (3.28) we get jPðyÞj ¼ 1.

Case (a.1). a ¼ 0.

In this case (3.29) implies that P 0ðyÞ ¼ 0, since b ¼ j�1
0 0. Thus, PðyÞ is

a unit constant vector, say c, in C
2. From (3.23) we get j ¼ 1=bðyÞ which

implies that j is a function of y. Hence, (3.27) and the third equation in (3.26)

reduce to

xðx; sÞ ¼ cxþDðyÞ:ð3:30Þ

D 00ðyÞ þ
j 0

j
� i csc y

� �

D 0ðyÞ ¼
cot y

j
c:ð3:31Þ

Solving (3.31) yields

DðyÞ ¼ ic cos y

ð y

0

dt

jðtÞ
þ a

ð y

0

e iðcsc yÞy

jðtÞ
dtþ E;

for some vectors a;E A C
2. Without loss of generality, we may choose E ¼ 0 by

applying a suitable translation on C
2 if necessary. Thus we have

xðx; sÞ ¼ c xþ i cos y

ð y

0

dt

jðtÞ

� �

þ a

ð y

0

e iðcsc yÞy

jðtÞ
dt:ð3:32Þ

If we choose the initial conditions to be

xxð0; 0Þ ¼ ð1; 0Þ; xyð0; 0Þ ¼
1

jð0Þ
ði cos y; sin yÞ;

then (3.32) implies c ¼ ð1; 0Þ, a ¼ ð0; sin yÞ. Therefore, we obtain (3.2).

Case (a.2). a0 0.

In this case (3.29) implies

DðyÞ ¼

ð y

0

bðtÞ

aðtÞ
P 0ðtÞ dtþ Cð3:33Þ

for some constant vector C. We may choose C ¼ 0 by applying a suitable

translation on C
2 if necessary. Hence (3.27) yields

xðx; yÞ ¼ PðyÞxþ

ð y

0

bðtÞ

aðtÞ
P 0ðtÞ dt:ð3:34Þ

Substituting (3.34) into the third equation in (3.26) gives
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P 00ðyÞ �
a 0ðyÞ

aðyÞ
þ i csc y

� �

P 0ðyÞ þ ða2ðyÞ � aðyÞ cot yÞPðyÞ ¼ 0:ð3:35Þ

On the other hand, from (3.34) we find xy ¼ ð1=ðajÞÞP 0ðyÞ. Comparing this

with (3.20) we get jP 0ðyÞj2 ¼ a2ðyÞ. Hence, if zðsÞ ¼ PðyðsÞÞ is the arc-length

reparametrization of PðyÞ, then we find ds=dy ¼ Ga. Without loss of generality,

we may assume ds=dy ¼ a, by reversing the orientation of zðsÞ if necessary.

Thus, by applying the chain rule, we have

P 0ðyÞ ¼ az 0ðsÞ; P 00ðyÞ ¼ a 0ðyÞz 0ðsÞ þ a2z 00ðsÞ:ð3:36Þ

Substituting (3.36) into (3.35) we obtain

a2z 00 � a csc yiz 0 þ ða2 � a cot yÞz ¼ 0:ð3:37Þ

Therefore, z ¼ zðsÞ is a y-Legendre curve in S3 according to Lemma 2.4.

Consequently, the flat slant surface M is given by

xðx; sÞ ¼ zðsÞxþ

ð s

0

bðuÞz 0ðuÞ du:ð3:38Þ

where zðsÞ is a y-Legendre curve in S3. Thus, in this case, we obtain (3.1).

Case (b). m; j0 0 and e2m0 0.

In this case, the equation of Codazzi and (3.18) imply

o2
1ðe1Þ ¼ 0; e1j ¼ jo1

2ðe2Þ ¼ �j2 cot yð3:39Þ

which implies ½ð1=mÞe1; ð1=jÞe2� ¼ 0. Thus, there exists a coordinate chart fx; yg

such that e1 ¼ mðq=qxÞ, e2 ¼ jðq=qyÞ. By the assumption: e2m ¼ 0, we know

that m ¼ mðxÞ must be a function of x. Therefore, the metric tensor of M is

given by

g ¼
dx2

m2ðxÞ
þ
dy2

j2
:ð3:40Þ

Applying (3.39) and (3.40) we obtain ð1=jÞx ¼ cot y=m. Therefore

1

j
¼ kðyÞ þ cot y

ð x

0

dx

mðxÞ
;ð3:41Þ

for some function k ¼ kðyÞ.

Using (3.40) and (3.41) we obtain

‘q=qx
q

qx
¼ �

mx
m

q

qx
; ‘q=qx

q

qy
¼ �

jx
j

q

qy
; ‘q=qy

q

qy
¼

m2jx
j3

q

qx
�
jy

j

q

qy
:ð3:42Þ

On the other hand, from (1.1), (2.18) and (3.18) we have
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h
q

qx
;

q

qx

� �

¼ ðcsc yÞJ
q

qx
� ðcot yÞ

j

m

q

qy
;

h
q

qx
;

q

qy

� �

¼ 0;

h
q

qy
;

q

qy

� �

¼ ðcot yÞ
m

j

q

qx
þ ðcsc yÞJ

q

qy
:

ð3:43Þ

Gauss’s formula together with (3.42) and (3.43) implies that the immersion x of

M in C
2 satisfies the following system of partial di¤erential equations:

xxx ¼ �
mx
m
þ i csc y

� �

xx �
j

m
cot yxy;ð3:44Þ

xxy ¼ �
jx
j
xy;ð3:45Þ

xyy ¼
m

j
cot yþ

m2jx
j3

� �

xx �
jy

j
� i csc y

� �

xy:ð3:46Þ

Applying (3.41) and (3.39), equation (3.46) becomes

xyy ¼ �
jy

j
þ i csc y

� �

xy:ð3:47Þ

Solving (3.47) for xy yields

xy ¼
e iy csc y

j
AðxÞ;ð3:48Þ

for some C
2-valued function A ¼ AðxÞ. Substituting (3.48) into (3.45) implies

that A 0ðxÞ ¼ 0. Thus

xy ¼
e iy csc y

j
C;ð3:49Þ

for some vector C in C
2. Substituting (3.49) into (3.44) gives

xxx þ
mx
m
� i csc y

� �

xx ¼ �
e iy csc y cot y

m
C:ð3:50Þ

By solving (3.50) for xx we obtain

xx ¼
1

m
ðBðyÞe ix csc y � iCe iy csc y cos yÞ;ð3:51Þ

for some C
2-valued functions BðyÞ. Therefore, by integrating (3.51) with respect

to x, we obtain
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xðx; yÞ ¼ DðyÞ þ BðyÞ

ð x

0

e ix csc y

m
dx� iCe iy csc y cos y

ð x

0

dx

m
;ð3:52Þ

for some C
2-valued functions BðyÞ;DðyÞ and some vector C.

From (3.41), (3.49) and (3.52) we obtain

D 0ðyÞ þ B 0ðyÞ

ð x

0

e ix csc y

m
dx ¼ CkðyÞe iy csc y:ð3:53Þ

Di¤erentiating (3.53) with respect to x yields B 0ðyÞ ¼ 0 which implies that B is

a constant vector. Thus (3.53) implies D 0ðyÞ ¼ CkðyÞe iy csc y. Hence

DðyÞ ¼ C

ð y

0

kðyÞe iy csc y dyþ E;

for some vector E. Without loss of generality, we may choose E ¼ 0. Com-

bining this with (3.52) yields

xðx; yÞ ¼ C

ð y

0

kðyÞe iy csc y dy� ie iy csc y cos y

ð x

0

dx

m

� �

þ B

ð x

0

e ix csc y

m
dxð3:54Þ

where B;C are constant vectors.

If we choose the following initial conditions:

xxð0; 0Þ ¼
1

mð0Þ
ðcos y; sin yÞ; xyð0; 0Þ ¼

1

jð0Þ
ði; 0Þ;

then (3.54) gives B ¼ ð0; sin yÞ;C ¼ ði; 0Þ. Hence we obtain (3.3).

Case (c). m; j0 0, e2m0 0 and e1j ¼ 0.

In this case, the equation of Codazzi and (3.18) imply

o2
1ðe1Þ ¼ e2ðln mÞ; o2

1ðe2Þ ¼ 0;ð3:55Þ

mo2
1ðe2Þ þ jo2

1ðe1Þ ¼ mj cot y;ð3:56Þ

Apply (3.55) and (3.56) we get ½ð1=mÞe1; ð1=jÞe2� ¼ 0. Thus, there exists a co-

ordinate chart fx; yg such that e1 ¼ mðq=qxÞ, e2 ¼ jðq=qyÞ. Hence, the metric

tensor of M is given by

g ¼
1

m2
dx2 þ

1

j2
dy2:ð3:57Þ

Using (3.55), (3.56) and (3.57) we obtain

1

j
¼

my

m2
tan y:ð3:58Þ
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Hence, by using e1j ¼ 0, we obtain ð1=mÞxy ¼ 0. Therefore

1

m
¼ uðxÞ þ vðyÞ;ð3:59Þ

for some functions u ¼ uðxÞ and v ¼ vðyÞ. It follows from e2m0 0 that v 0ðyÞ0 0.

Moreover, (3.58) and (3.59) imply j�1 ¼ v 0ðyÞ. These show that the metric

tensor of M is given by

g ¼ ðuðxÞ þ vðyÞÞ2 dx2 þ ðv 0ðyÞ tan yÞ2 dy2;ð3:60Þ

Using (3.60) we obtain

‘q=qx
q

qx
¼

u 0ðxÞ

uþ v

q

qx
�
ðuþ vÞ

v 0ðyÞ
cot2 y

q

qy
;

‘q=qx
q

qy
¼

v 0ðyÞ

uþ v

q

qx
;

‘q=qy
q

qy
¼

v 00ðyÞ

v 0ðyÞ

q

qy
:

ð3:61Þ

On the other hand, from (1.1), (2.18) and (3.18) we have

h
q

qx
;
q

qx

� �

¼ ðcsc yÞJ
q

qx
þ
uþ v

v 0ðyÞ
cot2 y

q

qy
;

h
q

qx
;
q

qy

� �

¼ 0;

h
q

qy
;
q

qy

� �

¼ �
v 0ðyÞ

uþ v

q

qx
þ ðcsc yÞJ

q

qy
:

ð3:62Þ

From (3.61), (3.62) and Gauss’ formula we know that the immersion x of M in

C
2 satisfies the following system of partial di¤erential equations:

xxx ¼
u 0ðxÞ

uþ v
þ i csc y

� �

xx;ð3:63Þ

xxy ¼
v 0ðyÞ

uþ v
xx;ð3:64Þ

xyy ¼ �
v 0ðyÞ

uþ v
xx þ

v 00ðyÞ

v 0ðyÞ
þ i csc y

� �

xy:ð3:65Þ

Solving (3.64) for xx yields

xx ¼ ðuþ vÞAðxÞ;ð3:66Þ
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for some C
2-valued function A ¼ AðxÞ. Substituting (3.66) into (3.63) yields

A 0ðxÞ ¼ i csc yAðxÞ. Thus, we get AðxÞ ¼ Ce ix csc y. Therefore, we obtain from

(3.66) that

xx ¼ Cðuþ vÞe ix csc y;ð3:67Þ

for some vector C in C
2. Integrating (3.67) with respect to x yields

x ¼ C

ð x

0

uðxÞe ix csc y dx� ivðyÞ sin ye ix csc y
� �

þ BðyÞ;ð3:68Þ

for some C
2-valued function BðyÞ. Substituting (3.68) into (3.65) yields

B 00ðyÞ �
v 00ðyÞ

v 0ðyÞ
þ i csc y

� �

B 0ðyÞ ¼ 0:ð3:69Þ

Solving (3.69) yields

BðyÞ ¼ D

ð y

0

v 0ðyÞe iy csc y dyþ E;

for some vectors D;E. Consequently, we get

xðx; yÞ ¼ C

ð x

0

uðxÞe ix csc y dx� ie ix csc yvðyÞ sin y

� �

ð3:70Þ

þD

ð y

0

v 0ðyÞe iy csc y dyþ E:

If we choose the following initial conditions:

xð0; 0Þ ¼ ð0; 0Þ;

xxð0; 0Þ ¼ ðuð0Þ þ vð0Þ; 0Þ;

xyð0; 0Þ ¼ ð�iv 0ð0Þ sin y; v 0ð0Þ sin y tan yÞ;

then (3.70) gives

C ¼ ð1; 0Þ; D ¼ ð0; sin y tan yÞ; E ¼ ðivð0Þ sin y; 0Þ:

Hence we obtain (3.4).

Case (d). m0 0, e2m0 0 and e1j0 0.

In this case, (3.18) and the equation of Codazzi imply

e2m ¼ mo2
1ðe1Þ;ð3:71Þ

mo2
1ðe2Þ þ jo2

1ðe1Þ ¼ mj cot y;ð3:72Þ

e1j ¼ �jo2
1ðe2Þ:ð3:73Þ
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From (3.71), (3.72) and (3.73) we get ½ð1=mÞe1; ð1=jÞe2� ¼ 0. Thus, there exists a

coordinate chart fx; yg such that e1 ¼ mðq=qxÞ, e2 ¼ jðq=qyÞ. Hence, the metric

tensor of M is given by

g ¼ r2 dx2 þ
r2y

f 2ðx� yÞ
dy2:ð3:74Þ

Using (3.74), the flatness of M, and Gauss’s Theorema Egregium, we find

jmy

m2

� �

y

þ
mjx
j2

� �

x

¼ 0:ð3:75Þ

On the other hand, (3.71), (3.72) and (3.73) imply

jmy

m2
�
mjx
j2

¼ cot y:ð3:76Þ

Applying (3.75) and (3.76) we obtain

jmy

m2

� �

x

þ
jmy

m2

� �

y

¼ 0:ð3:77Þ

Put u ¼ xþ y, v ¼ x� y. Then (3.77) becomes jmy=m2
� �

u
¼ 0. Thus

jmy

m2
¼ f ðx� yÞ;ð3:78Þ

for some function f of one variable. Therefore, we obtain j ¼ �f ðx� yÞ=ry,

where r ¼ m�1. Applying (3.75) and (3.78) we know that r satisfies the wave

equation

rxy �
f 0ðx� yÞ

f ðx� yÞ
ry þ fðcot yÞ f ðx� yÞ � f 2ðx� yÞgr ¼ 0:ð3:79Þ

Applying (3.74) we obtain

‘q=qx
q

qx
¼

rx
r

q

qx
�
rf 2

ry

q

qy
;

‘q=qx
q

qy
¼

ry

r

q

qx
þ

rxy

ry
�

f 0

f

 !

q

qy
;

‘q=qy
q

qy
¼ �

ryrxy

r2f 2
þ
r2y f

0

r2f 3

 !

q

qx
þ

ryy

ry
þ

f 0

f

 !

q

qy
;

ð3:80Þ

where f ¼ f ðx� yÞ.
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From (1.1), (2.18), (3.18) and (3.74) we find

h
q

qx
;
q

qx

� �

¼ i csc y
q

qx
þ

f r

ry
cot y

q

qy
;

h
q

qx
;
q

qy

� �

¼ 0;

h
q

qy
;
q

qy

� �

¼ �
ry

rf
cot y

q

qx
þ i csc y

q

qy
:

ð3:81Þ

Using (3.79), (3.80), (3.81) and the formula of Gauss we know that the

immersion of M y
f ;r in C

2 satisfies

xxx ¼
rx
r
þ i csc y

� �

xx þ f ðcot y� f Þ
r

ry
xy;

xxy ¼
ry

r
xx þ f ð f � cot yÞ

r

ry
xy;

xyy ¼ �
ry

r
xx þ

ryy

ry
þ

f 0

f
þ i csc y

 !

xy:

ð3:82Þ

Combining the first and the second equations in (3.82) we find

xxx þ xxy ¼
rx
r
þ
ry

r

� �

xx þ i csc yxx:ð3:83Þ

Solving (3.83) yields

xx ¼ Gðx� yÞreði=2Þ csc yðxþyÞ;ð3:84Þ

where G is a positive function of one variable. Thus, if we put

Gðx� yÞ ¼ Kðx� yÞeði=2Þ csc yðx�yÞ;ð3:85Þ

we obtain

xx ¼ Kðx� yÞre ix csc y:ð3:86Þ

On the other hand, by the second and the third equations of (3.82) we have

xxy þ xyy ¼
rxy

ry
þ
ryy

ry

 !

xy þ i csc yxy:ð3:87Þ

Solving (3.87) yields

xy ¼ Hðx� yÞrye
ði=2Þ csc yðxþyÞ;ð3:88Þ
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where H is a positive function of one variable. Hence, by putting Hðx� yÞ ¼

F ðx� yÞeði=2Þ csc yðx�yÞ, we obtain

xy ¼ Fðx� yÞrye
ix csc y:ð3:89Þ

By taking the derivative of (3.86) with respect to y and compare it with the

second equation of (3.82) and (3.89), we find

K 0 ¼ f ðcot y� f ÞF :ð3:90Þ

Therefore, (3.89) becomes

xy ¼
ryK

0

f ðcot y� f Þ
e ix csc y;ð3:91Þ

By taking the derivative of (3.91) with respect to x and comparing it with the

second equation of (3.82), we obtain

K 00 þ i csc y�
f 0

f � cot y

� �

K 0 þ f ð f � cot yÞK ¼ 0ð3:92Þ

by virtue of (3.79), (3.86) and (3.91).

Integrating (3.86) with respect to x we obtain

x ¼

ð x

0

Kðx� yÞre ix csc y dxþHðyÞ;ð3:93Þ

for some C
2-valued function HðyÞ. Taking the derivative of (3.93) with respect

to y and comparing with (3.91) yields

H 0ðyÞ ¼
ryK

0

f ðcot y� f Þ
e ix csc y �

ð x

0

ðKðx� yÞrÞye
ix csc y dx:ð3:94Þ

Since r satisfies (3.79) and K satisfies (3.92), a direct computation shows that the

right hand side of (3.94) is a function of y only. Thus, we obtain

xðx; yÞ ¼

ð y

0

ryK
0ðx� yÞ

f ðcot y� f Þ
e ix csc y �

ð x

0

ðrKðx� yÞÞye
ix csc y dx

� �

dyð3:95Þ

þ

ð x

0

rKðx� yÞe ix csc y dxþ C;

where C is a constant vector. If we choose the initial conditions: xð0; 0Þ ¼

ð0; 0Þ, we obtain C ¼ ð0; 0Þ. Thus, the immersion of M in C
2 is given by (3.7)

for some C
2-valued function KðuÞ which satisfies the second order ordinary dif-

ferential equation (3.92). By comparing the metric g given by (3.74) with (3.86)

and (3.91) we obtain jK j2 ¼ 1 and jK 0j2 ¼ ð f � cot yÞ2. This completes the proof

of the theorem. r
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Remark 3.1. For any nonzero function f of one variable and any

y A ð0; p=2�, the wave equation (3.5) admits infinitely many solutions. For ex-

ample, every linear combination of

r1 ¼ sin

ð x�y

0

f ðtÞ dt� x cot y

� �

;

r2 ¼ cos

ð x�y

0

f ðtÞ dt� x cot y

� �

;

r3 ¼

ð x�y

0

f ðuÞ cosðu cot yÞ du

� �

r1

þ

ð x�y

0

f ðuÞ sinðu cot yÞ du� 2

ð x�y

0

ð u

0

f ðtÞ dt� x cot y

� �

du

� �

r2;

r4 ¼

ð x�y

0

f ðuÞ cosðu cot yÞ du

� �

r2

�

ð x�y

0

f ðuÞ sinðu cot yÞ du� 2

ð x�y

0

ð u

0

f ðtÞ dt� x cot y

� �

du

� �

r1;

is a solution of the wave equation (3.5).

4. Existence theorems.

The following existence theorem together with Theorem 3.1 and Remark 3.1

imply that the class V of flat slant surfaces in C
2 is very large.

Theorem 4.1. For any given nonzero function f of one variable defined on an

open interval I and for any y A ð0; p=2� such that f 0 cot y, there exists a C
2-

valued solution K ¼ KðuÞ of the second order ordinary di¤erential equation:

K 00ðuÞ þ i csc y�
f 0ðuÞ

f ðuÞ � cot y

� �

K 0ðuÞ þ f ðuÞð f ðuÞ � cot yÞKðuÞ ¼ 0;ð4:1Þ

that also satisfies the two conditions:

jK j2 ¼ 1; jK 0j2 ¼ ð f � cot yÞ2:ð4:2Þ

Proof. Suppose f is a nonzero function of one variable defined on an open

interval I such that f 0 cot y for some y A ð0; p=2�. Let rðx; yÞ be any given

solution of the wave equation:

rxy �
f 0ðx� yÞ

f ðx� yÞ
ry þ fðcot yÞ f ðx� yÞ � f 2ðx� yÞgr ¼ 0ð4:3Þ

with ry 0 0 (such a solution always exists, cf. Remark 3.1). Let U be a simply-

connected open subset of R
2 on which f ðx� yÞ is defined. We define a metric

g on U by
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g ¼ r2 dx2 þ
r2y

f 2ðx� yÞ
dy2:ð4:4Þ

Then M ¼ ðU ; gÞ is a flat surface.

Consider the orthonormal frame fe1; e2g on M given by

e1 ¼
1

r

q

qx
; e2 ¼ �

f ðx� yÞ

ry

q

qy
:ð4:5Þ

We define an endomorphism P on the tangent bundle TM by

Pe1 ¼ cos ye2; Pe2 ¼ �cos ye1ð4:6Þ

and also define a symmetric bilinear form a by

aðe1; e1Þ ¼ �
sin y

r
e1; aðe1; e2Þ ¼ 0; aðe2; e2Þ ¼

f ðx� yÞ sin y

ry
e2:ð4:7Þ

By a long straightforward computation, we may prove that ðM;P; a; yÞ satisfies

all of the conditions mentioned in the existence theorem of slant immersions

(section 2). Therefore, by applying the existence theorem of slant immersions,

we conclude that there exists a y-slant isometric immersion x : M ! C
2 from M

into C
2 whose second fundamental form h is given by

hðX ;Y Þ ¼ csc2 yðPaðX ;YÞ � JaðX ;YÞÞ:ð4:8Þ

Applying (4.5), (4.6), (4.7) and (4.8) we have

h
q

qx
;
q

qx

� �

¼ i csc y
q

qx
þ

f r

ry
cot y

q

qy
;

h
q

qx
;
q

qy

� �

¼ 0;

h
q

qy
;
q

qy

� �

¼ �
ry

rf
cot y

q

qx
þ i csc y

q

qy
:

ð4:9Þ

Using (4.4) we also have

‘q=qx
q

qx
¼

rx
r

q

qx
�
rf 2

ry

q

qy
;

‘q=qx
q

qy
¼

ry

r

q

qx
þ

rxy

ry
�

f 0

f

 !

q

qy
;

‘q=qy
q

qy
¼ �

ryrxy

r2f 2
þ
r2y f

0

r2f 3

 !

q

qx
þ

ryy

ry
þ

f 0

f

 !

q

qy
;

ð4:10Þ
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where f ¼ f ðx� yÞ. Thus, by (4.3), (4.9) and (4.10), we know that the im-

mersion x must satisfies the system

xxx ¼
rx
r
þ i csc y

� �

xx þ f ðcot y� f Þ
r

ry
xy;

xxy ¼
ry

r
xx þ f ð f � cot yÞ

r

ry
xy;

xyy ¼ �
ry

r
xx þ

ryy

ry
þ

f 0

f
þ i csc y

 !

xy:

ð4:11Þ

Therefore, as in the proof of Theorem 3.1, we conclude that there is a C
2-valued

function K of one variable so that

xx ¼ Kðx� yÞre ix csc y; xy ¼
ryK

0

f ðcot y� f Þ
e ix csc y:ð4:12Þ

From (4.11) and (4.12), we also know that the function K satisfies the di¤erential

equation (4.1). Furthermore, by applying (4.4) and (4.11) we have jK j2 ¼ 1 and

jK j2 ¼ ð f � cot yÞ2. Consequently, we conclude that, for any given nonzero

function f 0 cot y, the di¤erential equation (4.1) admits a C
2-valued solution K

which satisfies condition (4.2). r

The next theorem shows the existence of ample y-Legendre curves in S3

which implies that class I of flat slant surfaces in C
2 is quite large too.

Theorem 4.2. For any y A ð0; p=2� and any nonzero function lðsÞ defined on

an open interval I, there is a unit speed y-Legendre curve in S3 whose curvature in

S3 is given by k ¼ l csc y.

Proof. Let l ¼ lðyÞ be a nonzero function defined on an open interval

I. Denote by U the open subset of R2 given by the product: R� I . On U we

define a Riemannian metric g by

g ¼ dx2 þ ðxþ yÞ2 dy2:ð4:13Þ

From (4.13) we have

‘q=qx
q

qx
¼ 0; ‘q=qx

q

qy
¼

1

xþ y

� �

q

qy
;

‘q=qy
q

qy
¼ �ðxþ yÞ

q

qx
þ

1

xþ y

� �

q

qy
:

ð4:14Þ
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On M ¼ ðU ; gÞ we define an endomorphism P on the tangent bundle of M

by

P
q

qx

� �

¼
cos y

xþ y

q

qy
; P

q

qy

� �

¼ �ðxþ yÞ cos y
q

qx
:ð4:15Þ

We also define a symmetric bilinear TM-valued form a by

a
q

qx
;

q

qx

� �

¼ a
q

qx
;

q

qy

� �

¼ 0; a
q

qy
;

q

qy

� �

¼ �lðyÞ sin y
q

qy
:ð4:16Þ

By a straightforward computation we know that ðM;P; aÞ satisfies all of the

conditions mentioned in existence theorem of section 2. Thus, there exists an

isometric y-slant immersion x : M ! C
2 whose second fundamental form is given

by

hðX ;Y Þ ¼ csc2 yðPaðX ;YÞ � JaðX ;YÞÞ:ð4:17Þ

From (4.15), (4.16) and (4.17) we find

h
q

qx
;

q

qx

� �

¼ h
q

qx
;

q

qy

� �

¼ 0;

h
q

qy
;

q

qy

� �

¼ lðyÞðxþ yÞ cot yxx þ il csc yxy:

ð4:18Þ

Combining (4.14), (4.18) and Gauss’s formula, we obtain

xxx ¼ 0;

xxy ¼
xy

xþ y
;

xyy ¼ ðl cot y� 1Þðxþ yÞxx þ
1

xþ y
þ il csc y

� �

xy:

ð4:19Þ

Solving the first equation of (4.19) yields

xðx; yÞ ¼ CðyÞxþDðyÞ;ð4:20Þ

for some C
2-valued functions CðyÞ and DðyÞ. From (4.20) we have

xx ¼ CðyÞ; xy ¼ C 0ðyÞxþD 0ðyÞ:ð4:21Þ

If we put zðyÞ ¼ CðyÞ, then, (4.19) and (4.21) imply D 0ðyÞ ¼ yz 0ðyÞ. Hence,

DðyÞ ¼
Ð y

uz 0ðuÞ du. Therefore, we obtain from (4.20) that
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xðx; yÞ ¼ zðyÞxþ
ð y

uz 0ðuÞ du:ð4:22Þ

Di¤erentiating (4.22) yields

xx ¼ zðyÞ; xy ¼ ðxþ yÞz 0ðyÞ;ð4:23Þ

xyy ¼
xy

xþ y
þ ðxþ yÞz 00ðyÞ:ð4:24Þ

Comparing (4.24) with the third equation of (4.19) gives

z 00ðyÞ ¼ ðl cot y� 1ÞzðyÞ þ il csc yz 0ðyÞ;ð4:25Þ

by virtue of (4.23). Using (4.13) and (4.23) we get hz; zi ¼ 1. Thus z defines a

curve in S3. Moreover, from (4.13) and (4.23) we also know that z is a unit

speed curve. Consequently, by applying Lemma 2.1, we conclude that z is a unit

speed y-Legendre curve in S3. These imply that for any nonzero function l

defined on an open interval, there exists a y-Legendre curve in S3. Since at each

point on a curve in S3 the position vector is normal to S3, (4.25) implies that iz 0

is the principal normal vector of the curve z in S3 and the curvature of the curve

in S3 is given by l csc y. r

5. Some explicit examples of flat slant surfaces of class V.

Here we provide some explicit solutions of the di¤erential equation (4.1)

which also satisfy the two prescribed conditions given in (4.2). By applying

these solutions we construct explicit examples of flat slant surfaces belonging to

class V.

Let

f ¼ 1

2
ðcot yþ cÞ; c0 cot y:ð5:1Þ

Then (3.6) becomes

K 00 þ i csc yK 0 � 1

4
ðcot2 y� c2ÞK ¼ 0:ð5:2Þ

The general solution of (5.2) is given by

KðuÞ ¼ e�ði=2Þu csc y c1 cos

ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ c2
p

2
u

 !

þ c2 sin

ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ c2
p

2
u

 ! !

:ð5:3Þ

From (5.3) we find
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Kð0Þ ¼ c1; K 0ð0Þ ¼ � i

2
csc yc1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ c2
p

2
c2:ð5:4Þ

Since K needs to satisfy the two conditions:

jKðuÞj2 ¼ 1; jK 0ðuÞj2 ¼ 1

4
ðc� cot yÞ2ð5:5Þ

required by Theorem 3.1, so we choose the following initial condition:

Kð0Þ ¼ c1 ¼ ð1; 0Þ:ð5:6Þ

From the condition jKðuÞj2 ¼ 1, we have hKðuÞ;K 0ðuÞi ¼ 0. Thus, (5.4) im-

plies hc1; c2i ¼ 0. Hence, by applying (5.6) we know that c2 takes the form:

c2 ¼ ðia; zÞ for some real number a.

Since f ¼ ð1=2Þðcot yþ cÞ, the wave equation (3.5) reduces to

4rxy þ ðcot2 y� c2Þr ¼ 0:ð5:7Þ

It is easy to verify that

r ¼ efðxþyÞcþðx�yÞ cot yg=2ð5:8Þ

is a solution of (5.7). Suppose that x is the immersion of the flat slant surface

associated with K and r mentioned in Theorem 3.1. Then from the proof of

Theorem 3.1 we know that the metric of the slant surface is given by

g ¼ r2 dx2 þ
r2y

f 2ðx� yÞ dy
2:ð5:9Þ

Moreover, we also have

xx ¼ Kðx� yÞre ix csc y; xy ¼
ryK

0

f ðcot y� f Þ e
ix csc y:ð5:10Þ

Using (5.1), (5.5), (5.9), (5.10) and the y-slantness of the surface, we have

hiKð0Þ;K 0ð0Þi ¼ 1

2
ðc� cot yÞhie1; e2i ¼ 1

2
ðc� cot yÞ cos y:ð5:11Þ

Combining (5.4), (5.6) and (5.11) yields

hic1; c2i ¼ sin yþ c cos y
ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ c2
p :ð5:12Þ

Therefore, (5.6) and (5.12) imply
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c2 ¼
1
ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ c2
p ðiðsin yþ c cos yÞ; zÞð5:13Þ

for some z.

On the other hand, by applying (5.4), (5.5) and (5.12) we find jc2j2 ¼ 1.

Thus, from (5.13), we obtain jzj2 ¼ ðcos y� c sin yÞ2. In particular, if we choose

z ¼ cos y� c sin y, then we have

c2 ¼
1
ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ c2
p iðsin yþ c cos yÞ; cos y� c sin yÞ:ðð5:14Þ

By combining (5.3), (5.6) and (5.13) we have

ð5:15Þ

KðuÞ ¼ e�ði=2Þu csc y
ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ c2
p

 

ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ c2
p

cos

ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ c2
p

2
u

 !

þ iðsin yþ c cos yÞ sin
ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ c2
p

2
u

 !

; ðcos y� c sin yÞ sin
ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ c2
p

2
u

 !!

:

It is straightforward to verify that KðuÞ satisfies conditions jKðuÞj2 ¼ 1 and

jK 0ðuÞj2 ¼ ð1=4Þðc� cot yÞ2.
By a direct long computation, we find

ð x

0

rKðx� yÞe ix csc y dx ¼ efðxþyÞðcþi csc yÞþðx�yÞ cot yg=2
ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ c2
p

ðcþ i csc yÞðc sin yþ cos yÞ
ð5:16Þ

� ððc2 sin yð1þ i cos yÞ þ cos yði sin y� cÞ þ icÞ sinw

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ c2
p

fcos yð1þ i cos yÞ þ c sin yð1� i cos yÞg cosw;

ðsin y cos y� c sin2 yÞfðcþ cot yþ i csc yÞ sinw�
ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ c2
p

coswgÞ;

where w ¼ ð1=2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ c2
p

ðx� yÞ.
On the other hand, by a straightforward but very long computation we

obtain

4ryK
0ðx� yÞ

cot2 y� c2
e ix csc y �

ð x

0

ðrKðx� yÞÞye ix csc y dx ¼ 0:ð5:17Þ

Consequently, by combining (3.95), (5.1), (5.8), (5.16) and (5.17), we conclude

that, up to rigid motions of C
2, the flat slant surface is given by
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xðx; yÞ ¼ efðxþyÞðcþi csc yÞþðx�yÞ cot yg=2
ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ c2
p

ðcþ i csc yÞðc sin yþ cos yÞ
ð5:18Þ

�
 

ðc2 sin yð1þ i cos yÞ þ cos yði sin y� cÞ þ icÞ sin
ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ c2
p

2
ðx� yÞ

 !

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ c2
p

fcos yð1þ i cos yÞ þ c sin yð1� i cos yÞg

� cos

ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ c2
p

2
ðx� yÞ

 !

; ðsin y cos y� c sin2 yÞ

�
(

ðcþ cot yþ i csc yÞ sin
ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ c2
p

2
ðx� yÞ

 !

�
ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ c2
p

cos

ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ c2
p

2
ðx� yÞ

 !)!

:

By a straightforward long computation one can verify that (5.18) defines a

flat y-slant surface belonging to class V.

When c ¼ 0, (5.18) reduces to

xðx; yÞ ¼ efiðxþyÞ csc yþðx�yÞ cot yg=2 sin yð5:19Þ

�
�

sin y sin
x� y

2
þ ðcos y� iÞ cos x� y

2
; ð1� i cos yÞ sin x� y

2

þ i sin y cos
x� y

2

�

:

Remark 5.1. The conditions jK j ¼ 1 and jK 0j ¼ ð f � cot yÞ2 in statement V

of Theorem 3.1 are necessary. For instance, although

KðuÞ ¼ e�ði=2Þu csc y cos
u

2
þ iðcsc yþ cos y cot yÞ sin u

2
; cos y sin

u

2

� �

:

is a C
2-valued solution of (3.6) associated with f ¼ ð1=2Þ cot y, the map (3.7)

with r ¼ eðx�yÞ cot y=2 does not define a flat y-slant surface in C
2.

Added in Proof. For the visualization of some flat slant surfaces in C
2,

including the one defined by (5.19), see [10].
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