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Abstract. We consider the initial-boundary value problem for the standard quasi-

linear wave equation:

utt � divfsðj‘uj2Þ‘ug þ aðxÞut ¼ 0 in W� ½0;yÞ

uðx; 0Þ ¼ u0ðxÞ and utðx; 0Þ ¼ u1ðxÞ and uj
qW

¼ 0

where W is an exterior domain in RN , sðvÞ is a function like sðvÞ ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffi

1þ v
p

and

aðxÞ is a nonnegative function. Under two types of hypotheses on aðxÞ we prove

existence theorems of global small amplitude solutions. We note that aðxÞut is required

to be e¤ective only in localized area and no geometrical condition is imposed on the

boundary qW.

1. Introduction.

In this paper we consider the initial-boundary value problem for the quasilinear

wave equation:

utt � divfsðj‘uj2Þ‘ug þ aðxÞut ¼ 0 in W� ½0;yÞ ð1:1Þ

uðx; 0Þ ¼ u0ðxÞ and utðx; 0Þ ¼ u1ðxÞ and uj
qW

¼ 0 ð1:2Þ
where W is an exterior domain in the N dimensional Euclidean space RN with a smooth

boundary qW and sðvÞ is a function like sðvÞ ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffi

1þ v
p

. Concerning the dissipation

aðxÞut we make two types of assumptions specified later, which are intended to make the

e¤ect of this term as weaker as possible.

When aðxÞ1 1 Matsumura [11] proved the global existence of smooth solutions for

the Cauchy problem in the whole space RN and this result was generalized by Shibata

[23] to the exterior problems with Nb 3. Here we first establish a global existence

result under a weaker assumption on aðxÞ which admits aðxÞ to vanish in a large area.

We make no restriction on the shape of obstacle V.

When aðxÞ1 0 and N ¼ 1; 2 we can not generally expect the global existence of

smooth solutions of (1.1)–(1.2) even if the initial-data are small and smooth. Indeed,

when W ¼ RN nonexistence was proved by Lax [8] and John [5] for the case N ¼ 1 and

Hoshiga [4] for the case N ¼ 2. For the case Nb 3 Kleinermann and Ponce [7],

Shatah [22] proved global existence of small amplitude solutions when W ¼ RN and
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Shibata and Tsutsumi [24] proved similar results for exterior problems under the as-

sumption that the obstacle V 1RN=W is convex. However, if W is a general domain

no result on global existence is known. The reason is that when V is trapping the local

energy never decay uniformly (Ralston [20]) and hence it is di‰cult to expect global

solutions for such an exterior domain. In this paper, by introducing a dissipative term

aðxÞut, we want to treat general exterior domains in odd dimensions and prove global

existence theorem for the problem (1.1)–(1.2). Our result admits the case aðxÞ1 0

when V is star-shaped.

To specify our assumption on aðxÞ we define Gðx0Þ, a part of the boundary qW, as

follows:

Gðx0Þ ¼ fx A qW j nðxÞ � ðx� x0Þ > 0g; x0 A RN ;

where nðxÞ is the outward normal at x A qW.

This set was introduced by D. Russell [21] motivated by Morawetz [13] and often

used in control or stabilization theory for the wave equation in bounded domains

(cf. Chen [1], Lions [10], Zuazua [25], Lasiecka and Triggiani [10], Nakao [15] etc.). In

this paper we use this set for exterior domains.

Now, we make the following assumption on að�Þ.

Hyp.A. There exist x0 A RN and an open set o in W such that

closure of Gðx0ÞHo and aðxÞb e0 > 0 for x A o

with some constant e0 > 0.

We first consider the problem with the following additional assumption on aðxÞ:

Hyp.B. There exist Lg 1 and e0 > 0 such that

aðxÞb e0 > 0 for jxjbL:

We note that if V is star-shaped with respect to x0, then the set Gðx0Þ is empty and

hence Hyp.A imposes no restriction on aðxÞ and the case aðxÞ1 0 is allowed. Hyp.B

means that the dissipation aðxÞut is e¤ective near infinity.

The first object of this paper is to prove the global existence of small amplitude

solutions under the hypotheses A and B. It should be noted again that in our case aðxÞ

may vanish in a large area in W.

Quite recently, in [18], we have proved the total energy decay and L2 boundedness

EðtÞ1
1

2

ð
W

ðjutj
2 þ j‘uj2Þ dxaCI 20 ð1þ tÞ�1 and kuðtÞk2aCI0 < y

ðI 20 ¼ Eð0Þ þ ku0k
2Þ for the linear wave equation with s ¼ 1 under the Hypotheses

A and B, and applied these estimates to semilinear wave equations with nonlinear term

f ðuÞ. Here, we again apply the same idea to our problem (1.1)–(1.2). But, here,

we must establish such estimates for the linear equations with variable coe‰cients and

also we must treat the nonlinear term more carefully. If we consider the problem in

a bounded domain, the situation is simpler and hence we can treat a more delicate

case where aðxÞ is degenerate also in o (cf. [17]). As a related work we mention also

Mochizuki [12], where the Cauchy problem in RN for the Kirchho¤ type quasilinear

wave equation with a localized dissipation near infinity has been considered.

Secondly, we consider the problem (1.1)–(1.2) under the assumption that Hyp.A
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holds and the support of að�Þ is compact. In this case, the dissipation does not work for

large x and we can no longer expect any uniform decay of total energy. While, recently

in [16], we have proved a local energy decay for the linear wave equation with such a

localized dissipation and extended the result by Morawetz [13] to general domains. On

the basis of this result, we have further derived in [19] L p estimates of solutions for the

linear exterior problem and applied them to semilinear wave equations in odd dimen-

sional exterior domains. In the present paper, we apply again such an estimate to the

quasilinear wave equations. Shibata and Tsutsumi [24] already derived L p estimates

of ‘u for linear wave equations and treated more general nonlinear problems. But,

they assumed that the obstacle V is non-trapping in the sense of Vainberg, particulerly,

convex. See also Hayashi [3] where radially symmetric solutions of fully nonlinear

wave equations outside a ball are considered. We would emphasize again that we make

no geometrical conditions on V due to the dissipation aðxÞut and further this term can be

dropped when V is star-shaped. We also note that although our equation is restricted

to a typical case, the smoothness condition imposed on the initial data is weaker than

those in [24], which comes from a carefull treatment of the nonlinear terms.

2. Preliminaries and statement of the results.

Let V be a compact set (obstacle) in RN which may consist of several closed

domains and set W ¼ RN=V . We use only familiar functional spaces and omit the

definitions, but we note that k � kp denotes L p norm and W
m;p
0 ðWÞðW m;pðWÞÞ is a com-

pletion of Cy

0 ðWÞðCy

0 ðWÞÞ with respect to the norm
Pm

k¼0 kD
k
xukp, where Dk

x denotes

partial di¤erentiations in x of the order k. We set Hm ¼ W m;2 and H0 ¼ L2.

Concerning sð�Þ we make the following assumptions.

Hyp.C. sð�Þ is a di¤erentiable function on Rþ ¼ ½0;y� and satisfies the conditions:

sðvÞb k0 > 0 and sðvÞ � 2js 0ðvÞjvb k0 > 0 if 0a vaR; R > 0;

where k0 ¼ k0ðRÞ is a positive constant. (We may assume sð0Þ ¼ 1.)

The following result concerning local in time solutions is standard (cf. Kato [6]).

Proposition 1. Let m > M1 ½N=2� þ 1 be an integer and assume that sð�Þ A

Cmþ1ð½0;yÞÞ, að�Þ A Cmþ1ðWÞ and qW is of Cmþ1 class. Let ðu0; u1Þ A Hmþ1ðWÞ�

HmðWÞ satisfy the compatibility condition of m-th order associated with the problem (1.1)–

(1.2). Then, there exists T 1Tðku0kH mþ1 þ ku1kH mÞ > 0 such that the problem admits a

unique solution uðtÞ on ½0;TÞ belonging to

X T
m 1 7

m

k¼0

C kð½0;TÞ;Hmþ1�kðWÞVH 1
0 ðWÞÞ7Cmþ1ð½0;TÞ;L2ðWÞÞ:

We set Xm ¼ Xy

m . From Proposition 1 it su‰ces for the existence of global

solutions in Xm to derive a priori estimate

sup
0at<T

Xmþ1

k¼0

kDk
t uðtÞkH mþ1�kðWÞ < y

with all T > 0 where uðtÞ is an assumed local solution on ½0;TÞ. In what follows we

assume that qW is su‰ciently smooth, i.e., qW is of Cmþ1 class.
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Our first main result reads as follows.

Theorem 1. Let N be any integerb 1 and assume that sð�Þ A Cmþ1ðRþÞ and

að�Þ A Cmþ1ðWÞ with an integer m > ½N=2� þ 1. Then, under hypotheses A, B and C,

there exists d > 0 such that if ðu0; u1Þ A Hmþ1 �Hm satisfies the compatibility condition

of the m-th order and smallness condition Im 1 ku0kH mþ1 þ ku1kH m < d, the problem

(1.1)–(1.2) admits a unique solution uðtÞ in the class Xm. Further, the following estimates

hold:

kDkþ1
t uðtÞk2H m�k þ kDk

t ‘uðtÞk
2
H m�kaCI 2mð1þ tÞ�k�1

for 0a kam

and

k‘uðtÞk2H m�kaCI 2mð1þ tÞ�1
for 0a kam:

The results by the second approach are stated separately in the cases Nb 4 and

N ¼ 3.

Theorem 2. Let Nb 4. When N is even we assume that V is convex. Assume

that s and að�Þ are of C3M class. We assume that ðu0; u1Þ belongs to H 3Mþ1 V

W 2Mþ1;1 �H 3M VW 2M;1 and satisfies the compatibility conditions of the 3M-th order

associated with the quasilinear problem (1.1)–(1.2) and also the linear problem with s1 1.

Further, we assume that að�Þ satisfies Hyp.A and supp að�Þ is compact. Then, under

Hyp.C, there exists d > 0 such that if

I3M 1 ku0kH 3Mþ1 þ ku0kW 2Mþ1; 1 þ ku1kH 3M þ ku1kW 2M; 1a d;

there exists a unique solution uðtÞ in the class

Y3M 1 7
3M

k¼0

C kð½0;yÞ;H 3Mþ1�k
VH 1

0 Þ7C 3Mþ1ð½0;yÞ;L2Þ

7W k;yð½0;yÞ;WMþ1�k;yðWÞÞ;

satisfying

X3M

k¼0

kDk
t ‘uðtÞkH 3M�kaCI3M < y

and

XM

k¼0

kDk
t ‘uðtÞkW M�k;yaCI3Mð1þ tÞ�d

with d ¼ ðN � 1Þ=2.

More interesting is the case N ¼ 3, where the situation is also more delicate.

Theorem 3. Let N ¼ 3. Assume that s and að�Þ are of C 4Mþ2 class. We assume

that ðu0; u1Þ belongs to H 4Mþ3 VW 4Mþ2;q �H 4Mþ2 VW 4Mþ1;q and satisfies the compati-

bility conditions of the 4M þ 2-th order associated with the quasilinear problem (1.1)–(1.2)

and also the linear problem with s1 1. We assume that að�Þ satisfies Hyp.A and supp að�Þ

is compact. Then, under Hyp.C, there exists d such that if

~II4Mþ2 1 ku0kH 4Mþ3 þ ku0kW 4Mþ2; q þ ku1kH 4Mþ2 þ ku1kW 4Mþ1; qa d;
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there exists a unique solution uðtÞ in the class

Y4Mþ3 1 7
4Mþ2

k¼0

C kð½0;yÞ;H 4Mþ3�k
VH 1

0 Þ7C 4Mþ2ð½0;yÞ;L2Þ;

satisfying

X

4Mþ3

k¼0

kDk
t ‘uðtÞkH 4Mþ3�kaC~II4Mþ2 < y

and

X

Mþ1

k¼0

kDk
t ‘uðtÞkW Mþ1�k; paC~II4Mþ2ð1þ tÞ�dðpÞ

with dðpÞ ¼ ðp� 2Þð1� eÞ=p, 0 < ef 1, where we should take 6a p < y and

q ¼ p=ðp� 1Þ.

Remark. Concerning the regularity of the initial data, in [21] ðu0; u1Þ is required to

belong to H 20 �H 19 if N ¼ 3, while here we impose ðu0; u1Þ A H 11 �H 10.

3. Total energy decay for the linear wave equations with variable coe‰cients.

For preparation of the proof of Theorem 1 we consider in this section the linear

wave equations with variable coe‰cients:

utt �
X

N

i; j¼1

q

qxi
ai; jðx; tÞ

qu

qxj

� �

þ aðxÞut ¼ f ðx; tÞ in W� ð0;yÞ ð3:1Þ

uðx; 0Þ ¼ u0ðxÞ; utðx; 0Þ ¼ u1ðxÞ and ujqW ¼ 0: ð3:2Þ

We assume

X

N

i; j¼1

aijxixjb k0jxj
2; x A RN ;

with some k0 > 0. We also assume that aij , qW are of C1 class and

f A W
1;2
loc ð½0;yÞ;L2ðWÞÞ.

It is a standard result that for each ðu0; u1Þ A H 2 VH 1
0 �H 1

0 there exists a unique

solution uðtÞ in X1, H
2-solution, for the problem (3.1)–(3.2). We establish some decay

estimates for such H 2-solutions.

Multiplying the equation (3.1) by ut and integrating by parts, we have the identity:

d

dt
EðtÞ þ

ð

W

ajutj
2
dx ¼ �

1

2

ð

W

X

i; j

_aaijuxiuxj dxþ

ð

W

fut dx; ð3:3Þ

where _aaij ¼ qaij=qt and

EðtÞ1
1

2

ð

W

jutj
2 þ

X

i; j

aijuxiuxj

 !

dx:

Quasilinear wave equation 769



Next, multiplying the equation by h � ‘u, h ¼ ðh1; . . . ; hnÞ, and integrating we have

(cf. [16])

d

dt
ðut; h � ‘uÞ þ

1

2

ð

W

‘ � hjutj
2
dx�

1

2

X

i; j

ð

W

ððh � ‘Þaij þ ð‘ � haijÞuxiuxj Þ dx

�
1

2

X

i; j

ð

qW

aijninj

�

�

�

�

qu

qn

�

�

�

�

2

ðn � hÞ dS þ
X

i; j

ð

W

ai; juxj‘u � qh=qxi dxþ

ð

W

auth � ‘u dx

¼

ð

W

f h � ‘u dx: ð3:4Þ

Further, multiplying the equation by hu, h A W 1;yðWÞ, we get

X

i; j

ð

W

haijuxiuxjxj dxþ
X

i; j

ð

W

aijuxjhxiu dxþ
d

dt
ðut; huÞ þ

ð

W

authu dx

¼

ð

W

ðhjutj
2 þ f huÞ dx: ð3:5Þ

In particular, taking h1 1, (3.5) is reduced to

X

i; j

ð

W

aijuxiuxj dxþ
d

dt
ðut; uÞ þ

ð

W

authu dx ¼

ð

W

ðjutj
2 þ fuÞ dx: ð3:5Þ 0

Now, we take a function fðrÞ, r ¼ jx� x0j, such that

fðrÞ ¼

e0 if raLþ jx0j

ðLþ jx0jÞe0
r

if rbLþ jx0j:

8

<

:

Then, setting h ¼ fðrÞðx� x0Þ in (3.4) we have

d

dt
ðut; fðrÞðx� x0Þ � ‘uÞ þ

1

2

ð

W

ðNfþ f 0rÞjutj
2
dx

�
1

2

X

i; j

ð

W

ðaijðNfþ f 0rÞ þ fðrÞðx� x0Þ � ‘aijÞuxiuxj dx

�
1

2

X

i; j

ð

qW

aijninj

�

�

�

�

qu

qn

�

�

�

�

2

fðrÞn � ðx� x0Þ dS

þ
X

i; j

ð

W

ai; juxiuxj f 0
ðxi � x0

i Þðxj � x0
j Þ

r
þ f

 !

dx

þ

ð

W

autfðx� x0Þ � ‘u dx ¼

ð

W

f fðx� x0Þ � ‘u dx: ð3:4Þ 0

Combining (3.3), (3.4) 0 and (3.5) 0 we obtain for k > 0, a > 0,
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d

dt
ðut; fðx� x0Þ � ‘uÞ þ aðut; uÞ þ

1

2

ð

W

ajuj2 dxþ kEðtÞ

� �

�
X

i; j

ð

W

(

ðNfþ f 0rÞ

2
þ f 0

ðxi � x0
i Þðxj � x0

j Þ

r
þ fþ a

 !

aij

þ
1

2
fðx� x0Þ � ‘aij

)

uxiuxj dx

þ

ð

W

Nfþ f 0r

2
� aþ kaðxÞ

� �

jutj
2
dx

a
k

2

X

i; j

ð

W

_aaijuxixj dxþ
1

2

X

i; j

ð

Gðx0Þ

aijninj

�

�

�

�

qu

qn

�

�

�

�

2

fn � ðx� x0Þ dS

þ

ð

W

ðfðx� x0Þ � ‘uþ uþ kutÞ f dxþ

ð

W

jautfðx� x0Þ � ‘uj dx: ð3:6Þ

Here, we see

X

i; j

�
ðNfþ f 0rÞ

2
þ f 0

ðxi � x0
i Þðxj � x0

j Þ

r
þ fþ a

 !

aij �
1

2
fðx� x0Þ � ‘aij

( )

uxiuxj

b �
ðNfþ f 0rÞ

2
þ f 0rþ fþ a�

ðLþ jx0jÞe0l0
2

� �

X

i; j

aijuxiuxj ð3:7Þ

where

l0 ¼ k�1
0

X

i; j

k‘aijk
2
y

 !1=2

:

Also, assuming ðLþ jx0jÞl0 < 1=4, we can choose a > 0 and kg 1 such that

�
Nfþ f 0r

2
�
ðLþ jx0jÞe0l0

2
þ f 0rþ fþ ab

e0

8

and

Nfþ f 0r

2
� aþ

k

2
aðxÞb

e0

8
:

Indeed, for example, we can take a ¼ ðN=2� 1=4Þe0 and kbNe0.

Finally, noting

X

i; j

1

2

ð

W

_aaijuxiuxj dx

�

�

�

�

�

�

�

�

�

�

a
1

2
l1

ð

W

X

i; j

ai; juxiuxj dx

with l1 ¼ k�1
0 ð
P

i; j k _aaijk
2
y
Þ1=2, we assume l1 is su‰ciently small so that

kl1a e0=4:
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Then, we obtain from (3.6) and (3.7) that

d

dt
ðut; fðx� x0Þ � ‘uÞ þ aðut; uÞ þ

1

2

ð

W

ajuj2 dxþ kEðtÞ

� �

þ
e0

8
EðtÞ þ

k

2

ð

W

ajutj
2
dx

aC

ð

Gðx0Þ

�

�

�

�

qu

qn

�

�

�

�

2

dS þ C

ð

W

ðj‘uj þ juj þ kjutjÞj f j dx ð3:8Þ

with a constant C > 0.

To control the first term of the right-hand side of (3.8) we again use (3.5). This

time, we take a vector field h such that

h � nb 0; h ¼ n on Gðx0Þ and supp hH ~oo

where ~oo is a bouned open set in RN with Gðx0ÞH ~ooVWHo. Then we can derive

ð

Gðx0Þ

�

�

�

�

qu

qn

�

�

�

�

2

dSaC

ð

~ooVW

ðj‘uj2 þ jutj
2Þ dxþ C

ð

o

j f j j‘uj dx� c0
d

dt
ðut; h � ‘uÞ ð3:9Þ

with a constant C > 0 and a certain c0 > 0. Further, taking a function h A W 1;yðWÞ

such that

h ¼ 0 on oc; h ¼ 1 on WV ~oo and j‘hj=h A LyðWÞ

we have from (3.6) that

ð

~ooVW

j‘uj2 dxþ c1
d

dt
ðut; huÞ þ c1

ð

W

ahjuj2 dxaC

ð

o

ðjutj
2 þ juj2Þ dx ð3:10Þ

for some c1 > 0, C > 0.

It follows from (3.8)–(3.10) that

dXðtÞ

dt
þ
e0

8
EðtÞ þ

k

2

ð

W

ajutj
2
dxaC

ð

o

juj2 dxþ

ð

W

ðj‘uj þ juj þ kjutjÞj f j dx

� �

ð3:11Þ

with some C > 0 and a large k > 0, where we set

X ðtÞ ¼ ðut; ðfðx� x0Þ þ c0hÞ � ‘uÞ þ ððaþ 2c1hÞut; uÞ þ
1

2

ð

W

ajuj2 dxþ kEðtÞ:

We summarize the above argument in the following:

Proposition 2. For any large k, say k > Ne0, if

sup
0at<y

X

i; j

k‘aijk
2
y

 !1=2

þ
X

i; j

k _aaijk
2
y

 !1=2
8

<

:

9

=

;

a d0 1minfðLþ jx0jÞ=4; k0e0=8kg ð3:12Þ

then, the inequality (3.11) holds for the energy finite solutions uðtÞ of the problem

(3.1)–(3.2).

As a corollary of Proposition 2 we can prove some convenient unique continuation

properties for the wave equation with variable coe‰cients. (See [17].) In particular,

the following will be used later.

M. Nakao772



Proposition 3. Let uðtÞ be an H 2-solution of the wave equation

utt �
X

N

i; j¼1

q

qxi
ai; jðx; tÞ

qu

qxj

� �

¼ 0 in W� ½0;T �; uj
qW

¼ 0

satisfying the condition

utðx; tÞ ¼ 0 for 0a taT ; x A oUW
c
R:

Then, there exist d1 > 0 and T0 > 0 such that if T > T0 and

sup
0ataT

sup
i; j

ðk‘ _aaijðtÞky þ k _aaijðtÞky þ k‘aijðtÞkyÞa d1; _1
q

qt

� �

ð3:13Þ

we have uðx; tÞ ¼ 0 on ½0;T � �W.

Outline of the proof. For convenience of the readers we give an outline of the

proof of Proposition 3. Setting ut ¼ U we have

Utt �
X

N

i; j¼1

q

qxi
ai; jðx; tÞ

qU

qxj

� �

¼ F in W� ½0;T �

with

Fðx; tÞ ¼
X

N

i; j¼1

q

qxi
_aai; jðx; tÞ

qU

qxj

� �

:

Applying (3.11) to this equation we have

dX

dt
þ kEðtÞaC

ð

WR

ðj‘U j þ jU j þ kjUtjÞjF j dx

where X and E are defined with u replaced by U and we have used the assumption

U ¼ 0 on oUW
c
R � ½0;T �. Since U ¼ 0 on W

c
R and U j

qW
¼ 0 we see that XðtÞ is

equivalent to

EðtÞ ¼
1

2

ð

WR

ðjUtðtÞj
2 þ j‘UðtÞj2Þ dx:

Thus, integrating the above inequality we have

ðT

0

EðsÞ dsaC Eð0Þ þ

ðT

0

ð

WR

ðjUtj þ j‘U j þ jU jÞjF j dxds

� �

and hence,

ðT

0

EðsÞ dsaC Eðt�Þ þ

ðT

0

ð

WR

jF j2 dxds

� �

where Eðt�Þ ¼ in f0asaT EðsÞ. Here, by use of the equation and elliptic theory,
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ð

WR

jFðtÞj2 dxaCd1

ð

WR

ðjD2
xuj

2 þ j‘uj2
� �

dx

aCd1

ð

WR

ðjuttj þ j‘uj2 þ juj2Þ dx

aCd1

ð

WR

ðjUtj
2 þ j‘uj2Þ dx:

Further, by the equation we see

k‘uk2aC

ð

WR

juttj juj dxaCkUtk k‘uk

and hence,

ð

WR

jF ðtÞj2 dxaCd1EðtÞ:

Taking d1 small we arrived at the inequality

ðT

0

EðsÞ dsaCEðt�Þ:

This implies for large T, EðtÞ1 0, 0a taT , which implies uðx; tÞ ¼ uðxÞ, independent

of t. Then, by the equation we see

k‘uk2 ¼ 0

which combined with uj
qW

¼ 0 implies uðxÞ1 0.

Now, let us return to the inequality (3.11). By Proposition 3 we can prove the

following delicate inequality. Note that we may assume T0 ¼ T1.

Proposition 4. Under the assumptions (3.12) and (3.13) in Propositions 2 and 3, for

any e > 0 there exists a constant Ce > 0 such that

ð tþT

t

ð

o

juj2 dxdsaCe

ð tþT

t

ð

W

ðajutj
2 þ j f j2Þ dxdsþ e

ð tþT

t

EðtÞ dt ð3:14Þ

for any t > 0.

Proof. We use a contradiction method (cf. Zuazua [25], Nakao [17]). If (3.20)

was false, there would exist a sequence ftngHRþ and a sequence of solutions fujg such

that

ð tnþT

tn

ð

o

junj
2
dxds > n

ð tnþT

tn

ð

W

ðajuntj
2 þ j f j2Þ dxdsþ

e

16

ð tnþT

tn

EnðtÞ dt; ð3:15Þ

where EnðtÞ is defined by EðtÞ with uðtÞ replaced by unðtÞ. Setting

l
2
n ¼

ð tnþT

tn

ð

o

junj
2
dxds and vnðtÞ ¼ unð� þ tnÞ=ln
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we have

vntt �
X

N

i; j¼1

q

qxi
aijðx; tþ tnÞ

qvn

qxj

� �

þ aðxÞvnt ¼ f ðx; tþ tnÞ=ln in W� ½0;T �

and by (3.15)

lim
n!0

ðT

0

ð

W

aðxÞjvntj
2
dxds ¼ lim

n!0

ðT

0

ð

W

j f ðtþ tnÞj
2
dxds=l2n ¼ 0 and e

ðT

0

~EEnðtÞ dta 1

where ~EEnðtÞ is defined by EðtÞ with uðtÞ replaced by vnðtÞ. There exists a subsequence

fn 0g which we denote again fng such that

aijðx; � þ tnÞ ! ~aaijðx; tÞ weakly* in W 1;yð½0;T � �WÞ;

vn ! v weakly* in L2ð½0;T �;H 1
0; locðWÞÞ and strongly in L2ð½0;T � �WRÞ, R > L, and

Dvn ! Dv weakly in L2ð½0;T �;L2ðWÞÞ; D ¼ ðDx;DtÞ:

Therefore, v is a solution of the equation

vtt �
X

i; j

q

qxi
~aaij

qv

qxj

� �

¼ 0 in ½0;T � �W

with

vt ¼ 0 on ½0;T � � oUWc
R

and
ðT

0

ð

o

jvj2 dxds ¼ 1: ð3:16Þ

But, by the assumption on aij we see

sup
0ataT

sup
i; j

ðk‘ _~aa~aaijðtÞky þ k _~aa~aaijðtÞky þ k‘~aaijðtÞkyÞa d1: r

Applying Proposition 3 (see the Remark below) to v we have vðx; tÞ1 0 in ½0;T � �W if

T > T0, which contradicts to (3.16).

Remark. By use of the mollifier rðtÞ with respect to t we may assume that v A

C 2ð½0;T �;L2
locðWÞÞ, j‘vj A Cð½0;T �;L2ðWÞÞ, jD2uj A Cð½0;T �;L2ðWÞÞ: Further, we know

that v belongs to L2ð½0;T �; _HH 1
0 ðWÞÞ, where _HH 1

0 is the completion of Cy
0 ðWÞ with respect

to the norm k‘uk, u A Cy
0 ðWÞ. From these facts, the proof of Proposition 3 can be

applied to v.

Without loss of generality we may assume d0a d1. Then, by combining Propo-

sition 2 and Proposition 4 we arrive at the following inequality, which is the basis of the

estimations for the quasilinear wave equations.

Proposition 5. Under the assumptions on aij in Propositions 2, 3 the solutions

uðtÞ A X2 of the problem (3.1)–(3.2) satisfy
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Xðtþ TÞ � X ðtÞ þ
e0

16

ð tþT

t

EðsÞ dsþ
k

2

ð tþT

t

ð

W

ajutj
2
dxds

aC

ð tþT

t

ð

W

ðj‘uj þ juj þ kjutjÞj f j dxds; ð3:17Þ

where we set

XðtÞ ¼ ðut; ðfðx� x0Þ � þc0hÞ � ‘uÞ þ ððaþ 2c1hÞut; uÞ þ
1

2

ð

W

ajuj2 dxþ kEðtÞ: ð3:18Þ

Here, we note that taking a large k > 0, XðtÞ is equivalent to EðtÞ þ kuðtÞk2 since

ð

WL

juj2 dxaC

ð

W2L=WL

juj2 dxþ

ð

W2L

j‘uj2 dx

 !

with some C > 0.

We also note that by a standard density argument, (3.17) is valid for finite energy

solutions uðtÞ.

4. Energy decay for the quasilinear wave equation.

Let uðtÞ be a local solution on ½0; ~TTÞ, 0 < ~TTay of the problem (1.1)–(1.2) in

Proposition 1. In this section we first derive the L2-boundedness and decay estimate for

EðtÞ. Next, we also derive the decay of the energy for U ¼ ut.

Proposition 6. There exists d2 > 0 such that if

sup
0at< ~TT

ðkD2
xDtuðtÞky þ kD2uðtÞk

y
þ kDuðtÞk

y
Þa d2; D ¼ ðDx;DtÞ; ð4:1Þ

then ð ~TT

0

EðsÞ dsþ sup
0at< ~TT

kuðtÞk2aCI 20 ð4:2Þ

and

EðtÞaCI 20 ð1þ tÞ�1; 0a t < ~TT ; ð4:3Þ

where

EðtÞ ¼
1

2

ð

W

jutðtÞj
2 þ

ðj‘uðtÞj2

0

sðxÞ dx

 !

dx:

Proof. We may assume ~TT > T0. Otherwise, we get the results by (3.3) with

f 1 0. We use the notation e0 and k for e0=16 and k=2, respectively. Then, by

Proposition 5, we have

XðtÞ þ e0

ð ~TT

0

EðsÞ dsþ k

ð ~TT

0

ajutj
2
dxdsaX ð0ÞaCI 20

which implies, in particular,

kuðtÞk2aCI 20 < y and

ð ~TT

0

EðsÞ dsaCI 20 ; ð4:4Þ
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provided that

kDxDtsðj‘uj
2Þk

y
þ kDsðj‘uj2Þk

y
a d1

which holds under (4.1).

Next, we use

d

dt
EðtÞ þ

ð
W

ajutj
2
dx ¼ 0

to see

d

dt
fð1þ tÞEðtÞg ¼ ð1þ tÞ

d

dt
EðtÞ þ EðtÞaEðtÞ;

and hence, by the latter inequality of (4.4),

ð1þ tÞEðtÞa

ð ~TT

0

EðsÞ dsþ Eð0ÞaCI 20 :

We proceed to the estimation of the second order derivatives. For this, we assume

for a moment,

sup
0at< ~TT

ð1þ tÞkþ1kDkþ1
t uðtÞk2H m�k þ kDk

t ‘uðtÞk
2
H m�k

þ

ð ~TT

0

ð1þ tÞkðkDkþ1
t uðtÞk2H m�k þ kDk

t ‘uðtÞk
2
H m�k Þ dtaK 2

for 0a kam; 0 < t < ~TT ð4:5Þ

and

sup
0at< ~TT

ð1þ tÞk‘uðtÞk2H m�k þ

ð ~TT

0

k‘uðtÞk2H m�k dtaK 2 for 0a kam; 0a t < ~TT ð4:6Þ

with some K > 0.

First, we note that if uðtÞ is a local in time solution in X T
m , m > ½N=2� þ 1, then

kDkþ1
t uð0Þk þ kDk

t ‘uð0ÞkaCðImÞðku0kH kþ1 þ ku1kH k Þ; 0a kam;

which is a standard fact for quasilinear evolution equations (cf. Kato [6]). r

Proposition 7. We assume that a local solution uðtÞ A Xmð ~TTÞ satisfies (4.5) and

(4.6). Then, under the assumption (4.1), uðtÞ satisfies the estimates

ð ~TT

0

ð1þ tÞE1ðtÞ dtaCI 21 ; E1ðtÞaCð1þ K 2ÞI 21 ð1þ tÞ�2 ð4:7Þ

and ð ~TT

0

kDuðtÞk2 dtaCI 21 kDuðtÞk
2
2aCð1þ K 2ÞI 21 ð1þ tÞ�1 ð4:8Þ

where

E1ðtÞ ¼
1

2

ð
W

ðjuttðtÞj
2 þ j‘utðtÞj

2Þ dx:
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Proof. Setting U ¼ ut we have

Utt �
X

i; j

q

qxi
aijðx; tÞ

qU

qxj

� �

þ aðxÞUt ¼ 0 ð4:9Þ

where

aij ¼ sðj‘uj2Þdij þ 2s 0uxiuxj :

Hence, applying Proposition 5 to (4.9) we obtain, under (4.1),

X1ðtþ TÞ � X1ðtÞ þ e0

ð tþT

t

E1ðsÞ dsþ k

ð tþT

t

ð

W

ajutj
2
dxdsa 0 ð4:10Þ

if tþ T < ~TT , where X1 is defined by X with u replaced by U and we use the notation

E1ðtÞ ¼
1

2

ð

W

juttðtÞj
2 þ

X

ai; jutxiutxj ðtÞ
� �

dx:

By (4.3) we know already that

kUðtÞk2 ¼ kutðtÞk
2
aCI 20 ð1þ tÞ�1

:

From (4.10) we see easily
ð ~TT

0

E1ðtÞ dsaCI 21 < y: ð4:11Þ

Let us show the further inequality
ð ~TT

0

ð1þ tÞE1ðtÞ dtaCI 21 < y: ð4:12Þ

Indeed, by (4.10),

ð1þ tþ TÞX1ðtþ TÞ � ð1þ tÞX1ðtÞ þ e0

ð tþT

t

ð1þ sÞE1ðsÞ dsaTX1ðtÞ

and hence, taking n such that nT < ~TT ,

e0

ð nT

0

ð1þ sÞE1ðsÞ dsaT
X

n�1

j¼1

X1ð jTÞ þ ð1þ TÞX1ð0Þ

aCT
X

n�1

j¼0

ðE1ð jTÞ þ kUð jTÞk2Þ: ð4:13Þ

Here, noting the inequality

d

dt
E1ðtÞ þ

ð

W

ajUtj
2
dx

¼
1

2

ð

W

X

i; j

_aaijUxiUxj dxaC

ð

W

j‘uj j‘utj j‘UðtÞj2 dxaCd1E1ðtÞ; ð4:14Þ

we have

E1 jTaE1ðs
� þ ð j � 1ÞTÞ þ Cd1

ð jT

ð j�1ÞT

E1ðsÞ ds
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for any 0a s�aT , and hence,

TE1ð jTÞa

ð jT

ð j�1ÞT

E1ðsÞ dsþ Cd1T

ð jT

ð j�1ÞT

E1ðsÞ ds ¼ ð1þ Cd1TÞ

ð jT

ð j�1ÞT

E1ðsÞ ds;

where we have taken s� such that minð j�1ÞTasajT E1ðsÞ ¼ E1ðs
� þ ð j � 1ÞTÞ.

Thus, we have from (4.13) and (4.11) that

e0

ð nT

0

ð1þ sÞE1ðsÞ dsaCð1þ TÞðE1ð0Þ þ Eð0ÞÞ þ Cð1þ d1TÞ

ð ~TT

0

E1ðsÞ dsaCI 21

which implies the former estimate of (4.7).

Further, by use of (4.14),

d

dt
fð1þ tÞ2E1ðtÞga 2ð1þ tÞE1ðtÞ þ ð1þ tÞ2

d

dt
E1ðtÞ

a 2ð1þ tÞE1ðtÞ þ Cð1þ tÞ2k‘uðtÞk
y
k‘utðtÞkyE1ðtÞ: ð4:15Þ

Here, by Gagliardo Nirenberg inequality (cf. [2]) and the assumption (4.6) we see

k‘uðtÞk
y
aCk‘uðtÞk1�y

2 k‘uðtÞkyH maCKð1þ tÞ�1=2

with a certain 0 < y < 1. Similarly,

k‘utðtÞkyaCKð1þ tÞ�1:

Therefore, we have from (4.15)

d

dt
fð1þ tÞ2E1ðtÞga 2ð1þ tÞE1ðtÞ þ CK 2ð1þ tÞE1ðtÞ

and integrating,

ð1þ tÞ2E1ðtÞaCE1ð0Þ þ Cð1þ K 2Þ

ð ~TT

0

ð1þ sÞE1ðsÞ dsaCð1þ K 2ÞI 21

which implies the latter estimate of (4.7). To show (4.8) we have only to return to the

original equation and use a regularity theory of elliptic equations. r

5. Estimation of higher order derivatives of solutions.

On the basis of Propositions 6 and 7 we derive in this section the estimates of the

higher order derivatives of the (local) solutions uðtÞ A X
~TT
m . Throughout of this section

we assume (4.1), (4.5) and (4.6).

Proposition 8. For 2a kam we have
ð ~TT

0

ð1þ tÞkEkðtÞ dtþ sup
0at< ~TT

ð1þ tÞkþ1
EkðtÞaCqðI ;KÞ ð5:1Þ

where EkðtÞ is defined by

1

2

ð

W

jDkþ1
t uðtÞj2 þ

X

ai; jD
k
t uxiD

k
t uxj ðtÞ

� �

dx

and qðI ;KÞ denotes a polynomial of I ¼ ðI0; I1; . . . ; ImÞ and K such that qð0;KÞ ¼ 0. We

note that EkðtÞ is equivalent to

kDkþ1
t uðtÞk2 þ k‘Dk

t uðtÞk
2:
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Proof. We know already that (5.1) is valid if k ¼ 1. To show this for k,

2a kam, we use induction and assume that (5.1) is valid for all 1a ja k � 1. We

use the notation I for Im.

Di¤erentiating the equation k times with respect to t and setting U ¼ Dk
t uðtÞ, we

have

Utt �
X

i; j

q

qxi
aijðx; tÞ

qU

qxj

� �

þ aðxÞUt ¼ F ðx; tÞ ð5:2Þ

with

aij ¼ sdij þ 2s 0ðDuÞ2

and

F ¼ ‘

X

k�1

j¼1

CjD
j
t sD

k�j
t ‘uþ 2‘

X

k�1

j¼1

CjD
j
t ðs

0ðDuÞ2ÞDk�j
t Du

where D l
t denotes any partial di¤erentiations with respect to t of order l and sum of

them. We often use the notation D for Dx ¼ ‘ and ðDx;DtÞ.

We apply Proposition 5 to (5.2) to obtain

Xkðtþ TÞ � XkðtÞ þ e0

ð tþT

t

EkðsÞ dsaC

ð tþT

t

ð

W

ðj‘U j þ jUtj þ jU jÞjF j dxds

and

Xkðtþ TÞ � XkðtÞ þ
e0

2

ð tþT

t

EkðsÞ dsaC

ð tþT

t

ðkUk kFk þ kFk2Þ ds ð5:3Þ

where tþ T < ~TT .

To estimate kFðtÞk we rewrite F as follows.

F ¼
X

k�1

j¼1

CjGDuD
j
tD

2uD
k�j
t Duþ

X

k�1

j¼1

CjðG
0ðDuÞ2 þ GÞDutD

j�1
t D2uD

k�j
t Du

þ
X

k�1

j¼2

X

j

l¼2

CjlD
l
t ðGDuÞD j�l

t D2uD
k�j
t Duþ

X

k�1

j¼1

CjGDuD
j
tDuD

k�j
t D2u

þ
X

k�1

j¼1

CjlðG
0ðDuÞ2 þ GÞDutD

j�l
t DuD

k�j
t D2u

þ
X

k�1

j¼2

X

j

l¼2

CjlðG
0ðDuÞ2 þ GÞDutD

j�l
t DuD

k�j
t D2u

1 J1 þ J2 þ J3 þ J4 þ J5 þ J6 ð5:4Þ

where

G 1GðDuÞ ¼ 6s 0 þ 4s 00 � ðDuÞ2:
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Estimation of J1 and J4.

Taking appropriate p1b 1 and p2b 2 with 1=p1 þ 1=p2 ¼ 1=2 we have

kJ1kaC
X

k�1

j¼1

kDuk
y
kD j

tD
2ukp1kD

k�j
t Dukp2

aC
X

k�1

j¼1

kDuk1�ykDukyH mkD
j
tD

2ukH m�jkD
k�j
t DukH mþ1�kþj

aCI 1�y
0 K 2þyð1þ tÞ�n

with a certain 0 < y < 1 and

n ¼ 1=2þ ð1þ jÞ=2þ ð1þ k � jÞ=2 ¼ ðk þ 3Þ=2:

Similarly, we see

ð ~TT

0

ð1þ tÞkþ2kJ1ðtÞk
2
dtaCK 2

ð ~TT

0

ð1þ tÞkDuðtÞk2ð1�yÞkDuðtÞk2yH m dtaCI
2ð1�yÞ
0 K 2ð2þyÞ:

Similar estimates hold for J4.

Estimation of J2 and J5.

We see

kJ2kaC
X

k�1

j¼1

kDutD
j�1
t D2uD

k�j
t Duk

a kDutkykD j�1
t D2ukp1kD

k�j
t Dukp2

aC
X

k�1

j�1

kDutk
1�y
2 kDutk

y
H m�1kD

j�1
t D2ukH m�jkD

k�j
t DukH m�kþj

aCð1þ K 2ÞI 1�y
1 ð1þ tÞ�1

Kð1þ tÞ�j=2
Kð1þ tÞð�kþj�1Þ=2

aCð1þ K 2ÞK 2I 1�y
1 ð1þ tÞ�n

with a certain 0 < y < 1 and n ¼ ðk þ 3Þ=2. Similarly, we have

ð ~TT

0

ð1þ tÞkþ2kJ2ðtÞk
2
dtaCð1þ K 2ÞK 4I

2ð1�yÞ
1 :

The same estimates as for J2 hold for J5.

Estimation of J3 and J6.

Setting ~GG ¼ GDu, we have

kJ3kaC
X

k�1

j¼2

X

j

l¼2

X

l

r¼1

~GG ðrÞ
X

Sr

jðDa1
t DuÞg1 � � � ðDas

t DuÞgs j jD j�l
t D2uD

k�j
t Duj

	

	

	

	

	

	

	

	

	

	

where
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Sr ¼ ða1; . . . ; as; g1; . . . ; rsÞ j 1a a1 < a2 � � � < as;
X

s

i¼1

aigi ¼ l and
X

s

i¼1

gs ¼ r

( )

:

Hence, by choosing appropriate fpig, pib 2, (cf. [14]), we have

kJ3kaC
X

k�1

j¼2

X

j

l¼2

X

l

r¼1

X

Sr

kDa1
t Dukg1p1 � � � kD

as
t DukgspskD

j�l
t D2ukpsþ1

k kDk�j
t Dukpsþ2

aC
X

k�1

j¼2

X

j

l¼2

X

l

r¼1

X

Sr

kDa1
t Duk

g1y1
H m�a1kD

a1
t Dukg1ð1�y1Þk � � �

kDas
t Duk

gsys
H m�askD

as
t Dukgsð1�ysÞkD j�l

t D2ukH m�jþl�1k kD
k�j
t DukH m�kþj :

Therefore, by the assumption of induction,

kJ3kaCqkðIm;KÞð1þ tÞ�Ti
giðaiþ1Þ=2�ðk�lþ2Þ=2

aCqðI ;KÞð1þ tÞ�ðrþkþ2Þ=2
aCqðI ;KÞð1þ tÞ�n

with n ¼ ðk þ 3Þ=2 and a certain quantity qðI ;KÞ satisfying qð0;KÞ ¼ 0.

We also have

ð ~TT

0

ð1þ tÞkþ2kJ3ðtÞk
2
dtaCqðI ;KÞ < y:

J6 is also treated quite similarly and satisfies the same final two estimates.

Thus, we obtain

sup
0at< ~TT

ð1þ tÞkþ3kFðtÞk2 þ

ð ~TT

0

ð1þ tÞ2þkkF ðtÞk2 dta qðI ;KÞ < y: ð5:5Þ

Therefore, under the smallness assumption on d2 we obtain from (5.3) that

Xkðtþ TÞ � XkðtÞ þ
e0

2

ð tþT

t

EkðtÞaCqðI ;KÞð1þ tÞ�k�3=2; ð5:6Þ

where we have again used the assumption of induction

kUðtÞk2a 2Ek�1ðtÞa qðI ;KÞð1þ tÞ�k:

On the basis of the integral inequality (5.6) we shall prove the desired energy

estimates (5.1). For this we first show that

ð ~TT

0

ð1þ tÞkEkðtÞ dtaCqðI ;KÞ < y: ð5:7Þ

Indeed, by the same argument deriving the estimate of E1ðtÞ (see (4.12)), we can show

from (5.6) that

ð ~TT

0

ð1þ tÞEkðtÞ dtaCqðI ;KÞ < y:
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So, for induction, let us assume

ð ~TT

0

ð1þ tÞ jEkðtÞ dtaCqðI ;KÞ < y

for some j, 0a j < k. Then, we see from (5.5) that

ð1þ tþ TÞ jþ1
Xkðtþ TÞ � ð1þ tÞ jþ1

XkðtÞ þ
e0

2

ð tþT

t

ð1þ sÞ jþ1
EkðtÞ

aCqðI ;KÞð1þ tÞ�3=2 þ Cð1þ tþ TÞ jXkðtÞ:

Since XkðtÞ is equivalent to EkðtÞ þ kDk
t uðtÞk

2 we conclude from the assumption of

induction that

ð ~TT

0

ð1þ tÞ jþ1
EkðtÞ dtaCqðI ;KÞ < y:

Thus, we conclude (5.7).

Finally, we return to the equation (5.2) to get the energy inequality

d

dt
EkðtÞaCðkFðtÞk

ffiffiffiffiffiffiffiffiffiffiffi

EkðtÞ
p

þ ~dd0ðtÞEkðtÞÞ: ð5:8Þ

Here

~dd0ðtÞ1 sup
i; j

kaijðtÞkyaCk‘uðtÞk
y
k‘utðtÞkyaCqðI ;KÞð1þ tÞ�3=2

and

kFðtÞk
ffiffiffiffiffiffiffiffiffiffiffi

EkðtÞ
p

a
1

2
ðð1þ tÞkFk2 þ ð1þ tÞ�1

EkðtÞÞ:

Thus, we obtain from (5.5) and (5.7) that

d

dt
fð1þ kÞ1þk

EkðtÞg ¼ ð1þ kÞð1þ tÞkEkðtÞ þ ð1þ tÞ1þk d

dt
EkðtÞ

aCð1þ tÞkEkðtÞ þ Cð1þ tÞ2þkkFðtÞk2 þ CqðI ;KÞð1þ tÞk�1=2
EkðtÞ

which together with (5.7) and (5.5) implies

ð1þ tÞ1þk
EkðtÞa ð1þ kÞEkð0Þ þ C

ð ~TT

0

ð1þ tÞ2þkkFðtÞk2 dt

þ Cð1þ qðI ;KÞÞ

ð ~TT

0

ð1þ sÞkEkðsÞ dsaCqðI ;KÞ < y:

Thus, (5.1) is now proved. r

Once the energy decay for the higher derivatives are derived, the following assertion

is standard.
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Proposition 9. Under the assumptions (4.1), (4.5) and (4.6) we have further

sup
0at< ~TT

ð1þ tÞkþ1ðkDkþ1
t uðtÞk2H m�k þ kDk

t ‘uðtÞk
2
H m�k Þ

þ

ð ~TT

0

ð1þ tÞkðkDkþ1
t uðtÞk2H m�k þ kDk

t ‘uðtÞk
2
H m�k Þ dt

a qðI ;KÞ for 0a kam ð5:9Þ

and

sup
0at< ~TT

ð1þ tÞk‘uðtÞk2H m�k þ

ð ~TT

0

k‘uðtÞk2H m�k dtaCqðI ;KÞ for 0a kam: ð5:10Þ

Proof. The preceding Proposition means that (5.10) is valid for k ¼ m and further

sup
0at< ~TT

ð1þ tÞ jþ1ðkD jþ1
t uðtÞk2 þ kDk

t ‘uðtÞk
2Þ

þ

ð ~TT

0

ð1þ tÞ jðkD jþ1
t uðtÞk2 þ kD j

t‘uðtÞk
2Þ dta qðI ;KÞ for 0a jam: ð5:11Þ

We show (5.9) by induction and for this we assume that

sup
0at< ~TT

fð1þ tÞ jþ1kD jþ1
t uðtÞk2H m�j þ kD j

t‘uðtÞk
2
H m�jg

þ

ð ~TT

0

ð1þ tÞ jðkD jþ1
t uðtÞk2H m�j þ kD j

t‘uðtÞk
2
H m�j Þ dta qðI ;KÞ; k þ 1a jam: ð5:12Þ

To prove (5.9) it su‰ces to show for 0a kam� 1,

sup
0at< ~TT

ð1þ tÞkþ1kDk
t ‘uðtÞk

2
H m�k þ

ð ~TT

0

ð1þ tÞkðkDk
t ‘uðtÞk

2
H m�k dta qðI ;KÞ ð5:9Þ 0

under the conditions that (5.9) with k ¼ m, (5.11) and (5.12) hold.

Di¤erentiating the equation k times with respect to t we have

DðDk
t uÞ ¼ �DfDk

t ððs� 1Þ‘uÞg þDkþ2
t uðtÞ þ aðxÞDkþ1

t uðtÞ

¼ Gðj‘uj2ÞDk
t D

2uðtÞ þ

(

X

k

j¼1

Cj;kD
j
tGD

k�j
t D2u

)

þDkþ2
t uðtÞ þ aðxÞDkþ1

t uðtÞ

1FðtÞ1F0ðtÞ þ F1ðtÞ þ F2ðtÞ þ F3ðtÞ ð5:13Þ

where G ¼ s� 1. Since we may assume sð0Þ ¼ 1 we have Gð0Þ ¼ 0. Then, by the

elliptic regularity theory we know

kDk
t ‘uðtÞkH m�kaCðkDk

t ‘uðtÞkH m�1�k þ kF ðtÞkH m�1�k Þ: ð5:14Þ

First, we note that by Gagliardo-Nirenberg inequality,
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kD lD
j
t‘uðtÞkaCkD j

t‘uðtÞk
1�ykD j

t‘uðtÞk
y

H m�j

aCqðI ;KÞð1þ tÞ�ð1þjÞð1�yÞ=2ð1þ tÞK yð1þ tÞ�ð1þjÞy=2

aCqðI ;KÞð1þ tÞ�ð1þjÞ=2

for 0a lam� 1� j and hence

kD j
t‘uðtÞk

2
H m�1�jaCqðI ;KÞð1þ tÞ�1�j ð5:15Þ

for all j, 0a jam� 1.

Similarly we have

ð ~TT

0

ð1þ tÞ jkD j
t‘uðtÞk

2
H m�1�jaCqðI ;KÞ; 0a jam� 1:

Further, we easily see by (5.12) that

kF2ðtÞ þ F3ðtÞkH m�1�kaCðkDkþ2
t uðtÞkH m�1�k þ kDkþ1

t uðtÞkH m�1�k Þ

aCqðI ;KÞð1þ tÞ�ð1þkÞ=2

and
ð ~TT

0

ð1þ tÞkkF2ðtÞ þ F3ðtÞk
2
H m�1�k dtaC

ð ~TT

0

ð1þ tÞkðkDkþ2
t uðtÞk2H m�1�k þ kDkþ1

t uðtÞk2H m�1�k Þ dt

aCqðI ;KÞ:

By the use of (4.5), (4.6) and (5.14) we can carry out a similar argument obtaining

(5.5) to get

sup
0at< ~TT

ð1þ tÞkþ1kF0ðtÞk
2
H m�1�k þ

ð ~TT

0

ð1þ tÞkkF0ðtÞk
2
H m�1�k dtaCqðI ;KÞ < y

where we have used Gð0Þ ¼ 0.

Treatment of the term F1ðtÞ is also delicate. But, noting that

kF1ðtÞkH m�1�kaC
Xk

j¼1

kD j
tGD

k�j
t D2uk þ C

Xk

j¼1

kDm�1�kðD j
tGD

k�j
t D2uÞk

and repeating again a similar argument estimating J1 through J6 as in (5.5) we can

prove that

sup
0at< ~TT

ð1þ tÞkþ1kF1ðtÞk
2 þ

ð ~TT

0

ð1þ tÞkkF1ðtÞk
2
dtaCqðI ;KÞ:

Thus, we conclude (5.9) 0. r

6. Completion of the proof of Theorem 1.

The apriori estimates in preceding sections are su‰cient for the proof of Theorem 1.

Under the assumptions (4.1), (4.5) and (4.6) we have shown that any local solution

uðtÞ A X
~TT
m satisfies
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sup
0at< ~TT

ð1þ tÞkþ1ðkDkþ1
t uðtÞk2H m�k þ kDk

t ‘uðtÞk
2
H m�k Þ

þ

ð ~TT

0

ð1þ tÞkðkDkþ1
t uðtÞk2H m�k þ kDk

t ‘uðtÞk
2
H m�k Þ dta qðI ;KÞ < y ð6:1Þ

for 0a kam, 0a t < ~TT , where qðI ;KÞ is some quantity depending on I ;K in such a

way that qð0;KÞ ¼ 0.

Thus, fixing K > 0 arbitrarily and making the additional assumption

qðI ;KÞ < K 2 ð6:2Þ

we can conclude that under (4.1), the local solutions exist in fact on ½0;yÞ and the

estimate (6.1) holds on ½0;yÞ.

Finally, we note that since m > ½N=2� þ 2, under (4.5) and (4.6),

kD2DtuðtÞky þ kD2uðtÞk
y
þ kDuðtÞk

aCðkDtuðtÞk
1�y1kDtuðtÞk

y1

H m�1 þ kD2uðtÞk1�y2kD2uðtÞky2
H m�1

þ kDuðtÞk1�y3kDuðtÞky3H mÞ

aC
X3

i¼1

ðI0 þ I1Þ
1�yiK yi

with a certain 0 < yi < 1, i ¼ 1; 2; 3. Thus, (4.1) is satisfied under the further additional

assumption

C
X3

i¼1

ðI0 þ I1Þ
1�yiK yi < d2 ð6:3Þ

for the fixed K > 0.

Since both of (6.2) and (6.3) are valid for small I, the proof of Theorem 1 is now

complete.

Remark. By a careful observation we see that qðI ;KÞ is replaced by

qðI0;KÞ þ CI 2m. Hence, for any K > CIm, there exists dðKÞ such that qðI0;KÞ þ CI 2m <

K 2 if I0a dðKÞ. (6.4) also holds under these conditions. Thus, the set of initial data

assuring the global existence in Theorem 1 is in fact unbounded in Hmþ1 �Hm.

7. Proof of Theorems 2 and 3.

In this section we assume only Hyp.A. That is, we consider the case where aðxÞut
is e¤ective only at a neighbourhood of Gðx0Þ and supp að�Þ is compact, say,

supp að�ÞHBL; L > 0: ð7:1Þ

First, let us consider the linear wave equation with a localized dissipation:

utt � Duþ aðxÞut ¼ 0 in W� ½0;yÞ; ð7:2Þ

uðx; 0Þ ¼ u0ðxÞ; utðx; 0Þ ¼ u1ðxÞ and uj
qW

¼ 0: ð7:3Þ
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Under our assumption on aðxÞ we know a local energy decay for the solutions of the

linear problem (7.2)–(7.3) ([14]) and using this we can prove L p estimates for the linear

equation ([17]). In particular, for the odd dimensional cases we have the following.

We denote W m;pðWÞ norm by k � km;p.

Proposition 10. Let Nb 3 be an odd integer and m be a nonnegative integer.

Let a A C2MþmðWÞ and Hyp.A with (7.1) be valid. We set M ¼ ½N=2� þ 1. Assume that

u0 A H 1
0 ðWÞVH 2MþmðWÞVW 2Mþm;1ðWÞ, u1 A H 2Mþm�1ðWÞVW 2Mþm�1;1 and these data

satisfy the compatibility condition of the M þm� 1-th order. Then, there exists a unique

solution uðtÞ of the problem (7.2)–(7.3) in 72Mþm�1

k¼0
Ckð½0;yÞ; H 2Mþm�kðWÞVH 1

0 ðWÞÞV

C 2Mþmð½0;yÞ; L2ðWÞÞ and it satisfies

X

m

k¼0

kDk
t uðtÞkm�k;paCðImþM;1 þ ImþM;2Þð1þ tÞ�b ð7:4Þ

if 2 < pa p0 1 2ðN þ 1Þ=ðN � 1Þ

and

X

m

k¼0

kDk
t uðtÞkm�k;yaCðImþ2M�1;1 þ Imþ2M�1;2Þð1þ tÞ�d ; ð7:5Þ

where we set

Il;1 ¼ ðku0klþ1;1 þ ku1kl;1Þ;

Il;2 ¼ ðku0klþ1;2 þ ku1kl;2Þ;

b ¼
ðN � 1Þð1=2� 1=pÞ if N is odd and Nb 5

1� 2=p� d if N ¼ 3

�

and

d ¼
ðN � 1Þ=2 if N is odd and Nb 5

1� d if N ¼ 3:

�

We note that d > 0 in the above can be chosen arbitrarily small.

Remark. In Proposition 10, if V is convex and Nb 4 we can take b ¼

ðN � 1Þð1=2� 1=pÞ and d ¼ ðN � 1Þ=2.

When Nb 4 we set

Y T
3M 1 7

3M

k¼0

C kð½0;TÞ;H 3Mþ1�k
VH 1

0 Þ7C 3Mþ1ð½0;TÞ;L2Þ

and

V3MðK ;TÞ ¼

(

u A Y T
3M j

X

3Mþ1

k¼0

kDk
t ‘uðtÞkH 3Mþ1�kaK

and
X

M

k¼0

kDk
t ‘uðtÞkMþ1�k;yaKð1þ tÞ�d

)

for K > 0.

Quasilinear wave equation 787



When N ¼ 3 we set

Y T
4Mþ2 1 7

4Mþ2

k¼0

C kð½0;TÞ;H 4Mþ3�k
VH 1

0 Þ7C 4Mþ3ð½0;TÞ;L2Þ

and

V4Mþ2ðK ;TÞ ¼

(

u A Y T
4Mþ2 j

X

4Mþ2

k¼0

kDk
t ‘uðtÞkH 4Mþ2�kaK

and
X

Mþ1

k¼0

kDk
t ‘uðtÞkMþ1�k;paKð1þ tÞ�dðpÞ

)

;

for K > 0 and 6a p < y, where dðpÞ ¼ dð1� 2=pÞ ¼ ð1� eÞð1� 2=pÞ, 0 < ef 1.

The local existence of the solution for each ðu0; u1Þ satisfying the compatibility

condition is standard (cf. Kato [6]). So, for the proof of Theorems 2, 3 it su‰ces to

derive the desired estimates. We treat mainly the case N ¼ 3 because the other cases

are proved in a similar and simpler manner.

We set m ¼ 3M if Nb 4 and m ¼ 4M þ 2 if N ¼ 3. We may assume

uð�Þ A VmðK ;TÞ for some K > 0, T > 0, which will be shown later.

For a moment we assume that

k‘uðtÞk
y
þ k‘DtuðtÞkya d1 ð7:6Þ

with some small d1 > 0, which will be satisfied if I 1 ku0kH mþ1 þ ku1kH m is small.

We begin with the following observation which will make a proof a little simpler for

the case N ¼ 3.

Proposition 11. Let N ¼ 3. If uðtÞ is a (local ) solution A VmðTÞ it satisfies

X

Mþ1

k¼0

kDk
t DuðtÞkMþ1�k;yaKð1þ tÞ�d1 ð7:7Þ

with

d1 ¼
11ðp� 2Þð1� eÞ

11pþ 6

and

kDMþ2
t DuðtÞk2M�k;yaCqðKÞKð1þ tÞ�d2 ð7:8Þ

with d2 ¼ 7d1=9, where qðKÞ is a quantity (in fact polynomial ) depending on K and we

recall that D ¼ ð‘;DtÞ and 2 < pa p0 ¼ 2ðN þ 1Þ=ðN � 1Þ.

Proof. We first note that M ¼ 2 if N ¼ 3. By Gagliardo-Nirenberg inequality

we see

kDk
t DuðtÞkMþ1�k;yaCkDk

t DuðtÞk1�y

Mþ1�k;pkD
k
t DuðtÞky4Mþ2�k;2aCKð1þ tÞdð1�yÞ

with

y ¼
1

p

3M þ 1

N
þ

1

p
�
1

2

� ��1

¼
6

11pþ 6

which implies (7.7).
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To prove (7.8) we return to the equation. Note that 2M ¼ M þ 2 ¼ 4. Then, we

see by a standard argument based on Leibniz’s formula,

kDMþ2
t DuðtÞkM�2;y ¼ kDM

t Df‘ðs‘uÞ þ autgky

aCqðKÞ
X

2

i¼1

ðkD i
tDuðtÞkM;y þ kD i

tDuðtÞkM�1;y

 !

:

Here, by (7.7),

kDtDuðtÞkM;y þ
X

2

i¼1

kD i
tDuðtÞkM�1;yaKð1þ tÞ�d1

and further, by Gagliardo-Nirenberg inequality,

kD2
t DuðtÞkM;yaCkD2

t DuðtÞk1�y

M�1;ykD2
t DuðtÞky4M;2aCKð1þ tÞ�ð1�yÞd1 ; y ¼

2

9
:

Thus we have (7.8). r

We proceed to the proof of Theorem 3. Let N ¼ 3. Setting Dm
t uðtÞ ¼ UðtÞ,

m ¼ 4M þ 2, we have

Utt � divfDm
t ðs‘uÞg þ aðxÞUt ¼ 0: ð7:9Þ

Then, as in (5.3), we can derive

d

dt
EmðtÞa

ð

W

jDtsj jD
m
t ‘uj

2
dxþ

ð

W

X

m�1

k¼1

jDk
t ðGÞj jDm�k

t ‘uj j‘Dmþ1
t uj dx1 J1 þ J2 ð7:10Þ

where G 1Gð‘uÞ ¼ sðj‘uj2Þ þ 2s 0ð‘uÞ2.

Here, taking account of (7.7), we see

J1aCk‘uðtÞk
y
kDt‘uðtÞkykDm

t ‘uðtÞk
2
aCK 3ð1þ tÞ�2d1

ffiffiffiffiffiffiffiffiffiffiffiffi

EmðtÞ
p

:

The treatment of J2 is delicate. We first observe

J2aC

(

k‘uðtÞk
y
k‘utðtÞkykDm�1

t ‘uðtÞk kDm
t ‘uðtÞk

þ

ð

W

X

m�1

k¼2

X

k

i¼1

X

Si

jG ðiÞj jDtð‘uðtÞÞ
2jn1 � � � jDk

t ð‘uðtÞÞ
2jnk jDm�k

t ‘uðtÞj jDmþ1
t ‘uðtÞj dx

)

1 J
ð1Þ
2 þ J

ð2Þ
2 :

It is easy to see

J
ð1Þ
2 aCK 3ð1þ tÞ�2d1

ffiffiffiffiffiffiffiffiffiffiffiffi

EmðtÞ
p

:

Further, we see

J
ð2Þ
2 aC

X

m�1

k¼2

X

k

i¼1

X

Si

ð

W

jDtð‘uðtÞÞ
2j2n1 � � � jDk

t ð‘uðtÞÞ
2j2nk jDm�k

t ‘uðtÞj2 dx

� �1=2
ffiffiffiffiffiffiffiffiffiffiffiffi

EmðtÞ
p

:
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Here, since

Dk
t ð‘uðtÞÞ

2 ¼
X

k

j¼0

CkjD
j
t‘uD

k�j
t ‘u

and m ¼ 4M þ 2, we observe that each product of the above integrand contains the term

jD j
t‘uD

l
t‘uj

2 with jaM þ 1 and laM þ 2 ¼ 2M:

Indeed, one of the most delicate terms appears in the case k ¼ 2M þ 2, that is

jD2Mþ2
t ð‘uÞ2j2jD2M

t ‘uj2:

For this term, however, we see

D2Mþ2
t ð‘uÞ2 ¼

X

0ajaMþ1

CjD
j
t‘uD

2Mþ2�j
t ‘u:

Hence, by (7.8), we can prove that

J
ð2Þ
2 aCqðKÞK 2ð1þ tÞ�d1�d2

ffiffiffiffiffiffiffiffiffiffiffiffi

EmðtÞ
p

:

We note that when Nb 4, we can use the estimate

kD j
t‘uðtÞkyaKð1þ tÞ�d

to prove

J
ð2Þ
2 aCqðKÞK 2ð1þ tÞ�d

ffiffiffiffiffiffiffiffiffiffiffiffi

EmðtÞ
p

; 0a jaM þ 1;

with d ¼ ðN � 1Þ=2 > 1.

Thus, we obtain

d

dt
EmðtÞaCqðKÞK 2ð1þ tÞ�d1�d2

ffiffiffiffiffiffiffiffiffiffiffiffi

EmðtÞ
p

:

Since d1 þ d2 > 1, this implies

EmðtÞaCðqðKÞK 4 þ Emð0ÞÞ: ð7:11Þ

The same estimate is valid for the case Nb 4 where we take m ¼ 3M þ 1. Note that a

standard argument shows
ffiffiffiffiffiffiffiffiffiffiffiffiffi

Emð0Þ
p

a qðKÞIm;2

where

Im;2 ¼ ku0kH mþ1 þ ku1kH m :

Now, returning to the equation and combining elliptic regularity theory with (7.11)

we can prove as in Proposition 8 that

X

4Mþ2

k¼0

kDk
t DuðtÞkH 4Mþ2�ka qðKÞðK 2 þ Im;2Þ: ð7:12Þ
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We summarize the estimates (7.11) and (7.12) in the following Proposition:

Proposition 12. Let uð�Þ A VmðK ;TÞ be a solution of the problem (1.1)–(1.2) as in

Proposition 1. Then, we have

Xm
k¼0

kDk
t DuðtÞkH m�ka qðKÞðK 2 þ Im;2Þ; D ¼ ð‘;DtÞ; ð7:13Þ

where m ¼ 3M þ 1 if Nb 4 and m ¼ 4M þ 2 if N ¼ 3.

Next, we proceed to the estimation of kDt‘uðtÞkMþ1�k;p, 0a kaM þ 1, 6a p <

y. For this we begin with L p estimates for the linear equation. By the known result

(7.5) and Sobolev’s embedding theorem W lþ1;1
HW 2Mþl;2, we see for the solutions uðtÞ

of the linear equation that

kDk
t ‘uðtÞkl�k;yaCðI2; lþM þ I1; lþMÞð1þ tÞ�d

a ðku0k3Mþlþ1;1 þ ku1k3Mþl;1Þð1þ tÞ�d

with any nonnegative integer l.

On the other hand, by use of the energy identity, we see easily that

kDk
t ‘uðtÞkl�k;2aCðku0klþ1;2 þ ku1kl;2ÞaCðku0k3Mþlþ1;2 þ ku1k3Mþl;2Þ:

Thus, by interpolation, we obtain for all 2a pay,

kDk
t ‘uðtÞkl�k;paCðku0k3Mþlþ1;q þ ku1k3Mþl;qÞð1þ tÞ�dðpÞ; 0a ka l; ð7:14Þ

where 1=qþ 1=p ¼ 1.

We use this estimate with l ¼ M þ 1 and N ¼ 3.

Let uð�Þ A VmðK ;TÞ be a solution of the quasilinear equation with initial data

ðu0; u1Þ and let us denote the solution of the linear equation with the same initial data by

Uðt; u0; u1Þ. Then, by constant variation formula,

uðtÞ ¼ Uðt; u0; u1Þ þ

ð t

0

Uðt� s; 0; ~FFÞ ds; ð7:15Þ

where
~FF ¼ ‘ � fsðj‘uj2Þ � 1Þ‘uðtÞg1Gðj‘uj2Þ � ðDuÞ2D2u:

Thus, by (7.14) and (7.15) we have

kDk
t ‘uðtÞkMþ1�k;paCI4Mþ2;qð1þ tÞ�dðpÞ þ

ð t

0

ð1þ t� sÞ�dðpÞk ~FF ðsÞk4Mþ1;q ds: ð7:16Þ

Here,

D4Mþ1 ~FF ¼
X4Mþ1

j¼0

X
aaMþ1;baMþ1

~GGa;bD
a‘uDb‘uD4Mþ2�j‘u

þ
X3M
j¼0

X
aaMþ1;bbMþ2

~GGa;bD
a‘uDb‘uD4Mþ2�j‘u

þ
X4Mþ1

j¼3Mþ1

X
abMþ2;bbMþ2

~GGa;bD
a‘uDb‘uD4Mþ2�j‘u

1 J1 þ J2 þ J3: ð7:17Þ
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Noting that ~GG ¼ ~GGðDguÞ, ga 2M, and k ~GGk
y
aCðKÞ < y, we estimate Ji,

1a ia 3, as follows. First, we see

kJ1kqaC
X

4Mþ1

j¼0

ð

W

jDa‘ujqjDb‘ujqjD4Mþ3�jujq dx

� �1=q

aCðKÞ
X

4Mþ1

j¼0

kD4Mþ3�juk2
ð

W

jDauj2q=ð2�qÞ
dx

� �ð2�qÞ=2q ð

W

jDbuj2q=ð2�qÞ
dx

� �ð2�qÞ=2q

aCKkDa‘uk
ð1�yÞ
2 kDa‘ukypkD

b‘uk
ð1�yÞ
2 kDb‘ukyp

aCðKÞK 3I
2ð1�yÞ
0 ð1þ tÞ�2dðpÞy ð7:18Þ

with y ¼ ðpþ 2Þ=2ðp� 2Þ. Here, we note that

2dðpÞy ¼ ðpþ 2Þð1� eÞ=p > 1:

For J2 we see

kJ2kqaCðKÞ
X

3M

j¼0

X

aaMþ1;bbMþ2

ð

W

jDa‘ujqjDb‘ujqjD4Mþ2�j‘ujq dx

� �1=q

aCðKÞ
X

ja3M

X

aaMþ1;bbMþ2

kDa‘ukpkD
b‘uk2pq=ðp�qÞkD

4Mþ2�j‘uk2pq=ðp�qÞ: ð7:19Þ

Here, we see by Gagliardo-Nirenberg inequality,

kDb‘uk2pq=ðp�qÞaCkDMþ1‘uk1�y1
2pq=ðp�qÞk‘uk

y1
H 4Mþ2

with

y1 ¼
b �M � 1

N
þ

p� q

2pq
�

2pq

p� q

� �

4M þ 2� b

N
þ

p� q

2pq
�
1

2

� �

¼
pðb �M � 1Þ

pð4M þ 2� bÞ �N
;

and

kDMþ1‘uk2pq=ðp�qÞaCKk‘uk1�
~yy1kDMþ1‘uk

~yy1
p

with ~yy1 ¼ 2=ðp� 2Þ. Thus, we have

kDb‘uk2pq=ðp�qÞaCðKÞð1þ tÞ�dðpÞy2 ð7:20Þ

with y2 ¼ ð1� y1Þ~yy1.

Quite similarly, since 4M þ 2� jbM þ 2 we can show that

kD4Mþ2�j‘uk2pq=ðp�qÞaCðKÞKð1þ tÞ�dðpÞy2 ð7:21Þ

with y2 ¼ ð1� y1Þ~yy1, where y1 is defined by y1 with b replaced by 4M þ 2� j.

Thus, we obtain from (7.19), (7.20) and (7.21),

kJ2kqaCðKÞK 3ð1þ tÞ�ð1þy2þy2ÞdðpÞ: ð7:22Þ

Here, we observe that

y1; ~yy1a 3p=ð3pM �NÞ ¼ p=ð2p� 1Þ
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and

ð1þ y2 þ y2ÞdðpÞb ð1þ 2ðp� 3Þ=3pð2p� 1ÞÞð1� eÞ > 1:

Finally, we can show as in the treatment of J2,

kJ3kqaCðKÞ
X4Mþ1

j¼3Mþ1

X
abMþ2;bbMþ2

kD4Mþ2�j‘ukpkD
a‘uk2pq=ðp�qÞkD

b‘uk2pq=ð p�qÞ

aCðKÞK 3ð1þ tÞ�ð1þy2þ ~yy2Þdð pÞ ð7:23Þ

where ~yy2 is defined by y2 with b replaced by a, and we know

ð1þ y2 þ ~yy2ÞdðpÞb ð1þ 2ðp� 3Þ=3pð2p� 1ÞÞð1� eÞ > 1:

Also we easily see

k ~FFkqaCkDuk2pkDuk4q=ð2�qÞaCK 3ð1þ tÞ�2dðpÞ: ð7:24Þ

Since k ~FFk4Mþ1;qaCðkD4Mþ1 ~FFkq þ k ~FFkqÞ, returning to the integral inequality (7.14)

we obtain

kDk
t ‘uðtÞkMþ1�k;paCI4Mþ2;qð1þ tÞ�dðpÞ þ cðKÞK 3

ð t

0

ð1þ t� sÞ�dðpÞð1þ sÞ�
~dd
ds; ~dd > 1;

a ðI4Mþ2;q þ CðKÞK 3Þð1þ tÞ�dðpÞ: ð7:25Þ

We summarize the results concerning the estimate of kDk
t ‘uðtÞkMþ1�k;p as follows.

Proposition 13. Let N ¼ 3 and let uð�Þ A V4Mþ2ðK ;TÞ be a solution of the problem

(1.1)–(1.2) as in Proposition 1. Then, we have

XMþ1

k¼0

kDk
t DuðtÞkMþ1�k;pa ðqðKÞK þ CI4Mþ2;qÞð1þ tÞ�dðpÞ ð7:26Þ

where qðKÞ is a quantity depending on K continuously in such a way that qð0Þ ¼ 0.

When Nb 4, for the solution uðtÞ A V3MðK ;TÞ we have

kDk
t ‘uðtÞkMþ1�k;yaCðI3M;2 þ I3M;1Þð1þ tÞ�d

þ

ð t

0

ð1þ t� sÞ�dðk ~FFðsÞk3M;2 þ k ~FFðsÞk3M;1Þ ds: ð7:27Þ

By use of the inequality

XM
k¼0

kDk
t ‘uðtÞkMþ1�k;yaKð1þ tÞ�d

we can easily prove under the assumption (7.6) that

k ~FFðsÞk3M;2 þ k ~FF ðsÞk3M;1aCK 3ð1þ tÞ�d ð7:28Þ
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and hence we obtain

XMþ1

k¼0

kDk
t DuðtÞkMþ1�k;ya ðqðKÞK þ CI3M;1Þð1þ tÞ�d

: ð7:29Þ

Completion of the proof of Theorems 2, 3.

Let us consider the case N ¼ 3. By the proofs of Propositions 13, 14 we easily see

that if K > 2ðI4Mþ2;2 þ I4Mþ1;qÞ the local solution uðtÞ belongs V3MðK ;TÞ for some

T > 0 and by Propositions 13 and 14 we know that this is valid for all T > 0 provided

that

qðKÞK þ CðI4Mþ2;2 þ I4Mþ1;qÞ < K : ð7:30Þ

Since qðKÞ continuously depends on K and qð0Þ ¼ 0 the above condition (7.30) is

satisfied if we take K ¼ C1ðI4Mþ2;2 þ I4Mþ1;qÞ with C1 gC and if I4Mþ2;2 þ I4Mþ1;qa d

for a small constant d > 0. Thus we arrived at the desired estimates for all T > 0.

The case Nb 4 (Theorem 3) is also proved quite similarly by use of Proposition 13

and the estimate (7.29). r
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