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Abstract. Let k be a number field and k a fixed quadratic extension of k. In this
paper and its companions, we find the mean value of the product of class numbers and
regulators of two quadratic extensions F, F* # k contained in the biquadratic extensions
of k containing £.

1. Introduction.

This is part II of a series of three papers. We first recall the main result of this
series of papers. If k is a number field, let A4, A;, and R; be the absolute discriminant
(which is an integer), the class number, and the regulator, respectively. We fix a number
field k and a quadratic extension k of k. If F # k is another quadratic extension of k,
let F be the compositum of F and k. Then F is a biquadratic extension of k and so
contains precisely three quadratic extensions, k, F and, say, F* of k. We say that F
and F* are paired.

For simplicity we specialize to the case k = Q. Let k = O(V/dy) where dy #1 is a
square free integer. Suppose \AQ( \/%)| =] » p"?ﬂ(‘]") is the prime decomposition. For
any prime number p, we put

1-3p 3+ 2p 4 +p>—p* if p is split in &,

E(do) =1 +p ) (1=p?=p2+p* ) if p is inert in k,

(1 —p (A +p2 = p=3 4+ p2(dD)=215(d)/21=1) if p is ramified in k,

where |J,(dy)/2] is the largest integer less than or equal to J,(dy)/2. We define
16 do > 0, 4-7132 dy >0
dy) = ©oce_(dy) = ’

(o) {Sn dy <0, ¢ (do) {87z dy <0,

M(dy) = 400" *Corvan () | Epldo)-

P

The following two theorems are the main results of this series of papers.
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THEOREM 1.1.  With either choice of sign we have

. ) o -1
All—rch E hpRFhF*RF* = Ci(d()) M(do)
0<tdr<X

THEOREM 1.2.  With either choice of sign we have

Jim X7 D0 g Reqva) = exldo)” horya Rotyay M (do)-
o[ji%];j’x
For a general introduction to this problem, the reader should see the introduction to
Part I. Throughout this part, k is a number field and k is a fixed quadratic extension of
k unless otherwise stated. Let W be the space of binary Hermitian forms. Our
approach to the above theorems is based on a consideration of the zeta function for the
following prehomogeneous vector space:

(1) G=GL(2) x GL(2) x GL(2), V = M(2,2) ® Aff?,
2) G=GL(22); x GL(2), V = W ® Aff*

where GL(2); is regarded as a group over k. In both cases there exists a relative
invariant polynomial P(x) of degree four and we put V* = {xe V' |P(x) # 0}.

Let v be a place of k, and k, be the completion of k at this place. We denote the
integer ring of k, by (,. Let K, be the standard maximal compact subgroup of Gy,.
In this part, we only consider (Gy,, V%,) for the above prehomogeneous vector spaces and
so the consideration in this part is of a purely local nature.

In Part I, we formulated the filtering process required to prove Theorems [L1 and
[.2. The only remaining task is to compute the local densities. In this part we
compute the local densities for all non-dyadic cases and for those dyadic cases that can
be dealt with in a similar manner. However, the computations of the local densities
that involve wild ramification at dyadic places are significantly more elaborate and so we
carry out these computations separately in Part 111, on account of their length. We shall
point out which cases are postponed to Part III later in this introduction.

In Part I we selected standard representatives for the orbits in G, \ V> and intro-
duced an equivalence relation < on V* whose equivalence classes are unions of Gy, -
orbits. These definitions will be reviewed in Section 2. If v is a finite place, then we
use the measure on Vi, such that vol(¥y,) =1 and the measure on Gy ~defined in
Definition 5.13 of Part I. The measure on G will be reviewed in Section 2.

If v is a finite place, we define ,

&,(x) = vol(K, N G ) vol(K,x).
We put
&(x) = Z vol(K, N Gy ) vol(K,y),
=X

where the sum is over standard representatives for orbits in the equivalence class of x.
The local density at v is then
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E, =) a(x) = sz(x),

X

where the first sum is over all standard representatives for orbits in Gy, \ V> and the
second over a set containing one standard representative for an orbit in each class in
G, \V;*/=. We have established in Theorem 6.22 and Lemma 7.3 in Part I that E,
is the Euler factor at the place v in the Euler product on the right hand side of the
equations in Theorems L1 and L2l

The values of &,(x) calculated in this part are summarized in Tables 1, 2 and 3.
The notation used in the tables will be explained in Section 2. This leaves us the cases
(rm rm)*, (rm rm ur) and (rm rm rm) (these notation will also be explained in Section 2)
for dyadic places, which are dealt with in Part III.

The values of vol(K, NGy, ) used to determine the entries in the three tables are
determined in Propositions 3.2, B3, B.3, B.6, and the values of vol(K,x) in Propositions
4.14, 4.15, and 4.26.

Table 1. &,(x) for v finite and non-dyadic.

Index & (%)
(sp) (1+¢,)(1—-¢,2)°/2
(in) (1-¢,1(1-q,")/2
(rm) (1-¢,%)?/2
(sp ur) (1-¢,(1-¢,%)2
(sp rm) 7' (1-¢,)(1-¢,2)°/2
(in ur) (1—¢,)(1—¢,%/2
(inrm) g (=g, )1 —q,2)(1 = ¢;%)/2
(rm ur) (1—¢;H)(1—¢2)2
(rm rm)* 0,%(1-¢,)?/2
(rm rm ur) 0,°(1-q,")’(1 - ¢,%)/2

Table 2. ¢&,(x) for ungrouped dyadic orbits.

Index &(x)

() | I+¢,)(1—¢,)?/2
(in) (1-¢,H(1-g,"/2
(rm) (1—g,2)%/2
(pur) | (1—¢,")°(1—¢,2)/2
(inur) | (1-¢,1(1-¢,")/2

(rm ur) | (1—¢,")*(1 —g,)/2
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Table 3. &,(x) for grouped dyadic orbits.

Index Conditions & (x)
(sp tm) | o, <2m, 0" (=g (1= g7
(sp rm) | &y, =2m, +1 g "1 =g, (1 = ¢,%)°

(inmm) | o, <2m, | @™ (1 —q,)(1-¢,2)(1—¢,)

(in rm) | dyp=2m,+1 | ¢ V(1 —g, )1 -, —q,*)

We shall review and compute the local densities at the infinite places in Section 5.
The method we use is to reduce the problem to the computation of the Jacobian
determinants of certain maps. The contributions from the various orbits are given in
Propositions 5.2, 5.4, and B2

Even though we follow the notation and definitions in Part I, a minimal review of
the basic concepts and definitions should help the reader and we shall provide this in
Section 2. In Sections 3 and 4 we compute the values of vol(K,N Gy, ) and vol(K,x)
for orbits listed in Tables 1, 2 and 3. In Section 5, we find the local densities at the
infinite places.

2. Review of facts from Part I.

In this section we give a minimal review of basic notation and definitions from Part
I that are needed in this part.

If X is a finite set then #X will denote its cardinality. The standard symbols Q, R,
C and Z will denote respectively the rational, real and complex numbers and the rational
integers. If R is any ring then R* is the set of invertible elements of R and if V' is a
variety defined over R then Vi denotes its R-points. If G is an algebraic group then G°
denotes its identity component.

Throughout this paper, k is a fixed number field and k is a fixed quadratic extension
of k, unless otherwise stated.

Let M, M., Me, Mgy, Mr and N denote respectively the set of all places of k,
all infinite places, all finite places, all dyadic places (those dividing the place of Q at 2),
all real places and all complex places. (Correspondingly we have 9t and so on.) Let
M om, M, and M, be the sets of places of & which are respectively ramified, inert and
split on extension to k. Recall that a real place of k which lies under a complex place
of k is regarded as ramified.

We denote the absolute value in &, by | |,. If v eIy, let ¢, be the integer ring of
k, and p, = (m,) be its prime ideal. Let ¢, = #0,/p,.

As far as notation pertaining to number fields and local fields, we use the same
conventions as in Part I: the notation for the k object will be derived from that of the
k object by adding a tilde and, for other fields, by writing the field in question as the
subscript. For example, (r for the ring of integers of the field F. If aek, and
(a) = p! then we write ordg, (a) =i. Ifiis a fractional ideal in k, and a — b € i then we
write a =b (i) or a =b (¢) if ¢ generates i.
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If ki /k> is a finite extension either of local fields or of number fields then we shall
write Ay s, for the relative discriminant of the extension; it is an ideal in the ring of
integers of k. We put Ak,, Iy = pl,f if v e Wiy and k —k ®k, 1s a field. We shall use
the notation Try, x, and Ny, for the trace and the norm in the extension ki/ks.

We assume that the reader is familiar with the basic definitions and facts concern-
ing local fields. These may be found in [5]. We choose Haar measures dx, on k, and
d*t, k) so that [, dx, =1 and f((x “t, = 1.

Let £ be an arbitrary field of characteristic zero, and k be a fixed quadratic
extension of k. We denote the non-identity element of Gal(k/k) by ¢. Let (G, V) be
either the prehomogeneous vector space (1) or (2) in the introduction.

If ge G then we shall write g = (g1,¢2,93) in case (1) and g = (g1,92) in case
(2). It will be convenient to identify x = (x;,x2) € V' with the 2 x 2-matrix M,(v) =
v1X1 + v2x> of lincar forms in the variables v; and v, which we collect into the row
vector v = (v1,v2). With this identification, we define a rational action of G on V via

(2.1) M(v) = {glMx(Ug3>[g2 in case (1),

giM.(vg>)'g] in case (2).
In both cases we define F.(v) = —det M,(v). Then
F detg; detg-Fy(vg3) in case (1),
gx\V N (detgi)Fe(vg2) in case (2).
We let P(x) be the discriminant of the binary quadratic form F,(v). Then P(x) € k[V]
and P(gx) = x(g)P(x) where

(g) = (detg; det g, detgs)* in case (1),
9= (N,;/k(detgl)detgg2 in case (2).

(2.2)

(2.3)

The polynomial P(x) is not identically zero and we write V'** = {x e V| P(x) # 0}.
As k-varieties,

(2.4) G x k =~ GL(2) x GL(2) x GL(2)
and

(2.5) W x k=~ M(2,2)

so that

(2.6) V xk=M(2,2) ® Aff?,

and a calculation shows that the induced action of G x k on V x k is that of case (1).
The Galois automorphism ¢ induces a k-automorphism of the k-varieties G and V
which we denote by i(s). If (g1,92,93) € G; then i(0)(g1,92,93) = (95,97,95) and if
x € W} then i(o)x = ‘x?, where o as a superscript denotes the entry-by-entry action of o.
In particular, Gy is embedded in G; = (G x lg)k via the map (g1,92) — (91,97, 92).

It is proved in [6], pp. 305-310 and [1], p. 324 that G\ V*® corresponds bijectively
with isomorphism classes of field extensions of k of degree one or two. Moreover if
x € V' then the corresponding field is generated by the roots of F,(v) =0. We denote
this field by k(x).
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Suppose that p(z) = z2 + a1z + a € k[z] has distinct roots o; and o. We collect
these into a set a = {ay,ar} since the numbering is arbitrary. Define w, € Vi by

(2.7) Wp:<<(1) all><all alzcﬁ@));

a computation shows that F, (z,1) = p(z) and so w, e I;* and k(w,) = k(«) is the
splitting field of p. We can choose a representative of the form w, for each orbit in the
orbit space Gy, \V*. These are the standard representatives.

Let

o8 (o o) (o V)

(2.9) hy = (_{xl ;;)

and then define g, € Gy,,) by

B {(ha,ha,(ocz — o) 'hy) in case (1) or when k(w,) = k,
, =

(2.10) - :
(hy, (02 — 1) hy) otherwise.

With these definitions it is easy to check that w, = g,w.
We recall two propositions regarding the explicit description of how G,k is
embedded in G, in each case. Let

c —d -1 0
2.11 Apy(e,d) = = :
211) pled) (azd c—a1d> and 7, (—al 1>

Then the following are Lemmas 3.27, 3.30 of Part I
Lemma 2.12. In case (1), Gy, i consists of elements of Gy of the form
(2.13) (Ap(cr,dr), Ap(ea, d2), Ap(es, d3))

where c;,d; € k, det(A,(c;,d;)) #0 for i =1,2 and (c3,d3) is related to (c,dy,c2,d>) by
the equation

(2.14) Ay(c3,dsy) = Ay(cr,di) " Ap(cado) ™"

Moreover Gy, : Gy (] =2 and G,k /G, . is generated by the class of (tp,7p,7p).
LemMmA 2.15. In case (2), Gf;,,k consists of elements of Gy of the form

(2.16) (Ap(cr,dy), Ay(ca,db))

where ¢, dy €k, ¢, d» €k, det(A4,(ci,d1)) #0 and (c2,d>) is related to (ci,d,) by the
equation

(2.17) Apea,do) = Ap(cr,di) ™ Ap(ef,df) ™
Moreover, (G, : vapk} =2 and G,,i/ G,  is generated by the class of (Tpy Tp)-

We now assume that k is a number field again. Let v € M. Recall that p(z) e
ky[z] is called an Eisenstein polynomial if a € p, and ay € p,\p2. If F/k, is a ramified
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extension then there is always an Eisenstein polynomial whose roots generate F over k,
and any such polynomial will satisfy a condition that either of its roots generates the
integer ring of a ramified quadratic extension of k,. For each v e My, k, has a unique
unramified quadratic extension. If F is this extension and v ¢ 94, then the integer ring
of F is generated by a root of p(z) with @ =0 and —a, any non-square unit in k,. If
ve My, then we must instead take p(z) to be an Artin-Schreier polynomial, which

means, by definition, that p(z) is irreducible in k,[z], ¢ = —1 and a, is a unit. Note
that p stays irreducible modulo p, in this case by Hensel’s lemma.
For each ve 9y we choose a list of representatives w, 1,...,w, n,, one for each

of the Gy,-orbits in V;**, in such a way that P(w,;) generates the ideal Ay, )i, for
i=1,...,N,. This is possible, in light of the previous paragraph, if we take each w,;
to equal w, for a suitable p(z) € k,[z]. In the special case where k(w, ;) =k, we take
wy,; = w or w, for p(z) =z? —z. For ve M, we require instead that |P(w,;)|, = 1 for
i=1,...,N,, which is clearly possible. In both cases we assume for convenience that
wy,1 represents the orbit corresponding to k, itself. If x is a standard representative and
kl,(x) #* kl, then let Akv(x)/kv = p(;x‘”. ~

Let ve M and xe V. If v ¢ My, then v extends uniquely to a place of k which
we also denote by v. In this case k, ~k, ® X k. We denote by k, (x) the compositum
of k, and k,(x).

Let veM. We now review the index attached to each orbit in V;*, which was
introduced in Part I as a bookkeeping device. The orbit corresponding to k, itself will
have index (sp), (in), or (rm) according as v is in M, M;,, or Myy,.  The orbit corre-
sponding to the unique unramified quadratic extension of k, will have index (sp ur),
(in ur) and (rm ur) for ve My,, ve M, and v e My, respectively. An orbit corre-
sponding to a ramified quadratic extension of k, will have index (sp rm) if v € M, and
(in tm) if ve My,. If ve My, then the orbits corresponding to ramified quadratic
extensions of k, are subdivided into three types: the one corresponding to &, has index
(rm rm)*, those corresponding to quadratic extensions k,(x)/k, such that k,(x) # k, and
ky(x)/k, is unramified have index (rm rm ur) and those corresponding to quadratic
extensions k,(x)/k, such that k,(x) # k, and k,(x)/k, is ramified have index (rm rm rm).
This last index can occur only if ve Mgy The fype of xe V¥ will be the index
attached to the orbit Gy, x. /

If v¢ Mgy or if veMyy but ky(x)/k, is unramified (including the case k,(x) = k,)
then we shall write x < y if and only if y € Gx,x. Suppose now that v e My, and that
ky(x)/k, is ramified. If the type of x is (sp rm) or (in rm) then we shall write x <y
if and only if 4y vk, = 4k,(y)/k,- In this part we do not consider orbits with indices
(rm rm)*, (rm rm ur) or (rm rm rm) for dyadic places and so we shall not recall the
definition of =< for such orbits. It may be found in Section 7 of Part I and, in a
different but equivalent formulation, near the end of Section 3 of Part III.

As in Part I, we use the following notation

(2.18) a(tl,tz):<g ?) n(u)z(i (1))

We use coordinate systems on G and V similar to those in Part I, as follows.
Elements of G have the form g = (g1,¢92,93) or g = (g1,¢92). In either case we shall
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write
(2.19) gi = <gill gi12>
g1 gix2
for each i. Elements of V' are vectors x = (x1,x2). We shall put
(2.20) = (xm xnz)
X2l Xi22
in case (1) and
(2.21) X = <x’f x“)
X1 A2
in case (2).

Let v e 9. We now review the parametrization and the measure on the stabilizer.
Define

(k)" (sp)
(2.22) o — ) ((0))" (sp ur), (sp rm),
e (kX)? (in), (rm), (in ur), (rm rm)*,
fep(x)* otherwise,

for each of the various indices then G;’k ~ H,, 1n all cases. We may regard H,;, as
the k,-points of an algebraic group H, defined over (), and we shall do so below.

If ky(x)/ky is quadratic then we shall write v for the generator of Gal(k,(x)/k,). If
ky(x) # k, then v may also be regarded as the generator of Gal(k,(x)/k,).

If x is a point of type (sp), we write

(2.23) se(ty) = (a(ti, t2), a(tar, ), a((t11t21) ™', (t12t22) ™Y)),

where t, = (t1,...,00) € (k;)“. Let sy (7y), sx2(%x), 8x3(2y) be the three components of
sx(ty). If x is a point of type (sp ur) or (sp rm), we write

(2.24) se(tx) = (a(tun, 1)), altar, 8y al ()™ (1 83) 7)),

where t, = (111, 121) € (k(x), )2. We use the notation s, (7,) et cetera for this case also.

If x is a point of type (in) or (rm) then we write

(2.25) su(t) = (altn, 12, a(Ngy (6. Ng s (12),

where 7, = (111, 112) € (k)*.  We use the notation sy (z,) et cetera for this case also. If

x is a point of type (in ur) or (rm rm)* then we write

(2.26) sx(te) = (a(tin, 1), a(tfy, 1)), al(tef) ™" (¢ 12) 1)),

where 7, = (111, 712) € (k). We use the notation s,(z,) et cetera for this case also.

Finally if x is a point of type (in rm), (rm ur), (rm rm ur), or (rm rm rm) then we write

(2.27) sx(tx) = (altin, 111), aNG (o o () N o oo (1))

where 7, = ;1 € k,(x)*. We use the notation s, (z,) et cetera for this case also. On
H,,, we define an invariant measure dt,, as follows:
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d*t11,d” tiopd* t21,d ™ t20,  (SD),

(2.28) dt. . — d*t11,d™ a1y (sp ur), (sp rm),
o d*t11,d” t12, (in), (rm), (in ur), (rm rm)*,
d*t1y otherwise.

We note that if v € M; then the volume of H,,, under this measure is 1 in every case.
Let

(2.29) T = <(1) é)

Suppose that x € V;* corresponds to a quadratic extension of k,. Then it is possible to
choose an element g, € Gy such that x = g,w and

(2.30) g:'9) = (—1,—1,7) or (—1,1).
If x = g.w with g, € Gi, then we do not impose any condition on g,. Then in all cases
(2.31) G, = gxlsx(tx) [ 1x € Hy Yo7

Let 0,, : Gy — H,, be the isomorphism given by 0, (gusx(tx)g!) =t If gy is
obvious from the text, we may simply write §. We have established immediately before
Definition 5.13 of Part I that if x € Gy, w or k,(x) # k, and g, satisfies (2.30) then the
measure dgy , = 0, (dt,) on G{ () does not depend on the choice of gs.

X, v

3. The volume of the integral points of the stabilizer.

Suppose that v e M and that x e 1 is a standard orbital representative. In this
section we shall compute the volume of the intersection K, N Gy under the measure
dgy ,, unless v e Mgy and x has type (rm rm ur) or (rm rm rm). " These cases, which
involve additional technicalities, will be dealt with in [3].

As in Section 2, we let A ke = pY. We shall use the parametrization of the
stabilizer introduced in Section 2. Note that since w,w, € Vg, in all cases, G,, and G,,
are defined over @, The canonical measure on Gy, is induced via the map 0: G, —
H,;, from the measure dt, , (we are suppressing the element g, since it plays no essential
role here). Now 0(K,N G;’kr) < H,¢, and the measure of H,¢, under dt,, is 1. Below

we shall consider the subgroup 0(K, N G,?k) of Hy¢, in order to compute vol(K, N Gfk)

LemMA 3.1, Let x = w, with p(z) = z> + a1z + ay be a standard orbital representa-
tive. If ve Mgy then g = (Ay(c1,dy), Ap(ca,dr), Ap(c3,d3)) € G, lies in K, if and only if
ci,¢,d,dr € Oy and detA,(c;,d;) € OF for j=1,2. If v¢ My, then g= (Ay(ci,d),
Ay(cr,dh)) € Gy lies in K, if and only if c\,d € 0, and det A,(ci,d)) € @Ux.

Proor. The conditions on ¢;, d; and detA,(cj,d;) which are proposed in the
statement simply say that A,(c;,d;) lies in the standard maximal compact subgroup in
that factor for j = 1,2 (respectively j = 1) and so they are certainly necessary. To see
that they are also sufficient we must show that they imply that the last entry in g also
lies in the relevant maximal compact subgroup. But this follows immediately from
Lemmas and 2.13. ]
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In the following, when we consider w, we let o = {oj, a2} be the set of roots of p(z)
as usual. Also, when k,(w,)/k, is quadratic, we denote by v the non-trivial element of
Gal(k,(w)p)/ky).

ProrosITION 3.2.  Suppose that the index of the orbit containing the standard rep-
resentative x is on the list (sp), (in), (rm), (sp ur), (sp rm). Then vol(K,NGy )= 1.

PrOOF. We have to show that in every case listed above 0(K, NGy ) = Hyg,. Of
the list (sp), (in), (rm) we deal only with the first, since the other two are very similar.
For this orbit, p(z) = z* —z, we have H,s, = (¢)* and the map 0 is 0(A,(c1,d),
Ap(ca,dr), Ap(c3,d3)) = (c1,¢1 +di, c2,¢2 +d>). Note that in this case we may choose
h,= (4 3') in [2.10) and then computing g,s.(7;)g," in explicitly for f, =
(c1,¢1 +di, .00+ dy) we get the given formula for 0. If h = (¢1,t,13,t4) € Hye, then
0(g) = h where g = (Ay(t1,t: — t1), Ap(t3, 14 — t3), %) and, since det A,(#;, t; — t;) = t;t;, it
follows from that g € K,,.

This leaves the cases (sp ur) and (sp rm). Recall that p(z) was chosen so that
O, (x) = Olon].  We have H,g, = ((Q,E:(x))z and the map 0 is

H(Ap(cl,dl),Ap(Cg,dz),*) = (Cl —+ d10(1,62 —|—dgoc1).

If h=(t1,t0) € Hy, then ¢, € C”,fb_(x) and so we may find ¢;,d;,cy,dr € O, so that
th=c +diay and th =cr +droy. If we set g = (Ap(cl,dl),Ap(Cz,dz), *) S G;kv then
det A,(¢;, d;) = (¢ + djon ) (¢; + djo) = ;¢ € 0. Thus g€ K, and 0(g) = h. O

PROPOSITION 3.3.  If the index of the orbit containing the standard representative x is
(in ur) then vol(K, NGy ) =1. Ifitis (rm rm)* then vol(K,N Gy ) = (1 - q;l)_lq;‘s’/.

Proor. For these cases Hyg, = (@UX)2 and 0 is 0(A4,(c,d),*) = (c +day,c + du).
Note that we get this formula by~ explicitly computing gpsx(tx)glj1 for t, = (¢ + day,
¢ +doxy) in [2.26). Given #),t, € 0 we wish to determine whether there are integers
¢,d € 0, such that 0(A,(c,d),*) = (t1,1,), because (1,1) e O(K,N G, ) if and only if
this is possible. FElementary linear algebra shows that

c:(agtl—oqtg)/(az—ocl), Cl:(lz—l‘l)/(dz—(xl).

Thus (11, 1%) eG(KvﬂG;’kv) if and only if o, — oy divides £, —#; and oty — oyt If
lgv = ky(x) is unramified over k, then oy — o is a unit and this is no condition on #; and
t. Thus O(K,N Gy, ) = Hye, in this case and the first claim follows.

If lng k,(x) is ramified over k, then (ay —oq) =p% and so we must have
ti =t (p%). With this condition

Ot — ot = (062 — oc1)11 + 061(11 — tz) e ]3{,)”
and so the second condition also holds. Thus

0(K,N Gy ) ={(t1,1) € Hyo, |11 = 12 ()}

I

{(71.72) € Hye, |7y = 1 (1)),
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where the isomorphism is by the measure preserving map (71,%) — (145", ). Thus
vol(K, N Gy ) = vol(1 + p%) under the normalized multiplicative Haar measure on k.
The second claim follows. L]

In the remaining cases, the fields k, and k,(x) are distinct quadratic extensions of k,
and we shall assume this to be so for the rest of this section.

Lemma 34. We have 0(K,N Gy ) = O]

PrOOF. As pointed out in the proof of Lemma 3.30 in (whose statement is
recalled in here), the map 0 is 0(4,(c,d),*) = ¢+ doy € k,(x)*. This can
also easily be verified by explicit computation. If x e K,N Gy, and x = (4y(c, d), *)
then ¢,de @ and so O(x)e O,[n;]. Moreover, detd,(c,d) = 0(x)0(x)" and since
det A,(c,d) € 0 and @, ] is stable under v, it follows that 6(x) is a unit in the ring
Golon]. Thus O(K,NG ) < Gu[en]”. Suppose that ¢+ doue Cyfoq]”. Then c¢,d e,
and det 4,(c,d) = (¢ +doy)(c+doy) € @ and it follows from that
(Ap(c,d),*) € K,N Gy . This establishes the reverse inclusion. O

ProrosITION 3.5. If the index of the orbit containing the standard representative x
is (rm ur) or (in rm) then vol(K,N Gy )= 1.

Proor. If the index is (rm ur) then p(z) € k,[z] either has the form p(z) =z> —r
with r a non-square unit, if v ¢ Mgy, or is an Artin-Schreier polynomial, if v € Mgy. By
hypothesis, p(z) is irreducible when regarded as an element of k,[z]. Thinking of k, as
the ground field, these facts imply that O, = Oy[ay] and so O(K,N Go) = (Qé(x) =
H.,, by Lomma 34

If the index is (in rm) then p(z) € k,[z] is an Eisenstein polynomial and, since &, /k,
is unramified, p(z) is still an Eisenstein polynomial when regarded as an element of k,|z].
Thus O ) = @y[e1] and, again by the Lemma, 0(K,N Gy.) = Hye,. O

We are left with the index (rm rm ur) with v¢ Mg,. In this case k,(x) =
ky(\/7, /1) Where 7, is a unifo~rmizer and » is a non-square unit. We may assume
without loss of generality that k, = k,(\/7,) and ky(x) = k,(\/777).

PROPOSITION 3.6. If v e M\May and x is the standard orbital representative for an
orbit with index (rm rm ur) then vol(K,N G )= (q, + 1)~

Proor. We may choose p(z) =z?> —m,5 as the Eisenstein polynomial associated
to the extension k,(x)/k,. Then o) = \/m,;7 and so O(K, N Gy ) = O,[\/mn]" by
3.4. Since O, = O,[\/m,]|, we have

O[] = {e1 + eamo /1] + e3\/T, + eq/mut] |e1 € OF ea,e3,e4 € O}
On the other hand, ¢ ) = G,[\/7] and so Hy, = (QEU ) is
N+ v+ fivme + fay/mn | f1,- - fa€ Oy, fi o1 fo a unit}.

From this it is clear that
[Hyg, : O(K, N xokl)} =q+1

and so the volume has the indicated value. O
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4. Orbital volumes at the finite places.

In this section we compute vol(K,x) for all standard orbital representatives, x, when
v is a finite, non-dyadic place. When v is dyadic we compute the sum of vol(K,x) over
the equivalence class of x under the relation < introduced in Section 2, unless x has type
(rm rm)*, (rm rm ur), or (rm rm rm). These cases will be treated in [3]. Throughout
this section, v will be a finite place of k.

Our strategy is to find a subset 2 of K,x, defined by congruence conditions, whose
translates cover the orbit and then to find its stabilizer modulo a certain high power of
the prime ideal. Since the entries of elements of V' may lie in different fields we need a
notation for congruences that takes this into account. Suppose that v ¢ Ms,. We use
the coordinate system on V. If x=(x;) and y = (y;) are written with respect
to this coordinate system then x = y (p/', p;?) means that x;p = yio (p)'), X =y ()
and x;; =yy (p)2) for i=1,2. Ifve Sﬁsp then x =y (pZ) will signify congruences to
the modulus p;! on all the corresponding entries of the two pairs of matrices.

In addition to this, we shall require some further notation as follows: We put
20, =p)" (so thdt m, = 0 unless v is dyadic) and if k,(x)/k, is quadratic then we
put A,k = por. If p(z) =22 +aiz+ay e ky[z] then o = {oy, 00} will be its set of
roots. Our standard orbital representative for orbits with k,(x) =k, is x = w, with
p(z) = z> —z. However, we shall find it convenient to make use of x = w instead.
Note that if g, is as in then g, € K, and so K,w, = K,w and this substitution is
permissible. So we shall use w as the orbital representative for its orbit.

Since w,w, € Gg,, G, and G,, are defined over ¢,. So for any j >0 we may
consider G, ] and G, pyNCE We may also consider the reduction X¥ of x modulo
p/T! and its stabilizer, G 0ol In general, G, Jpit! and Gy, Jpitl May not coincide
and we have to proceed carefully. However, G, it S Gy, Jpil in all cases.

The following lemma describes G, Jpith when v e M.

LemMA 4.1. Suppose v e My, and x = w), is a standard orbital representative. Then

G, e consists of elements of the form (2.13) such that

detAp(Cl,dl),detAp(Cg,dz) € ((QU/pg+1)X
and c3,dy € Oy/p*! are related to ci,cy,di,dy € Op/pi*! by (2.14).  Moreover,

G G;@u/ P! }

,\‘(C’,,/pfrl :

=2

and the non-trivial class in G

0, /pm/G /o is represented by (t,,7,,7,).

Proor. We briefly sketch the proof here. The conditions in [Lemma 2.12
determine the structure of G, as a scheme over (0, regarding cy,d;, c;,d> as variables.
Note that the inequalities A,(ci,di),A,(c2,db) #0 can be regarded as equations
wAy(cr,di) = usAy(ca,dr) = 1 after adding variables u;,u>. Then G, 0ol is by defini-
tion the set of (0,/p/!)-valued points of this scheme and so the equdtlon will
be regarded as an equation over (),/p/*! and the above inequalities, after reduction
modulo p/*!, can be regarded as the condition that A,(ci,d)),4,(c2,dr) are units.
Since (t,,7p,7,) is defined over ¢,, this proves the lemma. O
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Similarly, the following is an easy consequence of and we will not give
a proof.

LemMA 4.2, Suppose v ¢ My, and x = w), is a standard orbital representative. Then

° /pf“ consists of elements of the form (2.16) such that det A,(c,dy) € (0,/pI*1)* or

(G, Ps jH)) , according as k, /Ko zs ramzﬁed or unramified, and c;,d> € O,/p/T! are
related to ci,d; € Cfu/pfrl or (Ol,/pu (+1) by (2.17). Moreover,

[Gx(%/vf+1 GO" /WH} =2

and the nom-trivial class in G_, , i+ /G° pit! is represented by (1,,17,).

xCy [Py
DEFINITION 4.3, For x = (x1,x) e V, !
erated by x; and x;.

(()
j+1 let Span(x) be the @,/p/T'-module gen-

The following simple observation will be useful below. We will usually apply it
with x being the reduction modulo p/™' of a standard orbital representative.

LEMMA 4.4. Let ve My, Given gi,g> € GL(Z)(( s there exists an element g3 €
GL(2), 0,00t Such that (91.92,93) € G, it I and only zf Span((g1, g2, 1)x) = Span(x).
Similarly, let v¢ M. Given gy € GL(2),; G5 O GL(2)(O/~2(,+1 according as v € My,

or ve My, there exists g e GL(2), 00! such that (gi,92) € G if and only if
Span((g1, 1)x) = Span(x).

Before continuing, we would like to mention a simple fact which we shall have to
use frequently below. If v is a finite, non-dyadic place of k and v ¢ M, then any class
in 0,/ p/ which is fixed by ¢ has a representative which lies in ¢,. To see this, simply
observe that if u e @, represents such a class then u” = u (p/) and so u' = (u+u”)/2
satisfies u’ = u (p/) and u’ € 0,. Of course, the corresponding claim when v is a dyadic
place is false.

xC/p*!

ProOPOSITION 4.5. If ky(x)/ky is not ramified then Gy, it = G it

PrOOF. We first consider the case x = w. Suppose v e My,. Note that G Wy ol =

((C,/pIt1))* in this case. Let g = (g1,92,93) € G, pitt e as in Where the
entries are elements of ¢,/p/*!. By computation,

gi119211 91119221 gi129212 g1129222
dg1219211 91219221 di229g212 g1229222
Since Span((g1, g2, 1)) = Span(iv),

gii1g221 = g1219211 = g1129222 = g1229212 = 0.

If g1 i1s a unit then g, =0. Thus g¢»11,92> are units. So gi1o = g121 = 0. This
implies g2 1s a unit and so g»;p = 0. If gq;; 1s not a unit, g;»; must be a unit. By a
similar argument, we can conclude that g1y = ¢gi122 = ¢g211 = g222 = 0 and gi12, 9121, 9212,
g221 are units. Multiplying by an element of G, 00 /ni*! if necessary, we may assume that
g1 =¢g>=1. Then it is easy to see that g3 = 1 It follows that G- =G

w0, /pd wC,/pl
The case v ¢ My, is similar.
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We now assume k,(x)/k, is quadratic and unramified. Suppose v e My,. Let g =
(91,92,93) € Gy, Jpitl We choose representatives of g1,¢2,93 in GL(2), and use the
same notation. Since k,(x)/k, is unramified, if ¢,d € O, ¢+ do; is a unit if and only
if either ¢ or 4 is a unit. The (1,1)-entry of A4,(c;,d;)gi is cigiin — digin1 and the (1,2)-
entry is c;gi12 — digna. Since either g;;» or gp» 1s a unit, we may choose ¢; = gp» and
d; = gi» to make the (1,2)-entry of A4,(c;, d;)g; zero. Replacing g; by an element of the
form (A,(ci,di),Ay(c2,d>), Ay(c3,d3))g (with c¢3,d3 determined by ¢y, c2,d),d>), we may
assume that

1 0 1 0
(4.6) g1 = < ) g = < >
Uy n U b

If x=w, and y = ({’?, n ), y € Span(x) if and only if y; = y{ and y» — a1y + azyo = 0.

Yy o»n

By computation, (gi,¢2,1)x = (M, M,) where

0 1)
Ml - P
o oaitith + bhu + Hip

1 arty + u>
M, = 2 :
arty +uy  wus + ar(tbuy + tiws) + (a; — ax)tit

(4.7)

Therefore t; = t», u; = u», and
(4.8) a(ty — 1) + 2u; =0, uf + a1 (2t) — Duy +a12(t12 — 1)+ a(l — tlz) =0.

If v is not dyadic, a; = 0. So u; = tl2 —1=0. Then gi,g> are both the identity matrix
or both —7,. 1If v is dyadic, p is an Artin-Schreier polynomial. This means a; = —1
and a» is a unit. By the first condition of (4.8), 7, = 2u; + 1. Substituting in the
second condition and simplifying, (4a> —1)(uf +u;) =0. Since 4a; —1 is a unit,
u12 +u; =0. If u; is a unit, u; = —1, and if »; is not a unit, #; = 0. Note that this
argument is valid in ¢,/p/™' (even though it is not a field). If u; = —1 then #; = —1
and g;,¢g, are both —7,. If 4y =0 then #;, =1 and ¢;,9» =1. Then since (—1,-1,1),
(Tp: T, Tp) € G

o, pits (o —Tp,Tp) € G m. This proves the proposition when
veMgp.
Suppose now that v ¢ My,. Let g = (g1,92) € Gy, jp+ DE as in where entries

of g» are in ¢,/p/*" and entries of g; are in @,/p/*! or @U/faf(jﬂ), according as v e My,

or M. We first show that the right G, -1-coset of g contains an clement of the
form

(49) ((:l 2))

If ve M, roots of p(z) still generates the unique unramified quadratic extension of k,
and so an element c¢; + djo; with ¢, d; € 0, is a unit if and only if ¢; or d; is a unit.
We choose ¢; = g1, di =g¢gi12. Then either ¢; or d; is a unit. So there exist
c2,d> € O, such that (4,(ci,d1), Ay(c2,db)) € Gx(c;, Jnit Multiplying this element by g,
we may assume that g, = 0.

If veM;, then k,(x) = k, is unramified over k,. Note that p(z) is irreducible
modulo p, by assumption. Therefore, X € V(ff/pt Since 0,/p, is a perfect field, one can
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use the same argument as in Proposition 2.10, (2) [1], p. 323 to determine the stabilizer
Gza,/p,- So the proposition is true if j=0.

By the previous step, we can multiply g by an element of G,q,/, to assume that
di112, 9121 € f)v. Let C1 = g122, dl = d112- Then Cl € (ELX and dl (S ﬁv' So Cl1 — dloq =

—dyoy = ¢1 (p,). Therefore, there exist ¢, d> € O, such that (4,(ci,di),A,(c2,d>)) €

G, Jpit Multiplying g by this element, we may assume gz = 0.

In both cases, g1 =0 and so gi11,9122 € 0. Multiplying by an element of the
form (A4,(c1,0),4,(c2,dh)) € GX(, s+, we may further assume that gy = 1.

This done, (g;,1)w, is given by (4.7) with t,u, replaced by ¢{,uf. Therefore, by
the same argument, #; = ¢/, u{ = u;, and the condition (4.8) holds also. After this, the
argument is the same as in the case v e WM, O

DeriniTiON 4.10. Let x denote any of the standard orbital representatives. In
each of the cases enumerated below, we define & to be the set of y e Vi, such that
y=x @l pk)if ve M, or y=x (p)!) if v e My, where ny, n» and n are as indicated.

(1) n=2m,+1 if x has type (sp) or (sp ur),

(2) m=2if x has type (sp rm) and v ¢ Myy,

(3) n =ny =2m,+ 1 if x has type (in) or (in ur),

(4) n =ny=21if x has type (in rm) and v ¢ My,

(5) n =2m,+1, np =4m, + 2 if x has type (rm) or (rm ur),

(6) m =2, iy =4 if x has type (rm rm)* or (rm rm ur) and v ¢ My,.

ProprosITION 4.11.  Let x have one of the types enumerated in Definition 4.10 and &
be the corresponding set. If ye 2 then k,(y) = k,(x).

Proor. By the choice of orbital representatives, ( ) is a unit when k,(x)/k, is not
ramified (including the case k,(x) = k,) and (P(x)) = p0"* when ky(x)/k, is ramified. In
cases (1), (3) and (5), we have P(y) = P(x) (p?™*!) and P(x) is a unit. This con-
gruence may be rewritten as P(y)/P(x) =1 (p>™*!). By Hensel’s lemma, a unit is a
square if and only if it is a square modulo p>™*!. Note that this is true whether or not
v is dyadic. So P(y)/P(x) is a square. This implies that k,(y) = k,(x) in all these
cases.

In case (2), the condition implies that P(y) = P(x) (p2) and hence that we have
P(y)/P(x) =1 (p,), which again implies that k,(y) = k,(x), since v is not dyadic. The
same argument works for case (4) because p>N ¢, = p2 in this case.

In case (6), the assumption implies that P(y) = P(x) (p?) and ordy (P(x)) =1. So
P(»)P(x)"' =1 (p,). Since v is not dyadic, P(y)P(x)" € (kX)?. Therefore, k,(y) =
ky(x). ]

Before proving the next proposition we recall the notion of omega sets. Let
xe .

DerFINITION 4.12. A set Q. , € Gy, is called an omega set for x if it has the
following properties:
(1) Q.. x= (G/\ x)NVg,.

(2) KuQ..0, ( Hyo,) = Qx p.
(3) If g1,9> e Qv he Gy and g1 = goh then he 0, ( )
(4) If geQ, then [y(g )\ < 1 with equality only 1f g EK
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We have established in Section 8 that omega sets exist for the representatives of
all the orbits with the indices considered in this section.

ProrosITION 4.13.  Let x have one of the types enumerated in Definition 4.10 and &
be the corresponding set. Then 9 < K,Xx.

Proor. We first deal with (1)—(5) in [Definition 4.10. Let Q. , be the omega set
for x. Suppose that ye 2. Then k,(y) =k,(x) and so y e Gy,x. Since y is also
integral, it follows from the first property of omega sets that y € Q. ,x. Thatis, y =gx
for some g € 2, ,. We have seen above that the congruence conditions on y also imply
that |P(y)|, = |P(x)|, and so ge{geQ.,]||x(g)|, =1} = K, by the last property of
omega sets. This proves the claim for (1)—(5).

Consider case (6). Let

G(m))={geK,|g1=1(P)),92=1(p;)}-

Then G(n?) fixes the set 2. Consider the usual coordinates y = (y;) as in [2.21).
Since yy =1 (p?), (1,a(y5,1)) € G(n?). Applying this element, we may assume that
vy =1. Since y;o =0 (p2), (1,'n(—y10)) € G(n2). Applying this element, we may
assume that yjo = 0. Since yy; =1 (p3), (a(yy!,1),1) € G(r?). Applying this element,
we may assume that y;; = 1. Since we are assuming v ¢ igy, we chose p so that
a;=0. So yi»=0(p?). So by a similar argument, we may assume y;» =0. Also
y1 =0 (13;‘) and y» = —a (pbz) We may assume that k, =ky(y/7y). Let yy =
n2(c+dy/m,) where ¢,de,. Then (n(—dr2\/m,),n(—n2c))e G(x2). Note that
Trkv/kv(—dng\ﬁz_v) =0. So applying this element, we may assume that jy =0.
Then —ypa;' =1 (p,). So —yna;! =1 with te ¢ by Hensel’'s lemma. Applying
(a(1,7Y),a(t,1)), we get yn = —ao. ]

PROPOSITION 4.14. (1) If x has type (sp) then vol(K,x) = (1/2)(1 +¢;")(1 — ¢;2)*.
(2) If x has type (sp ur) then vol(K,x) = (1/2)(1 — ¢;")’ (1 — ¢;?).

(3) If x has type (in) or (in ur) then vol(K,x) = (1/2)(1 —¢; ) (1 — g;*).

(4) If x has type (rm) then vol(K,x) = (1/2)(1 — ¢;2)*.

(5) If x has type (rm ur) then vol(K,x) = (1/2)(1 —¢;")*(1 — ¢;2).

ProoF. Let j=2m, in all cases. Then vol(K,x) :Vol(@)#(G@/pgﬂ/Gm]/pgﬂ).
By [Proposition 4.5, G, oupoit = O, pitt-

Consider (1). In thls case, G"@/ o = ((Op/pIt1))*. So its order is ((g, — 1)g/)*.
Therefore,

l

2 a3 g — 13 (a2
vol(K,x) = q;8(1+1) (7, — 4v)"(g; - 3 5%)
2(q — 1)"(g0)

Consider (2) and (3). Let p, = O, () be the prime ideal. In both cases, GOC -

((O/pI*Y)?, and #(0./p,) = q2. So its order is ((¢> —1)g¥)’. Therefore, in
case (2),

1 - 22
:E(l +qul)(l - qu)?.

P-q) (@ - 1)) 1
VOl KUX _ —8(]+l) (qU ql’) (qv . qU —— 1 _ 7_1 3 1 _ TZ )
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In case (3),

. 4 a2 — DD a2 — o) (a2 — Da)?
VOI(KUX) _ q;8(,/+1) i (qv qv)(qb )(qv ) (gv qt)(Qv )(QU)

Consider (4). In this case, G, - ((@v/ﬁf(jﬂ))x)z and #(0,/p,) = q,. So its
order is ((g, — 1)¢g¥*")*. Therefore,

2 a2 (a2 — 1V (PN ()4
Vol(Kox) = g- 80D (o = 40)"(e = DV7(a7™) (gl)” _

1
! —(1-g2)>%
20~ (g7 27

Consider (5). Let p, < Uy be the prime ideal. In this case, G° Jpitt =
(O/piV Y and #(0y/p,) = ¢2. So its order is (g2 — 1)gi@*"). Therefore, =

Csmn (@2 = @) (@ = D@ ght 1 e S
VOI(KL’X) =4, S - B 2-1' 1 = _(1 — 4 ) (1 — 4, ) O]
2(¢2 - (s 7*") 2

PropoSITION 4.15. (1) Suppose that x has type (sp rm) and that v¢ May. Then

1 _ _ _
vol(K,x) = 74y "(1-¢,")(1—gq, %),

(2) Suppose that x has type (in rm) and that v ¢ Mgy. Then
1 _ _ _ _
vol(Kyx) = 2 (1= ¢;)(1 = ¢7%)(1 = ¢;%).

PrOOF. We prove that [Gyg,/p2 Qj@,/pg] =2q,. Let p(z) =z>+ajz+a> be the
Eisenstein polynomial corresponding to x. Since v is not dyadic, we assume a; = 0.
Consider (1). Elements of the form (A,(ci,d\), Ay(c2,d>), Ap(c3,d3)) are in Gio, w2
if and only if ¢} + axd?, c3 + axd; € (0,/p?)”* (see [Lemma 4.1). Since a; € p,, this is
equivalent to ¢;,¢; € (0,/p2)*. So the order of Gl ez 18 (40 — 1)¢3)*. Suppose g =
(91,92,93) € Gsq, 2 Since Fi(v) reduces to vf modulo p,, g3 €p,/p;. Let x=

(x1,x2). Then (g1,¢2,1)x> is a unit scalar multiple of x, modulo p,. By computation,

1 _{ g1m9g211 91119221
(91,92, 1)x2 = (py)-
dgi219212  g1219222

So gi11,9211 are units. By a similar argument as in the proof of [Proposition 4.5,
gi21, 91 epv/pf,. This implies that g2, g2> are units. Since

cigina — diginn )

*

*
Ap(cia di)gi = <*

for i = 1,2, the right coset G, /p29 contains an element g = (g1, ¢2,¢3) where g, g, are
in the form (4.6). Moreover, it is easy to see that f;,f,u;,u, are determined by the
coset G’

e, n2Y- We use to determine the possibilities for g. By compu-
tation, )



756 A. C. KaABLE and A. YUKIE

0 t 1
(9179271)x: > 5 = .
1 huy + bu Uy Uiy — artib

The condition Span((g;,¢g»,1)x) = Span(x) is equivalent to the condition that #; = f,,
uy =ux, tior + thu; =0, and ujuy — artit, = —a». Since v is not dyadic, u; = u, =0
and ay(1f — 1) =0. Therefore, #; = +1 (p,). So there are 2g, possibilities for ¢
modulo p2. This proves that [Gy, o2t Gy /p,%] = 2q,.

In case (2), by a similar argument as in case (1), we can assume that g; is in the
form with # unit and u; € 0,/p2. Note that the order of G2, /o2 is (g2 —1)q°
in this case. By the same consideration, we get #; =7, u; = u{, and the rest of the
conditions turn out to be the same. Since p2N O, = pZ, there are 2g, possibilities for 7.
So [Gie, 2 Gy, / p3] = 2g, in this case also.

Since the volume of 2 in Definition 410(2) is ¢;'¢, if v e My,

2 3,2 312
— qv _qU qv _l qU l — —_ _
o0 (@m0 Z Vg gy

’ 2¢,((go — 1>q3)2

vol(K,x) = ¢

and if v e M,

6 (4) =) = Vi (g — ) (g; — gy
’ 2%‘(%2; - l)qg

vol(K,x) = ¢

=24, (1= g (1~ )01 — g, ). N

Next we assume that v is dyadic and that x has type (sp rm) or (in rm). We shall
compute the sum of vol(K,x) over the equivalence class of x under the relation <. For
these orbits, this amounts to summing vol(K,x) over all x having a given value of J ,.
Let x be coordinatized as in [2.20) or [2.21). If ve My, then Fy(v) = ap(x)of +
ai(x)v1vp + ax(x)v3 where

ap(x) = X112X121 — X111 X122,
(4.16) a1 (x) = X112X21 + X121%12 — X111X222 — X122X211,
ar(X) = X212X201 — X211X222.
If v¢ M, then Fy(v) = ap(x)v] + a1 (x)viv2 + ax(x)v; where
ao(x) = N . (x11) — X10x12,
(4.17) a(x) = Tl‘;gv/kv (X11X3)) — X10X22 — X12X20,
az(x) = Ng . (X21) — x202.

DEerFINITION 4.18. (1) If v e M, then we define &, for £/ =1,...,m, + 1 to be the
set of x such that

. X .
X112, X121, X211 € Cov s X122, X212, X221 € Py,

=/ if £ <m,,

ordy, (x222) = 1, ordy (a; (X)){>m +1 if/=my+1
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(2) If ve My, then we define ¥, for /=1,...,m,+ 1 to be the set of x such
that

X X ~
xuel;, xpel;, Xxpep, X€Ddp,

=/ if 7 < m,,

ords,(x22) = 1, OlAdl‘“’(a](x)){mn +1 if £ =m+1

ProposITION 4.19. (1) If ve My, then

O N if ¢ <m,,
vol(2,) = { I 3( 4 1)4%,_ _— f =
9y (l_qU )QU lf/—mv—l—l.

(2) If veINi, then

31— 7D (1 — ¢72)g ! if {<my,
VOI(@/) = qv,:;( qil)Z( qiz)qi(mv—i—l) f
q, (l_qU)(l_q ) Qs if £=m,+ 1.

v

PrROOF. Suppose v e M,. It is easy to see that if x € 1, satisfies all the conditions
in Definition 4.T8(1) except for the last condition, then ag(x) € ¢ and ordy, (a2(x)) = 1.
Suppose

’ : : _ /
X112X221 + X(21X212 — X122X211 = €17y + - - + e/, + - - -,

where e; is a unit or zero for all j (see 1.4, Corollary 2 in [5], p. 14). Let X2 = 7,x5,,
where x5,, € 0. Then by (4.16), a;(x) satisfies the condition in [Definition 4.18(1) if
and only if x;;; has an expansion of the form

Xt = (W) e+ el A fal T )

such that f # e, (p,) if / <m, (and no condition on f if / =m,+1). If / <m,, the
volume of the set of such xjj; is (¢, — 1)g;" = (1 —g; g/t if £ <m, and ¢;™ if
/ =m,+ 1. The volumes of the sets of xii2, X121, X211 are 1 — qv_l, the volumes of the
sets of X122, X212, X221 are ¢;', and the volume of the set of xa» is ¢;'(1—g;!).

Therefore,

(1 =gy g if £ < my,

1@:1_T13T3711_—1X
vol(Z,) =(1-q, )q,7q, (1—q,") s /=yt 1.

Simplifying, we get (1).

If v e M;,, similar considerations apply to xjo as to xi;; in the case v e M,,. The
volumes of the sets of xjj,xy are 1 —¢,2 and 1—g¢,!, respectively, the volumes of
the sets of xjp, xp; are q;z and ¢, I respectively, and the volume of the set of x is
q,'(1 —g;"). Therefore,

(1-— qv_l)qv_”l if £ <m,,

l@ — (1= -2 1— Tl —ZTITIl_ -1
vol(Z,) = (1 = ¢, ) (1 —¢,7)q,7¢, ¢, (1 =¢q,7) X s /1.

Simplifying, we get (2). O
We employ coordinates on G as in (2.19). If v e 9, then we define
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H; ={g9 €K, | 9121, 921,931 €D, },

(4.20) ) 3
Hy ={g€(GL(2)¢,/p,)" | 9121 = g221 = g321 = 0}

and if v e M;, then we define

H>, ={geK,|gi21 €P,,9221 €P,},

(4.21) _
Hy ={g€ GL(2);, /5, *x GL(2),p, | 9121 = 0,9221 = 0}.
Note that
_ 2-1Yg2 - q)°
(4.22) #(Ko/ Hy) = #(Go gy /) = Lo Z @) gy
(QU - 1) q;
and
4
7 ) —1 L — 4, Y

(¢2—1)° qt(q 1) 0
- (qg + l)(Qv + 1)'

LemMa 4.24. (1) If ve My, and g€ Hy then g%, = 9.
(2) If v¢ M, and ge Hy then g2, = Y.

Proor. A simple, direct calculation shows that elements of H; and H, preserve
all the conditions for membership in %,, with the possible exception of the last.
Consider (1) and suppose that y=gx with ge Hy and xe%,. Then F,(v)=
det(g;) det(g>)Fx(vg3) and so a;(y) is equal to

det(g1) det(g2)(a1(x)[g3119322 + g3219312] + 2a0(x)g3119321 + 2a2(X)g3129322)-

We must investigate the order of this number. Since det(g;) and det(g,) are units, they
may be ignored. Both g3 and g3 are units and, since g3z € Py, 93119322 + 93219312 18
also a unit. Thus the order of a;(x)[g3119322 + g3219312] equals ¢ if £/ <m, and is
greater than or equal to m, + 1 if £/ =m, + 1. Also, ordy, (2a¢(x)gs119321) = m, + 1 and
ordy, (2a>(x)g3129322) = m, + 1, in the first case because g3 € p, and in the second
because a>(x) € p,. It follows that the order of a,(y) is ¢ if / < m, and is greater than
or equal to m,+1 if / =m,+ 1. Thus ye Z,, as required. Similar arguments apply
in case (2). ]

PRrOPOSITION 4.25. (1) Suppose ve M, is dyadic. Then

vol(Kyx) = (1 — ¢;1)*(1 — ¢;2)°q,",

2<6, , =2/ <2m,

Z vol(Kyx) = (1 — ¢, )(1 —q; )3qT(m‘+1)

Oy, v=2m,+1

(2)  Suppose ve My, is dyadic. Then
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S vol(Kox) = (1 - ;) (1 — ;)1 — g1 a,"

Oy v=2/<2m,

ST vol(Kw) = (1- ;)1 = g;3)(1 = g; g, 0.
6,\‘, py=2m,+1

Proor. Consider (1). We first show that &, = UX K,x, where x runs through the
standard orbital representatives for the orbits of type (sp rm) whose corresponding fields
have a fixed discriminant. As in the statement, the discriminant is related to / by
¢/ = |(0x,+1)/2]. By construction, if y e 2, then |P(y)|, = ¢ and so if x is the
standard representative for the orbit corresponding to k,(y) then |P(y)|, = |P(x)|,.
Since y € G, x N Vg,, the theory of omega sets implies that there exists g € £, , such that
y=gx. But then [¢(g)|,=1 and so g€ Qil = K,. That is, ye K,x.

Each one of the standard orbital representatives itself lies in &, and so the K,-
translates of %, cover UXKUx. In order to find the volume of Ux K,x it remains
to determine the number of distinct K,-translates of 2,. Suppose that ge K, and
99,N%; + &; say x,ye P, and y =gx. We shall show that ge H;. Since Fy(v),
F,(v) both reduce to unit scalar multiples of v7 modulo p,, the assumption implies that
g1 €p,. Since (1,1,g3) € Hy, we may assume g3 = 1. Let x = (%) and X = (%) be
the reduction of x modulo p,. We define g, y similarly. Then

X =7 = J11911 91119
(91792,1)x_y_(*,xm(_“l_’ll _111_221>>.
d1219212 91219222

Since gr15 # 0 or gryy #0, Jip; =0. This implies that g,;; # 0 and therefore g,,; = 0.
Thus g € H;, as claimed.

It follows from this and that two K,-translates of &, are ecither
disjoint or equal and that the number of them is #(K,/H,) = (¢, +1)° by [4.22).
Using [Proposition 4.19, the result follows. Similar arguments apply to prove the
formula in case (2). ]

PROPOSITION 4.26. If v is not dyadic and x has type (rm rm ur) or (rm rm)* then

1 — — —2\ <2
vol(K,x) = Eq” 1(1 - q, l)(1 —-q, 2)7.

ProOF. Consider 2 in Definition 4.10(6). Obviously vol(2) = ¢, 6. In both
cases, G, .. consists of elements of the form (A4,(c,d),*) where c € (0,/p})*, d € O,/p*.

So #(;;(ﬁ;./pg = (g — 1)q,.
We show that [Gﬂ%/pf Gy, /pz] =2¢,. Suppose g € Gsq, /2. We consider the

coordinates again. Since Fy(v) is a unit scalar multiple of v modulo p,,
g221 =0 (p,). Then since g () §)%g{ is a unit scalar multiple of (§ J), gi21 =0 (p,).
So gi11, 9122, Y211, 922> are units. This implies that the right G° -coset of g contains

XU, /p?
an element of the form ((} 9),«). We use again. By computation,

t

(G D=7 i (o mp Tomge0))
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So t=1¢°, u=u’ 2mu=0, and a(*—1)—u?>=0. Since v¢ My, u=0, and
t=+1(p,). Since 7€ (0,/p?)", there are 2q, possibilities for 7. Therefore, in both
cases,

2 2/ 2 16
— q, —1 4, —4v) 4, 1 — — N
vol(K,x) = ¢, . 2()q(_ 1)q8) =54, (1= ;)1 - ¢,)". O

5. Computation of b, , at the infinite places.

In this section we shall compute the constants b, , when v is an infinite place of k.
We shall first review the definition of the constants by ,.
Let ve M, and x € I;* be a standard representative. Let dg;’m be the measure on
v, defined in Section 2. We choose a left invariant measure dg; , on Gy, /Gy so that
if @ is a Schwartz—Bruhat function on V;, then

(51) [ e le di = [ PO e,

G /G2, Gy x
where dy is the Lebesgue measure if v € Mz and 2% times Lebesgue measure if v € M.
Let dg, be the standard measure on Gy,. Then there exists a constant b, > 0 such that
dgv — bx,v dg),c,v dg,lvl,v'

It is established in Section 7 that the contribution of the orbit of x to the local
density is b;ll,\P(x)Lz, . Since x is a standard representative, |P(x)|, = 1. It was proved
in Proposition 5.23 that if y € Gy, x then b, , =b,,. So we are free to make use of
any orbital representative to carry out this calculation and we shall take advantage of
this freedom to simplify our task as much as possible. In the proof of each of the four
propositions in this section we shall have to calculate the 8 x 8 Jacobian determinant
associated with the map g — gx in some coordinate system. FEach of these calculations
was carried out using the MAPLE computer algebra package [4].

Before we begin, we recall a fact about the Haar measure on GL(2), where F = R
or C. As is usual, we shall take Lebesgue measure to be the standard measure on the
real numbers and twice Lebesgue measure to be the standard measure on the complex
numbers. If g = (ZI} z1§> then du(g) = dandalzdagldazg/]det(g)\% defines a Haar mea-
sure on GL(2), and it is well known that if dg denotes our standard choice of Haar
measure on this group then dg = prdu(g) where pr =1/ if F =R and pr =1/2n if
F =C. For example if F = R, using the usual paramatrization of each factor of the
Iwasawa decomposition, all one has to do is to find the Jacobian of the map O(2) x
Tr X Ng — Gg and the degree of this covering and this can be done easily. When
F =k, we shall use the notation p, in place of pr. We shall refer to du(g) as the
coordinate measure on GL(2).

ProrosITION 5.2. Let ve I, and suppose that x is a representative for the orbit of
index (sp). Then

3 if ve Mg,

3
T
by, =

3 if vedc.
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PrROOF. As noted above, it suffices to compute by, where x =w, the element
introduced in [2.8). Let du, be the product of the coordinate measures on each of the
three factors of Gy, so that dg, = p? du,(g).

Let # denote the set of (g1,92,93) € Gk, such that g; and g» lie in the big Bruhat
cell. Then % is dense in Gy, and it is on this set that we shall carry out the comparison
of measures. Any element g of 4 may be written as

(5.3) g = ("n(u)n(y1)a(tiy, t2), ‘n(u)n(y2)a(tar, 1), gza(ty] 5, 15 15))

with g3 = <‘“1 "12) and when g is written in this form, u;, y; and a; for 7, j = 1,2 may

az; axn

be regarded as coordinates on Gy, /G; . Note that the map
k2 x (k7)* 3 (u, p,t1,12) — ‘m(u)n(y)a(t, t2) € GL(2),,

is injective. With respect to these coordinates, the Jacobian determinant of the map
g — gx is found to be |det(g3)|>. Note that this map is a double cover because
(G, : G ] = 2. Since P(gx) = x(g)P(x) = det(g3)*P(x) and P(x) =1, it follows that
the pullback of the measure dy/|P(y)|} to Gy,/ o, 18 dg,, = (1/2) dudy\durdy -
dus ,(g93), where dps (g3) denotes the coordinate measure on the third factor. (The
measure has been divided by 2 because the map g — gx is a double cover and, in 5.1},
the measure dg’, , was defined via an integral over V;,.) In [5.3], #; may be regarded as
coordinates on Gy and as such dg , = [[; ;_;,dt;/|ty],. 1t follows from the definition
and the remarks above that du,(g) = p;3bxiudg;l gy, and so all that remains is for us
to determine the relationship between the coordinate measure and the measure dudydt, -
dt:/|t1t2], on the big cell inside GL(2) when it is coordinatized as ‘n(u)n(y)a(t;, ). A
simple Jacobian calculation shows that in fact these two measures are equal. This gives
(1/2)p;3bx., = 1 or equivalently b, , =2p>. Using the remarks before the proof, this
gives the stated values. ]

ProOPOSITION 5.4. Let ve Mg and suppose that x is a representative for the orbit of
index (rm). Then

Proor. We shall again use x =w as the orbital representative. Let ¢ be the
complex place of k which divides v. Let du, be the product of the coordinate measures
on two factors of Gy, so that dg, = psp,du,(g).

We let 4 denote the set of (gi,92) € G, such that g; lies in the big Bruhat cell.
An element of # may be written as

(5.3) g = (n(n(y)a(ir, 1), g2a(Npy (1) N (82)7)

with ¢, = (g; 22> and when ¢ is written in this form, u, y and a;, i,j = 1,2 may be
regarded as coordinates on Gy, /Gy, . With respect to the real coordinates Re(u), Im(u),
Re(y), Im(y), aj, the Jacobian determinant of the map g — gx is found to be
4|det(g2)|12,. Since the map is a double cover, P(g-x) = det(g>)> and the canonical

measures du and dy are du = 2dRe(u)dIm(u) and dy = 2dRe(y)dIm(y), it follows that
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the pullback of the measure dy/|P(y)|; to Gy,/ Gy, is dg, , = (1/2) dudydu, ,(g2), where
du, ,(92) denotes the coordinate measure on the second factor. In (5.5}, #/ may be
regarded as coordinates on Gy, and as such dg;, = [[,_; ,dt;/|t;|;. 1t follows from
the definition and the remarks above that du,(g) = p;'p; by dy) ,dg?, and since the
coordinate measure restricted to the big cell inside GL(2) i is dudydtldtz /|tit2|5, we have

bx,v = Zpﬁpb U]

ProPOSITION 5.6.  Suppose that v e Mg and that x is a representative for the orbit of
index (sp rm). Then

PrOOF. We shall use x = w,, where p(z) = z2 + 1, as the orbital representative for
this orbit. The roots of p are +v—1. Let 4,(c,d) be as in (2.11). As we discussed in
Lemma 2.12, any g € G5 has the form g = (4,(c1,d1), Ap(c2,dr), Ap(c3,d3)) where

o — c1cr — didb B —(Cld2+626{1)
GG+ T (G Hd)(E+d3)

The isomorphism 6 from G to Hy, = (C “)? may be taken as
H(Ap(cl,dl),AP(CZ,dz),Ap(C3,d3)) = (Cl + vV —1d1,€2 Y —ldz).

Recalling that the canonical measure on C* is dz/|z|. where dz is twice Lebesgue
measure, we seec that

o 4 dCldd1 dCzddg
RGETGICET)

For any r and any x € SO(2) we may find ¢ and d such that a(r,r)x = A,(c,d)
and it follows from this and the Iwasawa decomposition that any g € GL(2), may be
expressed as g =n(u)a(l,t)A,(c,d). Thus any g € G;, may be expressed as

g = (n(u)a(l, t1)A,(c1,dv), n(uz)a(l, 12)A,(c2, ), g34,(c3, d3))

where g3 = (Z; Zﬁ) Then ay, t; and u;, i, j = 1,2 may be regarded as coordinates on
Gy, /Gy, . With respect to these coordinates, the Jacobian determinant of the map
g — gx is found to be 4|} det(g3)2\v. Since the map is a double cover, P(gx) =

2(9)P(x) = 1212 det(g3)*P(x) and P(x) = —4 this shows that the pullback of the measure
/1P 10 G/, is

dudtdusdt
dg,/\’,v = Wd‘ulv(.ch)
where du; ,(g3) is the coordinate measure on the third factor. An easy Jacobian
calculation shows that if g =n(u)a(l,t)4,(c,d) then the coordinate measure is
dudidedd ]|i*| (c* +d*) and so, with du, denoting the product of the coordinate
measures on the three factors, du, =2dyg!. dg?,. Since dg, = p; du,(g) = 2p; dg.. -
dg! ,, it follows that by, = 2p?. ' ' O

X, 0
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PrOPOSITION 5.7.  Suppose that v e Mg and that x is a representative for the orbit of
index (rm rm)*. Then

Proor. We again use x = w,, where p(z) = z2 + 1, as the orbital representative.
We let ¢ be the complex place of k dividing v. With A4,(c,d) as in (2.11) and

2:’01|ﬁ_’d1|ﬁ 7:—(Cld_1+51dl)
lef +drl; lef + df;

any element of Gg has the form g = (4,(c1,d1), A,(c1,d>)) where ¢f +df #0. The
isomorphism ¢ from Gg to Hy, = (C X)2

0(Ay(c1,dy), Ay(cr,dr)) = (c1 +di V=1, ¢1 — dyV—=1).

From this it follows that

may be taken as

4dCldd1
dg! = ———>—.
o T e+ dl;
It was shown during the proof of Lemma 9.2 that any matrix (’”“ "“2> in GL(2),

1 mp
may be written in the form n(u)a(1,7)A4,(c1,d,) provided that m?, + m}, # 0. Since the
complement of the set of matrices satisfying this condition has measure zero it suffices to
make the comparison of measures on the set of elements of Gy, whose first entry satisfies
this condition. Any ¢ in this set may be expressed as

g = (n(u)a(l,)4,(c1,d1), g24,(c2, d2))

where g, = ("“ “12). We may use ay, i, j = 1,2, Re(u), Im(u), Re(#) and Im(¢) as real

ar axn
coordinates on (a set of comeasure zero in) Gy, /Gy, . With respect to these coordinates
the Jacobian determinant of the map g — gx is 16|t 12 |det(gz)\f .

that the pullback of the measure dy/|P(y)|; to Gy / Gy is

This shows, as usual,

dg, , = d”—d;duz,vwz)
8113
where dp, (g2) is the coordinate measure on the second factor. (Note that
du =2 dRe(u)dlm(u) and dt = 2dRe(t)dIm(¢) again.) An easy Jacobian calculation
shows that if g =n(u)a(l,t)A,(c1,d)) then the coordinate measure is dudtdc dd,/
|t]2|c? + d?|; and so, with du, denoting the product of the coordinate measures on the
two factors, du,=2dg, dgy ,. Since dg, = pupsdu,(g) = 2pwpsdg, dgy ,, it follows

X, 00

that b, , = 2p,p;. Il

Even though we made use of results obtained from the software package MAPLE in
the above proofs, everything in this section could have been proved manually without
undue difficulty. For example, in the proof of [Proposition 5.2, the only place we used
MAPLE was to determine the Jacobian of the map g — gx. Using the invariance
properties of the measures, one can ecasily prove that this is a constant multiple of
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det(g3)|>. To determine this constant we only have to compute the Jacobian of the
above map at the identity element. At this point the Jacobian matrix is a fairly sparse
8 x 8 matrix and its determinant is easily found by hand. Indeed, the value of this
constant was verified manually in this case. However, we chose not to include the
details of these manual calculations in this paper.
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