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Abstract. We study the structure of the group of Lipschitz homeomorphisms of R n

leaving the origin fixed and the group of equivariant Lipschitz homeomorphisms of R
n,

and show that they are perfect. Next we apply these results for the groups of Lipschitz

homeomorphisms of orbifolds and the groups of foliation preserving Lipschitz homeo-

morphisms for compact Hausdor¤ C 1-foliations.

1. Introduction.

In the previous papers ([A-F ], [F-I2]), we investigated the structure of the group of

Lipschitz homeomorphisms of a Lipschitz manifold and its subgroups. In this paper we

shall study the first homology of the group of Lipschitz homeomorphisms of Rn leaving

the origin fixed and its subgroups. The first homology group of a group is given by the

quotient group of the group by its commutator subgroup, and the group is said to be

perfect if it coincides with its commutator subgroup.

It is known that the identity components of the groups of homeomorphisms and

di¤eomorphisms of Rn with compact support are perfect ([Ma], [Th1]). The results are

related to the topology of the classifying spaces of foliations. There are many analo-

gous results on the first homology of the group of automorphisms. Fukui [F2] proved

that the identity component of the group of homeomorphisms of Rn leaving the origin

fixed with compact support is perfect. This result is essentially due to D. McDu¤ [Mc].

In [F1], we showed that the first homology group of the identity component of the group

of Cy-di¤eomorphisms of R
n leaving the origin fixed with compact support is iso-

morphic to R.

Let HLIPðR
n
; 0Þ denote the group of Lipschitz homeomorphisms of Rn leaving the

origin fixed which are isotopic to the identity through Lipschitz homeomorphisms with

compact support with respect to the compact open Lipschitz topology (cf. [A-F ]). In

this paper, we would like to show the perfectness of HLIPðR
n
; 0Þ and its groups.

In §2, we study the commutator subgroup of HLIPðR
n
; 0Þ and prove that HLIPðR

n
; 0Þ

is perfect. The idea of the proof is to decompose each element of HLIPðR
n
; 0Þ into a
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product of Lipschitz homeomorphisms supported in the disjoint unions of small balls

accumulating to the origin.

In §3 we consider the representation space R
n of a finite subgroup G of the

orthogonal group. Let HLIP;GðR
nÞ denote the identity component of the group of

equivariant Lipschitz homeomorphisms of Rn with compact support. Then we show by

using the same argument as that in §2 that HLIP;GðR
nÞ is perfect. The above results are

applied to the groups of Lipschitz homeomorphisms of orbifolds.

Furthermore in §4 we apply these results to compact Hausdor¤ foliations. Let

ðM;FÞ be a compact foliated manifold. Let HLIPðM;FÞ denote the identity com-

ponent of the subgroup of HLIPðMÞ which consists of foliation preserving Lipschitz

homeomorphisms. Then we obtain that HLIPðM;FÞ is perfect for compact Hausdor¤

C 1-foliations (cf. [F2]).

The authors would like to thank Takashi Tsuboi for his valuable advises.

2. Commutators of HLIPðR
n; 0Þ.

Let M be an n-dimensional Lipschitz manifold. By HLIPðMÞ we denote the

identity component of the group of all Lipschitz homeomorphisms with compact sup-

port with respect to the compact open Lipschitz topology (see [A-F ]). Let ðM;NÞ be

a Lipschitz manifold pair, where N is a proper Lipschitz submanifold of M. Let

HLIPðM;NÞ denote the identity component of the subgroup of HLIPðMÞ consisting of

Lipschitz homeomorphisms which are invariant on N.

In this section, we study commutators of HLIPðM;NÞ. First we consider the case

dimN ¼ 0, especially HLIPðR
n; 0Þ. Then we have the following.

Theorem 2.1. HLIPðR
n; 0Þ is perfect.

First we shall prove a fragmentation lemma for f A HLIPðR
n; 0Þ close to the identity

using the function which T. Tsuboi constructed in [Ts].

Let h be a Cy monotone increasing function on ½0; 1� such that hðxÞ ¼ 0 for

x A ½0; 1=2�, hðxÞ ¼ 1 for x A ½3=4; 1� and h 0ðxÞa 8 for x A ½0; 1�. Let n be the Cy

function on the half line ð0;yÞ such that nðxÞ ¼ hð22kxÞ for x A ½2�2k�1; 2�2k� ðkb 0;

k A ZÞ, nðxÞ ¼ 1� hð22kþ1xÞ for x A ½2�2k�2; 2�2k�1� ðkb�1; k A ZÞ and nðxÞ ¼ 0 for

x A ½2;yÞ. Then the support of n is contained in 6y

k¼0
½2�2k�1; 2�2k�13� and that of

1� n is contained in 6y

k¼0
½2�2k�2; 2�2k�23�U ½1;yÞ. Furthermore we note that n ¼ 0 on

6y

k¼�1
½2�2k�33; 2�2k�1�U ½2;yÞ and n ¼ 1 on 6y

k¼�1
½2�2k�43; 2�2k�2�. Since the abso-

lute value of dn=dx on ½2�k�1; 2�k� is estimated by 2kþ3, we have the estimate jdn=dxðxÞj

a 23=x.

Let l : R
n � 0 ! ½0; 1� be the Cy function defined by lðxÞ ¼ nðjxjÞ for x A R

n � 0.

Then we have the estimate jql=qxjðxÞja 8=jxj ð j ¼ 1; 2; . . . ; nÞ. Take f A HLIPðR
n; 0Þ

which is e-close to the identity, that is, j f ðxÞ � xj < e and j f ðxÞ � x� ð f ðyÞ � yÞj <

ejx� yj for distinct x; y A R
n. Put f ðxÞ ¼ xþ jðxÞ. We define a map g : R

n ! R
n by

gðxÞ ¼
xþ lðxÞ � jðxÞ ðx0 0Þ

0 ðx ¼ 0Þ:

�

Then we have the following.
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Lemma 2.2. g A HLIPðRn; 0Þ for a su‰ciently small e > 0.

Proof. For distinct x; y satisfying 00 jxja jyj, we have

jlðxÞ � jðxÞ � lðyÞ � jðyÞj ¼ jðlðxÞ � lðyÞÞ � jðxÞ þ lðyÞ � ðjðxÞ � jðyÞÞj

a jlðxÞ � lðyÞj � jjðxÞj þ jlðyÞj � jjðxÞ � jðyÞj

< ð16
ffiffiffi

n
p

=jxjÞjx� yj � ejxj þ ejx� yj

¼ ð16
ffiffiffi

n
p

þ 1Þe � jx� yj:

For 00 jxj, we have

jlðxÞ � jðxÞ � 0ja jjðxÞ � 0j

< e � jx� 0j:

Therefore we have g A HLIPðRn; 0Þ for ð16 ffiffiffi

n
p þ 1Þe < 1 by Proposition 4.2 of [A-F ].

This completes the proof. r

Corollary 2.3 (decomposition lemma). For any f A HLIPðRn; 0Þ which is su‰-

ciently close to the identity, there exist g; h A HLIPðRn; 0Þ such that

(1) g and h are close to the identity,

(2) f ¼ g � h and

(3) the support of g is contained in 6y

k¼0
Að2�2k�1; 2�2k�13Þ and that of h is con-

tained in 6y

k¼0
Að2�2k�2; 2�2k�23ÞUAð1;yÞ, where Aðs; tÞ ¼ fx A R

n j sa jxja tg.

Proof. Take g in Lemma 2.2 for any f A HLIPðRn; 0Þ which is su‰ciently close to

the identity and put h ¼ g�1 � f . Then g and h satisfy the required condition. This

completes the proof. r

Let fmigsi¼1 be a partition of unity on the unit sphere S n�1. For g and h as in

Corollary 2.3, we put gðxÞ ¼ xþ jgðxÞ and hðxÞ ¼ xþ jhðxÞ. We define maps gi; hi :

R
n ! R

n ði ¼ 1; 2; . . . ; sÞ by

giðxÞ ¼
xþ miðx=jxjÞ � jgðxÞ ðx0 0Þ
0 ðx ¼ 0Þ

�

and

hiðxÞ ¼
xþ miðx=jxjÞ � jhðxÞ ðx0 0Þ
0 ðx ¼ 0Þ:

�

Then we have the following.

Lemma 2.4. gi; hi A HLIPðRn; 0Þ for a su‰ciently small e > 0.

Proof. We prove that g1 A HLIPðRn; 0Þ. For distinct x; y satisfying 00 jxja jyj,
we have
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jm1ðx=jxjÞ � jgðxÞ � m1ðy=jyjÞ � jgðyÞj

¼ jðm1ðx=jxjÞ � m1ðy=jyjÞÞ � jgðxÞ þ m1ðy=jyjÞ � ðjgðxÞ � jgðyÞÞj

a jm1ðx=jxjÞ � m1ðy=jyjÞj � jjgðxÞj þ jm1ðy=jyjÞj � jjgðxÞ � jgðyÞj

< ðK1=jxjÞjx� yj � ejxj þ ejx� yj

¼ ð1þ K1Þe � jx� yj;

where K1 denotes the Lipschitz constant of m1.

For 00 jxj, we have

jm1ðx=jxjÞ � jgðxÞ � 0ja jjgðxÞ � 0j

< e � jx� 0j:

Therefore by using Proposition 4.2 of [A-F ], we have g1 A HLIPðR
n; 0Þ if ð1þ K1Þe < 1.

It is similarly proved for h1 and other gi; hi. This completes the proof. r

The following corollary is proved by using Lemma 2.4 and the partition of unity

fmig
s
i¼1.

Corollary 2.5 (fragmentation lemma). For any f A HLIPðR
n; 0Þ which is su‰-

ciently close to the identity, there exist gi and hi A HLIPðR
n; 0Þ ði ¼ 1; 2; . . . ; sÞ such that

(1) gi and hi are close to the identity,

(2) f ¼ g1 � � � � � gs � h1 � � � � � hs and

(3) the support of gi is contained in the intersection of 6y

k¼0
Að2�2k�1; 2�2k�13Þ and

the conic neighborhood fx A R
n j miðx=jxjÞ0 0g and that of hi is contained in the intersec-

tion of 6y

k¼0
Að2�2k�2; 2�2k�23ÞUAð1;yÞ and fx A R

n j miðx=jxjÞ0 0g for each i.

Proof of Theorem 2.1. Take f A HLIPðR
n; 0Þ. We may assume that f is su‰-

ciently close to the identity and the support of f is contained in Dnð1Þ, where DnðrÞ ¼

fx A R
n j jxj < rg. From Corollary 2.5, there exist gi and hi A HLIPðR

n; 0Þ ði ¼ 1;

2; . . . ; sÞ such that (1) gi and hi are close to the identity, (2) f ¼ g1 � � � � � gs � h1 � � � � � hs
and (3) the support of gi is contained in the intersection of 6y

k¼1
Að2�2k�1; 2�2k�13ÞU

Að1=2; 1Þ and the conic neighborhood fx A R
n j miðx=jxjÞ0 0g for each i, and (4)

the support of hi is contained in the intersection of 6y

k¼0
Að2�2k�2; 2�2k�23Þ and

fx A R
n j miðx=jxjÞ0 0g for each i.

We construct a Lipschitz homeomorphism c : ðRn; 0Þ ! ðRn; 0Þ in the following.

Put d ¼ 2�2k�9, a ¼ 2�2k�67þ d, b ¼ 2�2k�3 � d and c ¼ 2�2k�47� d. Let x : ½0;yÞ

! ½0;yÞ be a homeomorphism satisfying that (1) xðxÞ ¼ x for x A ½a� d; a�U ½c; cþ d�

U ½2�27;yÞ ðkb�1; k A ZÞ, (2) xðbÞ ¼ 3bþ 4d ðkb�1; k A ZÞ, (3) xð0Þ ¼ 0 and (4)

for each k, xj½a�d; cþd� is a piecewise linear homeomorphism of ½a� d; cþ d�. We note

that the slope of x on the interval ½a; b� (resp. ½b; c�) is 68=3 (resp. 3=16) (see Figure 1).

Let c : ðDnð1Þ; 0Þ ! ðRn; 0Þ be a Lipschitz map defined by

cðxÞ ¼
ðxðx1Þ; 3x2=16; . . . ; 3xn=16Þ ðx ¼ ðx1; . . . ; xnÞ A Dnð1Þ; x1b 0Þ

ðx1; 3x2=16; . . . ; 3xn=16Þ ðx ¼ ðx1; . . . ; xnÞ A Dnð1Þ; x1 < 0Þ:

�
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We can extend c to the outside of Dnð1Þ satisfying cðxÞ ¼ x for x B Dnð2Þ such that c is

a Lipschitz homeomorphism of ðRn; 0Þ. We note that the Lipschitz constants of c and

c�1 are estimated by 68=3.

We show that g1 is written as a commutator in HLIPðR
n; 0Þ. If we choose the

function m1 such that the support of m1 is su‰ciently small and m1ðð1; 0; . . . ; 0ÞÞ ¼ 1, then

the support of g1 is contained in the intersection of the conic neighborhood containing

the non-negative x1-axis and the set fðx1; . . . ; xnÞ j x1 A6
y

k¼0
½2�2k�1 � 2�2k�9; 2�2k�13

þ 2�2k�9�g. As in the proof of Theorem 2.2 [A-F ], we construct a Lipschitz ho-

meomorphism c0 of Rn by conjugating g1 by c j ð j ¼ 0; 1; 2; . . .Þ. Then we have g1 ¼

½c0;c�. For other gi, it is similarly proved by conjugating gi by some rotation map. It

is also similarly proved for hi. Hence f is contained in the commutator subgroup of

HLIPðR
n; 0Þ. This completes the proof. r

Remark 2.6. Let f be an arbitrary orientation preserving Lipschitz homeo-

morphism of R with compact support. Then we can show that the family

ftf þ ð1� tÞ1Rg ðt A ½0; 1�Þ gives a Lipschitz isotopy from the identity to f with respect

to the compact open Lipschitz topology. Thus HLIPðR; 0Þ coincides with the group of

orientation preserving Lipschitz homeomorphisms of R leaving the origin fixed with

compact support, which is perfect by Theorem 2.1 (cf. Theorem 3.2 of [Ts]).

Let ðM;N1; . . . ;NrÞ be an ðrþ 1Þ-tuple of Lipschitz manifolds, where N1 is a

proper Lipschitz submanifold of M and Niþ1 is a proper Lipschitz submanifold of

Ni ði ¼ 1; . . . ; r� 1Þ. Let HLIPðM;N1; . . . ;NrÞ denote the identity component of the

subgroup of HLIPðMÞ consisting of Lipschitz homeomorphisms which are invariant

on each Ni.

Next we study commutators of HLIPðM;N1; . . . ;NrÞ. Then we have the following.

Theorem 2.7. Let ðM;N1; . . . ;NrÞ be an ðrþ 1Þ-tuple of Lipschitz manifolds. Then

HLIPðM;N1; . . . ;NrÞ is perfect.

Proof. For dimNr > 0, it follows from Corollary 2.4 and 4.3 [A-F ]. For

Figure 1. (where d ¼ 3bþ 4d).
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dimNr ¼ 0, it follows by the same argument as that in the proof of Theorem 2.1. This

completes the proof. r

Let Vi ði ¼ 1; 2; . . . ; rÞ be linear subspaces of R
n. Let HLIPðR

n;V1; . . . ;VrÞ denote

the identity component of the subgroup of HLIPðR
nÞ consisting of Lipschitz homeo-

morphisms with compact support which are invariant on each Vi. Then we have the

following.

Theorem 2.8. HLIPðM;V1; . . . ;VrÞ is perfect.

Proof. If dimðV1 V � � �VVrÞ > 0, then V1 V � � �VVr contains a line. Thus it follows

from Corollary 2.4 and 4.3 [A-F ]. If dimðV1 V � � �VVrÞ ¼ 0, it follows by the same

argument as that in the proof of Theorem 2.1. This completes the proof. r

3. Commutators of HLIP;GðR
nÞ.

In this section we study commutators of equivariant Lipschitz homeomorphisms

and Lipschitz homeomorphisms of orbifolds.

Let G be a finite subgroup of OðnÞ which acts on R
n linearly. Let HLIP;GðR

nÞ be

the subgroup of HLIPðR
n; 0Þ which consists of G-equivariant Lipschitz homeomorphisms

isotopic to the identity through G-equivariant Lipschitz homeomorphisms with compact

support. Then we have the following.

Theorem 3.1. HLIP;GðR
nÞ is perfect.

For p A S n�1 and r > 0, we denote UpðrÞ ¼ fx A S n�1 j jx� pj < rg. Then we can

choose a finite points fpi A S n�1 j 1a ia sg and a su‰ciently small positive number e as

follows.

(1) Each Upið2eÞ is Gpi -invariant, where Gpi is the isotropy subgroup of G at pi.

(2) If t A G with t0 1, then Upið2eÞV tUpið2eÞ ¼ q for each i.

(3) C ¼ fG �UpiðeÞ j 1a ia sg is a G-invariant open covering of S n�1.

Let fmig
s
i¼1 be a G-invariant partition of unity subordinate to C. Then we have the

following proposition by using the same argument as that in §2.

Proposition 3.2. For any f A HLIP;GðR
nÞ which is su‰ciently close to the identity,

there exist gi; hi A HLIP;GðR
nÞ ði ¼ 1; 2; . . . ; sÞ such that

(1) gi and hi are close to the identity,

(2) f ¼ g1 � � � � � gs � h1 � � � � � hs and

(3) the support of gi is contained in the intersection of 6y

k¼0
Að2�2k�1; 2�2k�13Þ and

the conic neighborhood fx A R
n j miðx=jxjÞ0 0g and that of hi is contained in the intersec-

tion of 6y

k¼0
Að2�2k�2; 2�2k�23ÞUAð1;yÞ and fx A R

n j miðx=jxjÞ0 0g for each i.

Proof of Theorem 3.1.

(1) Case where the origin is an isolated fixed point.

We define equivariant Lipschitz functions mi and mi ði ¼ 1; 2; . . . ; sÞ on S n�1 by

miðxÞ ¼

1 ðx A UpiðeÞÞ

�ð2=eÞjx� pij þ 3 ðx A Upið3e=2ÞnUpiðeÞÞ

0 ðx B Upið3e=2ÞÞ

8

>

<

>

:
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and

miðxÞ ¼

1 ðx A Upið3e=2ÞÞ

�ð2=eÞjx� pij þ 4 ðx A Upið2eÞnUpið3e=2ÞÞ

0 ðx B Upið2eÞÞ:

8

>

<

>

:

We may assume m1ðð1; 0; . . . ; 0ÞÞ ¼ 1. We denote by C the conic component of

fx A R
n j miðx=jxjÞ0 0g containing the non-negative x1-axis. We define a map cC on C

by

cCðxÞ ¼

ðm1ðx=jxjÞxðx1Þ þ ð1� m1ðx=jxjÞÞx1;

ð1� ð13=16Þm1ðx=jxjÞÞx2; . . . ; ð1� ð13=16Þm1ðx=jxjÞÞxnÞ ðx A C and x0 0Þ

0 ðx ¼ 0Þ:

8

>

<

>

:

Here x is the map in the proof of Theorem 2.1. Then we see that cC is Lipschitz. We

extend cC to a map c : R
n ! R

n equivariantly as follows:

cðxÞ ¼
t�1 � cCðt � xÞ ðt � x A C for some t A GÞ

x ðt � x B C for any t A GÞ:

�

Then we can see that c is well-defined and is an equivariant Lipschitz homeomorphism.

Let f A HLIP;GðR
nÞ. We may assume that f is su‰ciently close to the identity

and the support of f is contained in Dnð1Þ. From Proposition 3.2, there exist gi; hi A

HLIP;GðR
nÞ ði ¼ 1; 2; . . . ; sÞ such that (1) gi and hi are close to the identity, (2) f ¼

g1 � � � � � gs � h1 � � � � � hs and (3) the support of gi is contained in the intersection of

6y

k¼1
Að2�2k�1; 2�2k�13ÞUAð1=2; 1Þ and the conic neighborhood fx A R

n j miðx=jxjÞ0 0g

and that of hi is contained in the intersection of 6y

k¼0
Að2�2k�2; 2�2k�23Þ and

fx A R
n j miðx=jxjÞ0 0g for each i. We show that gi and hi are commutators. By the

same argument as that in the proof of Theorem 2.1, we have that g1 is the commutator

of an element of HLIP;GðR
nÞ and c. For other gi, it is similarly proved by taking new

coordinates. It is also similarly proved for hi. Hence f is contained in the com-

mutator subgroup of HLIP;GðR
nÞ. This completes the proof.

(2) Case where the origin is not an isolated fixed point.

In this case the fixed point set contains a line (one dimensional subspace of R
n).

We take new coordinates of Rn such that the line is the x1-axis and define a Lipschitz

homeomorphism f : R
n ! R

n by

fðxÞ ¼ ðð1=3Þx1 þ c; ð1=3Þx2; . . . ; ð1=3ÞxnÞ for some constant c

on a neighborhood of the origin (cf. Theorem 2.2 of [A-F ]). Since f is equivariant, the

equivariant version of Theorem 2.7 follows. Thus any f in HLIP;GðR
nÞ is contained in

the commutator subgroup of HLIP;GðR
nÞ. This completes the proof. r

Definition 3.3 (Satake [S] and Thurston [Th2]). A paracompact Hausdor¤ space

M is called a (smooth) orbifold if there exists an open covering fUig of M, closed under

finite intersections, satisfying the following conditions.

(1) For each Ui, there are a finite group Gi, a (smooth) e¤ective action of Gi on

an open set ~UUi of R
n and a homeomorphism fi : Ui ! ~UUi=Gi.

(2) Whenever Ui HUj, there is a (smooth) imbedding fij :
~UUi ! ~UUj such that the

following diagram commutes:
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~UUi ���!
fij

~UUj

f�1
i �pi

?
?
?
y

?
?
?
y
f�1
j �pj

Ui ���! Uj;

where pk : ~UUk ! ~UUk=Gk ðk ¼ i; jÞ are the natural projections. Each ðUi; fiÞ is called a

local chart of M.

Let M;N be two orbifolds. A continuous map f : M ! N is called a Lipschitz

map if for any point p in M, there exist a local chart ðUi; fiÞ of M around p and a local

chart ðVl;clÞ of N around f ðpÞ such that f ðUiÞHVl and for f : Ui ! Vl, there is an

equivariant Lipschitz map ~ff : ~UUi ! ~VVl satisfying f � f�1
i � pi ¼ c�1

l � pi � ~ff . As in §4 of

[A-F ], we can introduce the compact open Lipschitz topology on the space of Lipschitz

maps from M to N, CLIPðM;NÞ. A homeomorphism f : M ! M is called a Lipschitz

homeomorphism if f and f �1 are Lipschitz.

Let HLIPðMÞ denote the group of Lipschitz homeomorphisms of M which are

isotopic to the identity through Lipschitz homeomorphisms with compact support.

Then we have the following.

Theorem 3.4. Let M be an orbifold. Then HLIPðMÞ is perfect.

Proof. Take f A HLIPðMÞ. Then we may assume that f is close to the identity

and isotopic to the identity. Then taking an appropriate partition of unity on M, we

may assume that f ¼ fk � � � � � f1 such that each suppð fiÞ is contained in a local chart

ðUi; fiÞ of M. Since each fi : Ui ! Ui is a Lipschitz homeomorphism isotopic to the

identity, we have an equivariant Lipschitz homeomorphism ~ffi :
~UUi ! ~UUi satisfying

fi � f
�1
i � pi ¼ f�1

i � pi � ~ffi. We may assume that ~ffi is contained in HLIP;G i
ð ~UUiÞ, which is

identified with HLIP;G i
ðRnÞ. Furthermore by considering an isotropy subgroup we may

assume that each Gi is a subgroup of OðnÞ. From Theorem 3.1, each ~ffi is a product of

commutators of elements of HLIP;G i
ðRnÞ. Hence each fi is expressed as a product of

commutators of elements of HLIPðUiÞ. Therefore f is contained in the commutator

subgroup of HLIPðMÞ. This completes the proof. r

4. Application to foliations.

In this section we apply the results in §2, 3 to study commutators of foliation

preserving Lipschitz homeomorphisms.

Let M be a compact C 1-manifold without boundary and F a compact Hausdor¤

codimension q C1-foliation of M, where F is said to be Hausdor¤ if the leaf space

M=F is Hausdor¤. Then we have a nice picture of the local behavior of F as follows.

Proposition 4.1 ([E]). There is a generic leaf L0 with property that there is an open

dense subset of M, where the leaves have all trivial holonomy and are all di¤eomorphic

to L0. Given a leaf L, we can describe a neighborhood UðLÞ of L, together with the

foliation on the neighborhood as follows. There is a finite subgroup GðLÞ of OðqÞ such

that GðLÞ acts freely on L0 on the right and L0=GðLÞGL. Let Dq be the unit disk.

We foliate L0 �Dq with leaves of the form L0 � fptg. This foliation is preserved by the

diagonal action of GðLÞ, defined by gðx; yÞ ¼ ðx � g�1; g � yÞ for g A GðLÞ, x A L0 and
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y A Dq. So we have a foliation induced on U ¼ L0 �GðLÞ D
q. The leaf corresponding to

y ¼ 0 is L0=GðLÞ. Then there is a C 1-imbedding j : U ! M with jðUÞ ¼ UðLÞ, which

preserves leaves and jðL0=GðLÞÞ ¼ L.

Let HLIPðM;FÞ be the subgroup of HLIPðMÞ consisting of foliation preserving

Lipschitz homeomorphisms which are isotopic to the identity through foliation preserv-

ing Lipschitz homeomorphisms (see [F-I1], [F-I2] for the definitions). Then we have the

following.

Theorem 4.2. Let M be a compact C1-manifold without boundary and F a compact

Hausdor¤ codimension q C1-foliation of M. Then HLIPðM;FÞ is perfect.

Proof. Let F0 be the foliation on L0 �Dq with leaves of the form L0 � fptg and

let HLIPðL0 �Dq;F0Þ be the group consisting of foliation preserving Lipschitz homeo-

morphisms which are isotopic to the identity through foliation preserving Lipschitz

homeomorphisms satisfying that the supports are contained in intL0 �Dq. Take a

leaf L of F. Then L has a saturated neighborhood UðLÞ of L as in Proposition

4.1, which is identified with U ¼ L0 �GðLÞ D
q. We put HLIP;GðLÞðL0 �Dq;F0Þ ¼ f f A

HLIPðL0 �Dq;F0Þ j f is GðLÞ-equivariantg. Then since p : L0 �Dq ! L0 �GðLÞ D
q ¼

UðLÞ is a covering, we have the natural homomorphism p : HLIP;GðLÞðL0 �Dq;F0Þ !

HLIPðUðLÞ;FjUðLÞÞ which is surjective, where HLIPðUðLÞ;FjUðLÞÞ ¼ f f A HLIPðM;FÞ j

suppð f ÞH intUðLÞg.

Let f A HLIPðM;FÞ satisfying suppð f ÞH intUðLÞ. We may assume that f is close

to the identity. Then we can take f̂f A HLIP;GðLÞðL0 �Dq;F0Þ satisfying that pð f̂f Þ ¼ f

and f̂f is close to the identity.

On the one hand, we also have the epimorphism r : HLIP;GðLÞðL0 �Dq;F0Þ !

HLIP;GðLÞðD
qÞ defined by the restriction. We put f ¼ rð f̂f Þ. Note that f is close

to the identity. By Theorem 3.1, f is expressed as a product of commutators
Qk

i¼1½ f2i�1; f2i�, where fi A HLIP;GðLÞðD
qÞ. Since r is surjective, we can lift fi to f̂fi in

HLIP;GðLÞðL0 �Dq;F0Þ ði ¼ 1; 2; . . . ; 2kÞ. We may assume that
Qk

i¼1½ f̂f2i�1; f̂f2i� is close

to the identity since we can take f̂fi satisfying f̂fiðx; yÞ ¼ ðx; fiðyÞÞ ði ¼ 1; 2; . . . ; 2kÞ for

x A L0, y A Dq. Then f̂f � ð
Qk

i¼1½ f̂f2i�1; f̂f2i�Þ
�1 is contained in the kernel of r. We may

assume that f̂f � ð
Qk

i¼1½ f̂f2i�1; f̂f2i�Þ
�1 is close to the identity in the identity component of

ker r, HLIP;L;GðLÞðL0 �Dq;F0Þ. By the same argument as that in the proof of Theorem

3.4 of [F-I2], we see that f̂f � ð
Qk

i¼1½ f̂f2i�1; f̂f2i�Þ
�1 is contained in the commutator sub-

group of HLIP;L;GðLÞðL0 �Dq;F0Þ. Thus f̂f is expressed as a product of commutators of

elements in HLIP;GðLÞðL0 �Dq;F0Þ. Hence f ¼ pð f̂f Þ is also expressed as a product of

commutators of elements in HLIPðUðLÞ;FjUðLÞÞ.

Any f A HLIPðM;FÞ is decomposed as f ¼ f1 � � � � � fs, where each suppð fiÞ is con-

tained in a saturated neighborhood of a leaf as above. Thus we see that HLIPðM;FÞ

is perfect. This completes the proof. r
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