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Abstract. In the preceding paper we gave an analogue of the Capelli identity for

relative invariants in Hermitian symmetric settings, and the analogue was constructed on

scalar generalized Verma modules. In this paper we give an analogue of the Capelli

identity of lower degrees. This analogue contains non-principal minors in contrast with

the original Capelli identity.

Introduction.

In the nineteenth century, Capelli [2] discovered the following identities:
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where n2 variables xij are natural coordinate functions on the vector space V ¼

Matðn;C Þ of n� n matrices, and I and J run over all subsets of f1; . . . ; ng with car-

dinality d. These formulas, called the Capelli identities, play an important role in clas-

sical invariant theory.

Let us interpret the Capelli identities from two di¤erent points of view. A simple

interpretation of the Capelli identities is to regard them as a non-commutative version

of the formula of the determinant over a commutative ring: det tA detB ¼ det tAB.

Another interpretation is more representation theoretical. Set L ¼ GLðn;C Þ � GLðn;C Þ

and l ¼ LieðLÞ. Let UðlÞ denote the enveloping algebra of l, and ZðlÞ its center. Let

DV be the ring of di¤erential operators on V with polynomial coe‰cients. Since L

acts on V by ðg; hÞ:X ¼ gXh�1, we have an algebra homomorphism j from ZðlÞ to the

subalgebra DL
V of all the L-invariants of DV . Then, the Capelli identities are regarded

as the formulas representing an element in DL
V (the left hand sides in (0.1) and (0.2)) as

the image of an element in ZðlÞ through j (the right hand sides there). Moreover, the

di¤erential operators in (0.1) and (0.2) give a generator of the algebra DL
V .
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A century after, Howe and Umeda [5] investigated, from the representation theoret-

ical view point, the Capelli identity and its generalization in the context of multiplicity-

free action. Precisely, an action of a connected complex algebraic group L on a vector

space V is said to be multiplicity-free, if the L-module C ½V � of all the polynomials

on V decomposes into irreducibles with multiplicity one. Kac [6] completely classified

multiplicity-free actions ðL;VÞ such that V is irreducible under L-action. In [5], the

Capelli identities were studied for every irreducible multiplicity-free action ðL;VÞ.

A large number of irreducible multiplicity-free actions come from prehomogeneous

vector spaces ðL; nþÞ of commutative parabolic type, attached to complex simple Lie

algebras g of Hermitian type. Namely, nþ is the nilradical of a maximal parabolic

subalgebra p of g, and nþ is assumed to be commutative. We write l for a Levi sub-

algebra of p. Then, a connected algebraic group L with Lie algebra l acts on nþ

prehomogeneously through the adjoint representation, and this action is irreducible and

multiplicity-free. For such a pair ðg; pÞ, we construct the scalar generalized Verma

modules MðlÞ ¼ UðgÞnUðpÞ Cl induced from one-dimensional representations Cl of p.

MðlÞ is realized on the polynomial ring C ½nþ� in the canonical way, and we denote by

Cl the corresponding g-action on C ½nþ�.

The purpose of this paper is to give a Cl-analogue of the Capelli identities of lower

degrees (0.2) on scalar generalized Verma modules MðlÞ for classical Lie algebras g of

Hermitian type–ðApþq�1; pÞ; ðBn; 1Þ; ðCn; nÞ and ðDn; 1Þ (for the notation, see §1). We

also give the Cl-analogue of the Turnbull identities for the case ðDn; nÞ. This is a

continuation of our work [12], where we established such an analogue of the identity

(0.1) for the relative invariants of regular prehomogeneous vector spaces ðL; nþÞ of

commutative parabolic type. In what follows, the original Capelli identities (due to

Capelli, Howe and Umeda) will be called classical, in order to distinguish them from our

Cl-analogue.

Taking ðA2n�1; nÞ for example (Theorem 2.2), we give further explanations of our

result:

Cl

X

IJ

fIJ
tfIJ

 !

¼ ð�1Þd
X

IJ

C2lþ2rðuIJÞC0ðuJI Þ;ð0:3Þ

fIJ ¼ det½Enþ j; i�i A I ; j A J ;
tfIJ ¼ det½Ei;nþ j �i A I ; j A J ;

uIJ ¼ det½�Eij þ ð j � 1Þdij�i A I ; j A J ;

where I and J run over all subsets of f1; . . . ; ng with cardinality d, and Eij is the matrix

unit of g ¼ glð2n;C Þ. The Cl-analogue (0.3) expresses an L-invariant operator (left

hand side) as an image of ZðlÞ (right hand side). On the left hand side, the term
P

IJ fIJ
tfIJ is a generator of ðSðn�ÞSðnþÞÞL corresponding to the left hand side of (0.2)

through the canonical isomorphism from ðSðn�ÞSðnþÞÞL to DL
nþ . On the right hand

side, the summands contain non-principal minors contrary to the classical Capelli iden-

tities. Both sides of (0.3) have order 2n as di¤erential operators, which is a funda-

mental di¤erence from the classical Capelli identity. To prove the Cl-analogue for

ðApþq�1; pÞ; ðCn; nÞ and ðDn; nÞ, we use the idea of Noumi, Umeda and Wakayama [7].
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The essence of the idea is to use an exterior algebra for expressing determinants. In the

forthcoming paper, we will discuss the Cl-analogue for the case ðE6; 1Þ and ðE7; 7Þ.

Let us explain a close connection between the Cl-analogue and the structure of gen-

eralized Verma modules. Every irreducible unitary highest weight module is expressed

as a quotient of a generalized Verma module MðlÞ of g of Hermitian type [3], and the

b-function of the prehomogeneous vector space ðL; nþÞ controls which l gives the irre-

ducible unitary quotient. In addition, the b-function controls the irreducibility of gen-

eralized Verma modules ([8], [4]). Using the classical Capelli identity we can compute

the b-function, and, analogously, using the Cl-analogue we can compute an analogue

of the b-function, which is twisted by the character l. This analogue of the b-function

intrinsically reveals why the b-function controls the structure of the generalized Verma

modules [11]. The Cl-analogue thus has a close connection with the structure of the

generalized Verma modules via the b-function.

The author would like to express his thanks to Professor Mutsumi Saito for his

guidance and constant encouragement, and to Professor Hiroshi Yamashita and the

referees for their helpful suggestions. The author would also like to thank Professor

Toru Umeda for his valuable comments, information of the reference [10], and a lecture

at Hokkaido University.

1. Scalar generalized Verma module.

In this section we will give a realization of scalar generalized Verma modules as a

representation on a certain polynomial ring. We first fix the notation. Let g; h;D and

D
þ be a simple Lie algebra, its Cartan subalgebra, the root system and a positive root

system, respectively. We denote the simple roots by a1; . . . ; an and the corresponding

fundamental weights by $1; . . . ; $n. Let p be a parabolic subalgebra of g including h

and all the positive root spaces. Let l be the Levi subalgebra of p including h, and nþ

the nilpotent radical of p. Let DL and D
þ
N be the sets of roots occurring in l and nþ,

respectively. Set n� ¼
P

a ADþ
N
g�a, where ga denotes the a-root space of g. We fix an

invariant bilinear form h ; i on g.

Throughout this paper, a pair ðg; pÞ is assumed to be of Hermitian symmetric type,

that is, nþ is nonzero and commutative. In this situation, p has to be a maximal

parabolic subalgebra, and therefore there exists the unique simple root ai0 which does

not belong to DL. We often denote ðg; pÞ by ðg; i0Þ using Bourbaki’s numbering of

simple roots ([1]).

For a character l A Homðp;C Þ, we define

MðlÞ ¼ UðgÞnUðpÞ Cl;ð1:1Þ

which is said to be the scalar generalized Verma module induced from l, where Cl

denotes the representation space of l. There exists a linear isomorphism MðlÞF

Uðn�Þ ¼ Sðn�ÞFC ½nþ�, since both n� and nþ are commutative Lie algebras, in which

formula the last isomorphism is due to the identification n� F ðnþÞ� via h ; i. This

isomorphism yields a representation ðUðgÞ;Cl;C ½nþ�Þ, and its explicit form is as follows:

Lemma 1.1 (cf. [11]). Let fFkg be a basis of n�. Then we have
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ð1Þ ClðXÞ ¼ X ðX A n�Þ;

ð2Þ ClðXÞ ¼ adðXÞ þ lðXÞ

¼
X

k

½X ;Fk�
q

qFk

þ lðXÞ ðX A lÞ;

ð3Þ ClðXÞ ¼
1

2

X

k; l

½½X ;Fk�;Fl �
q

qFk

q

qFl

þ
X

k

lð½X ;Fk�Þ
q

qFk

ðX A nþÞ:

The operator in (1) means the multiplication operator.

Next we fix a Chevalley basis fXa A ga j a A DgU fHi j i ¼ 1; . . . ; ng of g, where Hi

denotes the coroot of ai. In addition, for P A SðnþÞ, we define a constant coe‰cient

di¤erential operator PðqÞ on nþ by

PðqÞ exphx; yi ¼ PðyÞ exphx; yi ðx A nþ; y A n�Þ:

We define three involutions; one is on UðgÞ and the rest are on Dnþ .

Definition 1.2. Let Dnþ be the ring of polynomial coe‰cient di¤erential operators

on nþ. For a linear endomorphism c on some ring, we call it an anti-involution if

c0 id, c2 ¼ id, and cðxyÞ ¼ cðyÞcðxÞ for all x; y. We have

(1) Define an anti-involution x 7! tx on UðgÞ by

tXa ¼ X�a ða A DÞ;

tHi ¼ Hi ði A f1; . . . ; ngÞ;

where Xa and Hi are members of the fixed Chevalley basis.

(2) Define an anti-involution s on Dnþ by

sðFjÞ ¼ Fj ;

s
q

qFj

� �

¼ �
q

qFj

;

where fFjg is a basis of n�, and this definition is clearly independent of the choice of a

basis.

(3) Define an anti-involution t on Dnþ by

tðX�aÞ ¼ XaðqÞ;

tðXaðqÞÞ ¼ X�a ða A Dþ
NÞ;

where Xa is a member of the fixed Chevalley basis, and we note that

XaðqÞ ¼ hXa;X�ai
q

qX�a

¼
2

ða; aÞ

q

qX�a

:

Then we have the following lemma.

Lemma 1.3 (cf. [12]). (1) The anti-involution x 7! tx on UðgÞ is the identity mapping

on the center ZðlÞ of UðlÞ.
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(2) The anti-involution s on Dnþ satisfies

sðClðuÞÞ ¼ C�l�2rðsðuÞÞ ðu A UðgÞÞ;

where s is the anti-involution on UðgÞ defined by

sðXÞ ¼
�X ðX A lÞ;

X ðX A nþ þ n�Þ;

�

and r A Homðp;C Þ is the half sum of roots in Dþ
N .

(3) The anti-involution t on Dnþ satisfies

tðClðuÞÞ ¼ Clð
tuÞ ðu A UðlÞÞ:

(4) The anti-involution t is the identity mapping on AdðLÞ-invariant subspace DL
nþ

of Dnþ .

2. Main theorems.

In this section we will give a realization of g, and give the Cl-analogue on MðlÞ of

the classical Capelli identity for each type of ðApþq�1; pÞ; ðBn; 1Þ; ðCn; nÞ; ðDn; 1Þ; ðDn; nÞ,

or for each type of GLp nGLq, O2n nGL1, S2GLn, O2n�1 nGL1, L2GLn using the

notation of [5], and the point of the analogue in this paper is that there appear minors

in contrast with [12].

For the pair ðDn; nÞ or L2GLn, the classical Capelli identity is a formula using

Pfa‰ans. We, however, give the Cl-analogue of the Turnbull identity instead, which is

a formula using permanents. The Turnbull identity first appeared in [9], and in this

paper we mean the Turnbull identity by the formula explicitly given in [10]. We note

that the Turnbull identity, however, is not a complete substitute for the Capelli identity,

since the Turnbull identity does not write all generators of DL
nþ as images of ZðlÞ.

We make a note on the proofs of the Cl-analogues. For the cases where the

prehomogeneous vector space ðL;Ad; nþÞ is regular (i.e. has a relative invariant), [12]

gives a type-independent proof of Cl-analogues of the classical Capelli identities for the

relative invariants. In this paper we generalize the result of [12], the idea of the proof

in this paper is due to [7], and the proof depends on the types of pairs of ðg; i0Þ.

2.1. ðApþq�1; pÞ or GLp nGLq.

Set g ¼ glðpþ q;C Þ. Let h be the set of diagonal matrices of g, and Eij the matrix

unit, and we define ei A h� ði A f1; . . . ; pþ qgÞ by eiðEjjÞ ¼ dij . We summarize data such

as the root system or a Chevalley basis (C. B.) in the following list, where P and PL

denote the sets of simple roots of g and l, respectively.

P ¼ fe1 � e2; . . . ; epþq�1 � epþqg;

Dþ ¼ fei � ej j 1a i < ja pþ qg;

Eij : ðei � ejÞ-root vector for i0 j;

PL ¼ Pnfep � epþ1g;

Dþ
L ¼ fei � ej j 1a i < ja pgU fei � ej j pþ 1a i < ja pþ qg;

Capelli identities on generalized Verma modules II 451



$i0 ¼ ðqðe1 þ � � � þ epÞ � pðepþ1 þ � � � þ epþqÞÞ=ðpþ qÞ;

2r ¼ ðpþ qÞ$i0 ;

hX ;Yi ¼ TrðXY Þ ðX ;Y A gÞ;

C: B: : fEij j i0 jgU fEii � Eiþ1; iþ1 j 1a i < pþ qg:

Subalgebras p; nþ and l are as follows:

p ¼
A B

0 D

� �

A g jA A glðp;C Þ;B A Matðp; q;C Þ;D A glðq;C Þ

� �

;

nþ ¼
0 B

0 0

� �

A g jB A Matðp; q;C Þ

� �

;

l ¼
A 0

0 D

� �

A g jA A glðp;C Þ;D A glðq;C Þ

� �

:

We have tEij ¼ Eji with respect to the involution x 7! tx of Definition 1.2. We obtain

a linear coordinate system fxijg on nþ by defining xij ¼ Epþ j; i, and we set qij ¼ q=qxij .

The lemma below follows from an easy calculation using Lemma 1.1.

Lemma 2.1. (1) ClðEijÞ ¼ �
Pq

k¼1 xjkqik þ lðEijÞ ð1a i; ja pÞ,

(2) ClðEpþi;pþ jÞ ¼
Pp

k¼1 xkiqkj þ lðEpþi;pþ jÞ ð1a i; ja qÞ,

(3) ClðEi;pþ jÞ ¼ �
P

1akaq;1alap xlkqikqlj þ l0qij ð1a ia p; 1a ja qÞ,

where l0 is the complex number such that l ¼ l0$i0 .

For 1a daminðp; qÞ, we set

fIJ ¼ det½xIðsÞJðtÞ�1as; tad ;

where I H f1; . . . ; pg, JH f1; . . . ; qg with #I ¼ #J ¼ d, and then we have

tfIJðqÞ ¼ det½qIðsÞJðtÞ�1as; tad ;

where Ið1Þ; Ið2Þ; . . . ; IðdÞ are members of I in ascending order. In the special case

where p ¼ q,

f ¼ det½xij �1ai; jap;

is the relative invariant with weight �2$i0 .

Theorem 2.2. For 1a daminðp; qÞ, H; I H f1; . . . ; pg with #H ¼ #I ¼ d, we set

uL
HI ¼ det½�EHðsÞIðtÞ þ ðt� 1ÞdHðsÞIðtÞ�1as; tad ;

uLT
HI ¼ det½�EHðtÞIðsÞ þ ðd � tÞdHðtÞIðsÞ�1as; tad ;

vLHI ¼ det½�EHðsÞIðtÞ þ ðq� d þ tÞdHðsÞIðtÞ�1as; tad ;

vLTHI ¼ det½�EHðtÞIðsÞ þ ðq� tþ 1ÞdHðtÞIðsÞ�1as; tad ;
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and we first have

X

IJ

fIJ
tfIJðqÞ ¼

X

I

adðuL
II Þ;ð2:1Þ

X

IJ

fIJ
tfIJðqÞ ¼

X

I

adðuLT
II Þ;ð2:2Þ

X

IJ

tfIJðqÞ fIJ ¼
X

I

adðvLII Þ;ð2:3Þ

X

IJ

tfIJðqÞ fIJ ¼
X

I

adðvLTII Þ:ð2:4Þ

Second we have

X

IJ

Clð fIJ
tfIJÞ ¼ ð�1Þd

X

HI

CððpþqÞ=qÞlþð2p=qÞrðu
L
HI ÞC0ðu

L
IHÞ;ð2:5Þ

X

IJ

Clð fIJ
tfIJÞ ¼ ð�1Þd

X

HI

C0ðu
LT
HI ÞCððpþqÞ=qÞlþð2p=qÞrðu

LT
IH Þ;ð2:6Þ

X

IJ

Clð
tfIJ fIJÞ ¼ ð�1Þd

X

HI

C0ðv
L
HI ÞCððpþqÞ=qÞlþ2rðv

L
IHÞ;ð2:7Þ

X

IJ

Clð
tfIJ fIJÞ ¼ ð�1Þd

X

HI

CððpþqÞ=qÞlþ2rðv
LT
HI ÞC0ðv

LT
IH Þ:ð2:8Þ

In the summations above, H and I run over all subsets of f1; . . . ; pg with cardinality d, and

J runs over all subsets of f1; . . . ; qg with cardinality d. We regard fIJ as an element in

C ½nþ� from (2.1) to (2.4), and as an element in Sðn�Þ from (2.5) to (2.8).

Remark 2.3. (1) The formula (2.5) does not hold if we interchange

CððpþqÞ=qÞlþð2p=qÞrðu
L
HI Þ with C0ðu

L
IHÞ, because uL

HI does not belong to ZðlÞ in general.

Similarly in the equalities (2.6), (2.7) and (2.8), we can not interchange the order of the

multiplications in the right hand sides.

(2) There only appear principal minors in the right hand sides of the classical

Capelli identities from (2.1) to (2.4), while there appear all d � d minors in the Cl-

analogues from (2.5) to (2.8).

The rest of this subsection is devoted to proving Theorem 2.2. We first recall the

way to express determinants in terms of an exterior algebra. We take the exterior alge-

bra 5 ðC nÞ of C n, and we define a ring structure on the tensor product 5 ðC nÞnC Dnþ

by ðxn uÞ � ðyn vÞ ¼ xyn uv. We omit symbols5 in writing elements of 5 ðC nÞ, like

xy instead of x5y. Let fa1; . . . ; ang be a basis of C n. For a matrix ½Aij � A Matðn;m;

DnþÞ, we define hj A 5 ðC nÞnC Dnþ by

ðh1; . . . ; hmÞ ¼ ða1; . . . ; anÞ½Aij�1aian;1a jam:

Then we can compute determinants as follows, for JH f1; . . . ;mg with #J ¼ d:
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hJð1Þ � � � hJðdÞ ¼
X

1ai1;...; idan

ai1Ai1Jð1Þ � � � aidAidJðdÞ

¼
X

1ai1;...; idan

ai1 � � � aidAi1Jð1Þ � � �AidJðdÞ

¼
X

IHf1;...;ng;#I¼d;s ASd

aIðsð1ÞÞ � � � aIðsðdÞÞAIðsð1ÞÞJð1Þ � � �AIðsðdÞÞJðdÞ

¼
X

I

aIð1Þ � � � aIðdÞ
X

s

eðsÞAIðsð1ÞÞJð1Þ � � �AIðsðdÞÞJðdÞ

¼
X

I

aIð1Þ � � � aIðdÞ det½AIðsÞJðtÞ�1as; tad :ð2:9Þ

We prove two lemmas before proving the theorem.

Lemma 2.4. For H; I H f1; . . . ; pg with #H ¼ #I ¼ d, we have

ð1Þ
X

J

fIJ
tfHJðqÞ ¼ adðdet½�EHðtÞIðsÞ þ ðd � tÞdHðtÞIðsÞ�1as; tadÞ;

ð2Þ
X

J

tfHJðqÞ fIJ ¼ adðdet½�EHðtÞIðsÞ þ ðq� tþ 1ÞdHðtÞIðsÞ�1as; tadÞ:

In the summations above, J runs over all subsets of f1; . . . ; qg with cardinality d. We

remark that we can obtain the classical Capelli identities, when we consider the special

case of H ¼ I in each of the formulas above, and take a sum over I.

Proof. [proof of (1)]

First we set

ðh1; . . . ; hqÞ ¼ ða1; . . . ; apÞ½xij�1aiap;1a jaq;

and then it follows from (2.9) for JH f1; . . . ; qg with #J ¼ d that

hJð1Þ � � � hJðdÞ ¼
X

IHf1;...;pg;#I¼d

aIð1Þ � � � aIðdÞ fIJ :

In addition, we have hihj ¼ �hjhi, since xij’s commute with each other. Second we set

ðz1; . . . ; zpÞ ¼ ðh1; . . . ; hqÞ½qij�1a jaq;1aiap;

and we then have the commutation relation zhhj ¼ �hjzh þ hjah using ½qhk; hj� ¼ dkjah.

We can also show that ðz1; . . . ; zpÞ ¼ ða1; . . . ; anÞ½adð�EhiÞ�1ai;hap. Next we set

ðz1ðuÞ; . . . ; zpðuÞÞ ¼ ða1; . . . ; apÞ½adð�EhiÞ � udhi�1ai;hap;

and then we have zhðuÞ ¼ zh � uah. Hence we have the commutation relation zhðuÞhj ¼

�hjzhðuþ 1Þ.

Let us calculate zHð1Þð�d þ 1Þ � � � zHðd�1Þð�1ÞzHðdÞð0Þ for HH f1; . . . ; pg with

#H ¼ d in two di¤erent ways. First we calculate as follows:

zHð1Þð�d þ 1Þ � � � zHðd�1Þð�1ÞzHðdÞð0Þ ¼ zHð1Þð�d þ 1Þ � � � zHðd�1Þð�1Þ
Xq

jd¼1

hjdqHðdÞjd :
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Here we repeatedly use zhðuÞhj ¼ �hjzhðuþ 1Þ, and thereby we can calculate the right

hand side of this formula as follows:

ð�1Þd�1
X

jd

hjd zHð1Þð�d þ 2Þ � � � zHðd�1Þð0ÞqHðdÞjd

¼

.

.

.

¼ ðð�1Þd�1Þd
X

1a j1;...; jdaq

hj1 � � � hjdqHð1Þj1 � � � qHðdÞjd

¼
X

JHf1;...;qg;#J¼d;s ASd

eðsÞhJð1Þ � � � hJðdÞqHð1ÞJðsð1ÞÞ � � � qHðdÞJðsðdÞÞ

¼
X

IHf1;...;pg;#I¼d

aIð1Þ � � � aIðdÞ
X

JHf1;...;qg;#J¼d

fIJ
tfHJðqÞ:

In the last equality above we used (2.9).

Second we calculate as follows:

zHð1Þð�d þ 1Þ � � � zHðd�1Þð�1ÞzHðdÞð0Þ

¼
X

p

i1¼1

ai1ðadð�EHð1Þi1Þ � ð�d þ 1ÞdHð1Þi1Þ

( )

� � �
X

p

id¼1

aid ðadð�EHðdÞid Þ � 0dHðdÞid Þ

( )

¼
X

1ai1;...; idap

ai1 � � � aidfadð�EHð1Þi1Þ � ð�d þ 1ÞdHð1Þi1g � � � fadð�EHðdÞid Þ � 0dHðdÞidg

¼
X

IHf1;...;pg;#I¼d

aIð1Þ � � � aIðdÞ adðdet½�EHðtÞIðsÞ � ð�d þ tÞdHðtÞIðsÞ�1as; tadÞ:

Here we have calculated in a way similar to (2.9). Taking a look at these two result of

the calculations, we conclude (1) holds since a summand in the first result and that in the

second result must coincide, when they correspond to the same I .

[proof of (2)]

First it follows from ½qhk; hj� ¼ dkjah that
Pq

j¼1 qijhj ¼
P

jðhjqij þ djjaiÞ ¼ zi þ qai ¼

zjð�qÞ. This time we calculate zHð1Þð�qÞzHð2Þð�qþ 1Þ � � � zHðdÞð�qþ d � 1Þ for HH

f1; . . . ; pg with #H ¼ d in two di¤erent ways like the proof of (1). Then we have the

assertion. r

Lemma 2.5. For I H f1; . . . ; pg, JH f1; . . . ; qg with #I ¼ #J ¼ d, we have

ð1Þ Clð
tfIJÞ ¼

X

H

tfHJðqÞ adðdet½EIðtÞHðsÞ þ ðl0 þ p� d þ tÞdIðtÞHðsÞ�1as; tadÞ;

ð2Þ Clð
tfIJÞ ¼

X

H

adðdet½EIðtÞHðsÞ þ ðl0 þ t� 1ÞdIðtÞHðsÞ�1as; tadÞ
tfHJðqÞ;

where H runs over all subsets of f1; . . . ; pg with cardinality d.
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Proof. [proof of (1)]

While we have discussed in 5 ðC pÞnC Dn
þ in the previous lemma, we will discuss

in 5 ðC qÞnC Dn
þ in this lemma. We set ðm1; . . . ; mpÞ ¼ ða1; . . . ; aqÞ½qij�1a jaq;1aiap, and

it follows from (2.9) for I H f1; . . . ; pg with #I ¼ d that

mIð1Þ � � � mIðdÞ ¼
X

JHf1;...;qg;#J¼d

aJð1Þ � � � aJðdÞ
tfIJðqÞ:

Similarly we set ðx1; . . . ; xpÞ ¼ ða1; . . . ; aqÞ½ClðEi;pþ jÞ�1a jaq;1aiap, and we have

xIð1Þ � � � xIðdÞ ¼
X

JHf1;...;qg;#J¼d

aJð1Þ � � � aJðdÞClð
tfIJÞ;ð2:10Þ

for I H f1; . . . ; pg with #I ¼ d. Here we have two expressions of xh ð1a ha pÞ.

First one is

xh ¼
Xp

i¼1

ðadðEhiÞ þ l0dhiÞmi;

which is proved easily. Using the commutation relation ½adðEhiÞ; mg� ¼ digmh for 1a g;

h; ia p, we can obtain the second expression:

xh ¼
Xp

i¼1

mifadðEhiÞ þ ðl0 þ pÞdhig:

We have the relation xhmg ¼ �mgxh � mhmg, thanks to the relation ½adðEhiÞ; mg� ¼ digmh
used before.

Next we set ðx1ðuÞ; . . . ; xpðuÞÞ ¼ ðm1; . . . ; mpÞ½adðEhiÞ þ ðl0 þ pþ uÞdhi�1ai;hap. Then

we have xhðuÞ ¼ xh þ umh, and hence we obtain the commutation relation between xhðuÞ

and mi: xhðuÞmi ¼ �mixhðu� 1Þ.

Let us calculate xIð1Þ � � � xIðdÞ for I H f1; . . . ; pg with #I ¼ d in a way di¤erent from

(2.10).

xIð1Þ � � � xIðdÞ ¼ xIð1Þð0Þ � � � xIðdÞð0Þ

¼ xIð1Þð0Þ � � � xIðd�1Þð0Þ
Xp

h¼1

mhðadðEIðdÞhÞ þ ðl0 þ pÞdIðdÞhÞ:

Here we repeatedly use xhðuÞmi ¼ �mixhðu� 1Þ, and thereby we can calculate the right

hand side of the formula above:

ð�1Þd�1
Xp

hd¼1

mhdxIð1Þð�1Þ � � � xIðd�1Þð�1ÞfadðEIðdÞhd Þ þ ðl0 þ pÞdIðdÞhdg

¼

.

.

.

¼ ðð�1Þd�1Þd
X

1ah1;...;hdap

mh1 � � � mhdfadðEIð1Þh1Þ þ ðl0 þ p� ðd � 1ÞÞdIð1Þh1g�
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� � � � � fadðEIðdÞhd Þ þ ðl0 þ p� 0ÞdIðdÞhdg

¼
X

JHf1;...;qg;#J¼d

aJð1Þ � � � aJðdÞ
X

HHf1;...;pg;#H¼d

tfHJðqÞ

� adðdet½EIðtÞHðsÞ þ ðl0 þ p� d þ tÞdIðtÞHðsÞ�1as; tadÞ:

Fixing J, we compare this formula with (2.10), and we thus have proved (1).

[proof of (2)]

We calculate xIð1Þ � � � xIðdÞ in another way. The strategy of the last calculation of

the proof of (1) is to bring mh’s to the front of the expression. Here we bring mh’s to the

end of the expression. We then obtain

xIð1Þ � � � xIðdÞ ¼
X

JHf1;...;qg;#J¼d

aJð1Þ � � � aJðdÞ
X

HHf1;...;pg;#H¼d

adðdet½EIðtÞJðsÞ

þ ðl0 þ t� 1ÞdIðtÞJðsÞ�1as; tadÞ
tfHJðqÞ:

Fixing J, we compare this formula with (2.10), and thereby we obtain (2). r

Proof of Theorem 2.2. First of all, we can prove (2.2) and (2.4) by setting H ¼ I

and taking sums over I in Lemma 2.4 (1) and (2), respectively. Let us prove (2.6).

We first note that mðEiiÞ ¼ m0q=ðpþ qÞ for a character m ¼ m0$i0 of p and 1a ia p,

and we can rewrite Lemma 2.5 (1) as follows:

Clð
tfIJÞ ¼ ð�1Þd

X

H

tfHJðqÞCððpþqÞ=qÞlþð2p=qÞrðu
LT
IH Þ;

and Lemma 2.4 (1) as follows:

X

J

fIJ
tfHJðqÞ ¼ adðuLT

HI Þ ¼ C0ðu
LT
HI Þ:

Using these expressions, we have

X

IHf1;...;pg;JHf1;...;qg;
#I¼#J¼d

Clð fIJ
tfIJÞ ¼ ð�1Þd

X

IJ

fIJ
X

HHf1;...;pg;#H¼d

tfHJðqÞCððpþqÞ=qÞlþð2p=qÞrðu
LT
IH Þ

¼ ð�1Þd
X

HI

C0ðu
LT
HI ÞCððpþqÞ=qÞlþð2p=qÞrðu

LT
IH Þ;

and hence we obtain (2.6). We also obtain (2.8) similarly from Lemma 2.5 (2) and

Lemma 2.4 (2).

Let us prove the rest of the formulas by using the anti-involutions s, s and t defined

in Definition 1.2. A composite mapping st, as well as s � t� is an algebra auto-

morphism, and s � t� acts on l by sð tXaÞ ¼ �X�a ða A DLÞ, and we therefore obtain for

H; I H f1; . . . ; pg with #H ¼ #I ¼ d:
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stðCmðu
LT
HI ÞÞ ¼ C�m�2rðsð

tðuLT
HI ÞÞÞ

¼ C�m�2rðdet½EIðsÞHðtÞ þ ðd � tÞdIðsÞHðtÞ�1as; tadÞ

¼ C�mðdet½EIðsÞHðtÞ þ ðd � t� qÞdIðsÞHðtÞ�1as; tadÞ

¼ ð�1ÞdC�mðv
L
IHÞ:

Using this formula and the formula adðuÞ ¼ C0ðuÞ for u A UðlÞ, we have

stðð2:2Þ RHSÞ ¼ st
X

I

adðuLT
II Þ

 !

¼ ð�1Þd
X

I

adðvLII Þ ¼ ð�1Þdðð2:3Þ RHSÞ:

Next we note that the left hand side of (2.2) belongs to DL
nþ
, and hence it is t-invariant.

Then using the definition of s, we have

stðð2:2Þ LHSÞ ¼ sðð2:2Þ LHSÞ

¼ s
X

IJ

fIJ
tfIJðqÞ

 !

¼ ð�1Þd
X

IJ

tfIJðqÞ fIJ ¼ ð�1Þdðð2:3Þ LHSÞ:

Thus we obtain (2.3) by comparing these two formulas. Similarly we have (2.1) by

applying st to (2.4).

Let us prove (2.7). We calculate in a way similar to the calculation above. On

the one hand we have

stðð2:6Þ RHSÞ ¼ st ð�1Þd
X

HI

C0ðu
LT
HI ÞCððpþqÞ=qÞlþð2p=qÞrðu

LT
IH Þ

 !

¼ ð�1Þd
X

HI

ð�1ÞdC0ðv
L
IHÞ � ð�1ÞdC�ðð pþqÞ=qÞl�ð2p=qÞrðv

L
HI Þ:

On the other hand we have

stðð2:6Þ LHSÞ ¼ sðð2:6Þ LHSÞ

¼ s
X

IJ

Clð fIJ
tfIJÞ

 !

¼
X

IJ

C�l�2rð
tfIJ fIJÞ:

We replace l with �l� 2r, compare these two formulas, and thus we have proved (2.7).

We can prove (2.5) similarly. r

2.2. ðCn; nÞ or S2GLn.
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Set

g ¼ spðn;C Þ ¼
A B

C � tA

� �

A glð2n;C Þ

�

�

�

�

A A glðn;C Þ;

B;C A Symðn;C Þ

( )

:

Let h be the set consisting of diagonal matrices of g. For i; j A f1; . . . ; ng, we set

Hij ¼ Eij � Enþ j;nþi;

Gij ¼ Ei;nþ j þ Ej;nþi;

Fij ¼ Enþi; j þ Enþ j; i;

and then we have bracket relations

½Hij ;Hkl � ¼ djkHil � dilHkj;

½Hij;Gkl � ¼ djkGil þ djlGik;

½Hij;Fkl � ¼ �dikFjl � dilFjk;

½Gij;Fkl � ¼ djkHil þ dilHjk þ djlHik þ dikHjl :

We define ei A h� ði A f1; . . . ; ngÞ by eiðHjjÞ ¼ dij. We summarize data such as the root

system in the following list.

P ¼ fe1 � e2; . . . ; en�1 � en; 2eng;

Dþ ¼ fei G ej j 1a i < ja ngU f2eig;

Hij : ðei � ejÞ-root vector for i0 j;

Gij : ðei þ ejÞ-root vector;

Fij : �ðei þ ejÞ-root vector;

PL ¼ Pnf2eng;

Dþ
L ¼ fei � ej j 1a i < ja ng;

$i0 ¼ e1 þ � � � þ en;

2r ¼ ðnþ 1Þ$i0 ;

hX ;Yi ¼ TrðXY Þ=2 ðX ;Y A gÞ;

C: B: : fHijgU fGij j i < jgU fð1=2ÞGiigU fFij j i < jgU fð1=2ÞFiig:

Subalgebras p; nþ and l are as follows:

p ¼
A B

0 � tA

� �

A g jA A glðn;C Þ;B A Symðn;C Þ

� �

;

nþ ¼
0 B

0 0

� �

A g jB A Symðn;C Þ

� �

;

l ¼
A 0

0 � tA

� �

A g jA A glðn;C Þ

� �

:
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With respect to the anti-involution x 7! tx of Definition 1.2, we have

tHij ¼ Hji;
tGij ¼ Fij;

tFij ¼ Gij:

For i; j A f1; . . . ; ng, we set xij ¼ Fij, and then fxij j ia jg forms a linear coordinate

system on n
þ. In addition, we set qij ¼ q=qxij . For i0 j, we have tFijðqÞ ¼ GijðqÞ ¼

hGij ;Fijiqij ¼ qij , while we have tFiiðqÞ ¼ hGii;Fiiiqii ¼ 2qii. For this reason, we set
~qqij ¼ ð1þ dijÞqij. We use Lemma 1.1, and we easily have the following lemma.

Lemma 2.6. For 1a i; ja n, we have

(1) ClðHijÞ ¼ �
Pn

k¼1 xjk
~qqik þ l0dij,

(2) ClðGijÞ ¼ �
Pn

k; l¼1 xkl
~qqil ~qqjk þ 2l0~qqij.

For 1a da n, we set

fIJ ¼ det½xIðsÞJðtÞ�1as; tad

where I ; JH f1; . . . ; ng with #I ¼ #J ¼ d. In particular, when I ¼ J ¼ f1; . . . ; ng, a

function

f ¼ det½xij �1as; tan

is the relative invariant with weight �2$i0 . We also have

tfIJðqÞ ¼ det½qIðsÞJðtÞ�1as; tad :

Theorem 2.7. For 1a da n and J;KH f1; . . . ; ng with #J ¼ #K ¼ d, we set

uKJ ¼ det½�HKðsÞJðtÞ þ ðt� 1ÞdKðsÞJðtÞ�1as; tad ;

uT
KJ ¼ det½�HKðtÞJðsÞ þ ðd � tÞdKðtÞJðsÞ�1as; tad ;

vKJ ¼ det½�HKðsÞJðtÞ þ ðnþ t� d þ 1ÞdKðsÞJðtÞ�1as; tad ;

vTKJ ¼ det½�HKðtÞJðsÞ þ ðn� tþ 2ÞdKðtÞJðsÞ�1as; tad ;

and we then have

X

IJ

fIJ
tfIJðqÞ ¼

X

J

adðuJJÞ;ð2:11Þ

X

IJ

fIJ
tfIJðqÞ ¼

X

J

adðuT
JJÞ;ð2:12Þ

X

IJ

tfIJðqÞ fIJ ¼
X

J

adðvJJÞ;ð2:13Þ

X

IJ

tfIJðqÞ fIJ ¼
X

J

adðvTJJÞ:ð2:14Þ

Moreover we have

X

IJ

Clð fIJ
tfIJÞ ¼ ð�1Þd

X

JK

C2lþ2rðuKJÞC0ðuJKÞ;ð2:15Þ
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X

IJ

Clð fIJ
tfIJÞ ¼ ð�1Þd

X

JK

C0ðu
T
KJÞC2lþ2rðu

T
JKÞ;ð2:16Þ

X

IJ

Clð
tfIJ fIJÞ ¼ ð�1Þd

X

JK

C0ðvKJÞC2lþ2rðvJKÞ;ð2:17Þ

X

IJ

Clð
tfIJ fIJÞ ¼ ð�1Þd

X

JK

C2lþ2rðv
T
KJÞC0ðv

T
JKÞ:ð2:18Þ

In the summations above, I ; J and K run over all subsets of f1; . . . ; ng with cardinality d.

Remark 2.8. In the last formula above, we can not interchange C2lþ2rðv
T
KJÞ with

C0ðv
T
JKÞ, since vTKJ does not belong to ZðlÞ in general. Similarly we can not interchange

the order of multiplications on the right hand sides in the formulas from (2.15) to (2.18).

The rest of this subsection is devoted to proving Theorem 2.7. The essence of the

proof is the same as in the case of ðApþq�1; pÞ, and we give only outlines of the proofs

of the theorem and lemmas. The main di¤erences of the proof are just di¤erences of

commutation relations.

Lemma 2.9. For J;K A f1; . . . ; ng with #J ¼ #K ¼ d, we have

ð1Þ
X

I

fIJ
tfIKðqÞ ¼ adðdet½�HKðtÞJðsÞ þ ðd � tÞdKðtÞJðsÞ�1as; tadÞ;

ð2Þ
X

I

tfIKðqÞ fIJ ¼ adðdet½�HKðtÞJðsÞ þ ðn� tþ 2ÞdKðtÞJðsÞ�1as; tadÞ:

In the summations above, I runs over all subsets of f1; . . . ; ng with cardinality d. We

remark that we can obtain the classical Capelli identities, when we consider the special

case of K ¼ J in each of the formulas above, and take a sum over J.

Proof. We work in 5 ðC nÞnC Dnþ as in the case of ðApþq�1; pÞ. Let fa1; . . . ; ang

be a basis of C n. Set ðh1; . . . ; hnÞ ¼ ða1; . . . ; anÞ½xij �1ai; jan. Then we have hihj ¼ �hjhi
and

hIð1Þ � � � hIðdÞ ¼
X

JHf1;...;ng;#J¼d

aJð1Þ � � � aJðdÞ fIJ :

Next we set ðz1; . . . ; znÞ ¼ ðh1; . . . ; hnÞ½
~qqij �1ai; jan, and ðz1ðuÞ; . . . ; znðuÞÞ ¼ ða1; . . . ; anÞ �

½adð�HijÞ � udij �1ai; jan. Then we have zið0Þ ¼ zi and ziðuÞhj ¼ �hjziðuþ 1Þ.

These relations are the same as in the proof of Lemma 2.4 (1). We thus have (1)

of this lemma by computing zKð1Þð�d þ 1Þ � � � zKðdÞð0Þ in two di¤erent ways like Lemma

2.4 (1).

For proving (2), we can show that ½~qqij �1ai; jan
tðh1; . . . ; hnÞ ¼

tðz1ð�n� 1Þ; . . . ;

znð�n� 1ÞÞ, which is the di¤erence from the case of ðApþq�1; pÞ. We then have (2)

of this lemma by computing zKð1Þð�n� 1Þ � � � zKðdÞð�nþ d � 2Þ in two di¤erent ways.

r

Lemma 2.10. For I ; JH f1; . . . ; ng with #I ¼ #J ¼ d, we have
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ð1Þ Clð
tfIJÞ ¼

X

K

tfIKðqÞ adðdet½HJðtÞKðsÞ þ ð2l0 þ nþ 1þ t� dÞdJðtÞKðsÞ�1as; tadÞ;

ð2Þ Clð
tfIJÞ ¼

X

K

adðdet½HJðtÞKðsÞ þ ð2l0 þ t� 1ÞdJðtÞKðsÞ�1as; tadÞ
tfIKðqÞ;

where K runs over all subsets of f1; . . . ; ng with cardinality d.

Proof. Set ðm1; . . . ; mnÞ ¼ ða1; . . . ; anÞ½~qqij �1ai; jan. Then we have

mIð1Þ � � � mIðdÞ ¼
X

JHf1;...;ng;#J¼d

aJð1Þ � � � aJðdÞ
tfIJðqÞ:

Next we set ðx1; . . . ; xnÞ ¼ ða1; . . . ; anÞ½ClðGijÞ�1ai; jan, and we have

xIð1Þ � � � xIðdÞ ¼
X

JHf1;...;ng;#J¼d

aJð1Þ � � � aJðdÞClð
tfIJÞ:

We can obtain two more expressions for xIð1Þ � � � xIðdÞ as follows, and each of them

proves (1) or (2) of this lemma by comparing with the formula for xIð1Þ � � � xIðdÞ stated

above.

We set ðx1ðuÞ; . . . ; xnðuÞÞ ¼ ðm1; . . . ; mnÞ½adðHjiÞ þ ð2l0 þ nþ 1þ uÞdji�1ai; jan, which

is di¤erent from the case of ðApþq�1; pÞ in the diagonal shift, and then we have xið0Þ ¼ xi
and xiðuÞmj ¼ �mjxiðu� 1Þ. Here we can compute xIð1Þ � � � xIðdÞ in a way to bring mj’s to

the front of the expression as in the proof of Lemma 2.5 (1). Comparing it with the

formula for xIð1Þ � � � xIðdÞ above, we have (1) of this lemma.

For proving (2), we can show that tðx1ðuÞ; . . . ; xnðuÞÞ ¼ ½adðHjiÞ þ

ð2l0 þ uÞdji�1ai; jan
tðm1; . . . ; mnÞ, and we can compute xIð1Þ � � � xIðdÞ in a way to bring mj’s

to the end of the expression. We thus have (2) of the lemma. r

Proof of Theorem 2.7. (2.12) and (2.14) are proved by Lemma 2.9 (1) and (2),

respectively. (2.16) is proved by Lemma 2.10 (1) and Lemma 2.9 (1). (2.18) is proved

by Lemma 2.10 (2) and Lemma 2.9 (2). Similarly to the case of ðApþq�1; pÞ, we can

show the rest of the formulas by applying the anti-automorphisms s and t to the proved

formulas. r

2.3. ðDn; nÞ or L2GLn.

Set

g ¼
A B

C � tA

� �

A glð2n;C Þ

�

�

�

�

A A glðn;C Þ;

B;C A Altðn;C Þ

( )

;

and let h be the set of diagonal matrices in g. For i; j A f1; . . . ; ng, we set

Hij ¼ Eij � Enþ j;nþi;

Gij ¼ Ei;nþ j � Ej;nþi;

Fij ¼ Enþ j; i � Enþi; j;

and we have the following relations:
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½Hij ;Hkl � ¼ djkHil � dilHkj;

½Hij;Gkl � ¼ djkGil þ djlGki;

½Hij;Fkl � ¼ dikFlj þ dilFjk;

½Gij;Fkl � ¼ djlHik þ dikHjl � djkHil � dilHjk:

Define ei A h� ði A f1; . . . ; ngÞ by eiðHjjÞ ¼ dij, and we list the data such as the root

system in the following list.

P ¼ fe1 � e2; . . . ; en�1 � en; en�1 þ eng;

Dþ ¼ fei G ej j 1a i < ja ng;

Hij : ðei � ejÞ-root vector for i0 j;

Gij : ðei þ ejÞ-root vector for i0 j;

Fij : �ðei þ ejÞ-root vector for i0 j;

PL ¼ Pnfen�1 þ eng;

Dþ
L ¼ fei � ej j 1a i < ja ng;

$i0 ¼ ðe1 þ � � � þ enÞ=2;

2r ¼ 2ðn� 1Þ$i0 ;

hX ;Yi ¼ TrðXY Þ=2 ðX ;Y A gÞ;

C: B: : fHijgU fGij j i < jgU fFij j i < jg:

Subalgebras p; nþ and l of g are as follows:

p ¼
A B

0 � tA

� �

A g jA A glðn;C Þ;B A Altðn;C Þ

� �

;

nþ ¼
0 B

0 0

� �

A g jB A Altðn;C Þ

� �

;

l ¼
A 0

0 � tA

� �

A g jA A glðn;C Þ

� �

:

It follows from the definition of x 7! tx in Definition 1.2 that

tHij ¼ Hji;
tGij ¼ Fij;

tFij ¼ Gij:

We define xij ¼ Fij for i; j A f1; . . . ; ng, and then fxij j i < jg forms a liner coordinate

system on nþ. In addition, we set qij ¼ q=qxij . The next lemma follows easily from

Lemma 1.1.

Lemma 2.11. For 1a i; ja n, we have

(1) ClðHijÞ ¼ �
P

1akan;k0i xkjqki þ
1

2
l0dij,

(2) ClðGijÞ ¼ �
P

k0j; l0i xklqilqkj þ l0qij .

Capelli identities on generalized Verma modules II 463



In the case of ðDn; nÞ, the classical Capelli identity has a complicated expression, and

moreover we can not prove the Cl-analogue by a method similar to that of ðApþq�1; pÞ

or ðCn; nÞ. We therefore give a Cl-analogue of the Turnbull identity. We first define

the permanent of matrices in which entries do not necessarily commutes with each other,

which are called column permanents. Set

Per½Aij �1ai; jad ¼
X

s ASd

Asð1Þ1 � � �AsðdÞd :

The column permanent and the row permanent, which is defined similarly, coincide

when the entries commute with each other. The multiplication formula of permanents

is more complicated than that of determinants, even when the entries commute with

each other. Let R be a commutative ring, A;B;C A Matðn;RÞ, C ¼ AB and 1a da n,

and we then have the multiplication formula of permanents,

PerðCIKÞ ¼
X

#J¼d

1

J!
PerðAIJÞPerðBJKÞ;

where I ; J;K are indices such that 1a Ið1Þa � � �a IðdÞa n and so on, in which case

we simply write #I ¼ d, and CIK is the d � d matrix determined according to I and K ,

which is not a submatrix of C in general, and

J! ¼ ðthe number of 1’s appearing in JÞ! � � � ðthe number of n’s appearing in JÞ!:

For indices I ; J with #I ¼ #J ¼ d ð1a da nÞ, we set

fIJ ¼ Per½xIðsÞJðtÞ�1as; tad ;

and we then have
tfIJ ¼ Per½GIðsÞJðtÞ�1as; tad ;

tfIJðqÞ ¼ Per½qIðsÞJðtÞ�1as; tad :

Theorem 2.12. Let 1a da n, and let I be an index satisfying 1a Ið1Þa � � �a

IðdÞa n, in which case we write #I ¼ d, and let J be an index with #J ¼ d. We set

uIJ ¼ Per½�HIðsÞJðtÞ � ðt� 1ÞdIðsÞJðtÞ�1as; tad ;

uT
IJ ¼ Per½�HIðtÞJðsÞ � ðd � tÞdIðtÞJðsÞ�1as; tad ;

vIJ ¼ Per½�HIðsÞJðtÞ þ ðd þ n� 1� tÞdIðsÞJðtÞ�1as; tad ;

vTIJ ¼ Per½�HIðtÞJðsÞ þ ðn� 2þ tÞdIðtÞJðsÞ�1as; tad ;

and we then have
X

#I¼#J¼d

fIJ
tfIJðqÞ

I !J!
¼

X

#I¼d

adðuII Þ

I !
;ð2:19Þ

X

#I¼#J¼d

fIJ
tfIJðqÞ

I !J!
¼

X

#I¼d

adðuT
II Þ

I !
;ð2:20Þ

X

#I¼#J¼d

tfIJðqÞ fIJ
I !J!

¼
X

#I¼d

adðvII Þ

I !
;ð2:21Þ

X

#I¼#J¼d

tfIJðqÞ fIJ
I !J!

¼
X

#I¼d

adðvTII Þ

I !
:ð2:22Þ
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Moreover we have

X

#I¼#J¼d

Cl

fIJ
tfIJ

I !J!

� �

¼ ð�1Þd
X

#I¼#J¼d

1

I !J!
C2lþ2rðuIJÞC0ðuJI Þ;ð2:23Þ

X

#I¼#J¼d

Cl

fIJ
tfIJ

I !J!

� �

¼ ð�1Þd
X

#I¼#J¼d

1

I !J!
C0ðu

T
IJÞC2lþ2rðu

T
JI Þ;ð2:24Þ

X

#I¼#J¼d

Cl

tfIJ fIJ

I !J!

� �

¼ ð�1Þd
X

#I¼#J¼d

1

I !J!
C0ðvIJÞC2lþ2rðvJI Þ;ð2:25Þ

X

#I¼#J¼d

Cl

tfIJ fIJ

I !J!

� �

¼ ð�1Þd
X

#I¼#J¼d

1

I !J!
C2lþ2rðv

T
IJÞC0ðv

T
JI Þ:ð2:26Þ

Remark 2.13. (1) The formulas (2.19) and (2.20) in the theorem above are exactly

the same as the formulas of [10, Theorem 3.1], where we use [10, expression (2.8)] and

[10, expression (2.7)], respectively, for DN . Thus we give the outline of the proof, in the

proof of Lemma 2.14.

(2) We have
P

I uII=I !,
P

I u
T
II=I ! A ZðlÞ due to [10, Theorem 2.3], and

P

I vII=I !,
P

I v
T
II=I ! are also in ZðlÞ.

We prove two lemmas before we prove the theorem. As we have discussed the

cases of determinants using 5 ðC nÞnC Dnþ , we will discuss this case of permanents using

C ½b1; . . . ; bn�nC Dnþ , where C ½b1; . . . ; bn� is the polynomial ring with indeterminates bj.

Set

ðh1; . . . ; hnÞ ¼ ðb1; . . . ; bnÞ½Aij �1ai; jan ðAij A DnþÞ;

and we then have the following formula for #I ¼ d,

hIð1Þ � � � hIðdÞ ¼
X

1aitan

bi1 � � � bidAi1Ið1Þ � � �Aid IðdÞ

¼
X

#J¼d;s ASd

1

J!
bJðsð1ÞÞ � � � bJðsðdÞÞAJðsð1ÞÞIð1Þ � � �AJðsðdÞÞIðdÞ

¼
X

#J¼d

1

J!
bJð1Þ � � � bJðdÞ

X

s ASd

AJðsð1ÞÞIð1Þ � � �AJðsðdÞÞIðdÞ

¼
X

#J¼d

1

J!
bJð1Þ � � � bJðdÞ PerAJI :ð2:27Þ

Lemma 2.14. For #I ¼ #J ¼ d, we have

ð1Þ
X

#K¼d

1

K !
fKJ

tfKI ðqÞ ¼ ð�1Þd adðPer½HIðtÞJðsÞ þ ðd � tÞdIðtÞJðsÞ�1as; tadÞ;

ð2Þ
X

#K¼d

1

K !

tfKI ðqÞ fKJ ¼ ð�1Þd adðPer½HIðtÞJðsÞ þ ð2� n� tÞdIðtÞJðsÞ�1as; tadÞ:

We remark that we can obtain the Turnbull identity, when we consider the special case of

I ¼ J in each of the formulas above, divide it by I !, and take a sum over I.
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Proof. [proof of (1)]

First we note that PerA ¼ Per tA for a square matrix A in which all the entries

commute with each other, and that xji ¼ �xij in the present setting. Set

ðh1; . . . ; hnÞ ¼ ðb1; . . . ; bnÞ½xij�1ai; jan;

and, for the reason above, it follows for #I ¼ d from (2.27) that

hIð1Þ � � � hIðdÞ ¼
X

#J¼d

1

J!
bJð1Þ � � � bJðdÞ fJI

¼ ð�1Þd
X

#J¼d

1

J!
bJð1Þ � � � bJðdÞ fIJ :

We set ðz1; . . . ; znÞ ¼ ðh1; . . . ; hnÞ½qij �1ai; jan, and then we have the commutation

relation between zj and hi: zjhi ¼ hizj � hibj. We also set

ðz1ðuÞ; . . . ; znðuÞÞ ¼ ðb1; . . . ; bnÞ½adðHjiÞ þ udji�1ai; jan;

and then it follows that zjðuÞ ¼ zj þ ubj, and hence we have the commutation relation

zjðuÞhi ¼ hizjðu� 1Þ.

Let us calculate zIð1Þðd � 1ÞzIð2Þðd � 2Þ � � � zIðdÞð0Þ in two di¤erent ways for #I ¼ d.

First we have

zIð1Þðd � 1ÞzIð2Þðd � 2Þ � � � zIðdÞð0Þ ¼ ð�1Þd
X

#K¼d

1

K!

X

#J¼d

1

J!
bJð1Þ � � � bJðdÞ fKJ

tfKI ðqÞ;

using the commutation relation between zjðuÞ and hi. Second we calculate as follows:

zIð1Þðd � 1Þ � � � zIðdÞð0Þ ¼
X

#J¼d

1

J!
bJð1Þ � � � bJðdÞ adðPer½HIðtÞJðsÞ þ ðd � tÞdIðtÞJðsÞ�1as; tadÞ:

These two results of the calculations above must coincide summand by summand with

respect to J, and we therefore obtain (1).

[proof of (2)]

We have
P

i qijhi ¼ zjð1� nÞ. We calculate zIð1Þð1� n� 0ÞzIð2Þð1� n� 1Þ � � �

zIðdÞð1� n� ðd � 1ÞÞ in two di¤erent ways as in the proof of (1), and we have the

assertion. r

Lemma 2.15. For #I ¼ #J ¼ d, we have

ð1Þ Clð
tfIJÞ ¼ ð�1Þd

X

#K¼d

1

K !

tfKI ðqÞ adðPer½HJðtÞKðsÞ þ ðl0 þ n� 1þ d � tÞdJðtÞKðsÞ�stÞ;

ð2Þ Clð
tfIJÞ ¼ ð�1Þd

X

#K¼d

1

K !
adðPer½HJðtÞKðsÞ þ ðl0 � tþ 1ÞdJðtÞKðsÞ�stÞ

tfKI ðqÞ:

Proof. [proof of (1)]

First we set ðm1; . . . ; mnÞ ¼ ðb1; . . . ; bnÞ½qij �1ai; jan, and then it follows from (2.27) that

mIð1Þ � � � mIðdÞ ¼ ð�1Þd
X

#J¼d

1

J!
bJð1Þ � � � bJðdÞ

tfIJðqÞ:
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Next we set ðx1; . . . ; xnÞ ¼ ðb1; . . . ; bnÞ½ClðGijÞ�1ai; jan, and we then have

xIð1Þ � � � xIðdÞ ¼
X

#J¼d

1

J!
bJð1Þ � � � bJðdÞClð

tfJI Þ:ð2:28Þ

Here we give two di¤erent expressions of xj. First one is xj ¼
P

lðadðHjlÞ þ l0djlÞml ,

which is proved easily. Here we can find the commutation relation between xj and mi:

xjmi ¼ miðxj þ mjÞ, using ½adðHjlÞ; mi� ¼ dlimj � blqij . Applying these relations to the first

expression of xj , we have the second expression, xj ¼
P

l mlðadðHjlÞ þ ðl0 þ n� 1ÞdjlÞ.

Next we set ðx1ðuÞ; . . . ; xnðuÞÞ ¼ ðm1; . . . ; mnÞ½adðHjiÞ þ ðl0 þ n� 1þ uÞdji�1ai; jan,

and we then have xjðuÞ ¼ xj þ umj . Hence we obtain the commutation relation between

xjðuÞ and mi: xjðuÞmi ¼ mixjðuþ 1Þ.

Let us calculate xIð1Þ � � � xIðdÞ for #I ¼ d in a way di¤erent from (2.28).

xIð1Þ � � � xIðdÞ ¼ xIð1Þð0Þ � � � xIðdÞð0Þ

¼ xIð1Þð0Þ � � � xIðd�1Þð0Þ
X

i

miðadðHIðdÞiÞ þ ðl0 þ n� 1ÞdIðdÞiÞ:

Here we repeatedly use xjðuÞmi ¼ mixjðuþ 1Þ, and we can calculate the expression above

as follows:

X

i

mixIð1Þð1Þ � � � xIðd�1Þð1ÞfadðHIðdÞiÞ þ ðl0 þ n� 1þ 0ÞdIðdÞig

¼

.

.

.

¼
X

1ai1;...; idan

mi1 � � � midfadðHIð1Þi1Þ þ ðl0 þ n� 1þ ðd � 1ÞÞdIð1Þi1g

� � � � � fadðHIðdÞid Þ þ ðl0 þ n� 1þ 0ÞdIðdÞidg

¼ ð�1Þd
X

#K¼d

1

K!

X

#J¼d

1

J!
bJð1Þ � � � bJðdÞ

tfKJðqÞ

 !

� adðPer½HIðtÞKðsÞ þ ðl0 þ n� 1þ d � tÞdIðtÞKðsÞ�1as; tadÞ:

Fixing J, we compare this expression with (2.28), interchange I with J, and thereby

obtain (1).

[proof of (2)]

The strategy of proof is the same as in the proof of Lemma 2.5 (2). We will bring

mi’s to the end of the expression, using the commutation relation between mi and xj. We

then obtain

xIð1Þ � � � xIðdÞ ¼
X

#K¼d

1

K !
adðPer½HIðtÞKðsÞ þ ðl0 � tþ 1ÞdIðtÞKðsÞ�1as; tadÞ

� ð�1Þd
X

#J¼d

1

J!
bJð1Þ � � � bJðdÞ

tfKJðqÞ:
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Fixing J, we compare this expression with (2.28), interchange I with J, and thereby we

obtain (2). r

Proof of Theorem 2.12. First we can obtain (2.20) from Lemma 2.14 (1) by

setting I ¼ J, dividing by I ! and taking a sum over I in the lemma. We can prove

(2.22) similarly. Second we prove (2.24). It follows from Lemma 2.15 (1) and Lemma

2.14 (1) that

X

#I¼#J¼d

Cl

fIJ
tfIJ

I !J!

� �

¼
X

#I¼#J¼d

fIJ

I !J!
� ð�1Þd

X

#K¼d

1

K !

tfKI ðqÞ � ð�1ÞdC2lþ2rðu
T
JKÞ

¼ ð�1Þd
X

#J¼#K¼d

1

J!K !

X

#I¼d

1

I !
fIJ

tfIKðqÞ

( )

C2lþ2rðu
T
JKÞ

¼ ð�1Þd
X

#J¼#K¼d

1

J!K !
adðuT

KJÞC2lþ2rðu
T
JKÞ;

and this proves (2.24). We can prove (2.26) similarly from Lemma 2.15 (2) and Lemma

2.14 (2).

For proving the rest of the assertion, we use anti-involutions s; s and t defined in

Definition 1.2. Let us prove (2.21). Since the left hand side of (2.20) belongs to DL
nþ ,

it is t-invariant, and hence we have

stðð2:20Þ LHSÞ ¼ sðð2:20Þ LHSÞ

¼ ð�1Þd
X

IJ

tfIJðqÞ fIJ
I !J!

¼ ð�1Þdðð2:21Þ LHSÞ:

Next we note that a composite mapping st, as well as s � t�, is an automorphism, and we

have

stðCmðu
T
IJÞÞ ¼ ð�1ÞdC�mðvJI Þ:ð2:29Þ

Using this equation and the fact that adðuÞ ¼ C0ðuÞ for u A UðlÞ, we have

stðð2:20Þ RHSÞ ¼ st
X

#I¼d

adðuT
II Þ

I !

 !

¼ ð�1Þd
X

#I¼d

adðvII Þ

I !
¼ ð�1Þdðð2:21Þ RHSÞ:

These two formulas prove (2.21). Similarly (2.19) is proved by applying st to (2.22).

Finally we apply the automorphism st to (2.24) and (2.26) using (2.29), replace l

with �l� 2r, and thereby we obtain (2.25) and (2.23), respectively. r

2.4. ðDn; 1Þ or O2n�1 nGL1.

Set

g ¼
A B

C � tA

� �

A glð2n;C Þ

�

�

�

�

A A glðn;C Þ;

B;C A Altðn;C Þ

( )

;
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and let h be the set of diagonal matrices in g. We take a basis of g in a way di¤erent

from that of §§2.3. Set

Hij ¼ Ei j � Enþ j;nþi ði; j A Z>0Þ;

where i is the integer satisfying 1a ia 2n and i1 i ðmod 2nÞ. Thanks to this setting,

some formulas become simpler. All Hij belong to g and they satisfy

Hnþi;nþ j ¼ �Hji;

Hi;nþi ¼ 0;

½Hij;Hkl � ¼ d
j k
Hil � d

l i
Hkj � d

j nþl
Hi;nþk þ d

i nþk
Hnþl; j:

We define ei A h� ði A f1; . . . ; ngÞ by eiðHjjÞ ¼ dij ð j A f1; . . . ; ngÞ, and summarize

data such as the root system in the following list.

P ¼ fe1 � e2; . . . ; en�1 � en; en�1 þ eng;

Dþ ¼ fei G ej j 1a i < ja ng;

Hij : ðei � ejÞ-root vector ð1a i; ja n; i0 jÞ;

Hi;nþ j : ðei þ ejÞ-root vector ð1a i; ja n; i0 jÞ;

Hnþ j; i : �ðei þ ejÞ-root vector ð1a i; ja n; i0 jÞ;

PL ¼ Pnfe1 � e2g;

Dþ
L ¼ fei G ej j 1 < i < ja ng;

$i0 ¼ e1;

r ¼ ðn� 1Þ$i0 ;

hX ;Yi ¼ TrðXY Þ=2 ðX ;Y A gÞ;

C: B: : fHij j 1a i; ja ngU fHi;nþ j j 1a i < ja ngU fHnþ j; i j 1a i < ja ng:

Set M ¼ f1; . . . ; 2ngnf1; nþ 1g. Subalgebras p; nþ and l are as follows:

l ¼ spanCfH11;Hijð1 < i; ja nÞ;Hi;nþ jð1 < i < ja nÞ;Hnþ j; ið1 < i < ja nÞg;

nþ ¼ spanCfH1jð j A MÞg;

p ¼ lþ nþ:

With respect to x 7! tx in Definition 1.2, we have
tHij ¼ Hji:

We set xi ¼ Hi1 for i A M, and fxig forms a linear coordinate system on nþ. We

denote q=qxi by qi and xi by xi etc. The following lemma follows directly from Lemma

1.1.

Lemma 2.16. (1) ClðH11Þ ¼ �
P

k AM xkqk þ l0,

(2) ClðHijÞ ¼ xiqj � xnþ jqnþi ði; j A MÞ,

(3) ClðH1jÞ ¼ �
P

k AM xkqkqj þ
1

2

P
k AM xnþ jqkqnþk þ l0qj ð j A MÞ.
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The relative invariant f A C ½nþ� with weight �2$i0 is given by

f ¼ x2xnþ2 þ x3xnþ3 þ � � � þ xnx2n;

and we have

tf ðqÞ ¼ q2qnþ2 þ � � � þ qnq2n:

Theorem 2.17. We set

u1 ¼ �H11;

v1 ¼ �H11 þ 2n� 2;

u2 ¼
1

4
H11ðH11 � 2nþ 4Þ �

1

4
c;

v2 ¼
1

4
ðH11 � 2ÞðH11 � 2nþ 2Þ �

1

4
c;

where c A UðlÞ is the Casimir element of ½l; l� with respect to h ; i. Then we have

X

j AM

xjqj ¼ adðu1Þ;

X

j AM

qjxj ¼ adðv1Þ;

f tf ðqÞ ¼ adðu2Þ;

tf ðqÞ f ¼ adðv2Þ;

and moreover we have

X

j AM

ClðHj1H1jÞ ¼ �
1

2
C0ðu1ÞC2lþ2rðu1Þ �

1

2
adðcÞ;

X

j AM

ClðH1jHj1Þ ¼ �
1

2
C0ðv1ÞC2lþ2rðv1Þ �

1

2
adðcÞ;

Clð f
tf Þ ¼ C0ðu2ÞC2lþ2rðu2Þ;

Clð
tff Þ ¼ C0ðv2ÞC2lþ2rðv2Þ:

Proof. As for the relative invariant f , we have proved the assertion in [12]. For

the Cl-analogue corresponding to the Euler operator, we can prove the assertion by

direct calculations using Lemma 2.16. r

2.5. ðBn; 1Þ or O2n nGL1.

Set

g ¼

0 a b

� tb A B

� ta C � tA

0

@

1

A A glð2nþ 1;C Þ

�

�

�

�

�

�

�

�

A A glðn;C Þ;

B;C A Altðn;C Þ;

a; b A C
n

8

>

>

<

>

>

:

9

>

>

=

>

>

;

;
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and let h be the set of diagonal matrices in g. We take a basis of g by extending the

basis in §§2.4. Counting the row number and the column number from zero, we set

Hij ¼ Ei j � Enþ j;nþi ði; j A Z>0Þ;

gi ¼ E0i � Enþi0 ði A Z>0Þ;

where i is the same as in §§2.4. Then all Hij and gi belong to g, and they satisfy

Hnþi;nþ j ¼ �Hji;

Hi;nþi ¼ 0;

gnþi ¼ � tgi;

½Hij;Hkl � ¼ d
j k
Hil � d

l i
Hkj � d

j nþl
Hi;nþk þ d

i nþk
Hnþl; j;

½Hij; gk� ¼ �d
i k
gj þ d

k nþ j
gnþi;

½gi; gj� ¼ Hnþ j; i:

We define ei A h� ði A f1; . . . ; ngÞ by eiðHjjÞ ¼ dij ð j A f1; . . . ; ngÞ, and we list data

such as the root system in the following list.

P ¼ fe1 � e2; . . . ; en�1 � en; eng;

Dþ ¼ fei G ej j 1a i < ja ngU fei j 1a ia ng;

Hij : ðei � ejÞ-root vector ð1a i; ja n; i0 jÞ;

Hi;nþ j : ðei þ ejÞ-root vector ð1a i < ja nÞ;

Hnþ j; i : �ðei þ ejÞ-root vector ð1a i < ja nÞ;

gnþi : ei-root vector ð1a ia nÞ;

gi : �ei-root vector ð1a ia nÞ;

PL ¼ Pnfe1 � e2g;

Dþ
L ¼ fei G ej j 1 < i < ja ngU fei j 1 < ia ng;

$i0 ¼ e1;

2r ¼ ð2n� 1Þ$i0 ;

hX ;Yi ¼ TrðXY Þ=2 ðX ;Y A gÞ;

C: B: : fHij j 1a i; ja ngU fHi;nþ j j 1a i < ja ng

U fHnþ j; i j 1a i < ja ngU f
ffiffiffiffiffiffiffi

�2
p

gi j 1a ia 2ng:

Subalgebras p; nþ and l are as follows:
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l ¼ spanCfH11;Hijð1 < i; ja nÞ;Hi;nþ jð1 < i < ja nÞ;Hnþ j; ið1 < i < ja nÞ; giði A MÞg;

nþ ¼ spanCfH1jð j A MÞ; gnþ1g;

p ¼ lþ nþ;

where M ¼ f1; . . . ; 2ngnf1; nþ 1g, which is the same as in §§2.4. With respect to x 7! tx

defined in Definition 1.2, we have

tHij ¼ Hji;
tgi ¼ �gnþi:

We set xi ¼ Hi1 and x0 ¼ g1 for i A M, and we then obtain a linear coordinate system

fxi j i A M0g on nþ, where M0 ¼ M U f0g. In addition, we set qi ¼ q=qxi for i A M0.

The following lemma follows easily from Lemma 1.1.

Lemma 2.18. (1) ClðH11Þ ¼ �
P

j AM0
xjqj þ l

0,

(2) ClðHijÞ ¼ xiqj � xnþ jqnþi ði; j A MÞ,

(3) ClðgiÞ ¼ x0qi � xiq0 ði A MÞ,

(4) ClðH1jÞ ¼ �
P

k AM0
xkqkqj þ

1

2
xnþ jð

P
k AM qkqnþk þ q0q0Þ þ l

0
qj,

(5) Clðgnþ1Þ ¼
P

k AM0
xkqkq0 �

1

2
x0ð

P
k AM qkqnþk þ q0q0Þ � l

0
q0:

The relative invariant f A C ½nþ� with weight �2$i0 is given by

f ¼ x2xnþ2 þ x3xnþ3 þ � � � þ xnx2n þ
1

2
x2
0;

and we have

tf ðqÞ ¼ q2qnþ2 þ � � � þ qnq2n þ
1

2
q0q0:

Theorem 2.19. We set

u1 ¼ �H11;

v1 ¼ �H11 þ 2n� 1;

u2 ¼
1

4
H11ðH11 � 2nþ 3Þ �

1

4
c;

v2 ¼
1

4
ðH11 � 2ÞðH11 � 2nþ 1Þ �

1

4
c;

where c A UðlÞ is the Casimir element of ½l; l� with respect to h ; i. Then we have
X

j AM0

xjqj ¼ adðu1Þ;

X

j AM0

qjxj ¼ adðv1Þ;

f tf ðqÞ ¼ adðu2Þ;

tf ðqÞ f ¼ adðv2Þ;
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and moreover we have

Cl

X

j AM

Hj1H1j � g1gnþ1

 !

¼ �
1

2
C0ðu1ÞC2lþ2rðu1Þ �

1

2
adðcÞ;

Cl

X

j AM

H1jHj1 � gnþ1g1

 !

¼ �
1

2
C0ðv1ÞC2lþ2rðv1Þ �

1

2
adðcÞ;

Clð f
tf Þ ¼ C0ðu2ÞC2lþ2rðu2Þ;

Clð
tff Þ ¼ C0ðv2ÞC2lþ2rðv2Þ:

Proof. As for the relative invariant f , we have proved the assertion in [12]. For

the Cl-analogue corresponding to the Euler operator, we can prove the assertion by

direct calculations using Lemma 2.18. r
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