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Abstract. This paper is concerned with positive solutions of semilinear di¤usion

equations ut ¼ e2suþ up in W with small di¤usion under the Neumann boundary

condition, where p > 1 is a constant and W is a bounded domain in R
N with C 2

boundary. For the ordinary di¤erential equation ut ¼ up, the solution u0 with positive

initial data u0 A CðWÞ has a blow-up set S0 ¼ fx A W j u0ðxÞ ¼ max
y AW

u0ðyÞg and a blow-

up profile

u0� ðxÞ ¼ u0ðxÞ
�ð p�1Þ � max

y AW

u0ðyÞ

 !�ð p�1Þ
0

@

1

A

�1=ð p�1Þ

outside the blow-up set S0. For the di¤usion equation ut ¼ e2suþ up in W under the

boundary condition qu=qn ¼ 0 on qW, it is shown that if a positive function u0 A C 2ðWÞ

satisfies qu0=qn ¼ 0 on qW, then the blow-up profile u e

�ðxÞ of the solution u e with initial

data u0 approaches u0� ðxÞ uniformly on compact sets of WnS0 as e ! þ0.

1. Introduction.

This paper is concerned with the singularly perturbed di¤usion equation

ut ¼ e
2
suþ up in W� ð0;TÞ;

qu

qn
¼ 0 on qW� ð0;TÞ;

uðx; 0Þ ¼ u0ðxÞ x A W

8

>

>

>

<

>

>

>

:

ð1:1Þ

with a small constant e > 0, where W is a bounded domain in R
N with C2 boundary,

n is the unit outward normal vector on qW, p > 1 is a constant and u0 A C 2ðWÞ is a

positive function satisfying qu0=qn ¼ 0 on qW. For the solution uðx; tÞ of (1.1), the

blow-up time T is defined by

T ¼ supft > 0 j uðx; tÞ is bounded in W� ð0; tÞg:

Then, 0 < T < þy and limt!Tkuðx; tÞkCðWÞ ¼ þy hold. The blow-up set of the solu-

tion uðx; tÞ is defined as the set

fx A W j there is a sequence ðxn; tnÞ in W� ð0;TÞ such that

ðxn; tnÞ ! ðx;TÞ and uðxn; tnÞ ! þy as n ! yg:
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This set is a nonempty closed set in W. From standard parabolic estimates, we can

obtain the blow-up profile, which is a continuous function defined by

u�ðxÞ ¼ lim
t!T

uðx; tÞ

outside the blow-up set.

Mizoguchi [6] showed the following for the Cauchy or Cauchy-Dirichlet prob-

lem with ðN � 2Þp < N þ 2. For any nonnegative continuous function u0 and d > 0,

if e > 0 is su‰ciently small, then any point x in the blow-up set of the solution for

the equation ut ¼ e2suþ up with initial data u0 satisfies the inequality u0ðxÞb

maxy u0ðyÞ � d. See [2] and [7] on the blow-up time. (We can refer to [4] and [5] for

related results on other equations of parabolic type. See also the references of [8] for

other studies on singularity formation in blow-up of ut ¼ suþ up.)

For the ordinary di¤erential equation ut ¼ up, the solution u0 with positive initial

data u0 A CðWÞ has a blow-up set S0 ¼ fx A W j u0ðxÞ ¼ max
y AW

u0ðyÞg and a blow-up

profile

u0�ðxÞ ¼ u0ðxÞ
�ðp�1Þ � max

y AW

u0ðyÞ

 !�ðp�1Þ
0

@

1

A

�1=ðp�1Þ

outside the blow-up set S0. In this paper, we show that the blow-up profile ue
�ðxÞ of the

solution u e of (1.1) approaches u0�ðxÞ uniformly on compact sets of WnS0 as e ! þ0.

Precisely, our main result is the following.

Theorem 1. Let u0 A C2ðWÞ be a positive function satisfying qu0=qn ¼ 0 on qW, and

let d > 0 be a constant. Then, there exists e0 > 0 such that for any e A ð0; e0�, the blow-up

set of the solution u of (1.1) is contained in the set S :¼ fx A W j u0ðxÞbmax
y AW

u0ðyÞ�

dg and the blow-up profile u�ðxÞ satisfies the inequality

u�ðxÞ � u0ðxÞ
�ðp�1Þ � max

y AW

u0ðyÞ

 !�ð p�1Þ
0

@

1

A

�1=ðp�1Þ
�

�

�
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�

�
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�

�
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�

�

CðWnSÞ

a d:

2. Preliminaries.

In this section, we prove several lemmas. First, we take a cuto¤ function

r A CyðRÞ satisfying

rðzÞ ¼ �1 ðza 1Þ; rðzÞ ¼ 1 ð4a zÞ and 0a r 0ðzÞa 3=4 ðz A RÞ:

Then, this function rðzÞ satisfies the following.

Lemma 2. Suppose that f A C2ðWÞ is a positive function and that aamin
x AW

f ðxÞ=

4 is a positive constant. Then, the positive function g A C2ðWÞ defined by

gðxÞ :¼ f ðxÞ þ ar
k f k

CðWÞ � f ðxÞ

a

 !

ð2:1Þ
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satisfies

sup
t A ½0; ðp�1Þ�1ðk f kC�a=2Þ�ð p�1Þ�

kðgðxÞ�ðp�1Þ � ðp� 1ÞtÞ�1=ð p�1Þk
C 2ðWÞ < þy:

Proof. We first note

min
z A ½a;b�

zþ ar
k f kC � z

a

� �� �

¼ aþ ar
k f kC � a

a

� �

and

max
z A ½a;b�

zþ ar
k f kC � z

a

� �� �

¼ bþ ar
k f kC � b

a

� �

:

Then, we see aa gðxÞa k f kC � a. Hence, we also see gðxÞ�ðp�1Þ � ðp� 1Þtb

ðk f kC � aÞ�ðp�1Þ � ðk f kC � a=2Þ�ðp�1Þ > 0. r

While the following lemma is rather technical, this gives a function v such that the

inequality vtb e2svþ vp holds in the region where vðx; tÞa 22=ðp�1ÞCðT � tÞ�1=ðp�1Þ.

This function v plays a key role in Proof of Theorem 6 in the next section.

In this paragraph, we intuitively and informally explain the reason why the function

v plays a key role, as it is the central idea of this paper. From Proposition 7 in the next

section, we would have the Type-I estimate uðx; tÞaCðT � tÞ�1=ðp�1Þ for some constant

C > 0. Then, we define a map h : ½0;þyÞ � ½0;TÞ ! ½�y;þyÞ by

hðv; tÞ :¼
vp ðvaCðT � tÞ�1=ðp�1ÞÞ;

�y (otherwise)

(

and consider the di¤usion equation

vt ¼ e2svþ hðv; tÞ:

Obviously, uðx; tÞ is also a solution of vt ¼ e2svþ hðv; tÞ. On the other hand,

because the function 21=ðp�1ÞCðT � tÞ�1=ð p�1Þ is a super-solution of vt ¼ e2svþ hðv; tÞ

and the inequality vtb e2svþ hðv; tÞ holds in the region where vðx; tÞa 22=ðp�1Þ �

CðT � tÞ�1=ðp�1Þ, the function

wðx; tÞ :¼
vðx; tÞ ðvðx; tÞa 21=ðp�1ÞCðT � tÞ�1=ðp�1ÞÞ;

21=ðp�1ÞCðT � tÞ�1=ðp�1Þ (otherwise)

(

is a super-solution of vt ¼ e2svþ hðv; tÞ. Therefore, if u0ðxÞawðx; 0Þ holds, we would

eventually have uðx; tÞawðx; tÞ for t A ½0;TÞ. Now, we should note that wðx; tÞ is not a

super-solution of (1.1) because 21=ð p�1ÞCðT � tÞ�1=ðp�1Þ is not a super-solution of (1.1).

We end the intuitive and informal explanation here, and we give the strict argument in

Step 3 of Proof of Theorem 6.

Lemma 3. Suppose that f A C2ðWÞ is a positive function and that aamin
x AW

f ðxÞ=

4 is a positive constant. Let g A C2ðWÞ be defined by (2.1). Then, for any C > 0, there

exist D and b0 > 0 such that for any positive constants ba b0, ea b and Ta ðp� 1Þ�1 �

ðk f kC � a=2Þ�ðp�1Þ, the following holds:

Let vðx; tÞ be a positive function defined by

vðx; tÞ :¼ ðgðxÞ�ðp�1Þ � ðp� 1ÞtÞ�1=ðp�1Þ þ e2=ðp�1ÞðgðxÞ�ðp�1Þ � oðtÞÞ�2=ðp�1Þ þ eDtb2
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on the set fðx; tÞ A W� ½0;TÞ j gðxÞ�ðp�1Þ > oðtÞg, where o A C1ð½0;TÞÞ is defined by

oðtÞ :¼ ðkgkC � 2aÞ�ðp�1Þ þ 2Db�ðp�1ÞeðT1=2 � ðT � tÞ1=2Þ:

Then, the inequality vtb e2svþ vp holds in the set fðx; tÞ A W� ½0;TÞ j gðxÞ�ðp�1Þ �

oðtÞb ð1=2ÞC�ðp�1Þ=2ðT � tÞ1=2eg:

Proof. Throughout this proof, we denote the positive constant ðp� 1Þ�1 �

ðk f kC � a=2Þ�ðp�1Þ by T0 and choose Db 1 larger if necessary. Then, let b0 > 0 be a

constant defined by eDT0b2
0 ¼ 1.

From Lemma 2,

1þ ððgðxÞ�ðp�1Þ � ðp� 1ÞtÞ�1=ðp�1Þ þ 1Þp�1
aD1=8ð2:2Þ

holds. Because ðaþ bÞp� ap ¼
Ð 1

0 pðaþ sbÞp�1
b dsa pðaþ bÞp�1

ba p2p�1ðap�1þ bp�1Þb

a p2p�1ð1þ ap�1Þðbþ bpÞ holds, by using (2.2) and eDtb2
a eDT0b2

0 ¼ 1, we get

vðx; tÞp � ððgðxÞ�ðp�1Þ � ðp� 1ÞtÞ�1=ðp�1Þ þ eDtb2Þp

a p2p�1D1=8ðe2=ðp�1ÞðgðxÞ�ðp�1Þ � oðtÞÞ�2=ð p�1Þ

þ e2p=ðp�1ÞðgðxÞ�ðp�1Þ � oðtÞÞ�2p=ðp�1ÞÞ

and

ððgðxÞ�ð p�1Þ � ðp� 1ÞtÞ�1=ðp�1Þ þ eDtb2Þp � ðgðxÞ�ðp�1Þ � ðp� 1ÞtÞ�p=ðp�1Þ

a p2pD1=8eDtb2:

Hence, we obtain

vðx; tÞp � ðgðxÞ�ðp�1Þ � ðp� 1ÞtÞ�p=ðp�1Þð2:3Þ

aD1=4ðe2=ðp�1ÞðgðxÞ�ðp�1Þ � oðtÞÞ�2=ðp�1Þ

þ e2p=ðp�1ÞðgðxÞ�ð p�1Þ � oðtÞÞ�2p=ðp�1Þ þ eDtb2Þ:

Also, from Lemma 2,

e2vxixiðx; tÞð2:4Þ

a sup
t A ½0;T0�

kðgðxÞ�ð p�1Þ � ðp� 1ÞtÞ�1=ðp�1Þk
C 2ðWÞ

 !

e2

þ
2

p� 1
kgðxÞ�ðp�1Þk

C 2ðWÞe
2p=ðp�1ÞðgðxÞ�ðp�1Þ � oðtÞÞ�ðpþ1Þ=ðp�1Þ

þ
2ðpþ 1Þ

ðp� 1Þ2
kgðxÞ�ðp�1Þk2

C 1ðWÞ
e2p=ðp�1ÞðgðxÞ�ðp�1Þ � oðtÞÞ�2p=ðp�1Þ

aD1=4ðe2 þ e2p=ðp�1ÞðgðxÞ�ðp�1Þ � oðtÞÞ�ðpþ1Þ=ðp�1Þ

þ e2p=ðp�1ÞðgðxÞ�ð p�1Þ � oðtÞÞ�2p=ðp�1ÞÞ
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holds. From (2.3) and (2.4), we obtain

e2svðx; tÞ þ vðx; tÞp � ðgðxÞ�ðp�1Þ � ðp� 1ÞtÞ�p=ðp�1Þð2:5Þ

aD1=4ðe2=ðp�1ÞðgðxÞ�ðp�1Þ � oðtÞÞ�2=ðp�1Þ þ e2p=ðp�1ÞðgðxÞ�ðp�1Þ � oðtÞÞ�2p=ðp�1Þ

þ e2p=ðp�1ÞðgðxÞ�ðp�1Þ � oðtÞÞ�ðpþ1Þ=ðp�1Þ þ e2 þ eDtb2Þ:

In the region where gðxÞ�ðp�1Þ � oðtÞa b�ðp�1Þe, because of e�1ðgðxÞ�ðp�1Þ �

oðtÞÞa b�ðp�1Þ and T
�1=2
0 a ðT � tÞ�1=2,

e2=ðp�1ÞðgðxÞ�ðp�1Þ � oðtÞÞ�2=ðp�1Þ

a b�ðp�1Þeðpþ1Þ=ðp�1ÞðgðxÞ�ðp�1Þ � oðtÞÞ�ðpþ1Þ=ðp�1Þ

aT
1=2
0 b�ðp�1Þeðpþ1Þ=ðp�1ÞðgðxÞ�ðp�1Þ � oðtÞÞ�ðpþ1Þ=ðp�1ÞðT � tÞ�1=2

holds. In the region where gðxÞ�ðp�1Þ � oðtÞb b�ðp�1Þe, because of eðgðxÞ�ðp�1Þ �

oðtÞÞ�1
a b p�1,

e2=ðp�1ÞðgðxÞ�ðp�1Þ � oðtÞÞ�2=ðp�1Þ
a b2

holds. Therefore, we obtain

e2=ð p�1ÞðgðxÞ�ðp�1Þ � oðtÞÞ�2=ðp�1Þð2:6Þ

aD1=4ðb�ðp�1Þeðpþ1Þ=ðp�1ÞðgðxÞ�ðp�1Þ � oðtÞÞ�ðpþ1Þ=ðp�1ÞðT � tÞ�1=2 þ eDtb2Þ:

Because

eðgðxÞ�ðp�1Þ � oðtÞÞ�1
a 2Cðp�1Þ=2ðT � tÞ�1=2

holds from gðxÞ�ðp�1Þ � oðtÞb ð1=2ÞC�ðp�1Þ=2ðT � tÞ1=2e and

D1=4eððp�1Þ=2ÞT0DaD1=4b�ðp�1Þ

holds from ba b0 and eDT0b2
0 ¼ 1, we have

e2p=ðp�1ÞðgðxÞ�ðp�1Þ � oðtÞÞ�2p=ðp�1Þð2:7Þ

a 2Cðp�1Þ=2eðpþ1Þ=ðp�1ÞðgðxÞ�ðp�1Þ � oðtÞÞ�ðpþ1Þ=ðp�1ÞðT � tÞ�1=2

aD1=4b�ðp�1Þeðpþ1Þ=ðp�1ÞðgðxÞ�ðp�1Þ � oðtÞÞ�ðpþ1Þ=ð p�1ÞðT � tÞ�1=2:

Because we see

ea ba e�ð1=2ÞT0DaD1=4eððp�1Þ=2ÞT0DT
�1=2
0 aD1=4b�ðp�1ÞðT � tÞ�1=2

by using ba b0 and eDT0b2
0 ¼ 1,

e2p=ðp�1ÞðgðxÞ�ðp�1Þ � oðtÞÞ�ðpþ1Þ=ðp�1Þð2:8Þ

aD1=4b�ðp�1Þeð pþ1Þ=ðp�1ÞðgðxÞ�ð p�1Þ � oðtÞÞ�ðpþ1Þ=ðp�1ÞðT � tÞ�1=2
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holds. From ea b, we also have

e2aD1=4eDtb2:ð2:9Þ

We see

vtðx; tÞ � ðgðxÞ�ðp�1Þ � ðp� 1ÞtÞ�p=ðp�1Þ

¼
2D

p� 1
b�ðp�1Þeðpþ1Þ=ðp�1ÞðgðxÞ�ðp�1Þ � oðtÞÞ�ðpþ1Þ=ðp�1ÞðT � tÞ�1=2 þDeDtb2:

Hence, by combining the inequalities (2.5), (2.6), (2.7), (2.8) and (2.9),

e2svðx; tÞ þ vðx; tÞpa vtðx; tÞ

holds. r

The following gives a sub-solution of (1.1).

Lemma 4. Suppose that a positive function f A C2ðWÞ satisfies q f =qn ¼ 0 on qW.

Let Df be a constant defined by

Df :¼
2

min
x AW

f ðxÞ

0

@

1

A

p

max
x AW

jðsf ÞðxÞj:ð2:10Þ

Then, for any constant e > 0 and function u0 A CðWÞ satisfying 2Df e
2
a 1 and

2ku0 � f kCamin
x AW

f ðxÞ, the positive function uðx; tÞ defined by

uðx; tÞ :¼ ðð f ðxÞ � ku0 � f kCÞ
�ðp�1Þ � ðp� 1Þð1�Df e

2ÞtÞ�1=ðp�1Þ

in the set

W� ½0; ðp� 1Þ�1ð1�Df e
2Þ�1ðk f kC � ku0 � f kCÞ

�ðp�1ÞÞ

is a sub-solution of (1.1).

Proof. Let vðx; tÞ denote the function suþDf u
p. Then, because ut ¼

ð1�Df e
2Þup and ðupÞxixi ¼ pup�1uxixi þ pðp� 1Þup�2u2xi hold, we see

vt ¼ sut þDf pu
p�1ut ¼ ð1�Df e

2Þðsup þ pup�1Df u
pÞð2:11Þ

b ð1�Df e
2Þpup�1ðsuþDf u

pÞ ¼ ð1�Df e
2Þpup�1v:

Also, we have

vðx; 0Þ ¼ ðsf ÞðxÞ þDf ð f ðxÞ � ku0 � f kCÞ
pð2:12Þ

b�max
x AW

jðsf ÞðxÞj þDf

min
x AW

f ðxÞ

2

0

@

1

A

p

¼ 0:

Because

suþDf u
p ¼ vb 0
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holds by (2.11) and (2.12), we obtain

e2suþ up � ut ¼ e2ðsuþDf u
pÞb 0:

Hence, because qu=qn ¼ 0 on qW and uðx; 0Þa u0ðxÞ also hold, the function uðx; tÞ is a

sub-solution of (1.1). r

The following gives a estimate of the blow-up time.

Lemma 5. Suppose that a positive function f A C2ðWÞ satisfies qf =qn ¼ 0 on qW.

Let Df be the constant defined by (2.10). Then, for any constant e > 0 and function

u0 A CðWÞ satisfying 2Df e
2
a 1 and 2ku0 � f kCamin

x AW
f ðxÞ, the blow-up time T of the

solution uðx; tÞ of (1.1) satisfies

ðp� 1Þ�1ðk f kC þ ku0 � f kCÞ
�ðp�1Þ

aT

a ðp� 1Þ�1ð1�Df e
2Þ�1ðk f kC � ku0 � f kCÞ

�ðp�1Þ:

Proof. Because min
y AW

f ðyÞ=2a u0ðxÞa k f kC þ ku0 � f kC holds, we have Tb

ðp� 1Þ�1ðk f kC þ ku0 � f kCÞ
�ðp�1Þ. Also, from Lemma 4, Ta ðp� 1Þ�1ð1�Df e

2Þ�1 �

ðk f kC � ku0 � f kCÞ
�ðp�1Þ holds. r

3. Proof of Theorem 1.

The following theorem is the main technical result in this paper. In Proofs of not

only Theorem 1 but also Theorem 2 of [8], this theorem is made essential use of.

Theorem 6. Let f A C2ðWÞ be a positive function satisfying q f =qn ¼ 0 on qW, and

let d and C be positive constants. Then, there exists e0 > 0 satisfying the following:

Suppose that a positive constant e and a function u0 A CðWÞ satisfy ea e0 and

ku0 � f k
CðWÞa e0. If the solution uðx; tÞ of (1.1) with the blow-up time T satisfies the

Type-I estimate uðx; tÞaCðT � tÞ�1=ðp�1Þ
in W� ½0;TÞ, then the blow-up set is contained

in the set S :¼ fx A W j f ðxÞbmax
y AW

f ðyÞ � dg and the blow-up profile u�ðxÞ satisfies

the inequality

u�ðxÞ � f ðxÞ�ðp�1Þ � max
y AW

f ðyÞ

 !�ðp�1Þ
0

@

1

A

�1=ðp�1Þ
�

�

�

�

�

�

�

�

�

�

�

�

�

�

CðWnSÞ

a d:

Proof. [Step 1] In this step, we take positive constants d 0; a;D; b0; b; e1;T0 and

T1 satisfying Lemma 3 and several inequalities below. Then, we fix these constants

through Steps 2 and 3.

Put d 0 ¼ minfd; k f kCg. By a, we denote the positive constant

min
d

4
k f kC �

d 0

2

� ��ðp�1Þ

� k f k
�ðp�1Þ
C

 !p=ðp�1Þ

min
x AW

f ðxÞ

� �p

;
d 0

16
;

min
x AW

f ðxÞ

4

8

<

:

9

=

;

:
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We take D and b0 > 0 such that Lemma 3 holds for f ; a and C. We also take

b A ð0; b0� such that the inequality

eDT0b2
a

d

4
ð3:1Þ

holds, where T0 is defined by

T0 ¼ ðp� 1Þ�1 k f kC �
a

2

� ��ðp�1Þ

:

Then, let a constant e1 > 0 be su‰ciently small such that the inequalities

e1aminfa; bg;ð3:2Þ

e1amin
1

ð2Df Þ
1=2

;

min
x AW

f ðxÞ

2

8

<

:

9

=

;

;ð3:3Þ

T1aT0;ð3:4Þ

T1 � ðp� 1Þ�1k f k
�ðp�1Þ
C a

d

4
k f kC �

d 0

2

� ��ðp�1Þ

� k f kC �
d 0

32

� ��ðp�1Þ
 !p=ðp�1Þ

;ð3:5Þ

2Db�ðp�1Þe1T
1=2
0 a ðk f kC � 4aÞ�ðp�1Þ � ðk f kC � 3aÞ�ðp�1Þð3:6Þ

and

e
2=ðp�1Þ
1 a

d

4
k f kC �

d 0

2

� ��ð p�1Þ

� k f kC �
d 0

4

� ��ðp�1Þ
 !2=ðp�1Þ

ð3:7Þ

hold, where Df and T1 are defined by (2.10) and

T1 ¼ ðp� 1Þ�1ð1�Df e
2
1Þ

�1ðk f kC � e1Þ
�ðp�1Þ;

respectively.

[Step 2] In this step, we show the following.

Let e A ð0; e1� and T A ð0;T1� be constants, and let g A C2ðWÞ, o A C 1ð½0;TÞÞ and a

positive function vðx; tÞ on the set fðx; tÞ A W� ½0;TÞ j gðxÞ�ðp�1Þ > oðtÞg be defined as

well as Lemma 3. Then,

vðx; tÞa ð f ðxÞ�ðp�1Þ � k f k
�ðp�1Þ
C Þ�1=ðp�1Þ þ d

holds for all ðx; tÞ A ðWnSÞ � ½0;TÞ.

From (3.4) and (3.1),

eDtb2
a

d

4
ð3:8Þ

holds. Also, from x B S, we have

f ðxÞa k f kC � d 0:ð3:9Þ
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Because f ðxÞa k f kC � 16a holds, rððk f kC � f ðxÞÞ=aÞ ¼ 1 holds. Hence, we have

gðxÞ ¼ f ðxÞ þ a:ð3:10Þ

From (3.9), we also have

gðxÞa k f kC �
d 0

2
:ð3:11Þ

Because oðtÞa ðk f kC � d 0=4Þ�ðp�1Þ holds by using (3.4) and (3.6), from (3.11) and

(3.7),

e2=ðp�1ÞðgðxÞ�ðp�1Þ � oðtÞÞ�2=ðp�1Þ
a

d

4
ð3:12Þ

holds. Also, because

ðgðxÞ�ðp�1Þ � ðaþ bÞÞ�1=ðp�1Þ � ðgðxÞ�ðp�1Þ � aÞ�1=ðp�1Þ

¼

ð1

0

ðp� 1Þ�1ðgðxÞ�ð p�1Þ � ðaþ sbÞÞ�p=ðp�1Þ
b ds

a ðp� 1Þ�1ðgðxÞ�ðp�1Þ � ðaþ bÞÞ�p=ðp�1Þ
b

holds, from (3.11), (3.4) and (3.5), we have

ðgðxÞ�ðp�1Þ � ðp� 1ÞtÞ�1=ðp�1Þ � ðgðxÞ�ðp�1Þ � k f k
�ðp�1Þ
C Þ�1=ðp�1Þð3:13Þ

a ðgðxÞ�ðp�1Þ � ðp� 1ÞT1Þ
�1=ðp�1Þ � ðgðxÞ�ðp�1Þ � k f k

�ðp�1Þ
C Þ�1=ð p�1Þ

a ðgðxÞ�ðp�1Þ � ðp� 1ÞT1Þ
�p=ðp�1ÞðT1 � ðp� 1Þ�1k f k

�ðp�1Þ
C Þ

a k f kC �
d 0

2

� ��ð p�1Þ

� k f kC �
d 0

32

� ��ðp�1Þ
 !�p=ðp�1Þ

� ðT1 � ðp� 1Þ�1k f k
�ðp�1Þ
C Þ

a
d

4
:

By (3.10) and (3.9), we also have

ðgðxÞ�ðp�1Þ � k f k
�ð p�1Þ
C Þ�1=ðp�1Þ � ð f ðxÞ�ðp�1Þ � k f k

�ðp�1Þ
C Þ�1=ðp�1Þð3:14Þ

¼

ð1

0

ðð f ðxÞ þ saÞ�ðp�1Þ � k f k
�ðp�1Þ
C Þ�p=ðp�1Þð f ðxÞ þ saÞ�p

a ds

a k f kC �
d 0

2

� ��ðp�1Þ

� k f k
�ðp�1Þ
C

 !�p=ðp�1Þ

min
x AW

f ðxÞ

� ��p

a

a
d

4
:

From (3.13), (3.14), (3.12) and (3.8), we obtain the conclusion of Step 2.

[Step 3] In this step, we show the following by Steps 1 and 2.
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Let e A ð0; e1� be a constant, and let u0 A CðWÞ satisfy ku0 � f k
CðWÞa e1. Suppose

that the solution uðx; tÞ of (1.1) with the blow-up time T satisfies uðx; tÞaCðT � tÞ�1=ðp�1Þ

in W� ½0;TÞ. Then,

uðx; tÞa ð f ðxÞ�ðp�1Þ � k f k
�ðp�1Þ
C Þ�1=ðp�1Þ þ d

holds for all ðx; tÞ A ðWnSÞ � ½0;TÞ.

By Lemma 5 and (3.3), we see

TaT1:ð3:15Þ

We take a cuto¤ function w A CyðRÞ satisfying wðzÞ ¼ 1=4 ðza 0Þ, wðzÞ ¼ z

ð1=2a zÞ and 0a w 0ðzÞa 1. Let g A C 2ðWÞ, o A C1ð½0;TÞÞ and a positive function

vðx; tÞ on the set fðx; tÞ A W� ½0;TÞ j gðxÞ�ð p�1Þ > oðtÞg be defined as well as Lemma 3.

Also, by uðx; tÞ, we denote the positive function

ðgðxÞ�ð p�1Þ � ðp� 1ÞtÞ�1=ðp�1Þ þ CðT � tÞ�1=ðp�1Þ
w

gðxÞ�ðp�1Þ � oðtÞ

C�ðp�1Þ=2ðT � tÞ1=2e

 !�2=ðp�1Þ

þ eDtb2

in ðx; tÞ A W� ½0;TÞ. Then, we show that the inequality

uðx; tÞa uðx; tÞð3:16Þ

holds for all ðx; tÞ A W� ½0;TÞ.

In order to show (3.16), we first define G A CðW� ½0;TÞÞ by

Gðx; tÞ ¼ utðx; tÞ � ðe2suðx; tÞ þ uðx; tÞpÞ:

Then, because rðup�1=ðC p�1ðT � tÞ�1ÞÞ ¼ �1 holds from uðx; tÞaCðT � tÞ�1=ð p�1Þ,

ut ¼ e2suþ up þ
1

2
r

up�1

C p�1ðT � tÞ�1

 !

þ 1

 !

Gðx; tÞð3:17Þ

holds. Also, in the region where gðxÞ�ðp�1Þ � oðtÞb ð1=2ÞC�ðp�1Þ=2ðT � tÞ1=2e, because

u ¼ v holds and TaT0 and ea b hold from (3.15), (3.4) and (3.2), by virtue of Lemma

3,

utb e2suþ up

holds. In the region where gðxÞ�ðp�1Þ � oðtÞa ð1=2ÞC�ðp�1Þ=2ðT � tÞ1=2e, because ub

41=ð p�1ÞCðT � tÞ�1=ðp�1Þ holds from wððgðxÞ�ðp�1Þ � oðtÞÞ=ðC�ðp�1Þ=2ðT � tÞ1=2eÞÞa 1=2,

we also have

r
up�1

C p�1ðT � tÞ�1

 !

¼ 1:

Therefore, we obtain

�ut þ e2suþ up þ
1

2
r

up�1

C p�1ðT � tÞ�1

 !

þ 1

 !

Gðx; tÞð3:18Þ

¼
1

2
1� r

up�1

C p�1ðT � tÞ�1

 ! !

ð�ut þ e2suþ upÞa 0:
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In the region where f ðxÞb k f kC � 4a, because gðxÞ�ðp�1Þ
aoð0Þ holds by

gðxÞb ðk f kC � 4aÞ þ ar
k f kC � ðk f kC � 4aÞ

a

� �

¼ kgkC � 2a;

we have

uðx; 0ÞbCT�1=ðp�1Þw
gðxÞ�ðp�1Þ � oð0Þ

C�ðp�1Þ=2T 1=2e

 !�2=ðp�1Þ

¼ 161=ðp�1ÞCT�1=ðp�1Þ
bCT�1=ðp�1Þ

b u0ðxÞ:

In the region where f ðxÞa k f kC � 4a, because rððk f kC � f ðxÞÞ=aÞ ¼ 1 holds and

ku0 � f kCa a holds from (3.2), we also have

uðx; 0Þb gðxÞ ¼ f ðxÞ þ ab u0ðxÞ:

Therefore, we obtain

u0ðxÞa uðx; 0Þ:

Hence, because we also see qu=qn ¼ 0 on qW, working the comparison theorem by (3.17)

and (3.18), we eventually get (3.16), i.e., the inequality

uðx; tÞa uðx; tÞ

holds for all ðx; tÞ A W� ½0;TÞ.

Because ua v holds, we obtain the conclusion of Step 3 by Step 2, (3.15) and

(3.16).

[Step 4] In this step, we prove Theorem 6.

We take a constant e1 > 0 as in Step 3. Then, let a constant e0 A ð0; e1� be suf-

ficiently small such that

e0amin
1

ð2Df Þ
1=2

;

min
x AW

f ðxÞ

2

8

<

:

9

=

;

;ð3:19Þ

e0a
d

2
ððk f kC � dÞ�ðp�1Þ � k f k

�ðp�1Þ
C Þp=ð p�1Þ

min
x AW

f ðxÞ

2

0

@

1

A

p

ð3:20Þ

and

k f k
�ðp�1Þ
C � ð1�Df e

2
0Þðk f kC þ e0Þ

�ðp�1Þð3:21Þ

a
d

2
ðp� 1Þððk f kC � dÞ�ðp�1Þ � k f k

�ðp�1Þ
C Þp=ðp�1Þ

hold, where Df is defined by (2.10).
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Because f ðxÞa k f kC � d holds from x B S and min
y AW

f ðyÞ=2a f ðxÞ � e0 holds

from (3.19), by (3.20),

ð f ðxÞ�ðp�1Þ � k f k
�ðp�1Þ
C Þ�1=ðp�1Þ � ðð f ðxÞ � e0Þ

�ðp�1Þ � k f k
�ðp�1Þ
C Þ�1=ðp�1Þð3:22Þ

¼

ð1

0

ðð f ðxÞ � se0Þ
�ð p�1Þ � k f k

�ðp�1Þ
C Þ�p=ðp�1Þð f ðxÞ � se0Þ

�p
e0 ds

a ððk f kC � dÞ�ðp�1Þ � k f k
�ðp�1Þ
C Þ�p=ð p�1Þ

min
x AW

f ðxÞ

2

0

@

1

A

�p

e0

a
d

2

holds. Because f ðxÞ � e0a k f kC � d holds from x B S, by (3.21), we have

ðð f ðxÞ � e0Þ
�ðp�1Þ � k f k

�ðp�1Þ
C Þ�1=ðp�1Þð3:23Þ

� ðð f ðxÞ � e0Þ
�ðp�1Þ � ð1�Df e

2
0Þðk f kC þ e0Þ

�ðp�1ÞÞ�1=ðp�1Þ

a ðp� 1Þ�1ððk f kC � dÞ�ðp�1Þ � k f k
�ðp�1Þ
C Þ�p=ðp�1Þ

� ðk f k
�ðp�1Þ
C � ð1�Df e

2
0Þðk f kC þ e0Þ

�ðp�1ÞÞ

a
d

2
:

Also, because Tb ðp� 1Þ�1ðk f kC þ e0Þ
�ðp�1Þ holds from Lemma 5 and (3.19), by

Lemma 4 and (3.19), we see

u�ðxÞb ðð f ðxÞ � e0Þ
�ðp�1Þ � ð1�Df e

2
0Þðk f kC þ e0Þ

�ðp�1ÞÞ�1=ðp�1Þ:

Hence, from (3.22) and (3.23),

u�ðxÞb ð f ðxÞ�ðp�1Þ � k f k
�ðp�1Þ
C Þ�1=ðp�1Þ � d

holds for all x A WnS. Therefore, we obtain the conclusion of Theorem 6 by Step 3.

r

According to Friedman and McLeod [3] and Chen [1], we prove that there exists a

constant C > 0 such that if e > 0 is su‰ciently small, then the solution u of (1.1) satisfies

the Type-I estimate uðx; tÞaCðT � tÞ�1=ðp�1Þ.

Proposition 7. Let u0 A C2ðWÞ be a positive function satisfying qu0=qn ¼ 0 on qW.

Then, there exist C > 0 and e0 > 0 such that for any e A ð0; e0�, the solution uðx; tÞ of (1.1)

with the blow-up time T satisfies uðx; tÞaCðT � tÞ�1=ð p�1Þ
in W� ½0;TÞ.

Proof. We define C > 0 by C ¼ ððp� 1Þ=2Þ�1=ðp�1Þ. We also define e0 > 0 by

e
2
0 ¼ min

x AW
u0ðxÞ

p=2jsu0ðxÞj. Let vðx; tÞ denote the function 2e2suðx; tÞ þ uðx; tÞp.

Then, we have

vðx; 0Þb 0:ð3:24Þ
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Because of v ¼ 2ut � up,

qv

qn
¼ 0ð3:25Þ

holds on qW. Also, because ut ¼ ðvþ upÞ=2 and sup
b pup�1

su hold, we have

vt ¼ e
2
sðvþ upÞ þ

p

2
up�1ðvþ upÞð3:26Þ

b e
2
svþ

p

2
up�1vþ

p

2
up�1ð2e2suþ upÞ

¼ e
2
svþ pup�1v:

Because 2ut � up ¼ vb 0 holds from (3.24), (3.25) and (3.26), 1=2a ut=u
p holds.

Hence, we have

T � t

2
¼

ðT

t

ds

2
a

ð uðx;TÞ

uðx; tÞ

du

up
a

uðx; tÞ�ðp�1Þ

p� 1
:

Therefore, uðx; tÞaCðT � tÞ�1=ðp�1Þ holds. r

Now, we prove Theorem 1.

Proof of Theorem 1. We fix a constant C > 0 such that Proposition 7 holds for

u0. Let a constant e0 > 0 be su‰ciently small. Then, by Proposition 7, for any

e A ð0; e0�, the solution u of (1.1) satisfies uðx; tÞaCðT � tÞ�1=ðp�1Þ. Hence, by Theorem

6 with f :¼ u0, we obtain the conclusion of Theorem 1. r
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