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Abstract. Let L be a very ample line bundle on a smooth complex projective
variety X of dimension > 7. We classify the polarized manifolds (X, L) such that
there exists a smooth member A of |L| endowed with a branched covering of degree
five 1 : A — P™. The cases of degm = 2 and 3 are already studied by Lanteri-
Palleschi-Sommese.

1. Introduction.

Let X be an (n + 1)-dimensional smooth complex projective variety and L a very
ample line bundle on X. Consider the following condition:

(¥) There exists a smooth member A € |L| such that there exists a branched covering
m: A — P" of degree d.

Needless to say, the following “obvious” pairs (X, L) satisfy (¥): (P"*!,0pn+1(d)) and
(HyH, ﬁH;H (1)), where H} %" is a smooth hypersurface of degree d in P"*+2,

The study of (X, L) satisfying () is a natural generalization of a classical problem
of Castelnuovo [C]. The classical problem is to classify the pairs (X, L) satisfying (x)
when n = 1 and d = 2, and was solved by Serrano [Se|, Sommese-Van de Ven [S-V],
independently. When n = 1 and d = 3, Fania [Fa] studied the pairs (X, L). In cases
n>d=2[L-P-S 1], n > d = 3 [L-P-S 2], Lanteri-Palleschi-Sommese classified the
pairs.

Surprisingly, in case n > d € {2, 3}, it turns out that the results of the classifications
are simple; this relies on topological restrictions imposed X by A. In fact, in case d = 2,
the “non-obvious” pairs never arise in the classification. In case d = 3, the “non-obvious”
pair is only (Y,3.%), where (Y,.%) is a Del Pezzo manifold of degree 1, i.e., a polarized
manifold satisfying —Ky = n.# and £"*! = 1.

So, what kind of “non-obvious” pairs (X, L) arise in case n > d > 37

The purpose of this paper is to give a complete classification of the pairs (X, L) that
satisfy (x) under the condition n > d = 5. Our result is as follows:

THEOREM 1.1. Let X be a smooth projective variety with dimX = n+ 1 > 6.
Then there exists a very ample line bundle L on X that satisfies the condition (%) and
d =5 if and only if (X, L) is one of the following:
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Vio, Ov,, (5)), where Vig is a smooth weighted hypersurface of degree 10 in the
weighted projective space P(5,2,1"+1): or

(5) (Wao, Ow,,(5)), where Wy is a smooth weighted hypersurface of degree 20 in
P(5,4,17F1),

No less than three “non-obvious” pairs (3)—(5) show up.

Lanteri-Palleschi-Sommese [L-P-S 1], [L-P-S 2| in cases n > d € {2,3} use the
classification theory of polarized varieties via sectional genus.

The difficulty in our study is that a polarized manifold (X, ) with A(X, ) =
d(X,7) = 1 and sectional genus > 3 arises; the classification problem of polarized
manifolds with these invariants is yet to be solved completely (cf. [Fu 3, (6.18)]).

Our study involves a new strategy although the starting point of the proof is inspired
by the ideas of Lanteri-Palleschi-Sommese. The keys of the proof are as follows:

(i) To show the very ampleness of Oy, (5). (Proposition 3.3)
(ii) To characterize (X, ) with A(X,.#) = "+ = 1 and large sectional genus
that satisfies the assumption of Theorem 1.1. (Theorem 6.2)

For (i), after finding a basis of H?(Ow,,(5)), we check that the freeness, the separation
of points and the separation of tangent vectors for |Oyy,, (5)].
For (ii), our strategy is to find the generators of the graded ring of (X, 5¢)

R(X, ) := é HY(X,15¢),

=0

and the relations among them. Using the ladder method, we reduce this to describing the
structure of R(X1,.#%, ) in terms of generators and relations, where X; is a smooth curve
section of X that is an intersection of n-general members of |.#°|. By the Riemann-Roch
theorem and some ring-theoretic arguments, we can describe the structure of R(X,.5)
successfully.

The paper is organized as follows. In Section 2, we give some notation, definitions
and general facts. In Section 3, we prove (i), consequently the ‘if” part in Theorem 1.1
is proved. From Section 4, we concentrate on proving the ‘only if’ part. In Section 4, we
prove a basic result on h°(A, 7*Opn(1)). Section 5 is devoted to the cases (1) and (2) of
Theorem 1.1. Section 6 is devoted to the proof of (ii) (Theorem 6.2), as a consequence
we see that the polarized manifolds (3)—(5) actually show up.

After submitting the paper, the author was informed about a paper of Lanteri [Lan]
by the referee. Lanteri has given a classification of the pairs (X, L) in question [Lan,
Theorem 3.5]. However, his classification result contains one doubtful case: in fact, his
result says that the cases (1)—(4) in our main theorem (Theorem 1.1) arise. But he
gave only a numerical characterization and invariants for the case (5). In contrast, this
paper determines the structure of a unique polarized manifold appearing in that case,
completely.
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2. Notation and background.

In this paper, we work over the complex number field C. We use the standard
notation from algebraic geometry as in [H]. The words “Cartier divisors”, “line bundles”
and “invertible sheaves” are used interchangeably, and “vector bundles” and “locally free
sheaves”, too. The tensor products of line bundles are denoted additively, while we use
multiplicative notation for intersection products in Chow rings.

A branched covering of degree d means a finite surjective morphism of degree d. A
manifold means a smooth variety. A line bundle on a variety is said to be spanned if it
is generated by global sections.

A polarized variety means a pair (V,.Z) where V is a projective variety and .Z is an
ample line bundle on V. Set m = dim V.

A member of |.Z| is called a rung of (V,.%) if it is an irreducible and reduced
subscheme of V. A rung D of (V,.£) is said to be regular if the restriction map
H(V, %) — HY(D,%p) is surjective. A sequence V.=V, D V,,_1 D --- D Vi of
subvarieties of V is called a ladder of (V,.Z) if each V; is a rung of (Vj41,.Zj41) for
j > 1, where .Z; is the restriction of £ to Vj.

The A-genus of (V,.%) is defined as A(V,.Z) = m + d(V, &) — h°(V,.&), where
d(V, L) == L™ is the degree of (V,.£). For a manifold V, the sectional genus of (V, %),
denoted by g(V,.Z), is defined by the formula

29V, %) - 2= (Ky +(m—-1)2)¢™ .

A polarized variety (V,.%) is called a scroll over a smooth curve C' if it is of the form
(P(&),H(&)) for some locally free sheaf & on C, where H(&) denotes the tautological
line bundle of P(&).

For an integer r > 1, a line bundle .Z on V is said to be r-generated if the graded
ring R(V,.Z) = @;-, H(V,i.Z) is generated by the global sections of .Z,...,r.Z. In
particular .Z is said to be simply generated if it is one-generated.

The following is used in the study of polarized manifolds with small A-genera:

PROPOSITION 2.1 (Fujita). Let (M,.Z) be an m-dimensional polarized manifold
having a ladder. Assume that g := g(M,.£) > A(M,Z) =: A and L™ > 2A+1. Then
& is simply generated, g = A and HY(M,t.L) = 0 for any integers t,q with 0 < ¢ < m.

For the proof, we refer to [Fu 3, Chapter I (3.5)].
The following lemma is trivial but useful in studying the structure of graded rings:

LEMMA 2.2. Let (V,.Z) be a polarized variety, D a rung of (V,.Z) defined by
§€ HY(V,.), and py - H*(V,t.%) — H°(D,t.%p) the restriction map. Then Ker(p;) =
SHO(V, (t —1).2).

A weighted projective space P(eg, . .., en) is defined to be Proj(C|sq, ..., sn]), where
wt(s0,...,58) = (eo,...,en) € NEWV+D A projective variety W is called a weighted
complete intersection of type (ai,...,a.) in P(eg,...,en) (w.c.i., for short) if the follow-
ing two conditions are satisfied:
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(1) W 2 Proj(Clso,---,sn]/(Fi,-.., F.)), where (F1,...,F.) is a regular sequence
and each F; is a homogeneous polynomial of degree a; > 0;
(2) Vi(Fr, .o, Fo) N (Uyer(sj =0 kfej)) = D in Pleg,...,en).

We put S(eo,...,en) :=Uicp(s; =0 ktey).

PROPOSITION 2.3 (Mori). Let D be an effective ample divisor of an m-dimensional
projective manifold M. Assume D is a w.c.i. of type (a1,...,a.) in Pleg,...,en). Then
the following hold.

(1) If m > 4, M is a w.c.i. of type (a1,...,a.) in Pleg,...,en,a) for some integer
a > 0.

(2) If m = 3 and there exists a positive integer a such that Oy (D) ®@ Op = Op(a),
then M satisfies the same conclusion of (1) for such a > 0.

For the proof, see [M, Corollary 3.8 and Proposition 3.10].

3. Some special examples: the ‘if’ part of the Theorem.

In this section we consider the three special classes (3)—(5) of polarized manifolds ap-
pearing in Theorem 1.1. These classes are constructed from polarized manifolds (M, %)
with A(M, %) = d(M, &) = 1.

We begin with the following fact:

Fact 3.1.  Let (M,%) be an m-dimensional polarized manifold with A(M,%) =
L™ =1, and let Hy, ..., Hy,_1 be general members of |£L|. For each integer 1 < k <
m — 1, we put X := nkgigmq H;. Then the following hold.

(1) The base locus Bs|-Z| consists of a single point.

(2) The linear system |b*¥L — E| defines a flat surjective morphism f : M — pm1
where b : M — M is the blowing up at Bs|Z| and E is the exceptional divisor
lying over Bs|Z|. The set E is a section of f, and every fiber of f is an integral
curve of arithmetic genus g(M, %) > 1.

(3) Xk is a k-dimensional submanifold of M, and Xy C -+ C X,,_1 C M is a reqular
ladder of (M,%).

For the proof, we refer to [Fu 2, Section 13].

PROPOSITION 3.2.  Let (M,.Z) be as in Fact 3.1, and let d > 2 be an integer such
that L := d.% is spanned. Then there exists a smooth member A of |L| with a finite
surjective morphism of degree d,

7 A— P™L

PROOF.  From Fact 3.1 (2), we obtain the flat surjective morphism f : M — P™1,
Now, since L is spanned, there exists a smooth member A of |L| not passing through
Bs|-Z|. Since HY(M,(1 — d)¥) = 0 for i = 0,1 by the Kodaira vanishing theorem,
we see that h°(A, Z4) = m, especially |La| = |£|4. Therefore, combining these and
fgl_l = d, we see that |Z4| gives a branched covering of degree d from A to P™~1. [J
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EXAMPLE 1. Let (X,L) = (Y,5.%), where (Y,.%) is an (n + 1)-dimensional Del
Pezzo manifold of degree 1, i.e., — Ky = n.Z with Z"*1 =1. We see A(Y,.¥) = 1. The
very ampleness of 5. follows from the facts that 2. is spanned [Fu 2, Section 14]
and that 3. is very ample [L-P-S 2, (1.2)]. Hence, by Proposition 3.2, there exists a
smooth five-sheeted cover of P™ that is a member of |5.Z].

EXAMPLE 2. Let (X,L) = (Vig, O10(5)), where Vig is an (n + 1)-dimensional
smooth weighted hypersurface of degree 10 in P(5,2,1"1). We see that
A(Vig, Oy, (1)) = Oy, (1)" T = 1. Moreover, it follows from g(Vig, Ov,,(1)) = 2 that
(V1o, Ov,, (1)) is a sectionally hyperelliptic polarized manifold of type (—) [Fu 2, Sections
15 and 16]. Therefore Oy, (5) is very ample due to [Laf, Theorem 3.3]. Consequently
we obtain a smooth five-sheeted cover of P™ in |0y, (5)].

EXAMPLE 3. Let (X,L) = (Wag, Ow,,(5)), where Wy is an (n + 1)-dimensional
smooth weighted hypersurface of degree 20 in P(5,4,1%"1). Since we have
A(Wag, O, (1)) = Ow,,(1)"T! = 1, we get a five-sheeted cover of P™ in |Ow,,(5)|
from the following

PROPOSITION 3.3.  The line bundle Ow,,(5) is very ample.

PROOF. We prove the conclusion with the following steps:

(a) leﬁwzo (5)‘ = J;
(b) The morphism ¢ associated with |Ow,,(5)] is injective;
(¢) The linear system |Oyw,, (5)| separates the tangent vectors.

By combining 5-generatedness of Oyw,, (1) and [Laf, Theorem 2.2], the rational map
¢ is an embedding outside the single point p := Bs|Ow,, (1)|.

Let x,y,20,...,2, generate the graded ring R(Wao, Ow,,(1)), where
deg(z,y, 20, .. .,2n) = (5,4,1,...,1).

(a) We see that HO(Ow,,(5)) is generated by the sections

TyY20,5 - Y2ny 24y - Zjs, With 0 < gp < - < g5 <.

Therefore it follows that

510w 5) = e =00 (] (5=0),

0<i<n

which is empty since Wao does not meet the locus S(5,4,1™+1).

(b) Suppose that ¢(p) = ¢(g) for some ¢ € Way. Then we see that z;(¢) = 0 for
any 0 < i < n, which implies g € Bs|C,,(1)|. Therefore p = q.

(c) Let 7 be a non-zero tangent vector in T),(Wap). We need to show that there
exists a section o € HY(Oyy,,(5)) satisfying the following conditions:

o(p) =0 and do(7) # 0.
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We claim that o; := yz; satisfies the above conditions for some 0 < ¢ < n. The
former condition is satisfied for all o; since z;(p) = 0. We prove that the latter holds.
Suppose that there exists non-zero 7 € T,(Wa) such that do;(7) = 0 for all ¢. Since
do;(17) = y(p)dz;(r) and y(p) # 0, we see that dz;(7) = 0 for all . Hence it follows that

7€ T,(T), where I' := ﬂ (z: =0).

1<i<n

From dzo(7) = 0, we have ' - Oy, (1) > 2, which contradicts Oy, (1)"*! = 1. This
concludes the proof. O

4. The ‘only if’ part.

We are now going to classify the polarized manifolds in question.

Suppose that (X, L) satsifies (x) and n > d = 5. Let 7 : A — P" denote the
finite morphism of degree 5. Then a Barth-type theorem of Lazarsfeld [Laz, Theorem 1]
implies that H?(A,Z) = H?(P",Z) = Z and H'(A,04) = 0. Therefore Pic(A) = Z,
generated by 7*0pn(1). The Lefschetz hyperplane section theorem implies Pic(X) & Z.
We denote by 2 the ample generator of Pic(X); we have £ = n*0pn(1). Combining
the ampleness of .74 and the fact that A-genus is non-negative for every polarized

manifold [Fu 3, Chapter I (4.2)], we see
n+1< hO(A,ij) <n+5.

In fact, we have the following
PROPOSITION 4.1.  hO(A, ) =n+1 orn+2.

PROOF. At first, suppose h°(A, 5#4) = n+5. Then we have A(A, 7#4) = 0. There-
fore, by [Fu 3, Chapter I (5.10)], (A, #4) is either (i) (P™, Opn (1)), (ii) (Q™, Og~(1))
or (iii) a scroll over P'. Cases (i), (ii) cannot occur by 5 = 5. Case (iii) also cannot
occur because of Pic(A) = Z.

Secondly, suppose h(A, 5#4) = n + 4. Then we obtain A(A,.5#4) = 1. By Propo-
sition 2.1, we have g(A, 5¢4) = 1. Therefore it follows from [Fu 3, (12.3)] that (A, 54)
is either a Del Pezzo manifold or a scroll over an elliptic curve. The latter case is ruled
out because of Pic(A) = Z. The former case is also ruled out by the following reason:
if (A, #4) is a Del Pezzo manifold of degree 5, then we see that A is the Grassmann
variety parametrizing lines in P*, Gr(5,2), by combining the result of [Fu 3, (8.11)] and
our assumption n > 5. But Gr(5,2) cannot be ample divisors on X by virtue of [Fu 1,
(5.2)].

Lastly, we suppose h'(A, 5#4) = n+ 3. By Proposition 2.1, we see that g(A, 54) =
A(A, #4) = 2 and that 52, is simply generated, hence very ample. According to [I], we
have dim A < 4, which contradicts our assumption. O

From now on, we will discuss the case h%(A, #4) = n + 2 in Section 5 and the case
hO(A, #4) = n + 1 in Section 6.
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5. Case where h®(A, 7 4) =n + 2.

In this section we treat the case h°(A,.%#4) = n + 2. The aim of this section is to
prove the following

PROPOSITION 5.1.  If hO(A, 7)) = n + 2, then (X, L) is either (P"*1 Opni1(5))
or (HZ, Oppr (1)).

The following lemma is a special case of [L-P-S 1, (1.3)]:

LEMMA 5.2 (Lanteri-Palleschi-Sommese). Ifh(A, 5#4) = n+2, then the morphism
q : A — P"! associated to | 74| is birational and its image q(A) is a hypersurface
(possibly singular) of degree 5 in P"T1.

REMARK 5.3. By virtue of the Bertini theorem, we obtain a smooth k-dimensional
rung Ay of (Apy1, 74, ) inductively, with A, := A. Put C := A;. Then one can easily
obtain an inequality

9(C, ) > AC, 7). (*)

LEMMA 5.4.  The ladder C C Ay C --- C A, is regqular.

PrOOF. It suffices to prove H'(Ay, 04,) = 0 for all k > 2. By the Lefschetz
hyperplane section theorem [Fu 3, (7.1.4)], we have H'(A, Oa,) = HY(Ag_1,04,_,)
for all k> 3. Combining these and H'(A, 04) = 0, we obtain the assertion. O

By Lemma 5.2, the smooth curve C' is the normalization of ¢(C), which is a plane
quintic curve of arithmetic genus 6. Since h%(Aj41, #24,,,) = k+3 for all k by virtue of
Lemma 5.4, we have A(C, 5¢) = 3.

LEMMA 5.5.  The line bundle ¢t is simply generated.

ProoOF. We prove that g(C, ) = 6 as follows. We have inequalities
3 <g(C, ) <6.

Indeed, the right inequality is obvious and the left is obtained by combining () and
A(C, ) = 3. We have K4 = rs, for some integer r due to Pic(A) = Z. By the

sectional genus formula
29(A, H4) =2 = (Ka+ (n— 1)) A7 =5(r+n—1),

we see that g(A, 54) — 1 is divisible by 5. Combining this and the above inequlities, we
obtain ¢(C, 7#) = 6.

It follows from ¢(C, #¢) = 6 = p.(q(C)) that ¢ is very ample, i.e., C = ¢(C).
Moreover ¢(C) is a smooth plane curve. Therefore ¢ is simply generated. O

PROOF OF PROPOSITION 5.1. By combining Lemma 5.4, 5.5 and [Fu 3, Chapter
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I (2.5)], we see that %, is very ample. Thus
(A, 70) = (HE, Oy (1)).

We can write L = [ with some integer [ > 1. It follows from 5 = Jf = 1"+ that
(I, #"*1) is either (1,5) or (5,1).

THE CASE ([, ") = (1,5). The ladder C C --- C A C X is regular, hence
A(X, L) = 3. Therefore, from h°(X, L) = n + 3, it follows (X, L) = (Hg”“l, O i1 (1)).

THE CASE (I, 5#"!) = (5,1). Since HY(X,—4¢) = 0 for i = 0,1 due to the
Kodaira vanishing theorem, we see that h°(X, 7#) = n+2, hence we have A(X, ) = 0.
Since s#"*! = 1, we obtain (X, L) = (P"!, Opni1(5)). O

6. Case where h°(A, #4) =n+ 1.

In this section, we deal with the case h?(A, 5#4) = n + 1. The heart of this section
is to prove Theorem 6.2.

LEMMA 6.1.  If h°(A,#4) = n + 1, then we have L = 53¢, s#" = 1 and
AX, ) =1.

PrROOF. We see that L = [¢ for | # 1 as follows. Suppose [ = 1. Then |74]
gives an embedding of A into P™, which contradicts degm = 5. From this, we see [ # 1.
Therefore we have (I, ") = (5,1). Furthermore, from the Kodaira vanishing
theorem, it follows hY(X, ) = h°(A, #4) = n + 1. Hence we obtain A(X, ) =1. O

Let Hy,..., H, be general members of ||, and put Xj := (,«;<,, H; for all 1 <
k < n. Recalling Fact 3.1 (3), we see that X} is a k-dimensional ‘manifold. We put
p := Bs|#|.

We now consider the morphism associated to |L|

pr : X — P(|L]),

which is an embedding of X, and ¢r,(X7) is a smooth curve of degree 5. Then we obtain
9(X, ) = g(er(X1)) =0,1,2 or 6 (see [H, p.354]).

THE CASE ¢g(X,7) = 0. From [Fu 3, (12.1)], we see A(X, ) = 0, which is
absurd.

THE CASE ¢(X, ) = 1. By virtue of a result of Fujita [Fu 3, (6.5)], we see that
(X, ) is a Del Pezzo manifold of degree 1, hence we are in the case of (3) in Theorem
1.1.

THE CASE ¢(X, %) = 2. From [Fu 2, Section 15 and Appendix 1] and n > 6,
(X, ) is a sectionally hyperelliptic polarized manifold of type (=), which is also classi-
fied by Fujita. We are in the case (4).
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THE CASE ¢(X, ) = 6. Then we see that X is isomorphic to a smooth plane
quintic curve. What we are going to prove is the following

THEOREM 6.2. If h®(A, #4) =n+ 1 and g(X,#) = 6, then
(X, ) = (Wag, Ow,,(1)).

We will use the ladder method to prove this, where the key is to describe the structure
of R(Xs, #x,) explicitly. In fact, in order to get the conclusion, we need the description
of the structure of R(X71, #%,) and the surjectivity of the restriction map

p: R(XQ,%XQ) — R(Xl,%xl).

We first describe the structure of R(X7, #%,):

PROPOSITION 6.3.  Under the assumption of Theorem 6.2, there exists an isomor-
phism

R(Xla jf)ﬁ) = C[J?, Y, Z]/(FQO)’
where wt(x,y,2) = (5,4,1) and Fyg is an irreducible weighted homogeneous polynomial

of degree 20.

ProOOF. Using the Riemann-Roch theorem for X;, we find the generators of
R(X1, #,) and the relations among them. We proceed in three steps.

STEP 1. We show that the dimension of H°(I5#%,) for [ > 1 is as follows:

RO (1#%,) hO(1#%,)

QU W N |~

W N~ = =
© 00 N O| =~

S Ok W W

—_
o

and h?(15#x,) =1 —5 for all [ > 11. Indeed, by the Riemann-Roch theorem, we obtain
RO (1#x,) = h°((10 — 1).#x,) +1 -5,

which implies the latter assertion. We prove the former. Note that h°(5.¢%,) = 3
since |Lx,| gives an embedding of X; into P2. By Fact 3.1 (3), we see h'(#%,) = k
in particular h°(#%,) = 1, thus h°(95#,) = 5. From the well-known fact that a
smooth plane quintic curve has neither g2 nor gi, we have h?(2#,) = h°(3#%,) = 1,
thus h0(85#%,) = 4,h%(7#%,) = 3. Then we see h®(6#%,) = 3 and h°(4.¢%,) = 2.
Therefore the former assertion is proved.

Let 2z be a basis of H®(#,). Choose y € H?(4#%,) such that H°(4.¢%,) = (y, 2*).
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Moreover, choose z € H°(5#%,) such that H°(5¢,) = (x,yz, 2°).

STEP 2.  We claim that the graded ring R(X, 5%, ) is generated by z,y, z. Indeed,
it suffices to prove that there exist some monomials in z,y,z which form a basis of
HO(12#%,) for each I. Note that

R (15#x,) — h°((1 — 1)#x,) = 6 € {0,1}.

THE CASES 6 <[ < 11. We may assume § = 1: otherwise, we have H°(I2#%,) =
2HO((I — 1)2#%,). Therefore we only consider the cases [ = 8,9,10. Each monomial in
x,y contained in H®(I#%,) has a pole of order exactly [ at p. Comparing their orders of
poles, we see from Step 1 that the following monomials are linearly independent for each
8 <1 <10, hence form a basis for H°(l.#%, ):

I monomials in H°([.#%,)
3

8 y27$23,y24>73
9 xy, Y2z, xzt, y®, 20

10 22, 2yz,y?22, 225,925, 210,
Therefore the assertion holds in these cases.

THE CASES [ > 12. Wesee § = 1 from Step 1. We prove the assertion by induction.
When [ = 12, it is easy to see that the following monomials are linearly independent as
before, hence form a basis of H?(12.#%,):

3 2.2 3 ,2.4 7 8 _12
Yy, r2,xYyz Yy 2,2 Yz, 2.

Suppose [ > 12 and that the assertion holds for [ — 1. It is easily shown that

for two coprime positive integers a,b and an integer | with [ > (a — 1)(b— 1), the
equation ai + bj = [ has at least one solution (4, j) of non-negative integers.

Set (a,b) = (5,4). Then, since I > 12, there exists at least one section written as
2yl (i, > 0) in H°(I5#%,), not contained in zH®((l — 1)#,). Hence H°(1:#%,) =
Cxiyd @ zH((1 —1)#%,). From the assumption of induction, the assertion holds. This
proves our claim.

By Step 2, there exists a surjective homomorphism of graded rings
®: Clz,y, 2] — R(X1, Hk,).

STEP 3. We show that there exists an irreducible homogeneous polynomial Fyg
of degree 20 in C|[z,y, z] such that Ker(®) = (Fyo). Indeed, there exist no relations
of degree I < 20 because the equation 5i + 45 = [ has at most one solution (i,7) of
non-negative integers. For [ = 20, there are exactly 16 monomials in x,y, z contained in
H°(205#,). On the other hand, h°(205#%,) = 15. Hence there exists one relation Fyg
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of degree 20, which is written as

Foo = 2" +y° + 2h1g(2,y, 2)

after we replace x and y by suitable scalar multiples, where 119 is a homogeneous poly-
nomial in x,y, z of degree 19. The irreducibility of Fyg is proved as follows. One can
easily show that x* + ¢° is irreducible. Write Fyy(z,y,2) = Pi(z,y, 2)Pe(z,y, 2) with
some Py, P, € C[xz,y,z]. Then we may assume Pj(x,y,0) = 1 without loss of generality.
Hence P;(z,y,2) = 1+2&; and Py = 2 +y5 + 2&3, where &1, & are polynomials in z, y, 2.
We obtain that

Yro(z,y,2) = & (2t + 4% 4+ 28) + &.

It follows that & = 0. Indeed, otherwise, the highest term of the right-hand side has
degree > 20, which is absurd. Therefore Fy is irreducible. Furthermore, combining this
and the fact that ht(Ker(®)) < dim Clz, y, 2] — dim R(Xy, #%,) = 1, we see Ker(®) =
(F20). u

Next we will show the surjectivity of the restriction map p. Let s = {sq,...,sn} be
a minimal set of generators of R(Xs, #%,). Then there exists an isomorphism

R(Xg,jf)Q) = C[So,...,SN]/(Fl,...,Fh),

where F7, ..., F}, are homogeneous polynomials in C|sg,...,sy]. Put Is := (F1,..., F}).

It follows from Fact 3.1 (3) that the vector space HY(#%,) is of dimension 2, hence
has a basis {s,t} such that p(s) = z and (t)g = X;. We may assume that s contains
these two elements.

LEMMA 6.4. The sequence t,s contained in m := R(Xs, #x,)+ is regular.

PROOF. Let m be a homogeneous element of degree a in R(X3,.#%,) such that
tm = 0. We see that R(Xs2, #%,)+ has no zero-divisors since Xa = Proj(R(Xa2, #%,))
is integral. Hence, if @ > 0, then we obtain m = 0. If ¢ = 0, then the minimality of
s implies that I has no generators of degree one. Thus we have m = 0. Therefore ¢
is R(Xa, #x,)-regular. By the same argument, we see that s is R(Xa, #%,)/(t)-regular
since X1 2 Proj(R(Xs, #%,)/(t)) is integral. As a consequence, the assertion follows. O

In order to prove Proposition 6.6, we need some information about generators of I5.
Let

pu: HO(1#,) — HO (1, ) {t) — HO (LA,

denote the restriction map. Here we show the following lemma:
LEMMA 6.5. The ideal Is has no generators in degrees < 5.

ProOF. We first prove that
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Im(ps) = H° (5%, ). (1)

It follows that rank(ps) > 3. Indeed, the morphism ¢r|x, : X1 — P(Im(ps)) is an
embedding of a curve of genus 6. Consequently (1) holds by virtue of Step 1 in the proof
of Proposition 6.3.

Subsequently, we find a basis of H%(1.5#%,) for 1 <1 <5 by using Lemma 2.2.

For [ = 1, there exist no relations in H°(5#,) because of the minimality of s.

For [ = 2, there exist no relations. In fact, it follows H%(2.#%,) = (s?, st, t?). Indeed,
let n € H°(25#,). We can write pz(n) = c2? with some ¢ € C. Then, from Lemma 2.2,
it follows that 7 is a linear combination of s2, st,t?. These three monomials are linearly
independent because each order of pole along X; differs from that of the others.

For [ = 3, there are no relations: we see that H°(3¢,) = (s3, s°t, st?,t3) by the
same argument as in the case [ = 2.

For | = 4. Note that 1 < rank(ps) < h°(4.5#%,) = 2. We first suppose rank(ps) = 1.
Then H(4#%,) = (s*, s3t, %2, st®,t*) holds, which implies that there exist no relations.
By (1), there exist sections u,v € H?(5¢,) such that ps(u) = z, p5(v) = yz. Since it
follows from Lemma 2.2 that

H° (5%)(2) = (u,v,s%, s, 532, s%3, st 15),

there exist no relations in H°(5#%,).
Next we suppose rank(ps) = 2. Let w denote a section such that ps(w) = y. Then

we see
H° (4%”;(2) = (w, s*, 53, s%t2, s>, t1),
H° (5%)(2) = (u, sw, tw, s, s*t, s3t%, s%3 st* %),

where u is a section such that ps(u) = z. Therefore there exist no relations. O

PROPOSITION 6.6.  The restriction map
p: R(Xa, H#x,) — R(Xy, Hx,)

18 surjective.

PrOOF. It suffices to prove that H'(I.#%,) = 0 for every | > 0, which is equivalent
to showing that R(X2, #%,) is a Cohen-Macaulay ring (see [W, (2.4)]).

We find a regular sequence of length 3 contained in m. The sequence t, s is regular
by Lemma 6.4. Let u € H%(5¢%,) denote a section such that ps(u) = 2. We assert that
u is R(Xa, #x,)/(t, s)-regular. Indeed, Proj(R(X2, #%,)/(t,s)) is an integral scheme p
because of #% = 1. Thus we see that (R(Xy, #%,)/(t, s))+ has no zero-divisors. Let m
be a homogeneous element of degree a in R(Xs, #%,)/(t,s) such that um = 0. If a > 0,
then we have m = 0 obviously. If @ = 0, then we have m = 0 by Lemma 6.5. Therefore
t, s, u form a regular sequence. O
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At last, we can prove Theorem 6.2 as follows.

PROOF OF THEOREM 6.2. Combining Proposition 6.3 and 6.6, we see that X5 is
a weighted hypersurface of degree 20 in P(5,4,1%). Furthermore, the assertion follows
from Proposition 2.3. O
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