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Functional equations of prehomogeneous zeta functions
and intertwining operators
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Abstract. We establish a relation between the gamma matrices of the func-
tional equations satisfied by zeta functions associated with prehomogeneous vector
spaces and certain integrals related to the intertwining operator of degenerate prin-
cipal series representations of general linear groups.

Introduction.

In the present paper, we establish a relation between the gamma matrices of the
functional equations satisfied by zeta functions associated with prehomogeneous vector
spaces and certain integrals related to the intertwining operator of degenerate principal
series representations of GL,,.

In [7] and [8] we proved that the functional equation of the zeta functions associated
with a prehomogeneous vector space can be formulated as the functional equation sat-
isfied by O(m)-invariant spherical functions on a certain weakly spherical homogeneous
space acted on by GL,,. The spherical functions are defined to be the Poisson transforms
of distributions on the weakly spherical homogeneous space which belong to a degenerate
principal series representation of GL,, and the explicit form of the functional equation
satisfied by them can be determined if we can calculate the images of the distributions
under the intertwining operator. This gives a new method of calculating the gamma
matrices of the functional equations of prehomogeneous zeta functions.

In Section 1 we formulate our main result (Theorem 1), which expresses the gamma
matrix in terms of an integral of a complex power of certain polynomial obtained as a
specialization of the fundamental relative invariant of the prehomogeneous vector space
under consideration. Some concrete examples are discussed in Section 2. The proof of
the main result is given in Section 3.

As the examples in Section 2 show, Theorem 1 often simplifies the calculation of
the gamma matrices. However the explicit evaluation of the integral I;;(\) in Theorem
1 seems quite difficult for prehomogeneous vector spaces with complicated fundamental
relative invariants. Therefore our interest in the main theorem is of theoretical nature.
We shall discuss some theoretical implication of our approach in the final remark in
Section 3.
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The result of the present paper can be generalized to the functional equations sat-
isfied by the p-adic local zeta functions associated with prehomogeneous vector spaces.

1. Main result.

Let m and n be positive integers with m > n. Let H be an R-subgroup of GL,,
with no R-rational characters and V = M,, ,, the space of m by n matrices. Then the
group H x GL,, acts linearly on the matrix space V by

p(hl,hg)(v) = hll}thg (hl S H7 hg € GLn, S V)

We assume that (H x GL,,, p, V) is a regular prehomogeneous vector space whose sin-
gular set S is an R-irreducible hypersurface. Then the dual triple (H x GL,, p*, V*)
is also a regular prehomogeneous vector space whose singular set S* is an R-irreducible
hypersurface. Denote by f(v) the fundamental relative invariant of (H x GL,,p, V)
over R and by f*(v*) the fundamental relative invariant of the dual prehomogeneous
vector space (H x GL,,, p*, V*) over R. Namely, f(v) (resp. f*(v*)) is an R-irreducible
polynomial on V (resp. V*) defining S (resp. S*). Put d = deg f(v) and d* = deg f*(v*).
In the following, we identify V* with V = M,, ,, by the inner product (v, v*) = tr(‘vv*).
Then we have p*(hy, he)(v*) = thy 'v*hyt.
In the following, we put

H=H(R), GL,=GL,(R), V=V"=M,,,(R), S=S(R), S =S"(R).

Let V-S=VuU---UV, and V* = §* = V* U--- UV} be the decomposition of
V — S and V* — S* into connected components. For i,j (1 <i,j <v) and s € C with
Res > 0, we put

. [f@F (e, [ @IIT (v eVy),
[f ()l =

0 wevy, T (v* ¢ V7).

S

We denote also by the same symbols |f(v)|; and | f*(v*)|; the tempered distributions
on V and V*, respectively, defined by the analytic continuations of the functions above.
We denote by .#(V) and .7(V*) the spaces of rapidly decreasing functions on the real
vector spaces V' and V*, respectively. For ¢ € ./(V) and ¢* € #(V*), we define the
local zeta functions ®;(¢; A), @ (¢*;A) (1 < i < v) attached to these prehomogeneous

vector spaces by
Bi(6:3) = [ 17@IO o(0) do,
v
(I);(((ﬁ*, A) _ / |f*(v*)|§>\—7nn/2)/d* ¢*(U*) dv*.

Denote by ¢ the Fourier transform of ¢ € .7 (V):
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307) = [ o) exp (2nvT(0,07)) o

Then, by the general theory ([10], [6]), the following functional equation holds:
(s 0) =D (N (¢ =A) (i=1,...,v), (1.1)
j=1

where 7;;(\) are meromorphic functions of A independent of ¢ and have elementary
expressions in terms of the I' function and exponential functions.

The main result of this paper is the following theorem which gives an expression of
7i;(A) as an Eulerian integral (an integral of a complex power of a polynomial).

THEOREM 1. Put vj = (EO) € V* and, for each j (1 < j < v), take a g; €
GL.,(R) such that v; = tgj_lv?j €V}’ and |f*(v;")| = 1. Then we have

n—1 r A =+ m—2k
) =g T L PR
k=0 F(_% - #)

where

(A—mn/2)/d
dx.

%

]( ) L nyn( ) J l n

(1) The integral I;;(A) may be divergent for any A (cf. Section 2 Example 1). Then
we understand I;;(A\) to be the value at a = 0 of the function I;;(c, A) defined by the
analytic continuation of the integral

Lij(a, \) = /Mm_n,n(R) ‘f<gj <gn>)

which is absolutely convergent when Re(\) > “5* and Re(«) is sufficiently large.

(2) As mentioned in the introduction, the integral I;;(\) is related to an integral
defining an intertwining operator of degenerate principal series representation of G L.
The relation will be clarified in Section 3.

A—mn/2)/d
det (E, + tm:)_a dz,

i

2. Calculation of gamma matrices.

In this section, we give some samples of the calculation of the gamma matrices
(7:5(N)) based on Theorem 1.

ExXaMPLE 1. The case of indefinite quadratic forms.
Let m be a positive integer greater than 1 and p, ¢ positive integers with p 4+ q¢ = m.
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Denote by SO(p, q) the special orthogonal group of the symmetric matrix

E 0
EWI - ( Op _Eq) '

The group SO(p, q) x GL; acts on the vector space M,, 1 by
p(h,t)-v=thv (h€8SO(p,q), t € GL1, v € M,,1)

and the triple (SO(p, ¢) x GL1, p, M, 1) is a regular prehomogeneous vector space with
fundamental relative invariant f(v) = ‘vE, qv. The dual prehomogeneous vector space
(So(pa Q) X GLla p*a Mm,l) is given by

p*(h,t)v* =t '*h~** (h€SO0(p,q), t € GLy, v* € M,, 1)

Its fundamental relative invariant is f*(v*) = "v*E, jv*. For i,j = 1,2, we put

Vi = {v € M,,1(R) = R™ | sgn f(v) ”}
Vi ={v" € My 1 (R) = R™ | sgn f*(v" s

Since the degree of the fundamental relative invariants is equal to 2, we have, for ¢, ¢* €

S (R™),
860 = [ 0Bt 6(0)do,
1%
* * * x| (2A=—m)/4 4, & *
% (¢ ;)\):/ |0 By g0 T 9 (o) o,
V)k

The explicit form of the functional equation (1.1) is well-known in this case (see,
e.g., Gelfand-Shilov [2]):

PROPOSITION 2. Fori=1,2, we have

= > w5675 -N),

§j=1,2

where

(i ) = (B ()

sinﬂ'(p_q;”) sin &%
X .
sin 4& sinﬂ'(qufw‘)

2
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Put v =%(0,...,0,1) € R™. Then, we can take

0

g1 = ;g2 =1, v] =%1,0,...,0) € V", vi = v} € Vs

Hence

[ )@ )P =),
Rm—l
Li;(A) =

m

2A—m)/4 .
[t =+t [P a2

Then we can obtain the following proposition, from which Proposition 2 follows imme-
diately.

PROPOSITION 3.
Iii(\) I2(N) :W(m_3)/2.F<2—m—2)\)r<2)\—m+4>
I1(A) Ia2(N) 4 4

sinw(p_q4_2’\) sin £F
X )
sin ¢ sinﬂ(7q7p472)‘)

We give a proof of the formula only for I;;()\), since the calculation of

I;5(A) is quite similar. The integral defining I;;(\) is divergent for every A € C and we
understand

PROOF.

Ln(A) = Ln (X, @)|a=0,

where
Iil(A’a):/Rmﬂ |1+(x%+..._|_3312)_1)_(m§+'__+x72rl_1)|izx—m)/4
)L+ @4 )+ (@24 2| da
We put

C w0
m+—{0 o<, Il (2.1)

Then we have
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(m—1)/2
Iil(/\,a)zrg;l/ / |1+7“ |(2)\ 'rn)/4( +T+t) « (p 1)/2— 1tq/2 1d’l“dt
2
= 77-(771_1)/2/00|1+T|(2>\P+q)/4a F=1)/2-1 g,.
L(2zH)T(4) Jo

g / 1=t @ T (T 02 .
0

Here we take the + sign for ¢ = 1 and the — sign for ¢ = 2. By the well-known formula
for the Euler B-function, we easily have

[(a+=2322)0(25)

1+ p|EATPFO/Ame  (o-1)/21 g
fyome (o Zopi)

Moreover, from the integral expression of the Gauss hypergeometric series

! _B— —a I(ﬁ)I ('7 /6)
B v — =7 ' " Fla B vz
/O' t 1(1 t) 1(1 Zt) dt F( ) ( s 12575 ),

we have
/ 11— |G/ a2 ) dt
0

1
/ (1 —)PA=m)/4 /221 =gt (i =1)
0
/ (t = 1)RA=m/14a/2=1(1 4 py=a gy (i = 9)
1

D(2=p)T(4) g 2 —p+yg
(m4p+q+42F( T4 +1;—1>

)
F( 2/\+P Q)F(2/\ m+4) 2)\_p+q q ‘
F(l—%) F<a7a—4,a+1—2,—1> (i=2).

Since F'(0,83,7;z) = 1, we obtain

Iin(N) = 1in (X, 0)

[(272 41
2Af+m—2 F((Q)\ p+q+1)) (1:1)7
_ o (m-1)/2. r(- T) o
F(_ijpﬂ) F( 2\— p+q) (2A1m+1) =2

r(3)r-3)
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The proposition follows immediately from this identity and the identity T'(s)I'(1 — s) =
7/ sin ws. 0

EXAMPLE 2. The case of the discriminant of binary cubic forms.

Let us consider the prehomogeneous vector space (SLz x GL1,p, My 1), in which
the group SLg acts on My ; via the 3rd symmetric tensor representation S3. Let H =
Sg(SLg) be the image of SLy in GL4. We identify the vector space My, ; with the space
of homogeneous polynomials in the variables U,V of degree 3 by

Tl

V= Rl . 21 U3 4+ 25UV 4 23UV 4+ 2, V3.

Zs3
Tq

Then the fundamental relative invariant f(v) is given by the discriminant of the corre-
sponding cubic form:

f(v) = 2322 + 18z w0x324 — 4105 — darday — 272223,

Since we have

-1

tHfl _ H

in GL4, the fundamental relative invariant f* of the dual prehomogeneous vector space
is given by

(", w2093, 9a)) = f(Y(y1, 32, 3ys, ya))

= 3% (3y3y3 + 6yryoysys — dy1vs — sya — yivi).
For 4,5 = 1,2, we put

Vi= {v € M4,1(R) =R | sgn f(v) = (_1)1‘71}7
Vi = {v" € Maa(R) = R [sgn " (v") = (<17},

Since the degree of the fundamental relative invariants is equal to 4, we have, for ¢, ¢* €
S (RY),

B,(g)) = /V 1F@) P27 $(0) do,

B0 = [ 15 e )



1002 F. SaTo

In this case the explicit form of the functional equation (1.1) was calculated by
Shintani ([11]):

ProOPOSITION 4. Fori = 1,2, we have

Di(F5N) = 3 7 (V@567 ),

j=1,2

where
O ) SO (3 1Y (3 1))
Y21 (A) Y22(A) 2 4 2 4 3 4 3
—sin (%) cos (%2
X .
3005(’%) —sin(%)

Shintani’s proof is quite involved and far from trivial. As we shall see below, Theorem
1 gives a more straightforward way to the proof of Proposition 4.

PROOF OF PROPOSITION 4. Put

0 1 0 0 0\ /(223%)~1/4 0
. 0 0 1 0 0 1
Bl M gG=y o 1 1
1 0 (_1)J?1 0 1 O (2233)1/4

Then, v} = 'g; 'vg = (223%)71/4.4(0,(-1)7,0,1) € V" and

f(5)

= 1. Hence, we have

. A—2)/4
Ii;(\) = (2233)(’\"’2)/4 / ) |f(t(:n1,at2,x3, 14+ (-1)/ 1332))|§ )/ dxq dzo dxs.
R

We put € = (—1)""! and = (—1)7~'. In the following, we sometimes write ||, for the
function || defined by (2.1). Since

3
9.1‘2$3$4 — 2$3 2 22 ($§ — 31‘2:}34)
_ 2 3
f(’U) - —271‘4{ (1‘1 - 271,3 - 361.3 )

we obtain

22 (ar% — 3x9(1 + nxg))g (A=2)/4

2 J—
1 35(1 4+ nxe)t

Iij(,\):2<A+2>/233A/z/ 11+ iy 272
R3

—€

X dl‘l dIQ deg
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A—2)/4+1/2
_ 9(A+2)/233)/2 Z / 11+ g A2)/2 (2 |23 — 3x2(1+77x2)] >( )/4+1/
T=%1 3 (1+7}$2)

x |23 — 7'|(_)\_2)/4 dzy dzs dxs

3A/4+1/2
— 9AF1/2 Z / 11+l (A+2/2(3|x2\ 11+ nzs, ) ey
T,u,v==1

x |23 — ;w|?/4 dzsy d.’L'g/ |23 — T‘(—)\:Q)M dry
R

:2>\+13(3>\+2)/4 / |1+x |(>\ 2)/4| |3i/4+1/2 dzs

T,u,v==%1
3= ul o [ ot = |07

By the formula for the Euler B-function, the integrals can be easily calculated and we

have
F(Azz)r<3/\:6)
(A—2)/4 3A/4+1/2 _ LoD
T s = DA )
y F<3>\j4>
3
/R’:Eg— ’ drs = /T - WC’S?BL()\)?
4
()
/ |x% - T’(_AJQ)M dry = /T - A+ 4\ ) CST)()‘)’
: )
4
where
Sin (%/\) 1
TA
W3 = (D | eos(3)
CH ) = (el )),”, +1 sin ()
cos (%)
1 (Y
CA(\) = (C(T?L()\))T’#:ﬂ = cos(322) cos(322)
1 0
1 0
COW = (€)W o= 1 cos (%)
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The calculation above shows that

F</\+2)2F(3)\+4)
([110\) 112(>\)> _9AH1/25(8)2)/4 4 4 LCB ()@ NCD ().

) Bl ro+ (2
Hence we have

Ill()\) 112()\)
]21()\) ]22()\)

F<A+2)2F(3A+4> sin (3)  cos (%)

A TA

— A H1/23(3M42)/4 4 4 ' cos (%) cos (73')

F()\+2)F<M) . Co8 (%) sin (%)

! os () cos (%)

By Theorem 1, this implies Proposition 4. We note only that the proof requires the
identities

I'(2z) = (2m)~Y/227 327 (z)T (z + ;) ;

['(3z) = (2r) ' 37213 (2)T <z + ;)F(z + g)

3. Proof of Theorem 1.

In [7] and [8], we proved that the functional equation (1.1) can be interpreted as
a relation between O(m)-invariant spherical functions on the homogeneous space X =
H\GL,,. The point is to consider the family

{(¢97'"Hg x GLy,p,My, ) |Hg € H\GL, }

of prehomogeneous vector spaces and to regard the associated zeta functions as functions
on the parameter space H\GL,,. Namely we consider the functions

H\GLy 5 Hg — &,(Hg, ¢;\) i= / 1 (gu)| =™/ () d,
\%

(A=mn/2)/d*
J

H\GLy, > Hy — @} (Hg.6%:3) 1= | |F(g7'0") 5 (") do

Put
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LEMMA 5.  Assume that ¢ and ¢* are left O(m)-invariant. Then we have

<I>§(Hg,¢*;/\) Zmn (9" A)w}‘(Hg;>\)-

Here we put
ZunloiN) = | det("v0) A2 () do
{vEM,, 1 (R)|rank v=n}
wi(Hg; \) :/O( ok )|/ g

wi(Hg; \) = /
O(m)

where dk is the normalized Haar measure on the orthogonal group O(m).

(A=mn/2)/d"

(g kv > dk,

It is not difficult (and well-known) to calculate Z,,(¢;\) for ¢o(v) :=
exp(—mtr(‘vv)):

A 4 m k)
Zmn(¢0; ) = g~ (@A=mn)/4 H 2 m ) :
T

By this identity as well as Lemma 5, the functional equation (1.1) can be rewritten as

wi(Hg;\) = |det g| " Ty Z%g G (Hg; =), (3.1)
where
n—1 A m—2k
(-3 + )
\) =7 o (3.2)
1 e

(see [7, Theorem 3.11] and [8, Theorem 3.7]). Thus the determination of 7;;(\) is equiv-
alent to the determination of an explicit formula for the functional equation (3.1).

Let P = P, jm—n (resp. P* = P,,_,»n) be the upper triangular maximal parabolic
subgroup of GL,, corresponding to the partition m = n+ (m —n) (resp. m = (m —n) +
n). Denote by B(GL,,/P;z1,22) the space of hyperfunctions ) on GL,, satisfying the
condition

zZ1—(Mm—n z n *
vla) = et~ eyl ule) (o= (B0 ) €P=Panes ). (33)

The left regular representation of GL,, on B(GL,,/P;z,22) defines a representation
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belonging to degenerate principal series. We denote also by Z(GL,,/P;z1,2:)" the
subspace of H-invariant functions.
For z = (21, z2) € C?, we put

U, i(g) = |det g\”*"/? |f(gvo)|?(nfzrm/2)/d'

Then ¥, ;(g) belongs to B(GLy,/P; 21, 22)". Similarly, if we put

n(z1—z2—m/2)/d"

% _ z1—n/2
\IlZ,j(g) - |detg| ' j )

(g tg)

then W} ;(g) belongs to #(G Ly, /P*; 21, z)H
Denote by </ (GL,,/O(m)) the space of real analytic functions on GL,,/O(m). For
any ¢ € B(GLy,/P; z1,22), we define its Poisson transform by

Pp(g) = o )w(gk) dk.

Then it is known that 92y belongs to &/ (GL,,/O(m)) and the image of the GL,,-
equivariant mapping

P . B(GLm|P; 21, 2) — o (GLyp /O(m))

is characterized by certain differential equations (see [4, Theorem 5.1]). Moreover, as is
proved in [4] Section 5, the mapping £ is injective for generic z € C?.

The images of ¥, ; and ¥} ; under the Poisson transform are related to the spherical
functions w; and w; as follows:

PV, (g) = |det g2 T2 Wi (Hg; n(z1 — 22)),
{ i(9) = |det g| (Hgin(z1 — 22)) 5.0

PV 5(9) = |det g " wj (Hgin(1 — 22)).
Now we consider the intertwining operator
Tz : %(GLm/P, 21, ZQ) — %(GLm/P*, 22, Zl).

It is known that the operator T, depends on z meromorphically. For a continuous function
€ B(GLy/P;21,22), To1) is given by

T.4(g) = /M ® ¢(g (é(n E’g_">) det (En + tmx) Y dx ) (3.5)

a=0

The right hand side is understood to be the value at a = 0 of the analytic continuation
of the function defined by the integral. We have the following commutative diagram:
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B(GLu/P; 21, 2) —2— o (GLm/O(m))
TZJ, ch(zl—zz) (36)
B(GLy | P*; 29, 2) —2— o (GLm/O(m)),

where the right vertical arrow is the multiplication by

c(z1 — 22) = / det (E'n, + twm)(21—zQ—m/2)/2 du
Mm, n W(R)

_ plm-nn/2 H (g - =) (37)
22 Z1 +m 2]{,‘) : :

Now we rewrite the functional equation (3.1) by using (3.4). Then we have

‘@\11(21,22) Z’}/Z] 22,21)}j(g)7

where we put A = n(z; — 2z3). By the commutativity of the diagram (3.6), this implies
the identity

‘@TZ\II(Zl,n),’L'( ) - C(Zl - 22 Z PYZJ (zQ,zl),j (g)

Since & is injective on B(GL,,/P*; 2,2 ) for generic (21, 22) and the both side of the
identity above are meromorphic, we obtain

Tzq/(zl,zz),i( ) = C(Zl - 22 Z’YU 22,21 (g) (38>

Therefore, if we choose g; as in Theorem 1, then
IijO‘) = Tz\Ij(zth),i(gj) =c(2 — 22)an(>‘)7ij (A).

y (3.2) and (3.7), this proves Theorem 1. O

REMARK.

(1) If one can prove (3.8) directly, namely, without assuming (1.1), the argument
can be reversed to give an alternative proof of the functional equations of prehomoge-
neous zeta functions. A sufficient condition is that the subspace Z(GL,,/P*; z3, z1)" is
spanned by W . . (j =1,...,v). We note that this condition is closely related to the
H-orbit structure of GL,,/P*.

(2) In the above argument the role in the proof of functional equations played by the
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Fourier transform is now played by the intertwining operator. To appreciate the meaning
of this fact, let us consider the prehomogeneous vector space (SL, x SL, x GL1, p, M,.).
Here the representation p is given by p(h1, ha,t)v = thyvthy. Then m = r?, n =1, and
H = SL, x SL, embedded in GL,2. Then, the intertwining operator on the degenerate
principal series with respect to the parabolic subgroup P ,2_; plays the role of the
Fourier analysis on the matrix space M,. in the earlier approach to functional equations.
Piatetski-Shapiro and Rallis used the same parabolic subgroup P; ,2_; to construct the
standard L-functions of automorphic forms on GL, by the Rankin-Selberg method.
This relation between the usual formulation in the theory of prehomogeneous vector
spaces and the present one is quite similar to the relation between the Godement-Jacquet
construction of the standard L-functions of GL,, ([1]) and the Piatetski-Shapiro—Rallis
construction ([5, Part A, Section 3]). Thus the result above (and the result in [7] and [8])
may be viewed as an analogue of the Piatetski-Shapiro—Rallis construction for arbitrary
prehomogeneous zeta functions.
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