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Abstract. For sequences of stochastic integrals fo K7} dX7, functional limit
theorems are presented. And stability of strong solutions of stochastic differential
equations of type

X" — fn +/ FXP YT, Wn> 1
0

is discussed under jointly weak convergence of driving processes {(H™,Y™)}p>1-
Where Y is an H-valued semimartingale, H" is a G-valued cadlag adapted process,
K™ is an £ (H, G)-valued cadlag adapted process and f : G — £ (H,G) satisfies a
Lipschitz condition.

1. Introduction.

For all n > 1, let (27, %™, . F, P") be a filtered probability space satisfying the
“usual conditions” and let H and G be real separable Hilbert spaces and X™ and K" be
(Z)e>0 adapted H-valued semimartingale and .Z(H, G)-valued cadlag adapted pro-
cess, respectively. Here Z(H,G) is the space of bounded linear operators from H
to G. The tightness criteria of cadlag Hilbert-valued adapted processes has been dis-
cussed by Joffe and Métivier ([6]) and Métivier and Nakao ([8]) and Xie ([14]). And
Xie also discussed limit theorems of sequences of Hilbert-valued semimartingales. By
these results, the one of purposes in this paper is to discuss functional limit theorems of
sequences of stochastic integrals fo K7 dX? under jointly weak convergence of driving
processes {(K™, X™)},>1. This problem has been studied earlier by Duffie and Protter
(1)), Jakubowski and Mémin and Pages ([5]) under simple natural conditions in real
processes.

The other purpose of this paper is to discuss the stability of the strong solutions of
stochastic differential equations (SDE) of the type

X" = H" +/ FXP)AYT, n>1, (1.1)
0

X=t+ [ j(xjav., (1:2)
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under jointly weak convergence of driving processes {(H",Y™)},>1, where f : G —
Z(H,G) satisfies a Lipschitz condition, i.e. there exists a constant L(> 0) such that

(@) = FW)I < Lllz —yll, Ve,yeG

and H", H and Y", Y are G-valued cadlag processes and H-valued semimartingales,
respectively. It is well known by Theorem 34.7 of Métivier ([7]) that there exists a unique
strong solution of (1.1) and (1.2) for all n > 1. We will give some sufficient conditions
under which {X™},>1 converges to X in law. This problem has been discussed earlier by
several authors: Emery ([2], [3]) and Protter ([10]) have proved the stability of solutions
of (SDE) (1.1) and (1.2) using a very strong topology in the space of semimartingales,
and Slominski ([11], [12]) has proved the stability of solutions of (SDE) (1.1) under
jointly weak convergence of driving processes {(H",Y")},>1 in RF-valued processes.
We cannot expect the above problems under only the assumption of the convergence of
driving processes since they are not satisfied even in the deterministic case. Therefore,
some additional conditions on sequences of semimartingales are indispensable.

In this paper we assume that sequences of H-valued semimartingales satisfy the con-
dition called (UT) introduced by Stricker ([13]) in R¥-valued processes (where the Meyer
and Zheng’s convergence of semimartingales is considered in [9]). In Section 2, we will
prove some preparative results under the condition (UT). In Section 3, the convergence
of stochastic integrals with respect to Hilbert-valued semimartingales will be discussed,
which is an extension of Jakubowski and Mémin and Pages’s appropriate results in [5]
to Hilbert-valued processes. Finally, the sufficient conditions will be provided for the
stability of (SDE) (1.1), which is an extension of Slominski’s appropriate results in [11].

2. Preparative results under the condition (UT).

Let H and G be real separable Hilbert spaces with scalar product x - y and norm
| - || and let {e,}n>1 and {gn}n>1 be orthogonal bases of H and G, respectively.

For x € H, put « = > 2, zxe,. If II,, maps H onto R™ of vectors (z1,-+ ,Tm),
@ = (21, ,%m), then there exists a continuous mapping V,,, of R™ into H, where
Vi (21, ,@m) = Y peq @ker and clearly ||z — V,,IL,z|| — 0 when m — oo for all

x € H. There is the same result for z € G. We will use the same mappings I1,,, and V,,
on H and G if there is no confusion.

The setting is as follows: for every n > 1 we consider a stochastic basis Z"™ =
(Qr, Fn Fl, P™), E™ denotes the expectation with respect to P™. All sets, variables,
processes, etc, with the superscript n are defined on %", and if there is no superscript,
they are defined on stochastic basis & = (12, %, .%;, P), usually without mentioning.

DEFINITION 2.1. Let X™ be an H-valued semimartingale. Denote by J4"(H,G)
the set of elementary predictable processes of the form

k—1
HY = Y3+ 3 Vi t0,1(5)
=1
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such that 0 = g < t; < --- < {} =t and Y} is %" measurable, £ (H, G)-valued random
variable such that ||Y;"|| < 1. A sequence of {X"},>; is called satisfying the condition
(UT) if, for any fixed ¢ > 0 and real separable Hilbert space G and for every € > 0, there
exists an N > 0 such that
¢
/ HdX}
0

REMARK. When H = RF for some k > 1, this is similar to Stricker’s definition.

sup sup pP" (’
n Hrer(H,G)

> N) <e. (2.1)

DEFINITION 2.2.  Let X be an H-valued semimartingale. An increasing positive
regular right continuous adapted process A will be called a control process of X, if for
every .Z(H, G)-valued elementary predictable process H and every stopping time T,

{sup } <E (AT / Hsszs) (2.2)
t<T 10,

for every real separable Hilbert space G.

THEOREM 2.1. Let X be an H-valued cadlag adapted process.

(i) If X is a semimartingale, then X satisfies the condition (UT);

(ii) If {fot H, -dX,,H € 54(H, R)} is tight for all t > 0, then X is a semimartin-
gale.

PROOF. (i) Suppose that X is a semimartingale. By Theorem 23.14 of Métivier
([7]), there exists a control process A such that, for any stopping time T, (2.2) is true.
For every n > 1, put S,, = inf{s > 0: A; > n}, then S, is a stopping time and S,, 1 oo
as n T oo. This means that, for all £ > 0 and € > 0, there exists an ng € IN such that
P(S,, <t) <e. Hence, for all H € 4(H,G),

P( 2N)<E sup +P(Sno<t)
t<Snyg
1 5 ng
< B, ) bes B e

This implies that X satisfies the condition (UT).

(ii) Since X is a cadlag adapted process, we deduce that sup <, || Xs| < 00, a.s., ¥t >
0. Hence we may suppose F (supsgt ||Xs||) < oo (if it is necessaurgl7 we may replace P by
a equivalent probability measure with P). Put K = {fg H,-dX,,H € #(H,R)}. K
is a convex subset of L1(£2,.#, P). The hypothesis yields &, /n .0 for every sequence
{&.}n>1 in K. Theorem 12.23 of Yan ([17]) implies that there exists a bounded random
variable Z > 0 such that E(Z) = 1 and sup,cx E(Z€) < co. Put P = Z - P. We have
that P and P are equivalent probability measures each other and E (supsgt HXSH) =
E (Z - SUP, < ||XS||) < 00.
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For every t > 0, we will prove that the stopping process X! = Xolpop(s) +
Xl [ (s) is a quasimartingale under P. The definition of quasimartingale can see
Definition 8.12 of He, Wang and Yan ([4]). Let 7: 0 =1ty < t1 < --- < t; be a division
of [0,¢t] and put

poy

= EXti-#l‘yt‘)_Xti
Z = I]]ti7t'i+1]](s)’
1E(Xy, | Z1) — Xo,

i

we have that H™ € J(H,R) and E[Zi:ol HE(XtHl\yti) - X4,l] = Ef(fHST - dXs.
This implies that
k—1 R
Var(X'), = SUPZEHE X[ F) — X ||+ E([[ X))
=0

t
— sup B (/ H§~dXs> LE(x)
T 0

t
=supFE (Z/ H; 'dXs> + E(Z]| X)) < 00
T 0

This means that X? is a quasimartingale under P. Hence Xt is a semimartingale under
P. Since t > 0 is arbitrary, we have X is a semimartingale under P. O

DEFINITION 2.3. Let X be an H-valued cadlag adapted process. X is called to
satisfy the condition (C), if for any € > 0 and N > 0, there exists mq > 1 such that, for
all m > my,

t
/ Hs : d(Xs - VmHme)
0

sup P ( > N) < e. (2.3)
He(H,G)

PROPOSITION 2.1. Let X be an H-valued cadlag adapted process and satisfy the
condition (C). X is a semimartingale if and only if the every component of X is a real
semimartingale.

PrROOF. We only prove the sufficiency. Suppose that every component of X is a
semimartingale. For every H € J4(H, R) and N > 0, we have

p< SzZN)
§P</OtH3~d(XSVmHmXS) 2N>+P( ZN).

Since I1,,, X is a R™-valued semimartingale, we have that {fg H, dX,,H € 5¥(H, R)}
is tight by the condition (C) and Theorem 12.24 of Yan ([17]). Theorem 2.1 implies that

t
/ HmHs : d(HmXe)
0
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X is a semimartingale. U

PROPOSITION 2.2. Let {X"},>1 be a sequence of H-valued semimartin-
gales. {X"},>1 satisfies the condition (UT) if and only if {supsgt HfOS H!dX" |7
H" e " (H,G),n > 1} 1s tight for every real separable Hilbert space G.

PROOF. We only prove the necessity. Suppose that {X"}, >1 satisfies the condition
(UT). For any € > 0, there exists an N > 0 such that, for every real separable Hilbert
space G, (2.1) is true. For any fixed t > 0, n € N, real separable Hilbert space G and
H™ ¢ #"(H,G), put T" = inf {s >0: HfOS H]jdejH > N} At, then T™ is a stopping

time and
s tAT™
/ HldX] || > N) < P”<‘/ H}dX]
0 0

Choose a sequence of stopping times {T""},>1 such that T™? takes its values in finite

subset of {T"(w),w € 2™} and T™P T T™ as p — oo. Hence we have ngTW H!MXT r

JOT HrdX T, From HMg gy € H(H,G) and P (|| [y HI o rnsy(s)dXT| > N)

< €, we have, by limit theorem,

t
pr (’ / H'dX!
0

This yields that { [} H, - dX,, H € #(H,G)} is tight by (2.4) and (2.5). O

pP" (sup

s<t

> N). (2.4)

> N) <e. (2.5)

Let X™ be an H-valued semimartingale. So is X" — V1L, X™ for every m €
N. Theorem 23.14 of Métivier ([7]) implies that there exists a control process A™™ of
X" —V,IL,X" for all m € N.

THEOREM 2.2. For every t > 0, suppose that there exists mg € IN such that

sup E"(A}"™)? < 0o, Vm > my. (2.6)

We then have that {X"},,>1 satisfies the condition (UT) if and only if {X™*},,>1 satisfies
the condition (UT) for all k > 1, where X™F is the kth component of X™.

PROOF. The necessity is trivial. We only prove the sufficiency. For any ¢t > 0 and
H" e #"(H,G),

t
pr <‘/ H'dX" 22N>
0
t 1 t
<o (| [ aacvan x| = x ) goe (arm [ iaage)
0 0
t
1
gpn(] [ Hzacvamxn | = v )+ ey
0
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and the hypothesis imply that (2.1) is true for sufficient large N. Hence {X"},,>1 satisfies
the condition (UT). O

THEOREM 2.3. Let K be a Polish space, and K™ and X™ be a K-valued cadlag

adapted process and an H -valued semimartingale, respectively. If (K™, X™) Z, (K, X)
and {X"},>1 satisfies the condition (UT), then X is a semimartingale with respect to
the natural filtration of (K, X) under X satisfying the condition (C').

PROOF. By Theorem 2.1 of Jakubowski and Mémin and Pages ([5]), we have that
every component of X is a real semimartingale with respect to the natural filtration
of (K,X). Since X satisfies the condition (C), Proposition 2.1 implies that X is a
semimartingale. O

3. Convergence of stochastic integrals under UT.

THEOREM 3.1.  Let X™ and K™ be an H-valued semimartingale and a cadlag
adapted process, respectively; and let {X"},>1 satisfy the condition (UT). If (K™, X™)
£, (K, X) and X satisfies the condition (C'), we then have Jo K -dX! =, JoKs—-dX
and (K™, X", [(KI - dX7) 5 (K, X, [;K._ - dX,).

PrOOF. Theorem 2.3 yields that X is a semimartingale with respect to the natural
filtration of (K, X ). Hence the stochastic integral fo K, -dX; may be defined. This
theorem can be proved with the same method as the proof of Theorem 2.6 in [5]. We
omit it. 0

COROLLARY 3.1. Let X™ be an H-valued semimartingale and let {X"},>1 satisfy

the condition (UT). If X™ 2, X and X satisfies the condition (C'), we have [X™] =,

[X].

PROOF. Theorem 26.11 of Métivier ([7]) implies that

X", = | X2 — X2 — 2 / X7 dXT, VS 0.
10,t]

By continuous theorem and Theorem 3.1, we deduce [X™] =, [(X]. O

THEOREM 3.2. Let X" and K™ be the same processes as in Theorem 3.1. We
write the semimartingale decomposition of X™ as X™ = M™+ A™, where M™ (resp. A™)
is the martingale (resp. finite variation) part of X™. Suppose that

(i) {Var(A™)}n>1 is tight, where Var(A™) denotes the total variation process of A™;

(i) for everyt >0, sup, E™ (sup,<, [|AM?) < oc.

If (K™, X™) =, (K, X) and X satisfies the condition (C), then X is a semimartingale,
{X"}n>1 satisfies the condition (UT) and [j K7 - dX7 =, Jo Ko - dX.

PROOF. It is the same as the proof of Theorem 3 of Duffie and Protter in [1]. We
omit it. O
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LEMMA 3.1. Let o, and o be L (H,G)-valued cadlag functions on Ry. If a, — «
in the Skorohod topology, then (o, o) — (a, a*) in the Skorohod topology, where o (t)
is the conjugate operator of a(t).

PROOF. It is easy to prove by |lay,(t) — a(t)|| = ||aii(t) — a*(2)]. O

THEOREM 3.3. Let an H-valued semimartingale X™ have a decomposition X" =
M™ + A™ and let K™ be an £ (H,G)-valued cadlag adapted process. Suppose that

(1) {{(M™}n>1 and {Var(A")},>1 are C-tight,

(ii) for every e > 0, § > 0 and N > 0, there exists an ng € N such that, for
n, m > ng,

t

(bup / KD dM} — VmHm/ KD dM}|| > 5) <€, (3.1)
t<N 0
t t

pPr (sup / K dA? fVmHm/ KD dAY| > 5) < €. (3.2)
t<N [[JO 0

If (K™, X™) =, (K, X) and X satisfies the condition (C), then ngg‘_ng =,
JUK,_dX, and (K", X", [ K dX?) 2 (K, X, [} K,_dX,).

Proor. Let H; be any fixed real separable Hilbert space. For any K" &
2" (H,Hy), L >0 and n > 0, Lenglart’s inequality implies

t
P”( / K" dX" 22L>
0
t t
an< / K" dM" 2L)+P"( / K" dA" >L>
0

ﬁ + P ((M™), > ) + P" (Var(A™); > L) . (3.3)

First let 7 and then L be sufficient large in (3.3), we can deduce that {X"}, > satisfies
the condition (UT). Since X satisfies the condition (C), we get that X is a semimartingale
by Theorem 2.3.

Kn L K implies (K™, (K™)*) =, (K,K*) by Lemma 3.1. Moreover, for every
n n\* mn\* n < * * ) n n
g € G, (K" (K")",(K")*(9),X") — (K,K*,K*(g),X) and ([q K dX}) g =
Jo (K2 )*(g)-dX imply [ (K7 )*(g)-dX} =, Jo K% _(g)-dX, by Theorem 3.1. Hence,
we have ([j K dX!)-g =, (Jy Ks—dX,) - g. This means that [j K,_dX, is the only
possible limit point of the sequence { fo K;LdX;‘}n>1 in the Skorohod topology. There-
fore it remains to prove that the sequence { fo K;Lng}nZl is tight.

(a) For any e >0 and N >0, K" ZK yields that there exist L > 0 and ng € N
such that P" (sup,< v [|K'|| > L) < eforn > ng. Put T™* = inf{t > 0: | K}*|| > L}AN.
Then T™! is a stopping time and P*(T™* < N) < e. For C > 0 and 1 > 0, Lenglart’s
inequality implies
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(sup /K” dM? C’)
t<N

N
R (/ [P a(M™) s =, T > N) + P (T™E < N).
0

IN

We have

t
/ K™ dM™
0

First let 77 and then C be sufficient large in (3.4), we know that { [, K1 dX;’}n>1 satisfies
Theorem 3.3 (i) of Xie ([14]).

(b) Let S, and T, be stopping times with S, < T, < N. Put N} =
ftt/\S K} dM?. Then N" is a G-valued locally square integrable martingale and
(fMS | K™ ||2d{M™)q )t>0 strongly majorizes ||[N"||?. We then have, for any €; > 0
and 0 > 0,

pr" (sup
t<N

> C’) < @ +P" ((M") L2) +e, Vn>ng. (3.4)

5 0
180, Tx] €
(3.5)
Since {(M™)}n>1 is C-tight, there exist n; > ny and 19 > 0 such that
" 0
sup P" [ wy({(M™),n9) > 73) <6 (3.6)
n>niy

where wN(<Mn>an0) = sup {Supt§51,32§t+n0 [<Mn>82 - <Mn>81] 0<t<t+ no < N}
If the above S, and T, also satisfy T,, < S, + 19, we have (M™)r, — (M™)g, <
wn ({(M™),n9). Hence, (3.5) and (3.6) yield

0
sup sup P”<H/ KI dM}|| > 61> < = +2e (3.7)
n>ny T <N,Sp <Tp <Sp+m0o 150,T] €

By Aldous’ Theorem (Theorem 2.2.2 in [6]), we have that { K;LdM;‘}n>1 satisfies
Theorem 3.3 (ii) of Xie in [14] by (3.7).

By (a), (b) and the hypothesis (3.1), we deduce that { [ K" dM'} _ satisfies the
conditions of Theorem 3.3 of Xie ([1 ]) Hence { [, K;LdMS"}n>1 is tight.

t n n n n : n n
(¢) suppe || i KrodAy ]| < VK ld(Var(A™),) and fy|[ K7 [|d(Var(A™),) be-
ing strongly majoration fOKQ_dA’; yield wy ([; K- dA?,0) <wn( [, || K2 ||d(Var(A™),),
0). As the proof of (a) and (b) we can deduce that { [j K" dA"} is C-tight by (3.2).

s tn>1
Since [y KI' dX? = [ K" dM + [, K dA7, we obtain that { [ K7 dXI'} . is

tight by Lemma 3.5 of Xie ([14]). O

N/\T
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THEOREM 3.4. Let A™ be an H -valued finite variation adapted process and let
K™ be an £ (H, G)-valued cadlag adapted process. Suppose that {Var(A™)},>1 is tight,
(K™, A™) =, (K, A) and that A satisfies the condition (C). We then have the followings:

(i) A is an H-valued finite variation adapted process;

(ii) Suppose that {K"},>1 and {A™},>1 satisfy (3.2). We then have [j K7 dA? =,
fd K, _dAg;

(iii) Choose G = R. Put [K"]* = 3  AKI{jakr|>ay- Suppose {[K"]*}n>1
satisfy the condition (UT') for all a > 0. Then we have

(K”,A”, S (akn).- (AA;‘)) =, (K, AN (AK,)- (AAS)); (3.8)

s<- s<.

(iv) Let |[AK™|| < C for some constant C > 0. Let {[(K™)*(g9)]*}n>1 meet the
condition (UT) for all g € G and a > 0. Suppose that, for alle >0, 6 >0 and N > 0,
there is an ng € N such that

t t
/ KI'dA? — VmHm/ KIdA%|| > 5) <€, Vm, n>ng. (3.9)
0 0

pP" (sup ’
t<N

We then have [; KIdA? =z, Jo KsdA,.

PrROOF. (i) By the hypothesis we deduce that {A™},>1 satisfies the condition
(UT). Theorem 2.3 implies that A is a semimartingale. Moreover, Proposition 2.6(a) of
Jakubowshi and Mémin and Pages ([5]) implies that every component of A is a real finite
variation adapted process. This yields that the martingale part of A is zero. Hence A is
a finite variation adapted process.

(ii) This is the corollary of Theorem 3.3.

(iii) Choose a > 0 such that AK # a, P—a.s.. Hence (K™, A™) =, (K, A) implies

([K™]*, A) =, ([K]%, A). Since {[K™]*},,>1 satisfies the condition (UT), by Theorem 3.1

we have [) A?_ - d[K"]? =, Jo As— - d[K]%. By the hypotheses, it is easy to prove

([K"]“,A"/O K" dA"/A dK”“)

(e, [z [ A diws)

This yields that
KgAKy - [ A dpe
0 0

K]a-A_/O'[K]g_-dAs_/O'AS_.d[K]g. (3.10)
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Theorem 26.11 of Métivier ([7]) and (3.10) imply that

S (ALK - (AA7) 5 Y (A[K]) - (AA,). (3.11)

s<-

For any N > 0, since

sup <a-Var(A™)n (3.12)

t<N

D (AKD)- (AAT) = (A[K™]) - (AAD)

s<t s<t

and

Z(AKS) : (AAS) - Z(A[K]Z) ’ (AAS)

s<t s<t

sup
t<N

< a-Var(4)y, (3.13)

we deduce that (3.8) is true by (3.11), (3.12) and (3.13).
(iv) Since ||[AK™|| < C, it is easy to prove that (3.2) is true from (3.9). Hence,
Theorem 3.3 implies that

(K”,A”, / KQdAf;) =, (K,A, / KSdAS). (3.14)
0 0

By (iii) and (3.14) we can deduce, for all g € G,

(/Ol(K?)*(g) dA”, Z(A(K;L)*(g)) . (AA?))

s<-

([ @ aa S aa)

s<-

This implies that, for all g € G,

/( dA”+Z )- (AAT)
0
H/ K* (g) - dA, +Z (AA).

That is,

(/ KQdA:) g (/ stAs) g, VgeG. (3.15)
0 0
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(3.15) means that fo KsdA; is the only possible limit point of the sequence
{fo KQdAZ}n>1 in the Skorohod topology. As the proof (c¢) in Theorem 3.3 we can

prove that the sequence {fo K;‘dA;‘}nZl is tight. O

COROLLARY 3.2. Let X™ satisfy the conditions of Theorem 3.3, X™ Z. X and X
meet the condition (C).

(i) We replace K™ by X" and suppose that (3.1) and (3.2) hold for {X™}n,>1,
{M"},51 and {A"}, 1. We then have (X", [X"]) -2 (X, [X]);

(i) Let Z™ be an L (H&oH, G)-valued cadlag adapted process, |AZ™|| < C for
some constant C > 0 and (Z™, X™) =, (Z,X). Suppose that, for above € >0, n >0
and N > 0, there exists an ng € N such that

t t
/ 20 d[X™s = VoI / Zn d[X™],

pP" <Sup ’
0 0

t<N

Zé) <e VYn,m > ng,

(3.16)
under the hypothesis (i) we have

<X”, X", /O ng[[X“]]s> Z, (X, X7, /0 st[[X]]s>.

Proor. (i) By Theorem 3.3 and the hypotheses for X™, M™ and A™ we have

<X”,/ X ®dxg) =, (X/ X,_ ®dXS) . (3.17)
0 0

Since |2 @ ¥ — ViuxmILmxm® @ yll1 = |ly ® © — VinscmImxmy ® |1, the hypotheses
imply that {[;dM ® X! } _ and {[jdA? @ X! } _ satisfy Theorem 3.3 (iii) of

Xie in [14]. As the proof of Theorem 3.3 we may prove that { [j dM! ® X;’_}n>1 and

{[odA? ® X } _ are tight by Theorem 3.3 of Xie in [14] and that [j dX, ® X,_ is
the only possible limit point of the sequence { [ dX ® X } _ . It is easy to prove

(X", / dxr @Xg_) =, (X, / de,@Xs_). (3.18)
0 0

By Theorem 26.11 of Métivier ([7]), the continuity of tensor product, (3.17) and (3.18),
we deduce that

b= (0° - ()= - [ xp waxy - [axrex;
0 0
2, x® _ X ,/ X, ®dX, 7/ dX, ® X,_ = [X].
0 0

(ii) This is the corollary of (i) and Theorem 3.4(iv). O
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THEOREM 3.5. Let X™ and K™ be an H -valued semimartingale and an £ (H,G)-
valued cadlag adapted process, respectively. K™ is a predictable process with respect to the
natural filtration of (K™, X"™) with |AK"|| < C for some C > 0, and {[(K™)*(9)]"},,>1
satisfies the condition (UT) for all g € G and a > 0. [(K™)*(g)]* and [K*(g)]* are
defined as Theorem 3.4(iii). Suppose that X™ satisfies the conditions in Theorem 3.3 and
for every e >0, d >0 and N > 0, there exists an ng € N such that, for n,m > ng,

p" (sup
t<N
P (sup
t<N

If (K", X") 5 (K, X) and X is a semimartingale, then Jo KrdX? =, Jo KsdX,.

t
KrdM™ — V11, / AK™M"|| > 5) <e, (3.19)
0

t t
/ AK?dA? — V10, / AK™dA"
0 0

> 5> <e (3.20)

PROOF. By the hypotheses, Theorem 3.3 implies that [; K7 dX 7' Z, Jo Ks—dX,.

Hence we only prove [j AK}dX] =, Jo AK dX.
For every fixed a > 0 such that AK # a,P — a.s.. [(K™)*(g)]* and [K*(g)]" are
H-valued finite variation processes. We deduce

(K™ [(K™) (9", X)) — (K7, [K*(9)]", X)), Vge@

by the Lemma 3.1 and the hypotheses. As the proof of Theorem 3.4(iii), we have
<[(K") ()", X" / [(E")*(9)];- - dX? / X -d[(K™)"(g )]s>

< (@ X, [ K@l -dXS7/O'XS~d[K*(g>1f:>-

This implies that
[((E™)" ()], X" = [(K")"(g)]" - X" — /i[(K")( Jo— -dX{ — /X ~d[(K")"(g)];

K (g X — /K* e -dXs—/oXsf-d[K*(g)]i

= [[K~(9)]". X]. (3.21)

Since [(K™)*(g)]" and [K*(g)]* are H-valued predictable processes, by Yceurp’s lemma
and (3.21) we deduce

/ A[(EMY () dxr L / A[K*(g)]" - dX.. (3.22)

0
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For every N > 0, since

sup
t<N

/ A(K™)*(g) - dXT — / A (™ (@) - dX?
0 0

< sup

I n a
<N Mgias) )l<

and {X"},>1 satisfies the condition (UT), we have the following: for all e > 0, there
exists a dg > 0 such that

/ AKL) (9 arn)-

For (K*(g), X), Theorem 2.1 implies that, for above € > 0, there exists a d; > 0 (§; < dg)
such that

sup pr" <sup
t<N

) <€, Va<dp. (323)

t
AKZ(9){ak:(9)

P (sup s| > e) < €1, Va<dy. (3.24)
t<N

(3.22)(3.24) imply that [; A(K?)*(g) - dX? 5 [i AK?(g) - dX,, that is,

(A.(AKQ)dXS) N (/O'(AKS)dXS> g (3.25)

For g € G being arbitrary, (3.25) means that fO'(AKS)dXS is the only possible limit
point of sequence { [j(AK)dX!}
{[(AKY)dXT

,>1- As the proof of Theorem 3.3, we can prove that

is tight by the hypotheses. 0

n>1

COROLLARY 3.3. Let K™ and X™ satisfy the conditions of Theorem 3.5. We have
that { [y KI'dX?} _ . satisfies the condition (UT).

PROOF. It is easy to prove by Lenglart’s inequality. O

4. Stability of strong solutions of stochastic differential equations.

THEOREM 4.1. Let H" be a G-valued cadlag adapted process and let Y™ be an
H -valued special semimartingale with the canonical decomposition Y™ = M™ + A™ and
V"™ be the compensator of the random measure p™ associated to the jumps of Y™. Assume
that X™ and X are the strong solutions of (SDE) (1.1) and (1.2), respectively. Suppose
that the following conditions are fulfilled:

(1) {(M™}n>1 and {Var(A™)},>1 are tight,

i) {2l V o]0 s s tight

(iii) For all K > 0 and € > 0, there exists an mg € N such that, for all m > my,
supy<i (I = ViIln) f(z)yll <€, where I is the identical operator on H.
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If (H™,Y") 55 (H,Y), then X" -2 X and (H™, Y™, X") 5 (H,Y, X).

PrOOF. Let h: H — H be a truncation function and satisfy h(z) = x for ||z|| < 1
and h(z) =0 for z > 2. Put

V() = STIAYS - RAYD)], Y (R) =YV (R).

s<-

Then Y™ (h) is a special semimartingale. We denote its canonical decomposition Y™ (h) =
M"™(h) + A™(h). By Proposition 1.4.10 of Xie ([15]), we have

// 2 — h(z))v"(ds, d), (4.1)

(M™(h)) = (M™) + /O | /H [h®2 () — 2] v"(ds, dx)
ZU {s}xdx)r +ZU {s}xdx)rz. (4.2)

Moreover, (4.1) and (4.2) imply that

Var(A"(h)) < Var(4A") + C|lz|.v" (4.3)
and

(M"(h)) < (M™) + Clla|| V||l 2" (4.4)
for some constant C' > 0. Conditions (i) and (ii) imply the tightness of {(M™(h))}n>1
and {Var(A™(h))}n>1 by (4.3) and (4.4). Since (M™(h)) and [M"(h)] strongly majorize
each other, the tightness of {(M™(h))},>1 yields the tightness of {{M"(h)]}n>1.

For every N > 0, put

T = inf{t > 0 | X7+ | B > N or X7 | +|HP >N}y, (45)
Ty =inf{t > 0: | Xl + [ Holl = N or | Xo— | + [ Hi—|| = N}, (4.6)

then T and Ty are stopping times. If for simplicity we denote X™N = (X™)T~  H™N =
(H™YTE, ynd = (ymTh, XN — XTn, [N — gT%, YN — YI5 then XN and XV
are the strong solutions of (SDE):

and
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N N . N N
xN=H +/ FXMyayN.
0

As the proof of Theorem 1 of Slominski in [11], we can prove that {X™"},>; satisfies
the following conditions:
(a) for all e >0, N > 0, there exist an ng € N and a K > 0 such that

P <sup | XN > K) <€, n>ng, (4.7)
t<N

(b) foralle >0, 6 >0, N > 0, there exist an ngp € N and a 6 > 0 such that

P (why(X™N,0) > 6) <€, n>mny. (4.8)

From the hypothesis (iii) and Y™ =, Y, by using stopping skill we can prove that, for
all e > 0,0 >0 and N > 0, there exists ng € IN such that,

2§><

Since H" - H, we have that there exists ny > ng such that,

¢
rr <Sup ’ / (I =V, I, f(XI)dY) ,  Ym, n > np. (4.9)
0

t<N

[N e)

p" (sup | X7 — Vi IL, X[ > 6) <€ VYn, m>mn;. (4.10)
t<N

From (4.7) to (4.10), we have that {X"},>1 satisfies the conditions of Theorem
3.3 of Xie ([14]). Hence {X™"}, 51 is tight. Moreover, the hypotheses yield that
{(X”’N,H"’]\’,Y”’N)}n>1 is tight. As the proof of Theorem 1 of Slominski in [11]
we can prove this theorem by using Theorem 3.3. (]

REMARK. If [JAY™|| < a for some constant a > 0, then the condition (ii) in
Theorem 4.1 may be omitted.

COROLLARY 4.1. Let M™ and A™ be an H -valued local square integrable martingale
and an H-valued finite variation process with |AM™|| < a, respectively. Where a > 0
is a constant. And let f and g be continuous £ (H,G)-valued mappings and satisfy a
Lipschitz condition, i.e. there exists a constant L > 0 such that

1f(@) = fWIl < Lllz —yll, lg(z) — gl < Lllz -yl

Assume that X™ and X are the strong solutions of the following (SDE):

X":H”—F/ f(X;‘,)dMS"—i-/ g(X)dAY
0 0
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X—t+ [ feeoat+ [ g(xaa.,
0 0

where M and A be an H -valued local square integrable martingale and an H -valued finite
variation adapted process, respectively.

If Theorem 4.1 (iii) holds for f and g and if (H™, M™, A™) =z, (H,M,A), then
X" L X and (H", M™, A", X") -5 (H, M, A, X).

Proor.  For every N > 0, we define T{ and Ty as (4.5) and (4.6). As
the proof of Corollary 1 of Slominski ([11]) and Theorem 4.1, we can prove that
{(X”, H"™ M"™, A")TTW"}n>1 is tight. Using Theorem 3.3 and Theorem 3.4, this theorem
can be proved as the proof of Corollary 1 of Slominski ([11]). O

DEFINITION 4.1. Let f and f™ (n > 1) be Z(H, G)-valued functions on R, x G.
We say that {f, f™,n > 1} satisfies the condition (L) if the three conditions below are
fulfilled:

(i) for all t >0, f(t,-) and f"(¢,-) satisfy a Lipschitz condition;
(ii) for all y € G, f(-,y) and f"(-,y) are cag functions on R ;

(iii) for every sequence {a, a,,n > 1} C D(G), if i, — « in the Skorohod topology,
then (o, Bn) — (o, B) in the Skorohod topology on D(G x Z(H,G)), where §(t) =
flt+, a(t)), Bu(t) = f(t+, an(t)), D(E) is the space of all cadlag function o : Ry — E
with the Skorohod topology, E is a Polish space.

COROLLARY 4.2.  Let {f, f™,n > 1} satisfy the condition (L). Assume that X"
and X are the strong solutions of the following (SED):

X" = fn +/ F(s, X7 )Y,
0

X =t [ fls. Xy,
0

Suppose that the conditions (i) and (ii) of Theorem 4.1 are fulfilled and that, for all K > 0
and € > 0, there exists an ng € N such that supj, <k (I = Vi Iln) f"(2)y|l < € for all

n,m > no. If (H*,Y") 5 (H,Y), then X" 25 X and (H", Y™, X") -5 (H,Y, X).
PRrROOF.  As the Proof of Theorem 4.1 and Corollary 3 of Slominski ([11]), we
can prove that {X™"}, >, satisfies the conditions of Theorem 3.3 of Xie ([14]). This
implies that {X”*N,H”JV,Y"*N}H>1 is tight by the hypotheses. Using Theorem 3.3,
this theorem can be proved as that in Corollary 3 of Slominski ([11]). O
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