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Abstract. Let p and g be integers such that p > ¢ > 2 and ¢ divides p. Let
©(q) be the Euler number of q. We exhibit a Zariski ¢(q)-ple, distinguished by
the Alexander polynomial, whose curves are tame torus curves of type (p, q), with ¢
smooth irreducible components of degree p, and one single singular point topologically
equivalent to the Brieskorn-Pham singularity v9 + ui?® = 0.

Introduction.

Let C C P? be a projective plane curve defined over the complex numbers. By the
Hyperplane section theorem of Zariski [29] (completed by Hamm and Lé [7]), the study of
the fundamental group 71 (P?\C') lies at the heart of an understanding of the fundamental
group of the complement of a hypersurface of any dimension V' Cc P¥. Namely, by
induction, 71 (P \ V) is isomorphic to the fundamental group of the complement of the
plane curve C obtained by intersecting V' with a generic linear space of dimension two.

Let us assume that the curve C' is given in affine coordinates by f(x,y) = 0. For
any integer n, one may consider the cyclic branched coverings of P2 defined by the
surface W, : t" — f(z,y) = 0 in P3. Zariski proved that simple homological invariants
of W, provide non-trivial invariants of the complement to the branch locus, linking the
algebraic-geometric and knot-theoretic situations together, as follows.

Let € € C be a singular point. Let us assume for simplicity that the germ (C, ) has
only one branch. Let S2 be the 3-sphere centered at ¢ and with radius . For suitably
small €, the intersection K = C'N S2 is an iterated torus knot (called an algebraic knot),
completely determined by the Puiseux pairs of the singularity (C,&). It is classical in
knot theory to consider, for all integer n, the compact 3-manifold M2, which is a cyclic
n-fold covering of S2 ramified along K. The manifold M? is intimately related to the
Alexander polynomial of the knot K (see [1]). Zariski studied algebraic knots of the
singularities and 3-manifolds M7 in [30] and observed that there is a formula connecting
the Alexander polynomials of knots and links of the singularities of the curve C' with the
first Betti number by (M?2) of M3.

In the spirit of Zariski’s works, A. Libgober introduced the global Alexander poly-
nomial Ag(t) of the curve C, with respect to a general line, whose main property is the
following (see [10]): The (global) Alexander polynomial Ac(t) of C divides the product
Aq(t) -+ Ag(t) of the (local) Alexander polynomials of the singularities of C.
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It is in general very difficult to calculate the fundamental group m;(P? \ C), but
the Alexander polynomial Ac(t) is an invariant of 71 (P? \ C), which is easier to be
computed. A. Libgober announced in [11] how to compute Ac(¢) by the data of the
degree of C', the topological type of the singularities of C' and their relative positions,
without passing by the calculation of 71 (P? \ C). The first published complete proof of
the results of [11] is due to Loeser and Vaquié [12], using R. Randell’s interpretation [23]
of the Alexander polynomial Ac(t) as the characteristic polynomial of the monodromy
acting on the Milnor fiber of the affine cone of C, and H. Esnault’s description [5] of
the mixed Hodge structure of this Milnor fiber. In the present work, we will use the
computational method which can be extracted from the results of H. Esnault [5] and E.
Artal [2], in terms of data coming from the resolution of the singularities of the curve C.

The first non-trivial example studied extensively by Zariski is the case of a sextic
with six cusps. If n is a multiple of 6, the irregularity ¢(W,,) = b1(W,,)/2 of the associated
cyclic branched covering W, is 1 or 0, depending on whether or not the six cusps lie on
a conic. If q(W,,) = 1, the sextic is a torus curve of type (3,2), with fundamental group
the free product of cyclic groups Z/2Z % Z /3Z and Alexander polynomial t* — ¢ + 1. If
q(W,,) = 0, the fundamental group of the sextic is abelian (assuming the irreducibility of
the moduli of such sextics), isomorphic to the cyclic group Z/6Z, and with Alexander
polynomial 1.

This striking topological phenomenon has been studied further by many authors
(see e.g. [2], [20], [24], [25]), and leads E. Artal to the following formulation [2]. A pair
of reduced curves {C’,C"} is called a Zariski pair if the curves have the same degree,
the configurations of local singularities are the same up to topological equivalence, and
there exist regular neighbourhoods N(C’) and N(C"”) of C' and C” respectively, such
that the pairs (N(C’),C") and (N(C"),C"”) are homeomorphic but the pairs (P?, (")
and (P?,C") are not homeomorphic. Similarly, k-ple of plane curves {Cj,...,Cy} is
called a Zariski k-ple if each pair {C;, C;} is a Zariski pair for 1 < i < j < k.

Let p and ¢ be integers such that p > ¢ > 2. A torus curve of type (p, q) and degree
pq is by definition a curve C' which admits an equation of the form

(fa(z,9))" + (fp(2,9))* =0,

where f,(x,y) and f,(x,y) are polynomials of degree p and ¢ respectively. The geometry
of such a curve C is strongly related to the geometry of the intersection of the curves
Cyp: fp(z,y) =0 and Cy : fy(x,y) = 0. A torus curve is said to be tame if its singular
locus coincides with the intersection of the associated curves C), and C,. The case of tame
generic torus curves, i.e. when the associated curves €, and C, intersect transversally
at pq distinet points, is classical (see [27], [15]). The study of the other extreme case,
i.e. when C), and C, intersect at one single point, is the purpose of the present paper.
One of our main results may be stated as follows (the definition of Zariski multiple is
straightforward ).

THEOREM. Let p and q be integers such that p > q > 2 and q divides p. Let
©(q) be the Euler number of ¢ and let v > 1 be a divisor of q. Let f,(x,y) and
fplx,y) be polynomials of degree v and p respectively. Assume that the torus curve I, :
((fo (@, y) )P + (fp(,9))? = 0 satisfies the following conditions:
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(1) Sing(I,) = {fp(z,y) = 0} N{fu(z,y) = 0} = {(0,0)};
(2) {fp, = 0} and {f, = 0} are smooth at (0,0), and the intersection multiplicity of
{f, = 0} with its tangent line at (0,0) is equal to v.

Then the family of torus curves {I,},q is a Zariski o(q)-ple, distinguished by the
Alexander polynomial, whose curves have q smooth irreducible components of degree p,
and one single singular point topologically equivalent to the Brieskorn-Pham singularity
By gp> 1 v1+ utr® =0,

The content of our paper is the following. We state our results in Section 1, where
we compare two extreme cases of tame torus curves: the generic case and the maximal
contact case, and eventually exhibit from the latter Zariski multiples. In Section 2,
we prove our main theorem by an explicit calculation of Alexander polynomial. The
calculation reduces to a Diophantine equation, which can be solved in an elementary
way. In Section 3, we give the proof of the description of the moduli space of torus
curves of maximal contact and maximal flex order. Finally, Section 4 is devoted to a new
proof of the classical formula of the Alexander polynomial of generic tame torus curves
(see [15], [19]).

NoOTATIONS. For any rational number a/b, let us note [a/b] its integral part defined
by a/b —1 < [a/b] < a/b. For any integer m > 1, let ¢(m) be the number of strictly
positive divisors of m (the Euler number of m).

1. Statements of the results.

1.1. Alexander polynomial.

Let X, Y, Z be homogeneous coordinates of the complex projective plane P? and
let {Z = 0} be the line at infinity. Let x = X/Z, y = Y/Z be affine coordinates of
the affine plane C? = P2\ {Z = 0}. Let C' C P? be a reduced projective plane curve
of degree d. Let us assume that {Z = 0} is general position with respect to C, i.e.
that {Z = 0} intersects C at d distinct points. One associates with the fundamental
group m (P?\ (CU{Z =0})) = m(C?\ O) an infinite cyclic covering whose Alexander
polynomial is by definition the (generic) Alexander polynomial of the curve C' (see [10]).

The definition of the Alexander polynomial of a curve C' does not depend on the
choice of a general line for C, but for simplicity we will consider projective curves for
which the line at infinity is in general position, and compute Alexander polynomial
relatively to {Z = 0}.

Let us recall the following classical example. Let p and ¢ be integers such that
p > q > 2. The Brieskorn-Pham singularity C : 2P + y? = 0 has r = ged(p, ¢) branches.
The corresponding link K = C' N S2 consists of r torus knots of type (p/r,q/r). The
Alexander polynomial of the curve C' is equal to the product of cyclotomic polynomials
A, 4(t) given by the formula (see [4], [22] and also [21])

(t9/" — ) (t— 1)

Ap,q(t) = (tP — 1)(tq — 1)
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1.2. Torus curves.

Let p and ¢ be integers such that p > ¢ > 2 and let d > 2 be a common multiple
of p and ¢q. Let m = d/p and n = d/q. A torus curve C of type (p,q;d) is classically a
reduced projective curve of degree d, given in affine coordinates by an equation of the
form

(fm(xvy))p + (fn(xay))q =0,

where fp,(z,y) and f,(z,y) are polynomials of degree m and n respectively. Different
torus expressions fP + f2 and g2 +¢2 may define the same curve. To clear this ambiguity,
let us attach a fixed torus decomposition, each time we consider a torus curve, as stated
in the following definition.

DEFINITION 1.2.1. Let p and g be integers such that p > ¢ > 2 and let d > 2 be
a common multiple of p and ¢. Let m = d/p and n = d/q. A torus curve C of type
(p,q;d) consists of the data of two fixed polynomials f,,(x,y) and f,(z,y) of degree m
and n respectively, such that (fp,(z,v))? + (fn(z,y))? is a reduced polynomial of degree
d. We associate to a torus curve of type (p,q;d) the curves Cp, : fn(z,y) = 0 and

Cp: fn(z,y) =0.

1.3. Singular locus.

Let C be a torus curve of type (p,q;d). Any intersection point of the associated
curves C,, and C,, is a singular point of C'. Conversely, suppose that we are given
polynomials f,,(z,y) and f,(x,y) of degree m and n respectively, such that mp = ng = d.
They define a pencil of torus curves of type (p, ¢;d), with (\, u) € P*, as follows

A (fm(z, )" + p (fulz,y)? = 0.

By Bertini theorem for a pencil (see e.g. [6, p.137]), the curves of the pencil of torus
curves of type (p,q;d) defined by the polynomials f,,(z,y) and f,(z,y) are, except a
finite number of curves of the pencil, smooth away from the base locus, which is nothing
but the intersection of the curves Cy, : fi(z,y) =0 and C,, : f,,(z,y) = 0.

DEFINITION 1.3.1. A torus curve of type (p, ¢;d) is said to be tame if its singular
locus coincides with the intersection of the associated curves C,, and C,,.

Let C be a torus curve of type (p,q;d). Let & € C, N Cy, be a singular point of
C. If the curve C, is smooth at £ then the topological type of the singularity (C,¢) is
determined by the intersection multiplicity of the curves C,, and C,, at £&. More precisely
one has the following lemma which extends [17, Lemma 23, p. 264].

LEMMA 1. Let C be a torus curve of type (p,q;d). Let & € C, N Oy, such that
Cy is non-singular at & and let ¢ be the intersection multiplicity 1(Cp,Cp; ). Then
the singularity (C, &) is topologically equivalent to the Brieskorn-Pham singularity By p, :
v? 4+ uPt = 0.

PrOOF. The assumption implies that there exist local complex analytic coordinates
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(u,v) such that f, = v and f,, = cu* modulo (v,u‘*!), for some constant ¢ € C*. Then

A fE=ur et Yt
qi+pLj>ipg

As the Newton principal part is Newton non-degenerate, the topological type of the germ
at the origin is determined by the Newton principal part and does not depend on the
terms with higher degree with respect to the Newton filtration (see [8], [26] combined
with [9]). O

1.4. Generic torus curves.
Let us recall some known results about torus curves.

DEFINITION 1.4.1. A torus curve C of type (p,q;d) is said to be generic if the
associated curves C), and C, intersect transversally at mn distinct points. The singular
points of C' given by the intersection of the curves C,,, and C,, are topologically equivalent
to the Brieskorn-Pham singularity (see Lemma 1)

Byp:vi4+uf =0.

The fundamental group of the complement of a generic tame torus curve was com-
puted by O. Zariski [27] for the case of sextics, i.e. (p,q;d) = (3,2;6) and by M. Oka [15],
[19] for general (p, q; d). For example, when the integers p and ¢ are coprime and d = pg,
the fundamental group 7 (P? \ C) is isomorphic to the free product Z/pZ * Z /qZ (see
[15]). When {Z = 0} is in general position with respect to C, the fundamental groups
m(C?\ C) and 71(P? \ C) are related by the central extension (see [28]), and the
Alexander polynomial is obtained using a result of A. Nemethi (see [19]).

THEOREM 1 ([15], [19]). Let C be a generic tame torus curve of type (p,q;d). The
Alezander polynomial Ac(t) of the curve C is equal to Ay 4(t).

REMARK 1.4.2. The Alexander polynomial of a generic tame torus curve of type
(p, q; d) depends only on the integers p and ¢, and not on the degree d.

1.5. Torus curves of maximal contact.
Our interest in the present paper is the other extreme case.

DEFINITION 1.5.1.  We say that a torus curve C of type (p,q;d) is a torus curve
of maximal contact if the associated curves C,, and C), satisfy the following conditions.

(1) The intersection of the curves Cy,, and C,, is a single point, which is noted by &p;
(2) The curve C,, is smooth at the point &.

Let us remark that the intersection multiplicity I(Cy,, Cpn;&o) is equal to nm, by Bézout
theorem, and the singularity (C,&y) is topologically equivalent to the Brieskorn-Pham
singularity (see Lemma 1)

2
v +ui™ =0.

B

q,qn?
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ExamMPLE 1.5.2.  Let fi.(z,y) = y — 2™ and f,(z,y) = y™ + y — 2™ such that
m < n and mp = ng = d. The curves Cp, : fin(x,y) = 0 and C,, : fo(z,y) = 0
are irreducible, smooth at the origin, and intersect only at the origin, with intersection
multiplicity mn. The curves of the pencil of torus curves of type (p, ¢; d) defined by the
polynomials f,,(z,y) and f,(z,y) are, except a finite number of curves of the pencil,
tame torus curves of maximal contact.

1.5.3. Tangent cone. The reduced tangent cone at the singular point &, of a torus
curve of maximal contact is given by the following proposition.

PROPOSITION 1.  Let C be a torus curve of type (p,q;d) and of mazimal con-
tact, and let & be the intersection of the associated curves Cy, : fo(x,y) = 0 and Cy, :
fm(z,y) = 0. The tangent line of Cy, at &, the reduced tangent cone of Cy, at & and
the reduced tangent cone of the curve C at & all coincide.

PROOF. The proof is left to the reader. O

1.6. Moduli spaces.

A projective plane curve of degree d, which does not contain the line at infinity, is
given by a polynomial f(z,y) of degree d, in affine coordinates x = X/Z, y =Y/Z. The
number of monomials x*y7 such that 0 < i+ j < d is equal to (d;r2) = %2(014-1).

DEFINITION 1.6.1.  Let us define the moduli space .#(d) of reduced projective
plane curves of degree d, which do not contain the line at infinity {Z = 0}, as the set of

reduced polynomials f(x,y) of degree d, considered as a Zariski-open subset of C (“37).
d+2
The topology of .#(d) C C (“2%) is the induced transcendental topology.
One may consider spaces of plane curves of degree d, with a prescribed (up to
topological equivalence) configuration of singularities.

DEFINITION 1.6.2.  Let .# (B 42;d) be the submoduli space of .#(d) which con-
sists of curves with a single singular point topologically equivalent to the Brieskorn-Pham
singularity

2
By gnz @ v1+u? =0.

The germ v? + u™” =0 at the origin is Newton non-degenerate. The Milnor number is
(¢ —1)(qn* —1).

The moduli space .# (B 4n2;d) has several connected components, but we do not
know how many in general. However, for the case of sextics, i.e. when (p, ¢;d) = (3,2;6),
the moduli space .#(Bs,1s;6) has four irreducible components (see [2], [14], [13]).

1.7. Deformation with constant Milnor number.

Let us recall the following classical fact. It follows from Lé D. T. [9] that an analytic
family of germs of plane curves with constant Milnor number is equisingular, and, by
the theory of equisingularity of Zariski, has a simultaneous resolution. This observation
leads, via a partition of unity argument, to a geometric proof of the invariance of the
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embedded topological type of projective plane curves, which stay in a fixed connected
component of a space of plane curves with a prescribed configuration of singularities.

1.8. Torus curves of maximal contact and flex points.
Let us first fix a notation for the space of torus curves of maximal contact.

DEFINITION 1.8.1.  Let 52 (p,q;d) be the submoduli space of .#(d) which

torus

consists of torus curves of type (p, ¢; d) and of maximal contact. For C € #2225 (p, q;d),

torus
let us note the single intersection point of the associated curves C,, and C,, by &.

REMARK 1.8.2. Let us remark that by Lemma 1, the germ of a curve C at the
singular point &, if C € #22% (p,q;d), is topologically equivalent to the Brieskorn-
Pham singularity B, g2 : v? + u™’ = 0. Also, by Bertini theorem for a pencil of curves,
the subspace of the tame curves of the moduli space .Z5%5 (p, q;d) is a Zariski-open
subspace, which is contained in .# (B 4,,2; d).

For C € 422 (p,q;d), let € be the reduced tangent cone of the associated curve

torus

Cpm at &. The moduli space 22X (p, q;d) splits into disjoint subspaces, according to

torus
the contact between the curve C), and the line ¢ at &y, as follows.

DEFINITION 1.8.3. Let C be a curve in Z22% (p, q;d).

torus

(1) We say that the associated curve C,, has flez-order s at &, if the intersection
multiplicity I(Cyy, ¢;&o) is equal to s. Note that 2 < s < m. We use the notation

flex(Cyn, &) = 1(Crm, 6 &o)-

(2) For 2 < s < m, let A;(p,q;d) be the moduli space of torus curves C of type
(p, ¢; d) and of maximal contact, such that flex(C,,&p) = s. The moduli space of
torus curves of maximal contact decomposes into

M qd) = | Alp g d).

2<s<m

The description of the submoduli space A5(p, ¢; d) seems to be extremely difficult in
general. However the submoduli space .47, (p, ¢; d) has a simpler structure. For each divi-
sor v > 1 of the integer m, the moduli space 47, (p, ¢; d) contains a subspace A.¥ (p, ¢; d)
that we are able to describe easily. Let us define A" (p, q;d) the subset of A;,(p,q;d)
such that f,,(x,y) takes the form f,,(z,y) = f,(z,y)™/", for a polynomial f,(z,y) of
degree v, and the curve C, : f,(z,y) = 0 is smooth at &y, and flex(C,,&) = v. Note
that f,, is not reduced if v # m. It is easy to see that A7,(p, q;d) = Uy, A7) (, q; d).

To describe each subspace, we take the following normal slice. Let A4;”(p, q; d)(&o)
be the subset of A" (p,q;d) such that & = (0,0) and {y — J,1 = = 0} is the tangent
line of C,, at (0,0), where 6,1 = 1if v = 1, or 0 otherwise. One can easily observe that
PGL(3,C) - ¥ (p,q;d) (&) = MY (p,q;d). The slices A% (p,q;d)(&) are described by
the following lemma.
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LEMMA 2. Letv > 1 be a divisor of m. The slice Y (p,q;d)(&o) is described as
follows.

(1) For each curve C : f2 + f2 =0 in N (p,q;d) (&) with fm = MY there exist a
unique erpression

[n/v]
fn(xa y) = Z Ti('rv y)fl/(xﬂ y)l +co yn7
i=1
where ¢y is a non-zero complex number and r;(z,y),i = 1,...,[n/v] are polynomi-

als with

degri(z,y) <n—iv, deg,ri(z,y) <v, andri(0,0)+#0.

In particular, fn(z,y) = coy™ modulo f,(x,y). Conversely for a given curve f, =0
of degree v which is smooth at &y and I(f,,y—d,12;&0) = v, and for any f, which
is given by the above equality, the curve C: fB 4+ f1 =0, (fmn = ;n/u) belongs to
the slice N, (p,q;d)(&).

(2) The dimension of the space of fm’s is equal to the number a of monomials x%y°
such that 0 < a+b < w,(a,b) # (0,0),...,(v —1,0). The dimension of the space
of fn’s (when f, is fized) is equal to the sum (B of B;, fori=1,...,[n/v], where [3;
s the number of monomials z“yb such that 0 < a+b<n—iv,a <v. The space
NV (p, q; d) (&) is identified with a Zariski-open subset of C(@=2+(B=1) » (C*)*,

(3) The tame curves of N2 (p,q;d) have ged(d/v, q) irreducible components. In par-
ticular, tame curves in N, (p, q; d) have ged(p, q) irreducible components.

The proof is given in §3. For v = 1, we have chosen y —x = 0 as the reduced tangent
cone of f,, = 0 for the simplicity of the description.

ExAMPLE 1.8.4. Let m < n such that mp = nqg = d and let v > 1 be divisor of
m. Let fl/(x’y> =y — ¥, and fm(aj,y) = (fl/(x7/y))m/yv and fr(z,y) = y" +y —a".
The curves C, : f,(z,y) = 0 and C, : f,(x,y) = 0 are irreducible, smooth at the
origin, and intersect only at the origin, with intersection multiplicity vn. Furthermore
flex(Cyn, O) = vm/v = m. The curves of the pencil of torus curves of type (p,q;d)
defined by the polynomials f,,(z,y) = (y —2*)™" and f,(z,y) = y™ —y —z" are, except
a finite number of curves of the pencil, tame torus curves which belong to the moduli
space ¥ (p, q; d).

REMARK 1.8.5. By Lemma 2, (2), and §1.7, the embedded topological type of the
tame torus curves in the subspace 4% (p, ¢; d) is completely determined by the embedded
topological type of the tame torus curves of Example 1.8.4.

1.9. Main Results.
THEOREM 2. Let A(t) be the Alexander polynomial of a tame curve in A, (p, q; d).
Then A(t) is equal to
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(a7 — 1) (¢ - 1)

Alpqq(t) = (tp . 1)(tq _ 1) )

which is equal to the Alexander polynomial of a generic tame torus curve of type (p, q;d)

if p> q (see §1 and Theorem 1).
Th — 0 tional and A is ai G i ()}
e case p = q is exceptional and A(t) is given by =) .

For the proof, we may consider the tame torus curves of the pencil of torus curves
defined by the polynomials f,,(z,y) =y —a™ and f,(z,y) = y™ +y—z™, by the moduli
space description in §1.8.

Let m < n such that mp = ng = d and let v > 1 be a divisor of m. Let f,(z,y) =
y—2, and f(z,y) = (f,(2,9))™", and f,(x,y) = y" +y — 2¥ and we consider the
pencil of the curves C¥(s) : f? + s f4 = pm/v s f2 =0. Let us remark that C¥(s) €
N (p,q;d) = A} (pm/v,q;d) for generic s # 0. Thus by Theorem 2, we obtain

COROLLARY 1. The Alexander polynomial of C*(s) is, except for a finite number
of curves of the pencil, equal to Ay, q(t), and { Ay juq(t), vim} are mutually distinct.

As the Alexander polynomial of the tame curves in one fixed connected component
of the submoduli space A;,(p,q;d) of A2 (p,q;d) remains the same (see §1.7), one

torus

gets the following result (see §1.8, Lemma 2).

COROLLARY 2.  Let us assume that p > q. The submoduli space N, (p,q;d) of
AMPEE(p,q;d) has at least p(m) connected components, given by the submoduli space

N (p,q;d), where v is a divisor of m.

1.9.1.  Zariski multiple. Let p and ¢ be integers such that p > ¢ > 2, and let d > 2
be a common multiple of p and ¢q. Put m = d/p and n = d/q. Let v > 1 be a divisor of
m. Let f,(z,y), and f,(z,y) = (f,(z,y))™", and f,(z,y) be polynomials of degree v,
m and n respectively, such that the torus curve C : (fu, (2, 9))? + (fn(z,y))? = 0 of type
(p, ¢; d) is tame, and belongs to the moduli space A¥(p, q;d) (see §1.8, Lemma 2).

Hypothesis: Let us assume that ¢ divides p.

Let us remark that if ¢|p and v|m, then v|n and the curve C has ¢ irreducible
components (see (3) of Lemma 2), as it can be seen from the equality f? + fI = (ff/u)q +
f& (recall that pm = ¢n). Furthermore the irreducible components are smooth and of
degree n, and intersect at the single singular point of the curve C, topologically equivalent
to the Brieskorn-Pham singularity B ¢n2 @ v9 + u™’ = 0, which has g branches. The
irreducible component of the curve C' which contains a given branch of the singular point
is well-defined, up to the choice of a g-th root of unity. Following E. Artal’s terminology
introduced in [2], one says that the tame curves in A,Y(p, q; d), for v|m, have the same
combinatorics (data coming from the resolution of the singularity, which determine the
topology of a regular neighbourhood of the curve), independently from the integer v.
Thus, one gets the following result (see also [3] for other Zariski multiples).

THEOREM 3. Let p and q be integers such that p > q > 2 and let d > 2 be a
common multiple of p and q. Let m = d/p and n = d/q. Let us assume that q divides p.
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Then any @(m)-ple {B,, vim}, where B, is a tame torus curve in N,*(p,q;d) for each
vim, is a Zariski p(m)-ple, distinguished by the Alexander polynomial, whose curves have
q smooth irreducible components of degree n, and one single singular point topologically
equivalent to the Brieskorn-Pham singularity By gn2 : v + ut™ = 0.

EXAMPLE 1.9.2. The curves of 52" (4,2;8) are the union of two smooth irre-
ducible quartics, which intersect at a single point. There are only two possibilities for
the embedded topological type of the tame curves of .#;22% (4,2;8), described according

torus
to the decomposition

L max (4,2,8) _ 1/1/21(4’2’8)U'/V22(472’8)

torus

as follows.

(1) The tame curves in .45'(4,2;8) represented by the curves of the pencil of torus
curves of type (4,2;8), except a finite number of curves of the pencil, defined by
the polynomials fo(x,y) = (y — x)? and f4(z,y) = y* + y — 2, whose Alexander
polynomial is given by

A(t) = (t— 1)+ 1)t + 1);

(2) The tame curves in .452(4,2;8) represented by the curves of the pencil of torus
curves of type (4,2;8), except a finite number of curves of the pencil, defined by
the polynomials fo(z,y) = y — 2% and f4(x,y) = y* + y — 22, whose Alexander
polynomial is given by

Ag(t) = (t —1)(t2 +1).

2. Proof of Theorem 2.

2.1. Calculation of Alexander Polynomials.

What follows is directly extracted from [5]. Let f € C[X,Y, Z] be a homogeneous
polynomial of degree d, and X = {(z,y,2) € C® | f(z,y,2) = 1} the associated Milnor
fiber. Let X = {(X,Y,Z,T) € P?® | T? — f(X,Y,Z) = 0} so that the projection
7: X — P? is a ramified covering of P?, with branch locus the projective plane curve
C: f(X,Y,Z) = 0 (we assume that C is reduced). The quasi-projective subvariety
X \ 7 HC) of P? is isomorphic to the Milnor fiber X. Let w = exp(2my/—1/d), a
primitive root of unity. The monodromy of the covering 7| X : X — P2\ C is given by
(X,Y,Z) — (wX,wY,wZ), and coincides with the monodromy of the Milnor fiber X.

Let 0 : Y — P2 be an embedded resolution of the curve C. One has D = ¢*C =
C' + > v, E), where C' is the normalization (strict transform) of C' and D is a divisor
with normal crossings. Let 7/ : Y’ — Y be the pull-back of 7 by o, Y the normalization
of Y/, and Z a desingularization of Y whose boundary A = Z \ X is a divisor with
normal crossings. One has H*(X) = H*(Z \ A), and by Deligne’s mixed Hodge theory
for smooth quasi-projective varieties, one has the decomposition:
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HY(Z\ A)=H"(Z,2}(log A)) ® H(Z,07),

where (2% (log A) is the complex of holomorphic differential forms with logarithmic poles
along the divisor A. Moreover, this decomposition is compatible with the monodromy
action. For each index j such that 0 < j <d —1,

HY X)), = HY(Z\ Q) = H*(Z,25(log A))s @ HY(Z,07) s,

where we note by subscript w? the eigenspace of the monodromy action corresponding
to the eigenvalue w’.

DEFINITION 2.1.1 ([5, p.479]). Let .£ = 0*0p2(1), and for j = 0,...,d — 1, let
L) = L% @ Oy (— >, [vei/d|Ey). Let us define I; = dim H*(Y, £0)~1).

By [5, Lemma 2, p.479], H'(Z,0%)., is isomorphic to H'(Y,£W-1). By
[5, Corollary 4, p.481 and Lemma 7, p.485], dim H°(Z, (2} (logA)),, is equal to
dim HY(Y, £(4=9=1) = [,_; (see [12, proposition 4.6] for more details).

For j =0,...,d—1, let us define j. = d — j. From the above discussion, one has

dlmHl(X)wJ = lj +ljc'

Let 7 be the number of irreducible components of the curve C. For j = 0, classical
homological arguments (see e.g. [19]), or again results of [5], show that dim H*(X),0 =
r — 1. The Alexander polynomial A (t) of the curve C' is given by the following formula
(via [23])

d—1
(ALEX)  Ac(t) = (t — )" ] (t - exp(2mjv=1/d))" .

Jj=1

We will use E. Artal’s Theorem [2, Theorem 2.7] to compute the [;’s, in terms of
the singularities of the curve C' and their relative positions (see [18, Lemma 3, §2.1] for
a description in the Newton non-degenerate setting).

2.2. Proof of Theorem 2.

Let p and g be integers such that p > ¢ > 2 and let d > 2 be a common multiple of
p and ¢. Put m =d/p and n = d/q. Let fp,(z,y) =y — 2™ and f,(z,y) =y" +y —a™
(let us remark that 1 < m < n). By Bertini theorem, the curves of the pencil of torus
curves of type (p,q;d) defined by the polynomials f,,(z,y) and f,(z,y) are, except a
finite number of curves of the pencil, tame torus curves that belong to the moduli space
N (p, q;d) (see §1.8, Lemma 2). Let C' be such a curve. In particular, the curve C' has
r = ged(p, ¢) irreducible components. We calculate the Alexander polynomial of C' with
respect to a generic line at infinity {Z = 0}.

By implicit function theorem at the origin, there exists a unique convergent power
series without constant term ,,(x), which is the solution in y of the equation y™ + y —
2™ = 0. This power series has the expansion
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Om(x) =™ — 2™ 4 (higher terms).
We take the following change of local coordinates @ : (C?,0) — (C?,O) near the origin
(#,y) = (u, v + pm(u),

and define (?* f)(u,v) = f(u,v+@m(u)), the pull-back by @ of a polynomial f(z,y). The
germ of the curve (C,O) is topologically equivalent to the Brieskorn-Pham singularity
v? + u? = 0 (see Lemma 1, §1.2), as we have (¢*f,)(u,v) = v modulo (uv,v?), or
equivalently, the Newton principal part of (®* f,,)(u, v) is reduced to the linear coordinate
v, and

(D" frn)(u,v) = v — "™ + Z au’.

i>nm

Let Q = (1,n2) be the primitive weight covector of the one-dimensional face of the
Newton boundary of v¥ + ui™ = 0. For each index 7 such that 1 < j < d—1, let us
define

aj) = | vt +u, Q)] ~ @l +1

where v(—,Q) : C{u,v} — Z>¢ is the multiplicity of a function germ in the ring
of power series C'{u,v}, with respect to the weight covector Q (see [16, p.106]), and
|Q| =1 +n2. One has v(v? + uq"Q, Q) = qn?, thus the integer a(j) is given by

a(j) = n(j - n).

The ideals of quasi-adjunction #; of the function germ v 4 u?™ at the origin are the
ideals of the ring C{u,v} given by the following property

9(u,v) € I & v(g(u,v),Q) = a(j).

For j=1,...,d—1, let C[z,y]<;—3 be the vector space of polynomials P(z,y) such that
deg P(x,y) < j — 3 (if deg P(,y) < 0, then by convention P(z,y) = 0). Let &} be the
canonical morphism of vector spaces

@7 : Clr,yl<j—3 — C{u,v}/I;

induced by the change of local coordinates &.

The multiplicity 1; (see Definition 2.1.1) is equal to the dimension of the cokernel of
the linear map @3 (see [2, Theorem 2.7] and [18, Lemma 3, §2.1]).

The main idea is now to consider an appropriate basis of the vector space
Clz, yl<j-s-
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LEMMA 3.  For any non-negative integers v, 6, a and B such that 0 < a <m —1
and 0 < B <n—1, let us define the polynomials

Magrs(z,y) =2y (y" +y — ™) (y —2™)°.

The degree of My g.~,5 is equal to a + 3 4+ ny + md. Then the set of polynomials
Ma,g,y,6(2,y) such that o+ B +ny+md < j—3 is a basis of Clz,y]<;—s.

PROOF. Let z“yb be a monomial such that a +b < j — 3. Let us assume that
a > m. Then we have z* = 2% ™(—y + ™) + yz* ™. If b > n, we use the equality
Yy =y (y" +y —2™) —y* " (y — ™). Using these equalities inductively, we can write
2%y’ as a linear combination of M, g s whose degree is not greater than a+b. This shows
that {Ma 5.~,5;deg Mo g5 < j — 3} generates C|x,y]<;j—3. The linear independence of
the My g,4,5’s is shown as follows.

By the definition of ¢,,(u), we observe that ®*(y™ + y — 2™)(u,v) = v modulo
(uv,v?), and &*(y — z™)(u,v) = v —u™ + 3, a;u’. Thus, the Newton principal
part of (#* M, s.-.5)(u,v) is reduced to the single monomial u®+#m+o"myY which implies
that the multiplicity with respect to the weight vector Q = (1,n?) is given by

V(@;Maﬁ,%(;(u, 'U), Q) =a+ Om+ onm + ’ynz,

In particular, if My g~,5 # Mar,p,4,6', the Newton principal parts of @7M, g5 and
@;Ma/’ﬁ/ﬁ/)gl are different. Let us assume that ¢ = > Ca,B,y,6Ma,g,~,6 = 0. Then by the
above observation, the Newton principal part of &} (1) must be 0, which implies that the
corresponding coefficient is 0. Thus, repeating the argument, we get ¥ = 0. (]

At the target space of @7, a basis of the vector space C{u,v}/.#; is given by the
monomials u'v” such that v(u'v®, Q) < a(j) — 1, with v(u'vY, Q) = I + yn?. There is a
bijective correspondence induced by @} between the polynomials My, ,5(x, y) such that
V(@i Mag,4,6,Q) < a(j) — 1, and the monomials ulv? such that v(ulv?,Q) < a(j) — 1
(see Lemma 8, §2.3). Let us consider the following subspaces of C[z,y]<;_3

V= <Ma,ﬁ,'y,5| deg Ma,ﬁ,w,é < J -3, V(?F;Ma“@,%(;, Q) < Oé(_]) - 1>
V"= <Ma,ﬂ,’y,5| degMa,B,'y,é < ] - 3a V(Q;Ma,,@,'y,éa Q) > a(]) - 1>

Then C[z,y]<;_3 is the direct sum of V' and V", and the above considerations show
that the kernel of % is V.

LEMMA 4 (KEY LEMMA). If v(®jMapqs(u,v),Q) < a(j) — 1, then
deg My g5(x,y) < j— 2. Furthermore the degree of the polynomial M g~ s(x,y) is
equal to j — 2 if and only if

e cither (a): n>m, a=m—1, B=n—1 and v(P;Ma g,(u,v),Q) = a(j) — 1,
e or (b): n=m,a=m-—1 and V(@;Maﬁ,%g(u,v),Q) =aj) —1.

PROOF OF LEMMA 4. Let us assume that v(®; M p,4.6(u,v),Q) < a(j) — 1. We
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will show that n((j — 2) — deg(Ma,8,4,5)) = 0. As a(j) = n (j — n) the hypothesis is
equivalent to nj > v(®5 My g5, Q) +n® + 1. Then,

n[(j —2) —deg(Ma,g,,6)] =nj —2n —n deg(Ma g,4,5)
>n’+1=2n+v(PMagns Q) —n deg(Mapys)-

As v(P5 Mo, pr,6, Q) —ndeg(Ma,p,4,6) = —a(n — 1)+ B(m —n) and 0 < f <n — 1,
one gets (let us recall that n > m)

n[(j —2) —deg(Ma,gqs)] 2 (n—1)(n—1-0a)+ (n—1)(m—n)
=n-1)(m—-1-a).

The last term is positive, because a < m—1. It is straightforward to see that the equality

n[(j —2) —deg(Ma,p~.5)] =0

holds if and only if either (a) n > m, and « = m — 1, and 8 = n — 1,
and v(P;Ma,p~6(u,v),Q) = a(j) — 1, or (b) n = m, and a = m — 1 and
V(@i Ma,py.5(u,v), Q) = a(j) — 1. O

According to Lemma 4, let us distinguish two cases.

2.2.1. The case n > m (or equivalently p > ¢). Let us assume that n > m, and
a=m~—1,and  =n -1, and that v(P; M, g~s(u,v),Q) = a(j) — 1. Then v and §
satisfy the equation

j=n(y+1)+m(+1). (1)

By Lemma 4, the multiplicity {; (see Definition 2.1.1) is equal to the number of solutions
(7, 9) of the equation (1). Because of the restriction on the integer j, namely 1 < j < d—1,
the integers v and § must satisfy 0 < v+ 1 < d/n=qand 0 < §+1 < d/m = p.
The determination of the integer ; thus becomes an arithmetic problem. Let us define
je = d —j. By Lemma 6 and Lemma 7 of §2.3, the sum of the multiplicities I; + ;, is
given as follows.

Let v/ = ged(n, m) and r = ged(p, q). Let us recall that r is the number of irreducible
components of the curve. The integers r and r’ satisfy the equality rd = pgr’.

e If v’ does not divide j, then I; + ;. = 0;
e If v/ divides j:
— If n does not divide j and m does not divide j, then I; + ;. = r;
— If n divides j and m does not divide j, or if n does not divide j and m divides
J,then l; +1; =7 —1;
— If n divides j and m divides j, then I; +1; =r —2.

Let us substitute in the formula (ALEX) §2.1, and conclude by the following obser-
vations:
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e exp(27mjy/—1/d) is a root of the polynomial %/ —1 = t?9/" — 1 if and only if 7/;.
e exp(2mjy/—1/d) is a root of the polynomial ¢ — 1 (resp. t¥ — 1) if and only if n|j
(resp. m|j).

2.2.2. The case m = n (or equivalently p = q). According to Lemma 4, let us
assume that n = m, that @ = m — 1 and that v(®; M, 5.5,Q) = a(j) — 1. Then the
integers (3, v and ¢ satisfy the following equation

j=n(y+i+1)+5+1, 2)

with 0 < 8 <n-—1,and v > 0, and 6 > 0. The number of solutions of the equation
(2) is precisely, by our construction, equal to the multiplicity /; (see Definition 2.1.1).
The number of solutions (3,7, d) of the equation (2) is equal to the number of solutions
(8',7) of the equation j = n(y+1)+ (8’ +1), such that 8’ > 0 and v > 0. To see this, let
us write in a unique way, by Euclidean division, any positive integer 3’ as 8’ = dn + 3,
with 0 < 8 <n —1. Then by Lemma 6 and Lemma 7, §2.3, one gets (let us recall that
Je = d— .7)

o If n does not divide j, then I; +1;, =p —1;

o If n divides j, then [; +1;, =p — 2.

The number of irreducible components of the curve C' is equal to p and we conclude as
in the previous case. O

2.3. Arithmetic Lemmas.

We collect in this section some technical but elementary arithmetic lemmas we need
to complete the proof of Theorem 2. Let p and g be integers such that p > ¢ > 2 and let
d > 2 be a common multiple of p and ¢. Define m = d/p and n = d/q. For each index
j such that 1 < j < d — 1, let us consider the following arithmetic problem: Find the
integral solutions in = and y of the equation

j=nzx+my, x>0, y#£0, (3)

and discuss their number. Because of the condition on the integer j, namely 1 < j < d—1,
the integer x must satisfy 1 < x < g — 1. Let us remark that if the greatest common
divisor of n and m does not divide the integer j, then the equation (3) has no integral
solution.

LEMMA 5. Let v’ = ged(n,m). Let us assume that r' divides j and let us write
j =71'71, n = r"ny and m = r'my, where the integers n1 and my are coprime. The
equation j1 = nix +myy (or equivalently j = nx +my) admits a unique integral solution
(21,y1) such that 0 < xy <my — 1.

PROOF. As the ideal generated by ny and m; in the ring of integers is the whole
ring, there exist integers xy and yg such that j; = nixg + miyg. By Gauss lemma, the
integral solutions of the equation j; = njx + myy are of the form = = zg + i¢m; and
Yy =1y —iny, with ¢ € Z. O
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LEMMA 6. Let v’ = ged(n,m) and r = ged(p, q). Let us assume that v’ divides j
and let us write j = r'j1, n = r'ny and m = r'my, where the integers n, and m, are
coprime. Let (x1,y1) be the unique integral solution of the equation j1 = njx+myy such
that 0 < x1 <my — 1 (see Lemma 5). Then the solutions (z,y) of the equation (3) have
to be chosen amongst the following candidates

(x1 +imy,y1 —iny), fori=0,...,r—1.

Moreover the number N; of solutions of the equation (3) is given according to the following
rules.

o Ifn does not divide j and m does not divide j, then N; = r;

e [fn divides j and m does not divide j, or if n does not divide j and m divides j,
then N =r —1;

o Ifn divides j and m divides j, then N; = r — 2.

PrOOF. By Gauss lemma, the integral solutions (z,y) of the equation j = nax+my
(or equivalently j; = nyz + myy) are of the form = = z1 4+ im; and y = y; — ing, with
i € Z. Because of the restriction on the integer z, namely = < ¢, the index i must
satisfy the condition 0 < i < ¢/m; —1 =1'q/m — 1. As the integers ' = ged(n, m) and
r = ged(p, q) satisfy the relation gr’ = mr, we get r'q/m = r.

The number of solutions is deduced from the following discussion.

e Assume that neither n nor m divides j. In this case none of the x = x1 + imy’s
for 0 <7 < r —1 is equal to zero, otherwise m; divides x; and then m; divides
Jj1 = niz1 + miyr i.e. m divides j. Similarly, as n does not divide j, none of
the y = y1 — in1’s can be equal to zero. Therefore the r candidates have to be
considered as true solutions.

o Assume that n divides j and that m does not divide j. If m does not divide j, then
x = x1 + imy is non-zero. If n divides j (or equivalently n; divides j;) then by
Gauss lemma nq divides y;. Write y; = i1n1. The only candidate x = z1 4+ i1m-,
Yy = y1 — 411 is not a true solution, thus r — 1 solutions.

o Assume that n does not divide j and that m divides j. By Gauss lemma, my
divides y;, but 0 < 1 < my, so y1 = 0. If y = y3 —in; is equal to zero then n,
divides j;. So the only candidate x = 0, y = y; is not a true solution and we get
r — 1 solutions.

o Assume that both n and m divides j. From the previous cases one gets 1 = 0 and
y1 = t1n1. The only candidates which are not true solutions are z = 0, y = y; and
x =11m1, y = 0, thus r — 2 solutions. O

One may describe the solutions (z,y) of the equation (3) according to the sign of y.

LEMMA 7.  Let S; (respectively Sf) be the set of integral solutions (x,y) of the
equation j = nx + my such that 0 < x < q and y # 0 (respectively 0 < z < q and y > 0).
Let us define j. = d — j. There is a bijection between the set S; and the disjoint union
S;-r US;;. In particular if N; (respectively l;) is the number of elements of S; (respectively
S:_) then N]‘ = lj + ljc'
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PROOF. The lemma is a consequence of the following observation. If (z,y) is a
solution of j = na + my, then j. = n(q — x) + m(—vy). O

Finally we need the following fact.

LEMMA 8. Letl be a fized positive integer. There exist unique positive integers
B and § such thata <m—1,38<n—1andl=a+ Bm+ dnm.

PROOF. The integer § is equal to the integral part of the rational number [ /nm.
O

3. Description of the Moduli Spaces.

3.1. Normal form of f,(z,y).

In this subsection, we give a demonstration of the assertions 1 and 2 of Lemma 2,
§1.8. Thus we consider a torus curve of type (p,¢;d) and of maximal contact, such that
the associated curve C,, has flex-order m at &.

We consider the case v = m (the general case is straightforward). Up to a linear
change of coordinates, we may assume that &, = (0,0) and that the line {y—d,,,1 z = 0} is
the common tangent line of C), and C,, at the origin. By the assumption, deg,, f..(z,0) =
m and therefore f,,(z,y) is a monic polynomial in C[y][z]. By Euclidean division of
fu(z,y) by fm(z,y) in the polynomial ring C|[y|[z], there exist polynomials h;(z,y) and
ro(z,y) such that f,(z,y) = hi(z,y)fm(x,y) + ro(z,y), with deg, ro < m. Moreover,
deghy < n —m and degrg < m. If deg, hy > m, then hi(z,y) = ha(z,y) fm(z,y) +
ri(x,y), with deg, r1 < m, degha < n — 2m and degr; < n — m. By induction, one
obtains the following expansion of the polynomial f,(z,y):

[n/m]
fn(x7y) = Z ri(mvy)fm(x>y)i7

=0

with deg, r; < m and degr; < n —im.

By assumption, the curve C,, is smooth at the origin and its intersection multiplicity
with the line y = 0 at the origin is equal to m. Therefore the curve C,, admits a
parametrization of the form (£, ™+ . a;t'), where 7 is a non-zero complex number.

The intersection multiplicity at the origin of the curves C,, and C,,, which by as-
sumption is equal to nm, is given by the valuation of the power series

fn (t, Y+ a,»t") =7y <t, "+ aitl).

i>m i>m

One has deg, ro < m and degry < n, so one may write
ro(x,y) = co()y™ + c1(@)y" ™+ + a1 (2)y + ca(2),

where the polynomials ¢;(z) satisfy degc;(z) < min{i,mm — 1} (in particular co(x) is
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n—u

a constant). The term in ¢ of the lowest degree given by c¢;(x)y is of the form
(1) yr=ig(n=0m where n(i) is an integer satisfying 0 < n(i) <m —1. Fori=1,...,n,
one has n(i) + (n — i)m < nm. Moreover, if n(i) + (n — i)m = n(j) + (n — j)m, then
1 = j. Therefore, ¢;(x) =0 for ¢ = 1,...,n, which proves the first assertion of Lemma 2,
§1.8.

The dimension of the space of f,,’s is given by the number « of monomials z%y®
such that 0 < a 4+ b < m, with (a,b) # (a,0), a = 0,...,m — 1. The dimension of the
space of f,,’s is given (when f,, is fixed) by the number 8 = ZEZQ"” B;, where [3; is the
number of monomials #%y" such that 0 < a+b<n—miand a <m, fori =1,...,[n/m].
By assumption on the curve C,, the polynomial f,,(x,y) contains the monomials y
and z™. The curve C,, is smooth at (0,0) with tangent y = 0, which implies that
r1(0,0) # 0. We have also observed that ro(z,y) = co, with ¢g # 0. Thus the moduli
space A" (p, q;d)(&) is identified with a Zariski-open subset of C(@=2+B=1) x (C*)4,
which proves the second assertion of Lemma 2, §1.8.

3.2. Irreducibility of a certain polynomial.

We prove in this subsection the assertion 3 of Lemma 2, §1.8. The curves of the
moduli AY(p, q; d) are in fact torus curves in the moduli A" (d/v, ¢; d), thus the problem
is reduced to compute the number of irreducible components of the tame curves of the
moduli A, (p,q;d). Then, let us recall that the number of irreducible components of
a plane curve is an invariant of the embedded topological type of the curve (it is equal
to the multiplicity plus one of the root 1 of the Alexander polynomial of the curve).
So, by the assertions 1 and 2 of Lemma 2 which we have just proved in the previous
section, it is sufficient to find the number of irreducible components of the tame torus
curves of type (p,q;d) of the pencil, with ¢t € C, (y —2™)P +t (y" +y — 2™)? = 0.
Putting r = ged(p, q), one observes that these curves are the union of r torus curves in
A (p/r,q/r;d/r). Finally tame torus curves in A4, (p/r,q/r;d/r) are irreducible by
the following lemma.

LEMMA 9. Let g be an integer > 1 and g(x,y) be a polynomial. Let us assume
that the polynomial equation g(0,y) = 0 has at least one simple root. Let D be the affine
curve defined by g(x,y) = 0 and D’ be the curve defined by g(z%,y) = 0. Then, D is
irreducible if and only if D’ is irreducible.

In fact, assuming this lemma, the argument goes as follows. The curve (y— xm)p/ T+
t(y"+y—a™)¥" =0, t € C, is irreducible if and only if (y—x)P/" 4+t (y" +y—2)?/" = 0is
irreducible. The latter is equivalent to the irreducibility of the curve z?/" +t¢ (y" —&—x)‘” "=
0 after a change of coordinates. This is irreducible as 2P/" +t (y+x)?/" = 0 is irreducible,
which is obvious.

ProOF OF LEMMA 9. If D’ is irreducible then it follows at once that D is irre-
ducible. Conversely, under the assumption that D is irreducible, we give a topological
proof of the irreducibility of D’, taking advantage of the fact that a reduced complex
analytic set is irreducible if and only if its smooth locus is connected.

Let us consider the projections 7 : D — C and 7’ : D’ — C induced by the
canonical projection C? — C : (z,y) — y. Let X be a finite subset of points of C such
that the restrictions 7: D\ 7 (%) — C\ ¥ and «’ : D’ \ 7'~ (¥) — C\ X induce
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topological coverings. The total space of a topological covering on C \ X is connected
if and only if the fundamental group 71 (C \ X) acts transitively on a fixed fiber of the
covering.

Let o be a simple root of ¢g(0,y) and let £ be a point in C \ X, distinct from
7o but arbitrarily close to yo. Let us define F = 7 1(&) and F' = 7/~ '(&). Let
n = deg, g(x,y) be the degree of the covering induced by the projection m and note
F={(m,%), -, (M, &)}, with n; # 0 for i = 1,...,n, when & is sufficiently close to
vo. Fori=1,...,n, let m;1,...,m;,4 be the solutions of 7 = ;. The fiber F’ is given
by the points (7; ;,&0), for i =1,...,n and j = 1,...,q. If the curve D is irreducible,
there exists a continuous path 7; : I — D\ 7=1(X) connecting (11,&) to (n;, &) for
i =1,...,n, so that it induces the loop mo7; : (I,0I) — (C \ X,&). Recall that the
action of the loop 7; on 11 € F' is nothing but 7;. Taking the pull-back by the map
C* - C*:xw— z9 for k =1,...,q, there exists a continuous path in D"\ ﬂ’fl(E)
connecting (11,x,&o) to a unique (1; (), o)-

Up to reordering, one may assume that (n1,&p) lies in an arbitrarily small neigh-
bourhood of (0,7p), and that 1; converges to 0 along the fibers 7= (tyo + (1 — t)&),
0 <t <1, when & converges to 79. To end the proof, we show that 71 (C \ X) acts
transitively on the set {(11,1,€0)---, (M1.4,&0)}. As 7o is a simple root of g(0,y), one has
0g/90y(0,v0) # 0. By implicit function theorem, there exist an integer s > 1 and a power
series Y .~ a;x’, with as # 0, such that the curve D is given, in a small neighbourhood

of (07 ’YO)a by

y—0 =Y @z

i>s

A local topological model for D (respectively for D) at (0,vo) is given by y — v = asz®
(respectively by y — 0 = asz?%). Let z1,...,xs be the points of the fiber 771(&y), which
is described locally around (0,0) by the model &, — vo = asz°, and let x;1,...,2; 4 be
the points of the fiber 7'~ (&), which are over ;. Under a suitable ordering and with the
abuse of notation 51 = z1 and x,41,; = x1,;, we may assume that z; ; is transformed
into @415, for 1 < ¢ < s—1, and x,; is transformed into x; j11, by the action of the
small loop 7(t) = o + €o exp(2my/—1t), with ¢y = [y — 70| In particular, the points
Z1,1,.-.,%1,q are in the same orbit. O

4. Appendix. New Proof of Theorem 1.

Let p and ¢ be integers such that p > ¢ > 2, and let d > 2 be a common multiple
of p and ¢q. Let n = d/q and m = d/p. Let C be the generic tame torus curve of type
(p, q; d) defined by the polynomial equation

@™+ 1P+ (y"+1)? =0.
The singular locus of C' coincides with the intersection of the lines C), : ™ +1 = 0 and

C, :y"+1=0, so that C is a tame torus curve. In this appendix, we calculate the
Alexander polynomial of the curve C' with respect to the line at infinity {Z = 0}, which
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is in general position with respect to the curve C'. We refer to the proof of Theorem 2
for the notations.

Let r» = ged(p, ¢) be the number of irreducible components of the curve C. We can
write p = rp; and ¢ = rq;, with ged(p1,q1) = 1, and thus m = ¢/, n = pyr’ and
d = rr'pi1q1, with ' = ged(m, n).

Let {ax}o<i<m—1 be the set of solutions of 2™ + 1 = 0, and let {b,}o<u<n—1 be
the set of solutions of y™ + 1 = 0. The singular points of the curve C are the points
Py, = (ax,b,). For any singular point Py ,, let @5, be the change of local coordinates
Dy, (C?, Py ,) — (C?,0) defined by

(u)\,;u v/\,,u) = (l,m + ]-7yn + 1),

and let @3 C{z,y} — C{uyu,va,} be the pull-back by @, ,. The singularity
(C, Py,,) is isomorphic to the Brieskorn-Pham singularity

.4 P _
Byp: Uy, Uy, = 0,

which is Newton non-degenerate. Let Q = (¢1,p1) be the primitive weight covector of
the one-dimensional face of the Newton boundary. One has v(uf u T vy i Q) = pq1. For
j=1,...,d—1,let a(j) be the integer defined by

a(j) = [jpdql] —(prt+@)+1= L{,} —(p1+q) + 1.

For any singular point P ,, the ideal of quasi-adjunction .%; p, , is generated (as a
complex vector space) by the monomials u}’#vf\#, such that l/(uzﬁuvi,#; Q) > a(j). Let
us recall that I/(U’LM’USS\’H; Q) = vq1 + p1.

For j = 1,...,d — 1, let Clz,y]<j—3 be the vector space of polynomials P(x,y)
such that deg P(z,y) < j—3,andfor0 < A<m—-land 0 < p<n—1letV,, =
C{uxu,vru}/ I P,,.- We consider the linear mapping

&7 : Clz,yl<j-3 — P Vau
A

where the component mapping of &7 to V), is the morphism of vector spaces induced
by @3 ,+ C{z,y} — C{uxy, v} The multiplicity /; (see Definition 2.1.1) is equal
to the dimension of coker(®7) (see the proof of Theorem 2, §2.2).

LEMMA 10.  For any singular point Py ,, let (uxu,vr,) be the local coordinates
around Py, defined by uy,, = x™ +1 and vy, = y" +1. For any positive integers v and
6 with yq1 + dp1 < a(j) — 1, let Ny s be the vector subspace of @, , Va,u defined by the
direct sum

Nys =Pl 3, € P Va-
Al

A,
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Forj=1,...,d—1, one has an isomorphism of vector spaces
D= D N
Asp Yq1+0p1<er(j)—1
PROOF. The proof is straightforward. (]

For any positive integers v and ¢ and for any integers o and § such that 0 < o < m—1
and 0 < 8 <n —1, let us consider the polynomials basis

Myg~ys = xo‘yﬁ(xm + D)7 (y" + 1)5.

The Newton principal part of (23 ,Ma,g,+,6)(tx,u, Vx,u) is reduced to the single monomial
u:{ Mvi’ o which implies that the multiplicity with respect to the weight covector Q) =
(q1,p1) is given by

g AuMa,8..55 Q) =vq1 + op1.

LEMMA 11. For any positive integers v and 0 let L., 5 be the mn-dimensional vector
space of polynomials generated by the polynomials

{Maprs |0<a<m-—1,0<8<n—1}

Forj=1,...,d—1, let L; be the space of polynomials generated by My g ~.5, such that
0<a<m-1,and0<B<n-—1, and v(P ,Mapn~6; Q) < a(j) — 1. By construction

L= D Lys,

Y1 +0p1<a(f)—1

and the restriction of @7 to L; is an isomorphism.

PrROOF. The vector spaces have the same dimension, therefore it is sufficient to
prove injectivity. For this purpose, let (&7) , be defined by

* 4
(@5)y(Ma5.5.6) = {u} 03,0807 -
In particular (97),(L+,5) C Ny,s. Thus it is sufficient to prove that the restriction

(95), L5 = Ly,5 — Ny s is injective. Let h(z, y)(z™+1)7(y"+1)°, with deg, (h) < m—1
and deg, (h) <n —1, be an element of L, 5 such that

(@5)(h(z,y) (=™ +1)7(y" +1)°) = {u] 03 uhlax, bu) o

is equal to zero. Then h(ax,b,) = 0for 0 < A <m—-1and 0 < pu <n—-1. As
deg, h(z,y) < m—1, this implies that h(z,b,) = 0 for any b,,, which implies that h(z,y)
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is divisible by [],(y — by.). As deg, h(z,y) <n — 1, this implies i(z,y) = 0. O
<

LEMMA 12 (KEY LEMMA).  Ifv(®} | Mo g,4,6:Q) < a(j)—1, then deg(Ma,g,4,6)
J — 2. Furthermore deg(Ma g~.5) = j — 2 if and only if

rlj, a=m—1, B=n—1, and v(®} ,Mapns Q) = a(j) —1.

PRrROOF. Let us assume I/(@;’HMQ’&%(;; Q) < a(y) — 1. Multiplying by 7/, one gets
ym+on+mn+m < r'[j/r']. Note that j > r'[j/r'], and equality holds if and only if r’|5.
Then

(j —2) —deg(Ma,gq,5) > ym+on+n+m—2—deg(Ma,5)
=(m—-a)+(n-p3)—-2.

Now, let us assume that r’|j, and « = m—1, and 8 = n—1, and v(P} , Mo 5,,5:Q) =
a(j) — 1. Then by construction, the multiplicity I; (see Definition 2.1.1) is equal to the
number of solutions (v, §) of the equation

j=0+n+ @+ 1)m. (4)

Because of the restriction on the integer j, namely 1 < j < d — 1, the integers v and §
must satisfy the inequalities 0 < v+ 1 < d/n=¢gand 0 < §+1 < d/m = p. We conclude
by the arithmetic lemmas of §2.3. g

References

[1] J. W. Alexander, Topological invariants of knots and links, Trans. Amer. Math. Soc., 30 (1928),
pp. 273-306.
| E. Artal, Sur les couples de Zariski, J. Algebraic Geom., 3 (1994), pp. 223-247.
] E. Artal and H. Tokunaga, Zariski k-ples of rational curve arrangements and dihedral covers,
Tokyo Metropolitan University Mathematics Preprint Series, No. 21, 2003.

[4] E. Brieskorn, Beispiele zur Differentialtopologie von Singularitdten, Invent. Math., 2 (1966),
pp- 1-14.

[5] H. Esnault, Fibre de Milnor d’un céne sur une courbe plane singuliére, Invent. Math., 68(3)
(1982), pp. 477-496.

[6] P. Griffiths and J. Harris, Principles of Algebraic Geometry, A Wiley-Interscience Publication,
New York-Chichester-Brisbane-Toronto, 1978.

[7] H. Hamm and Lé Diing Trang, Un théoréme de Zariski du type de Lefschetz, Ann. Sci. Ecole
Norm. Sup., 4e série, t. 6, 1973, pp. 317-366.

[8] A.G. Kouchnirenko, Polyédres de Newton et nombre de Milnor, Invent. Math., 32 (1976), pp. 1—-
32.

[9] LéD. T., Sur un critére d’équisingularité, C.R.A.S. Série A-B, 272 (1971), pp. A138—-A140.

[10] A. Libgober, Alexander polynomial of plane algebraic curves and cyclic multiple planes, Duke
Math. J., 49(4) (1982), pp. 833-851.

[11] A. Libgober, Alexander invariants of plane algebraic curves, In: Singularities, Part 2, Arcata,
Calif., 1981, pp. 135-143. Amer. Math. Soc., Providence, RI, 1983.

[12] F. Loeser and M. Vaquié, Le polynéme d’Alexander d’une courbe plane projective, Topology,
29(2) (1990), pp. 163-173.



On Alezander polynomials of torus curves 957

T. C. Nguyen, M. Ishikawa and M. Oka, On topological types of reduced sextics, Tokyo Metropoli-
tan University Mathematics Preprint Series, No. 20, 2003.

M. Oka, Geometry of reduced sextics of torus type, Tokyo J. Math., 26, No. 2 (2003).

M. Oka, Some plane curves whose complements have non-abelian fundamental groups, Math.
Ann., 218(1) (1975), pp. 55-65.

M. Oka, Non-degenerate complete intersection singularity, Hermann, Paris, 1997.

M. Oka, Geometry of cuspidal sextics and their dual curves, In: Singularities—Sapporo 1998,
2000, Kinokuniya, Tokyo, pp. 245-277.

M. Oka, Alexander polynomial of sextics, Journal of Knot Theory and Its Ramifications, 12
(2003), pp. 619-636.

M. Oka, A survey on Alexander polynomial of plane curves, Singularités Franco-Japonaise,
Séminaires et Congres SMF, 10 (2005), 209-232.

M. Oka, Symmetric plane curves with nodes and cusps, J. Math. Soc. Japan, 44 (1992), pp. 375—
414.

J. Milnor and P. Orlik, Isolated singularities defined by weighted homogeneous polynomial, Topol-
ogy, 9 (1970), pp. 385-393.

F. Pham, Formules de Picard-Lefschetz généralisées et ramification des intégrales, Bull. Soc.
Math. France, 93 (1965), pp. 333-367.

R. Randell, Milnor fibers and Alexander polynomials of plane curves, In: Singularities, Part 2,
Arcata, Calif., 1981, pp.415—419, Amer. Math. Soc., Providence, RI, 1983.

I. Shimada, A note on Zariski pairs, Compositio Math., 104 (1996), pp. 125-133.

H. Tokunaga, Some examples of Zariski pairs arising from certain elliptic K3 surfaces, Math. Z.,
230(2) (1999), pp. 389-400.

A. N. Varchenko, Zeta-function of monodromy and Newton’s diagram, Invent. Math., 37 (1976),
Pp. 253-262.

O. Zariski, On the problem of existence of algebraic functions of two variables possessing a given
branch curve, Amer. J. Math., 51 (1929), pp. 305-328.

O. Zariski, On the irregularity of cyclic multiple planes, Ann. of Math., 32(2) (1931), pp. 485-511.
O. Zariski, On the Poincaré group of a projective hypersurface, Ann. of Math., 38 (1937), pp. 131—
141.

O. Zariski, On the topology of algebroid singularities, Amer. J. Math., 54 (1932), pp. 453-465.

Benoit AUDOUBERT Tu Chanh NGUYEN
Sunny Height Matsugaya 203 Department of Mathematics
Matsugaya 40-3, Hachioji-shi University of Hue

Tokyo 192-0354 32 Le Loi Street

E-mail: Benoit.Audoubert@wanadoo.fr Hue, Vietnam

E-mail: nctu2000@Qyahoo.com

Mutsuo OKA

Department of Mathematics
Tokyo University of Science
26 Wakamiya-cho, Shinjuku-ku
Tokyo 162-8601

E-mail: oka@rs.kagu.tus.ac.jp



