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Weighted harmonic Bergman kernel on half-spaces
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Abstract. On the setting of the upper half-space H of the Euclidean n-space,
we study weighted harmonic Bergman functions as follows. First, we define the
fractional derivatives of some functions defined on H. Next, we find the explicit
formula for weighted Bergman kernel through the fractional derivative of the extended
Poisson kernel and then we give the size estimates for derivatives of this kernel.

1. Introduction.

For a fixed positive integer n ≥ 2, let H = Rn−1×R+ be the upper half-space where
R+ denotes the set of all positive real numbers. We write point z ∈ H as z = (z′, zn)
where z′ ∈ Rn−1 and zn > 0.

For α > −1, 1 ≤ p < ∞, and Ω ⊂ Rn, let bp
α(Ω) denote weighted harmonic Bergman

space consisting of all real-valued harmonic functions u on Ω such that

‖u‖Lp
α(Ω) :=

( ∫

Ω

|u(z)|p dVα(z)
)1/p

< ∞,

where dVα(z) = dist(z, ∂Ω)α dz, dist(z, ∂Ω) denotes the Euclidean distance from z to
the boundary of Ω and dz is the Lebesgue measure on Rn. We let bp

α = bp
α(H) and

bp = bp
0. Then we can check easily that the space bp

α is a Banach space with the usual
weighted Lp-norm.

Harmonic Bergman spaces are not studied as extensively as their holomorphic coun-
terparts and most work on Bergman spaces has been done for bounded domains. [4], for
example, is a good reference for weighted holomorphic Bergman spaces on the setting
of the unit disc. Recently, bp

0(Ω) is studied in [6] and [5] on the setting of upper half-
space and bounded smooth domain in Rn, respectively. Although bp

α(B) where B is the
open unit ball in Rn is studied in [3], this work is done via the series representation of
harmonic Bergman kernel for nonnegative integer α.

Because H is a unbounded domain, it causes some problems. For example, the
weighted harmonic Bergman kernel is not even integrable unlike the case of bounded do-
mains. However H is a product space, so we can use the integration by parts (especially)
with respect to the last component and this gives us reproducing properties of weighted
harmonic Bergman functions. Furthermore, H is invariant under dilations, i.e., for every
r > 0,
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{rz | z ∈ H } = H.

Therefore we can use change of variable with respect to the last coordinate which helps
us to estimate the size of some integrals that appear in this paper.

This paper is organized as follows. In section 2, we review some results about
the extended Poisson kernel including its related facts and then we introduce fractional
derivatives of some harmonic functions. In section 3, we prove some basic results and
then we find the explicit formula for the Bergman kernel of b2

α(H) through the fractional
derivative of the extended Poisson kernel (Corollary 3.9). We also give the size estimates
of derivatives of this kernel (Theorem 3.7).

Constants. Throughout the paper we use the same letter C to denote various con-
stants which may change at each occurrence. The constant C may often depend on the
dimension n and some other parameters, but it is always independent of particular func-
tions, points or parameters under consideration. For nonnegative quantities A and B,
we often write A . B or B & A if A is dominated by B times some inessential positive
constant. Also, we write A ≈ B if A . B and B . A.

2. Preliminary results and fractional derivatives.

In this section, we start with some preliminary results about the extended Poisson
kernel on the upper half-space and its related facts, because its explicit form of the
Bergman kernel for b2

α takes the fractional derivative of the extended Poisson kernel.
Let P (z, w) be the extended Poisson kernel on H, i.e.,

Pz(w) := P (z, w) =
2

nV (B)
zn + wn

|z − w|n (2.1)

where z ∈ H, w ∈ H, w = (w′,−wn) and V (B) is the volume of the unit ball in Rn.
Then it is well known that for each z ∈ H and for every w ∈ H,

∫

∂H

P (z, w) dw′ = 1. (2.2)

Here ∂H = Rn−1 denotes the boundary of H. Note that for each j = 1, . . . , n − 1,
Dzj P (z, w) = −Dwj P (z, w) and DznP (z, w) = DwnP (z, w). Therefore we can show
from (2.1) that for multi-indices β = (β1, . . . , βn) and γ = (γ1, . . . , γn),

Dβ
z Dγ

wP (z, w) = Dβ1
z1
· · ·Dβn

zn
Dγ1

w1
· · ·Dγn

wn
P (z, w)

= (−1)γ1+···+γn−1Dβ1+γ1
z1

· · ·Dβn+γn
zn

P (z, w)

= (−1)γ1+···+γn−1
fβ,γ(z − w)

|z − w|n+2|β|+2|γ| , (2.3)

where fβ,γ is a homogeneous polynomial of degree 1 + |β|+ |γ|.
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The Poisson integral of f ∈ Lp(∂H), for 1 ≤ p ≤ ∞, is the function P [f ] on H

defined by

P [f ](z) =
∫

∂H

P
(
z, (x, 0)

)
f(x) dx.

Let k be a nonnegative integer and let D denote the differentiation with respect to
the last component. If u ∈ bp

α(Ω), then we know from the mean value property, Jensen’s
inequality and then Cauchy’s estimate that

|Dku(z)| . dist(z, ∂Ω)−(n+α)/p−k (2.4)

for each z ∈ Ω. This shows that if u ∈ bp
α, then u is a bounded harmonic function on

every proper half-space contained in H. Thus we have

P [u(·, zn)](z′, t) = u(z′, zn + t) (2.5)

for t > 0. (See [1] for details.)
Before we define fractional derivatives, we first define fractional integration on some

function space defined on H. Let Fβ (β > 0) be the collection of all measurable functions
v on H satisfying |v(z)| . z−β

n and let F = ∪β>0Fβ . If v ∈ F , then v ∈ Fβ for some
β > 0. In this case, we define the fractional integration of v of order s by

D−sv(z) =
1

Γ (s)

∫ ∞

0

ts−1v(z′, zn + t) dt

for the range 0 < s < β. Here, Γ is a Gamma function.
Now we define the fractional derivative of u ∈ bp

α of order s for s ≥ 0 by

Dsu = D−(dse−s)Ddseu,

where dse is the smallest integer greater than or equal to s and D0 = D0 is the identity
operator. If s > 0 is not an integer, then −1 < dse − s − 1 < 0 and dse ≥ 1. Thus we
know from (2.4) that for each z ∈ H and for every u ∈ bp

α,

Dsu(z) =
1

Γ (dse − s)

∫ ∞

0

tdse−s−1Ddseu(z′, zn + t) dt

always makes sense. Our definition of fractional integration is similar to that of [2].
However in [2], fractional integration is defined with weight: For a suitable function v

on H and for z ∈ H, D−sv(z) = 1/Γ (s)
∫∞
0

ts−1e−tv(z′, zn + t) dt.

3. Bergman kernel and its size estimate.

In this section, we derive the explicit formula for weighted harmonic Bergman kernel
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of b2
α and we give the size estimate of derivatives of this kernel. For this purpose, we first

prove some basic results.
The following proposition is used in this paper to estimate the size of some integral

that appears in (3.14).

Proposition 3.1. Let b < 0 and let a + b > −1. Then,

∫

H

wa+b
n

|z − w|n+a
dw ≈ zb

n

as z ranges over all points in H.

Proof. Using polar coordinates centered at z′ on ∂H and then change of variable
r 7→ (zn + wn)r, we have

∫

H

wa+b
n

|z − w|n+a
dw =

∫ ∞

0

∫

∂H

wa+b
n(|z′ − w′|2 + (zn + wn)2

)(n+a)/2
dw′ dwn

≈
∫ ∞

0

∫ ∞

0

rn−2wa+b
n(

r + (zn + wn)
)n+a dr dwn

=
∫ ∞

0

wa+b
n

(zn + wn)a+1

∫ ∞

0

rn−2

(1 + r)n+a
dr dwn

≈
∫ ∞

0

wa+b
n

(zn + wn)a+1
dwn, (3.1)

because n−2 ≥ 0 and a+2 > 1. After applying change of variable wn 7→ znt once again,
we see that (3.1) becomes

zb
n

∫ ∞

0

ta+b

(1 + t)a+1
dt ≈ zb

n,

because a + b > −1 and 1− b > 1. Therefore the proof is complete. ¤

The following lemma is used in Proposition 3.4 to guarantee switching the order
of integration in (3.11). Before we state the lemma, we introduce one notation. Let
Hδ = {z ∈ Rn | zn > −δ} for δ > 0. Thus for each δ > 0, Hδ is a half-space that
contains H properly.

Lemma 3.2. Let δ > 0, α > −1 and let 1 ≤ p < ∞. Suppose that s > −1 is not
an integer. Then we have

∫ ∞

0

∫

H

∣∣u(w)Ddse+1Pz(w′, (1 + t)wn)
∣∣wdsen dw tdse−s−1 dt < ∞

for each u ∈ bp
α(Hδ) and for every z ∈ H.
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Proof. Let u ∈ bp
α(Hδ), z ∈ H and let k = dse. Then k is a nonnegative integer

and k − s > 0. From (2.3) and (2.4), we get

∣∣Dk+1Pz(w)
∣∣ . |z − w|−(n+k), |u(w)| . (wn + δ)−(n+α)/p.

Therefore we have

∫ ∞

0

∫

H

∣∣u(w)Ddse+1Pz(w′, (1 + t)wn)
∣∣wdsen dw tdse−s−1 dt

.
∫ ∞

0

∫

H

wk
n

|z − (w′,−(1 + t)wn)|n+k(wn + δ)(n+α)/p
dw tk−s−1 dt. (3.2)

Notice that

1
|z − (w′,−(1 + t)wn)|n+k

. zn + (1 + t)wn

(zn + (1 + t)wn)k+1|z − (w′,−(1 + t)wn)|n

=
nV (B)

2(zn + (1 + t)wn)k+1
P (z, (w′, (1 + t)wn)).

Therefore we know from (2.2) that (3.2) is less than or equal to some constant times

∫ ∞

0

∫ ∞

0

wk
n

(zn + (1 + t)wn)k+1(wn + δ)(n+α)/p
dwn tk−s−1 dt. (3.3)

Choose 0 < a < s + 1 satisfying a < (n + α)/p. Then, after applying change of variable
(1 + t)wn 7→ η, we see that (3.3) becomes

∫ ∞

0

∫ ∞

0

ηk

(zn + η)k+1(η + (1 + t)δ)(n+α)/p
dη (1 + t)(n+α)/p−(k+1)tk−s−1 dt

.
∫ ∞

0

∫ ∞

0

1
(zn + η)(η + δ)a

dη
(1 + t)(n+α)/p−(k+1)

(1 + t)(n+α)/p−a
tk−s−1 dt < ∞,

because a > 0, k − s− 1 > −1 and s− a + 2 > 1. This completes the proof. ¤

We prove the following lemma integrating by parts with respect to the wn-variable
and this plays an important role in proving Proposition 3.4.

Lemma 3.3. Let δ > 0, 1 ≤ p < ∞ and let u ∈ bp
α(Hδ). Suppose that k and m are

nonnegative integers. Then for every z ∈ H and for each a, b > 0,

∫

H

[Dk+1Pz(w′, awn)][Dmu(w′, bwn)]wm+k
n dw =

(−1)m+k+1(m + k)!
(a + b)m+k+1

u(z).

Proof. Let z ∈ H and let a, b > 0. Because u ∈ bp
α(Hδ), we know from (2.4)
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that for each nonnegative integer l, Dlu is a continuous bounded harmonic function on
H. Thus, we have from (2.5) that for each nonnegative integer l,

∫

H

Pz(w′, awn)[Dl+1u(w′, bwn)]wl
n dw′ dwn

=
∫ ∞

0

∫

∂H

P
(
(z′, zn + awn), (w′, 0)

)
[Dl+1u(w′, bwn)] dw′ wl

n dwn

=
∫ ∞

0

[
Dl+1u

(
z′, zn + (a + b)wn

)]
wl

n dwn. (3.4)

We see from (2.5) and (3.4) with l = 0 case, after integrating by parts with respect to
the last component, that

∫

H

[DPz(w′, awn)]u(w′, bwn) dw

= −1
a

∫

∂H

Pz(w′, 0)u(w′, 0) dw′ − b

a

∫

H

Pz(w′, awn)Du(w′, bwn) dw

= −1
a
u(z)− b

a

∫ ∞

0

Du
(
z′, zn + (a + b)wn

)
dwn

=
−u(z)
a + b

. (3.5)

Similarly we see that for each nonnegative integer l,

∫

H

[DPz(w′, awn)][Dl+1u(w′, bwn)]wl+1
n dw

= − b

a

∫

H

Pz(w′, awn)[Dl+2u(w′, bwn)]wl+1
n dw

− l + 1
a

∫

H

Pz(w′, awn)[Dl+1u(w′, bwn)]wl
n dw.

We also know from (3.4) and integration by parts that the above becomes

− b

a

∫ ∞

0

[
Dl+2u

(
z′, zn + (a + b)wn

)]
wl+1

n dwn

− l + 1
a

∫ ∞

0

[
Dl+1u

(
z′, zn + (a + b)wn

)]
wn

l dwn

= − l + 1
a + b

∫ ∞

0

[
Dl+1u

(
z′, zn + (a + b)wn

)]
wl

n dwn. (3.6)

After applying integration by parts l-times to (3.6), we see that (3.6) equals
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(−1)l(l + 1)!
(a + b)l+2

u(z). (3.7)

Thus (3.5) and (3.7) imply that for each nonnegative integer l,

∫

H

[DPz(w′, awn)][Dlu(w′, bwn)]wl
n dw =

(−1)l+1l!
(a + b)l+1

u(z). (3.8)

Hence,

ak

∫

H

[Dk+1Pz(w′, awn)][Dmu(w′, bwn)]wm+k
n dw

= (−1)k

∫

H

[DPz(w′, awn)]Dk
(
[Dmu(w′, bwn)]wm+k

n

)
dw

= (−1)k
k∑

j=0

C(k, j)
{

bj(m + k)!
(m + j)!

∫

H

[DPz(w′, awn)][D(m+j)u(w′, bwn)]wm+j
n dw

}
,

(3.9)

where C(k, j) = k!/j!(k − j)!. Thus we see from (3.8) that (3.9) equals

(−1)m+k+1(m + k)!
(a + b)m+1

k∑

j=0

C(k, j)
( −b

a + b

)j

u(z) =
(−1)m+k+1ak(m + k)!

(a + b)m+k+1
u(z).

This completes the proof. ¤

The following reproducing property of integral operators with its kernel through the
fractional derivative of the extended Poisson kernel is a main tool in finding the Bergman
kernel.

Proposition 3.4. Let δ > 0, α > −1, 1 ≤ p < ∞ and let s > −1. Then for every
u ∈ bp

α(Hδ) and for each z ∈ H,

u(z) = Cs

∫

H

[Ds+1Pz(w)]u(w) dVs(w),

where

Cs =
(−1)dse+12s+1

Γ (s + 1)
. (3.10)

Proof. Let u ∈ bp
α(Hδ) and let z ∈ H. If s is a nonnegative integer, then Cs in

(3.10) is (−1)s+12s+1/s!. Thus we get the desired result by taking m = 0, k = s and
a = b = 1 in Lemma 3.3.

Now, assume that s is not an integer. Let k = dse. Then k − s > 0. Thus,
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∫

H

[Ds+1Pz(w)]u(w) dVs(w)

=
∫

H

[D−(k−s)Dk+1Pz(w)]u(w) dVs(w)

=
∫

H

(
1

Γ (k − s)

∫ ∞

0

[Dk+1Pz(w′, wn + t)] tk−s−1dt

)
u(w) dVs(w)

=
1

Γ (k − s)

∫

H

( ∫ ∞

0

[Dk+1Pz(w′, (1 + t)wn)] tk−s−1 dt

)
u(w)wk

n dw, (3.11)

where we used change of variable t 7→ twn. Then we know from Lemma 3.2 that we
can switch the order of integrations in (3.11). Thus, we see from Lemma 3.3 that (3.11)
becomes

1
Γ (k − s)

∫ ∞

0

( ∫

H

[Dk+1Pz(w′, (1 + t)wn)]u(w) wk
n dw

)
tk−s−1 dt

=
(

(−1)k+1k!
Γ (k − s)

∫ ∞

0

tk−s−1

(2 + t)k+1
dt

)
u(z). (3.12)

We see, after using the change of variable 2/(2 + t) 7→ t, that the quantity in parenthesis
of (3.12) becomes

(−1)k+1k!
Γ (k − s)2s+1

∫ 1

0

ts(1− t)k−s−1 dt =
(−1)k+1

2s+1
Γ (s + 1),

where we used the relation between the beta function and gamma function. Therefore
we get the desired result and the proof is complete. ¤

The proof of the following proposition is very similar to that of Theorem 2.1 in [6],
where they proved it for u ∈ bp. Thus we omit the proof.

Proposition 3.5. Let α > −1 and let 1 ≤ p < ∞. If u ∈ bp
α, then the integral

∫

∂H

|u(w′, wn)|pdw′

increases as wn decreases.

For a function u on H, define uδ(z) = u(z′, zn + δ) for δ > 0. Then we easily get
the following result from Proposition 3.5.

Proposition 3.6. Let α > −1, 1 ≤ p < ∞ and let u ∈ bp
α. Then

lim
δ→0+

‖uδ − u‖Lp
α(H) = 0.

Proof. We know from Proposition 3.5 that ‖uδ‖bp
α(H) ≤ ‖u‖bp

α(H). Thus uδ ∈ bp
α.
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We also know from Proposition 3.5 that for 0 < ε < R,

‖uδ − u‖p
Lp

α(H)
.

( ∫ ε

0

+
∫ ∞

R

) ∫

∂H

(|uδ(z′, zn)|p + |u(z′, zn)|p) dz′ zα
n dzn

+
∫ R

ε

∫

∂H

|uδ(z′, ε)− u(z′, ε)|p dz′ zα
n dzn

.
( ∫ ε

0

+
∫ ∞

R

) ∫

∂H

|u(z′, zn)|p dz′ zα
n dzn

+
Rα+1

α + 1

∫

∂H

|uδ(z′, ε)− u(z′, ε)|p dz′. (3.13)

Let I and II denote, respectively, the two summands of (3.13). Then for a given ε1 > 0,
we can choose ε sufficiently small and R sufficiently large so that I < εp

1. This is possible
because u ∈ bp

α. We know from Proposition 3.5 that uδ ∈ hp(H) where hp(H) is the
harmonic Hardy space on H. (See [1] for details.) Therefore Theorem 7.8 in [1] implies
that limδ→0+ II = 0 for each fixed ε > 0 and R > 0. This completes the proof. ¤

For α > −1, define Rα(z, w) by

Rα(z, w) = CαDα+1Pz(w),

where Cα is the constant given in (3.10). In Corollary 3.9 below, we show that the
Bergman kernel for b2

α is Rα(z, w). For this purpose, we first estimate the size of deriva-
tives of Rα(z, w).

Theorem 3.7. Let α > −1, s > −n− α and let β be a multi-index. Then

∣∣Dβ
z Ds

zn
Rα(z, w)

∣∣ . 1
|z − w|n+α+|β|+s

for z, w ∈ H.

Proof. We first estimate the size of |Rα(z, w)|. If α is a nonnegative integer,
then we get the desired result from (2.3). Assume that α is not an integer. Note that∣∣z − (

w′,−(wn + t)
)∣∣ ≈ |z − w|+ t for z, w ∈ H, t > 0. Then (2.3) implies that

|Rα(z, w)| .
∫ ∞

0

∣∣Ddαe+1P
(
z, (w′, wn + t)

)∣∣ tdαe−α−1 dt

.
∫ ∞

0

tdαe−α−1

(|z − w|+ t)n+dαe dt

≈ 1
|z − w|n+α

,

where we used change of variable t 7→ |z − w|t. This shows that for each fixed w ∈ H,
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Rα(·, w) ∈ Fn+α. Thus Ds
zn

Rα(z, w) is well defined for s > −n− α.
Now, let’s estimate the size of |Dβ

z Ds
zn

Rα(z, w)|. The case that both s and α are
integers is proved by (2.3). Assume that both α and s are not integers. Let k = dαe.
Set l = dse if s > −1 and l = 0 if s ≤ −1. Then we see from the definition of fractional
derivative that |Dβ

z Ds
zn

Rα(z, w)| becomes

∣∣∣∣CαDβ
z Ds

zn

∫ ∞

0

[
Dk+1

wn
Pz(w′, wn + t)

]
tk−α−1 dt

∣∣∣∣

.
∫ ∞

0

∫ ∞

0

∣∣Dβ
z Dl

zn
Dk+1

wn
P

(
(z′, zn + r), (w′, wn + t)

)∣∣ tk−α−1rl−s−1 dt dr.

After applying (2.3) once again, we see that the above is less than or equal to some
constant times

∫ ∞

0

∫ ∞

0

tk−α−1rl−s−1

(|z − w|+ r + t)n+k+|β|+l
dt dr ≈

∫ ∞

0

rl−s−1

(|z − w|+ r)n+α+|β|+l
dr

≈ 1
|z − w|n+α+|β|+s

.

Here we use the change of variable a couple of times, i.e., t 7→ (|z − w| + r)t and r 7→
|z − w|r.

The remaining cases can be proved similarly and the proof is complete. ¤

We see from Theorem 3.7 that |Rα(z, w)| . |z − w|−(n+α). Thus Proposition 3.1
with a = (n + α)q − n and b = α− a implies that for 1 < q < ∞,

‖Rα(z, ·)‖Lq
α(H) . z(n+α)(1/q−1)

n . (3.14)

With this estimate, we can show easily that Rα(z, ·) reproduces every bp
α-function.

Theorem 3.8. Let α > −1 and let 1 ≤ p < ∞. If u ∈ bp
α, then for every z ∈ H,

u(z) =
∫

H

u(w)Rα(z, w) dVα(w).

Proof. Fix z ∈ H. Note that uδ ∈ bp
α(Hδ) for δ > 0. Therefore we have from

Proposition 3.4 that for δ > 0,

∣∣∣∣
∫

H

u(w)Rα(z, w) dVα(w)− u(z)
∣∣

≤
∣∣∣∣
∫

H

(
u(w)− uδ(w)

)
Rα(z, w) dVα(w)

∣∣∣∣ + |uδ(z)− u(z)|. (3.15)

If 1 < p < ∞, then Hölder’s inequality implies that (3.15) is less than or equal to
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‖u− uδ‖Lp
α(H)‖Rα(z, ·)‖Lq

α(H) + |uδ(z)− u(z)|,

where q denotes the index conjugate to p. Thus we see by letting δ → 0+ that

u(z) =
∫

H

u(w)Rα(z, w) dVα(w)

from Proposition 3.6 and (3.14).
If p = 1, then we get the desired result from the estimate,

‖Rα(z, ·)‖∞ . z−(n+α)
n .

This completes the proof. ¤

If α is a nonnegative integer, then Rα(z, ·) is harmonic on H for each fixed z ∈ H,
because it is a partial derivative of a harmonic function. If α is not an integer, then for
z, w ∈ H

Rα(z, w) = Cα

∫ ∞

0

tdαe−α−1Ddαe+1P
(
z, (w′, wn + t)

)
dt.

Therefore by passing the Laplacian through the integral above, we see that it is harmonic
on H. Thus the next result follows directly from Theorem 3.8 and (3.14).

Corollary 3.9. For α > −1, Rα(z, ·) is the Bergman kernel for b2
α.
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