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The stable Calabi-Yau dimension of tame symmetric algebras
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Abstract. We determine the Calabi-Yau dimension of the stable module cat-
egories of all symmetric algebras of tame representation type over an algebraically
closed field, and derive some consequences.

Introduction.

One of the goals of noncommutative algebraic geometry is to obtain an understand-
ing of triangulated K-linear categories over an algebraically closed field K which have
properties close to the derived categories D’(cohX) of bounded complexes of coher-
ent sheaves on projective varieties X over K. Following Bondal and Kapranov [11] a
triangulated K-linear category ./ is said to have a Serre duality if there is a triangle
autoequivalence F' : &/ — 7, called a Serre functor, such that there are natural K-linear
automorphisms

Hom, (A, B) 2 DHomy (B, F(A))

for all objects A and B in &7, where D = Homg (—, K). Moreover, if F and F’ are two
Serre functors of </, then they are naturally isomorphic (see [11], [40]). Then, for a
nonsingular projective variety X of dimension n and the canonical sheaf wx = A" 2x,
the classical Serre duality [31]

H(X,7)x DEthO_hZ(X)(ﬁ,wX),
for .# € coh(X), is just the statement that the functor F' = — ® wx|[n| defines a Serre
duality on the triangulated K-linear category D’(cohX). Important examples of tri-
angulated K-linear categories with Serre duality are provided by the derived categories
D?(modA) of bounded complexes over the category modA of finite dimensional modules
of finite dimensional K-algebras A of finite global dimension (see [27]). We refer also
to [40] for a complete classification of the noetherian hereditary abelian categories €
such that the derived category D®(%) has Serre duality. Recently triangulated K-linear
categories with more subtle Serre dualities came to be of interest. Following Kontsevich
[36] (see also [35]), a triangulated K-linear category <7, with shift functor T, is said to
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be Calabi-Yau if an iterated shift 7" = [n] is a Serre duality of 7. If so then the minimal
n > 0 having this property is called the Calabi-Yau dimension of &7, and is denoted by
CYdim.eZ. If & is not Calabi-Yau, we set CYdim</ = oo.

An important class of triangulated K-linear categories of algebraic nature is formed
by the stable module categories modA of finite dimensional selfinjective K-algebras A,
where the shift is given by the inverse le of Heller’s syzygy functor {24. Then modA
is Calabi-Yau if and only if an iterated shift £2,™ (for some n > 1) is isomorphic to the
Nakayama functor v4 = DHomy(—, A). If A is selfinjective then we define the stable
Calabi-Yau dimension of A to be CYdimmodA, and we write briefly CYdimA. In par-
ticular, for a symmetric algebra A, we have CYdimA < oo if and only if 24 = 1,444 for
some 1 > 1. We also note that the stable module category modA of a selfinjective algebra
A is equivalent (as a triangulated category) to the quotient category D®(modA)/K®(P4)
of D¥(modA) by the homotopy category K®(#4) of bounded complexes of finite dimen-
sional projective A-modules [41, Theorem 2.1], and that D”(modA) has no Serre duality
(see [29, Corollary 1.5], [40, Theorem A]).

The finite dimensional algebras over an algebraically closed field K may be divided
into two disjoint classes (see [15], [17]). One class consists of the tame algebras for which
the indecomposable modules occur, in each dimension d, in a finite number of discrete

and a finite number of one-parameter families. The second class is formed by the wild
algebras; the representation theory of any wild algebra comprises the representation
theories of all finite dimensional algebras over K. Accordingly, we may realistically hope
to classify the indecomposable finite dimensional modules only for the tame algebras.
We note that the class of tame algebras contains all representation-finite algebras, that
is algebras which have only finitely many indecomposable modules up to isomorphism. It
also contains all algebras of polynomial growth. Recall that an algebra is of polynomial
growth if there is a natural number m such that the indecomposable modules occur, in
each dimension d, in a finite number of discrete and at most d” one-parameter families
[47].

We are concerned with the problem of describing the stable Calabi-Yau dimension of
(tame) selfinjective algebras. Recently, the authors completed in [22] the classification of
the connected tame symmetric algebras all of whose indecomposable nonprojective mod-
ules are periodic. This class of algebras consists of algebras which are Morita equivalent
to the algebras of the following three types:

e socle deformations of the symmetric algebras of Dynkin type (described in [14],
33], [43], [44], [52], [53]);

e socle deformations of the symmetric algebras of tubular type (described in [8], [9],
[10], [37], [38], [48]);

e algebras of quaternion type (investigated in [19], [20], [21]).

We refer also to [1], [6], [7], [26], [30], [32] and [39] for the derived and stable equiva-
lence classification of these tame symmetric algebras. We prove in this paper that these
algebras are precisely all tame symmetric algebras of finite stable Calabi-Yau dimension,
and determine their stable Calabi-Yau dimension.

We now describe the content of this paper in detail. In Section 1 we present nec-
essary and sufficient conditions for a stable module category of a selfinjective algebra to
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be Calabi-Yau. In Section 2 we describe all selfinjective algebras of stable Calabi-Yau
dimensions 0 and 1. In Section 3 we provide information on the selfinjective algebras of
stable Calabi-Yau dimension 2. In particular, all connected tame selfinjective algebras
of stable Calabi-Yau dimension 2 are completely described. In Section 4 we determine
the stable Calabi-Yau dimension of all symmetric algebras of finite representation type.
In particular, we prove that every nonnegative integer occurs as the stable Calabi-Yau
dimension of a connected representation-finite symmetric algebra. Moreover, we exhibit
representation-finite selfinjective algebras of infinite stable Calabi-Yau dimension. In
Section 5 we prove that all algebras of expected quaternion type, that is the algebras
listed in [21, pp. 303-306], have stable Calabi-Yau dimension 3, and hence are in fact of
quaternion type. As a consequence, we also obtain that all connected tame symmetric
algebras of nonpolynomial growth and finite stable Calabi-Yau dimension have stable
Calabi-Yau dimension 3. In the final Section 6 we determine the stable Calabi-Yau di-
mension of connected representation-infinite symmetric algebras of polynomial growth
and finite stable Calabi-Yau dimension. We show that the stable Calabi-Yau dimensions
of these algebras are precisely the prime numbers 2, 3, 5, 7 and 11.

For basic background on the representation theory of algebras we refer to [2], [4],
[21], [24], [27], [46] and [54)].

1. Stable module categories.

Throughout this paper K will denote a fixed algebraically closed field. By an algebra
we mean a finite dimensional K-algebra (associative, with identity). For an algebra A,
we denote by modA the category of finite-dimensional right A-modules, and by D :
modA — modA°P the standard duality Homg (—, K'). We write I'y for the Auslander-
Reiten quiver of A, then I'j is the stable Auslander-Reiten quiver of A, which is obtained
from I'y by removing the nonstable vertices and arrows attached to them; and we write
T4 and rgl for the Auslander-Reiten translations DTr and TrD, respectively. We shall
identify an indecomposable module from modA with the corresponding vertex of I'4.

An algebra A is called selfinjective if A = D(A) in modA, that is, the projective
A-modules are injective. Further, A is called symmetric if A and D(A) are isomorphic
as A-A-bimodules. The classical examples of selfinjective algebras are provided by the
blocks of group algebras of finite groups, or more generally Hopf algebras. For a self-
injective algebra A, we denote by modA the stable category of modA. Recall that the
objects of modA are the objects of modA without nonzero projective direct summands,
and for any two objects M and N of modA the space of morphisms from M to N in
modA is the quotient Hom 4, (M, N) = Homy (M, N)/P(M,N), where P(M,N) is the
subspace of Hom 4 (M, N) consisting of all morphisms which factor through projective A-
modules. Then the Auslander-Reiten translations induce two mutually inverse functors
T4 and Tgl : modA — modA. We shall also consider two (mutually inverse) Heller’s
loop and suspension functors {24, le :modA 5 modA. Recall that 24 (respectively,
271 assigns to any object M of modA the kernel of its projective cover Ps(M) — M
(respectively, the cokernel of its injective envelope M — I4(M)) in modA. Finally, de-
note by v4 : modA — modA the Nakayama functor DHom 4(—, A). By general theory
[4, (IV.3.7)] we have 74 = Q%04 = va0% and 7' = 2,%v;" = v;'02,%. In partic-
ular, 74 = 2% and Tgl = !2;2 if A is symmetric. Two selfinjective algebras A and A
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are said to be stably equivalent if their stable module categories modA and modA are
equivalent. Further, two selfinjective algebras A and A are said to be derived equivalent
if the derived categories D®(modA) and D’(modA) are equivalent as triangulated cat-
egories. It is known that derived equivalent selfinjective algebras are stably equivalent
[41, Corollary 2.2]. Finally, a selfinjective algebra A is said to be a socle deformation of
a selfinjective algebra A if A/socA = A/socA.

The following known facts (see [4, Chapter IV]) will be crucial for our investigations.

PROPOSITION 1.1.  Let A be a selfinjective algebra and M, N be modules from
modA. Then there are natural K-linear isomorphisms

(1) DmA(TglN, M) = ExtYy (M, N) = DHom 4 (N, 74 M);
(ii) Hom,(£2%M, N) = Ext’y (M, N) = Hom 4 (M, 2;"N).

PROPOSITION 1.2. Let A be a selfinjective algebra. Then

(i) modA is a triangulated category whose shift is the suspension functor Q/_ll.
(ii) 24v4 is a unique (up to natural equivalence of functors) Serre duality of modA.

PRrOOF.
(i) This is proved in [27, (2.6)].
(ii) Invoking Proposition 1.1, for X and Y in mod A, we have natural K-linear isomor-
phisms
Hom 4 (X,Y) 2 Hom 4 (7" (74 X),Y) 2 DExt}y (Y, 74 X)
=~ DHom 4(Y, 2, '74X) = DHom 4 (Y, 2,' 23vaX)
= DHom 4 (Y, 24vaX).

Therefore, {2414 is a Serre duality of modA. Moreover, it is a unique Serre duality
of modA (see [40, (1.1.3) and (I.1.5)]). O

COROLLARY 1.3. Let A be a selfinjective algebra. Then the following statements
are equivalent:

(1) modA is Calabi-Yau.
(il) va = Q£d71 for some d > 0.
(i) 74 = 279" for some d > 0.
Proor. It follows from Proposition 1.2 that modA is Calabi-Yau if and only if

Qva =2 Q7% for some d > 0. Then the equivalence of (i), (ii) and (iii) follows from the
formula 74 = QE\VA = I/AQi. O

As an immediate consequence we obtain the following.

COROLLARY 1.4. Let A be a symmetric algebra. Then modA is Calabi- Yau if and
only if 24 = 1moda for somen > 1.

Therefore, the stable Calabi-Yau dimension CYdimA of a selfinjective algebra A is
the minimal nonnegative integer d such that v, = di_l (equivalently, 74 = QZdH)
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on modA. Observe that the stable Calabi-Yau dimension of selfinjective algebras is
invariant under stable equivalence and then under derived equivalence. The next propo-
sition exhibits an Ext-symmetry of the Calabi-Yau stable module categories. Here,
Ext%(X,Y) = Hom 4 (X,Y).

PRrROPOSITION 1.5. Let A be a selfinjective algebra. Then the following statements
are equivalent:

(i) modA is Calabi-Yau.
(ii) There is a nonnegative integer d such that

Ext’ (X, Y) = DExt/, (Y, X)

for all modules X and Y from modA and nonnegative integers i, j with i+ j = d.
(iii) There exist nonnegative integers i and j such that

Ext,(X,Y) = DExt’, (Y, X)

for all modules X and'Y from modA.

PROOF. (i) = (ii). Assume modA is Calabi-Yau. Then 74 = 2,7 for some
nonnegative integer d, by Corollary 1.3. Let X, Y be modules from modA and i, j
nonnegative integers with i + j = d. Then, applying Proposition 1.1, we have canonical
isomorphisms of K-vector spaces

Ext’ (X, Y) 2 Hom 4 (X, 25°Y) = Hom , (2,71 X, 21797
= Hom 4 (12,7 X, 74Y)
=~ DExt (Y, 2,9V X) = DHom 4 (Y, 2’ X)
=~ DExt’, (Y, X).
(ii) = (iii). Trivial. ‘ _
(iii) = (i). Assume Ext’y(X,Y) = DExt’, (Y, X) for some nonnegative integers i, j

and all modules X, Y from modA. Then, for d =i+ j and X, Y from modA, we obtain
canonical isomorphisms of K-vector spaces

Hom 4 (X, 74Y) = DExtY (Y, X) = DHom 4 (Y, 2,'X)
= DHom 4 (24(23'Y), 25" X)
=~ DExt’y (23, 231 X) = Ext), (271X, 27°Y)

=~ Hom , (2, X, 2,"77Y) = Hom , (X, 24797,

and consequently 74Y = _Qil_dY. Thus 74 = Q}fd and modA is Calabi-Yau. (|
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COROLLARY 1.6. Let A be a selfinjective algebra. Then modA is Calabi-Yau of
dimension d if and only if d is a minimal nonnegative integer such that Ext (X,Y) =
DExt’ (Y, X) for all nonnegative integers i, j with i +j = d and all modules X, Y from
modA.

COROLLARY 1.7.  Let A be a selfinjective algebra. Then modA is Calabi-Yau
of even dimension 2e if and only if e is a minimal nonnegative integer such that
Ext%(X,Y) = DExt (Y, X) for all modules X, Y from modA.

2. Selfinjective algebras of stable Calabi-Yau dimension 0 and 1.

In this section we describe the selfinjective algebras of the stable Calabi-Yau dimen-
sions 0 and 1.

PROPOSITION 2.1.  Let A be a selfinjective algebra. Then the following statements
are equivalent:

(i) CYdimA = 0.

(ii) Hom4(X,Y) = DHom 4(Y, X) for all modules X, Y from modA.

(iii) Hom 4(X,Y") = 0 for all nonisomorphic indecomposable modules X, Y from modA.
(iv) A is a Nakayama algebra of Loewy length at most 2.

PrOOF. The equivalence (i) and (ii) follows from Corollary 1.6. The equivalence
(iii) and (iv) follows from the fact that A is a Nakayama algebra of Loewy length at
most 2 if and only if every indecomposable A-module is either projective or simple. The
implication (iii) = (ii) is trivial. Finally, assume that A is of stable Calabi-Yau dimension
0. Then 1/21 = (24. Suppose S is a simple nonprojective A-module. Then we have an
exact sequence

O—>QAS—>PA(S)—>S—>O.

On the other hand, v;'(S) is the socle of the projective cover P4(S) of S. Hence
v () =2 24(S) implies that rad P4 (S) = socPa (), and consequently P, (.S) is uniserial
of Loewy length 2. Therefore, A is a Nakayama algebra of Loewy length at most 2. O

PROPOSITION 2.2.  Let A be a connected selfinjective algebra. Then the following
statements are equivalent:

(i) CYdimA = 1.

(ii) A is isomorphic to a matriz algebra Mat,, (K[X]/(X™)) for somem > 1 andn > 3.

(iil) A is Morita equivalent to a local Nakayama algebra K[X]/(X™) of Loewy length
n > 3.

Proor. It follows from Corollary 1.3 and Proposition 2.1 that CYdimA = 1 if and
only if 74 = 1044 and A is not Nakayama of Loewy length at most 2. The equivalence of
(ii) and (iii) follows from the connectedness of A and the known structure of the module
category of a local Nakayama algebra K[X]/(X"™). Further, for A Morita equivalent to
K[X]/(X™), we have T4 = lpa4, and hence (iii) implies (i). In order to prove the
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implication (i) = (iii), we may assume that A is basic. Since A has Loewy length at
least 3, there is an indecomposable projective A-module P with radP # socP. We have
an Auslander-Reiten sequence of the form (see [4, (V.5.5)])

0 — radP — (radP/socP) & P — P/socP — 0.

Then radP = 74(P/socP) = P/socP, and consequently we obtain rad’P =
radi_lP/socP for all 4 > 1. This implies that P is uniserial with all composition factors
isomorphic to S = P/radP. Since A is basic and connected, we conclude that A = P
and A is a local Nakayama algebra, A = K[X]/(X") for some n > 3. This shows (i) =
(iif). O

As an immediate consequence of the above propositions we obtain the following
corollaries.

COROLLARY 2.3. Let A be a selfinjective algebra with CYdimA < 1. Then A is
representation-finite.

COROLLARY 2.4. Let A be a connected symmetric algebra. Then CYdimA <1 if
and only if A is Morita equivalent to K[X]/(X™) for some n > 1.

3. Selfinjective algebras of stable Calabi-Yau dimension 2.

In [5] we proved that if A is an arbitrary connected selfinjective algebra of sta-
ble Calabi-Yau dimension 2 then A is a deformed preprojective algebra of generalized
Dynkin type. We will now introduce these algebras, recalling [5, Section 3|, and obtain
a classification of all tame selfinjective algebras of stable Calabi-Yau dimension 2.

Let A be a generalized Dynkin graph: A, (n > 1), D,(n > 4), E,(n = 6,7,8), and
L,(n > 1). Then the Gabriel quiver QQp(a) of the ordinary preprojective algebra P(A)
of type A is of the form

a a An—2
Qpra,): é’1%41>2~--n—2<;4>n—1
(n > 1) ao ai An—2
Qprp,) : 0
(’I”L > 4) ao
ao as An—2
2—=3 n—2—>n-1
a1 asz Ap—2
ay
1
QpE,) :

0

(n=6,7,8) aﬁ
al as

3




104 K. ERDMANN and A. SKOWRONSKI

QrL,) : C an—2
" Il 1=—>2 - n-2=—>n—1.
(n>1) " Ta

We choose the exceptional vertex in the Gabriel quiver Qp(a) of P(A) as: 0, 2, 3 and 0
if A= A,,D,, E, and L,, respectively. To this exceptional vertex we associate a local
algebra R(A) as follows:

R(An) = K;

R(Dy) = K (z,9)/(%, 9%, (x + )" 7%);
R(Ey) = K(w,y)/ (%%, (x + )" )
R(Ly) = K[z]/(2™").

Here, K(x,y) denotes the polynomial algebra in two noncommuting variables x and
y over K and K|[x] the polynomial algebra in one variable z over K. Then R(A) is
isomorphic to the finite dimensional local selfinjective algebra eP(A)e, where e is the
primitive idempotent of P(A) corresponding to the exceptional vertex of @ = Qp(a)
(see [5, Lemma 3.1]). We call an element f admissible if it belongs to the square of the
radical of R(A). Note that f = 0 is the unique admissible element of R(A,). Finally,
we denote by ia the starting vertex of an arrow a of the quiver Qp(4).

For an admissible element f of R(A), the deformed preprojective algebra Pf(A)
of type A, with respect to f, is defined to be the bound quiver algebra KQ/If, where
Q = Qp(a) and I/ is the ideal in the path algebra K@ of @ generated by the elements
of the form

E aa, if v is an ordinary vertex of @,

a,ia=v
together with the elements:

apao

n—3

A
doag + arar + asas + f(aoao, arar), (Goap + ara1)""? A= D, (n > 4);
aoag + azaz + azas + f(agao, G2az), (Goao + Gz2a2) A 6
A

e2 + apap + £ f(e), €2

Hence, for f = 0 we have P7(A) is P(A), the ordinary preprojective algebra of type
A. The following theorem, proved in [5, Theorem 1.1], describes the basic homological
properties of the algebras Pf(A).

THEOREM 3.1. Let A = P/(A) be a deformed preprojective algebra of a generalized
Dynkin type A. Then the following statements hold.

(i) A is a finite dimensional selfinjective algebra with dimgx A = dimg P(A).
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(ii) The Nakayama permutation of A is the identity for A = Ay, D,, (n even), Ex,
Es, L, and of order 2 for A= A, (n>2), D, (n odd), Es.

(iii) 23.(A) =14, for an automorphism ¢ of A of finite order.

(iv) There is a positive integer m = m, such that 23™(M) = M for any nonprojective
indecomposable module M in modA.

The most relevant for this paper is the following theorem proved in [5, Theorem 1.2].

THEOREM 3.2. Let A be a basic, connected finite dimensional selfinjective algebra.
Then the following statements are equivalent:

(i) A is isomorphic to a deformed preprojective algebra P'(A) of a generalized Dynkin
type A.
(i) 23S =v,'S for any nonprojective simple A-module S.

As an immediate consequence of Corollary 1.3 and Theorem 3.2 we obtain the fol-
lowing fact.

COROLLARY 3.3. Let A be a connected selfinjective algebra of stable Calabi-Yau
dimension 2. Then A is Morita equivalent to a deformed preprojective algebra Pf(A) of
a generalized Dynkin type A.

We note that, by Propositions 2.1 and 2.2, for a deformed preprojective algebra
A = P/(A) of a generalized Dynkin type A, we have CYdimA < 1 if and only if
A is the ordinary preprojective algebra P(A;), P(As), or P(Ly). Moreover, P(A;),
P(As) and P(L;) have stable Calabi-Yau dimension 0. We do not know whether any
deformed preprojective algebra P/(A) of generalized Dynkin type A other than Ay, As,
L; has stable Calabi-Yau dimension 2. On the other hand, we have the following direct
consequence of [3, (3.1)—(3.3)] and [5, (2.6)].

PROPOSITION 3.4. Let A = P(A) be a preprojective algebra of a generalized Dynkin
type A 7é Al, AQ, Ll. Then Cldll’n/l =2.

To identify the tame algebras P/(A) we need two preliminary lemmas.

LEMMA 3.5. Let D be the bound quiver algebra KX /J where X is the quiver

RN
PNZAN4

and J is the ideal in the path algebra KX of X generated by a8 —~yo and £n— ow. Then
D s wild.

PrROOF. Let C be the bound quiver algebra KX'/.J', where X’ is the full subquiver
of X given by all arrows and vertices of X' except ¢ and its starting vertex, and J’ is the
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ideal in KX’ generated by a8 — vo and £n — gw. Observe that C is a tame concealed
algebra of Euclidean type Dg (see [34]) and D is the one-point extension C[P] of C
by the indecomposable projective C-module P of dimension 3 whose top is the simple
C-module corresponding to the starting vertex of 3. Then D = C[P] is wild, by [45,
Lemma 2.5.3], because the projective C-modules are preprojective. O

LEMMA 3.6. Let E be the bound quiver algebra KO /L where © s the quiver

and L is the ideal in the path algebra KO of @ generated by af + yo + &n. Then E is
wild.

PRrROOF. Similarly as above, E is the one-point extension F'[R] of the tame concealed
algebra FF = KO'/L' of Euclidean type l~)4, for the subquiver @ of © given by all
arrows and vertices except ¢ and its source, L’ is generated by af + vo + £n, and R is
the indecomposable projective F-module whose top is the simple module given by the
starting vertex of n. Therefore, E is (as above) wild. O

Denote by P*(Dy) the deformed preprojective algebra Pf(Dy) with f = xy, and by
P*(Ly) the deformed preprojective algebra Pf(Ls) with f = 2. Observe that P*(Dy) is
a socle deformation of P(Dy,) and P*(Ls) is a socle deformation of P(Ls). The following
theorem shows that there are only very few tame deformed preprojective algebras of
generalized Dynkin type.

THEOREM 3.7. Let A = P/(A) be a deformed preprojective algebra of a generalized
Dynkin type A. The following statements are equivalent:

(i) A is tame.
(ii) A is isomorphic to one of the algebras:
(1) P(A,), 1 <n<b5;
(2) P(Dy);
(3) P(L), 1<n <2
(4) P*(D,), P*(Ls), for K of characteristic 2.

ProOOF. We will analyse the representation type of the algebra A = Pf(A) case
by case.

(a) A = A,. Then P/(A) = P(A), and it is well known that P(A,) is wild for
n > 6. In fact, for n > 6, P(A,) is a factor algebra of P(Ag), and the universal Galois
covering P(Ag) of P(Ag) contains, as a convex subalgebra, the wild algebra X described

in Lemma 3.5. Then, invoking [16, Proposition 2], we conclude that P(Ag) is wild.
Clearly, then all algebras P(A,), n > 6, are wild. Further, P(A;) = K, P(A3) is a
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Nakayama algebra of Loewy length 2, P(Aj3) is a representation-finite (special biserial)
selfinjective algebra of Dynkin type As, and P(A,) is a representation-finite selfinjective
algebra of Dynkin type Dg (see [42], [43]). Finally, P(As) is a representation-infinite
tame selfinjective algebra of tubular type, isomorphic to the algebra Asy in [10, p. 696].
In particular, the algebras P(A,), 1 <n <5, are tame.

(by A = D,. Let P(Ds5) be the factor algebra of P(D;) by the ideal
rad?P(Ds)erad® P(D5), where e is the primitive idempotent of P(Ds) corresponding to

the exceptional vertex of Qp(p,). Then the universal Galois covering P(Ds)’ of P(Ds)’
contains, as a convex subalgebra, the wild algebra E described in Lemma 3.6, and conse-
quently P(Ds)’ is wild. Further, it is easy to see that P(Dj)’ is a factor algebra of any
deformed preprojective algebra P/(D,,) with n > 5. Hence, the algebras P/(D,,), n > 5,
are wild. Finally, consider a deformed preprojective algebra A = P/(Dy) of type D4 with
f nonzero. Any such algebra A is a socle deformation of the preprojective algebra P(Dy)
since the square of the radical of the local algebra R(D,) at the exceptional vertex is
already in the socle. It was proved in [10, Lemma 5.10] that there is, up to isomorphism,
exactly one selfinjective algebra socle equivalent but not isomorphic to P(Dy), and then
necessarily the field K has characteristic 2. Hence, one can take P*(D,). Moreover,
P(D,) is a representation-infinite tame selfinjective (even symmetric) algebra of tubular
type (3,3, 3) isomorphic to the algebra A in [9, Theorem]. Hence, the algebras P(Dy)
and P*(Dy) are tame.

(c) A = E,. Then any deformed projective algebra Pf(E,), n = 6,7,8, admits a
factor algebra isomorphic to the algebra P(Ds)’ considered in (b), and hence is wild.

(d) A = L,,. Let P(L3)’ be the factor algebra of P(L3) by the ideal generated by 2.

Then the universal Galois covering P(L3)" of P(L3) contains, as a convex subalgebra,
the wild algebra D described in Lemma 3.5, and consequently P(L3)’ is wild. Further,
any deformed preprojective algebra P/ (L,,) with n > 3 has a factor algebra isomorphic to
P(L3)’, and hence is wild. Observe also that the preprojective algebra P(Lq) = Kle]/(g?)
is the unique deformed preprojective algebra of type L;. Finally, consider a deformed
preprojective algebra A = Pf(L3) of type Ly with f nonzero. Then any such algebra
A is a socle deformation of the preprojective algebra P(Ly). Moreover, it follows from
[44] (see also [52]) that P(Ls) is a representation-finite selfinjective (even symmetric)
algebra of Dynkin type Dg, and there is, up to isomorphism, exactly one selfinjective
algebra socle equivalent but not isomorphic to P(Dy), and then necessarily the field K
is of characteristic 2. Hence, one can take P*(Dy). In particular, P(Ls) and P*(Ls) are
representation-finite, hence tame, algebras.

This finishes the proof. U

We may now present the classification of all connected tame selfinjective algebras of
stable Calabi-Yau dimension 2.

THEOREM 3.8. Let A be a connected selfinjective algebra. The following statements
are equivalent:

(i) A is tame and CYdimA = 2.
(ii) A is Morita equivalent to one of the algebras P(As), P(Ay4), P(As), P(D,),
P(Ls), or to P*(D,), P*(Ls) if K has characteristic 2.
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PROOF. We proved in [5, Example 3.6] that 23M = M =2 v~1 M for any nonprojec-
tive indecomposable module M in modP*(Dy), and hence CYdimP*(Dy,) = 2. Further,
P*(Ly) is a symmetric representation-finite algebra whose stable Auslander-Reiten quiver
is isomorphic to ZDg/(73). Moreover, a direct checking shows that pe(py) = Tf,*(h)
on modP*(Ls), and hence QP*(L ) >~ lmodpP*(Ly)- This shows that CYdimP*(Ls) = 2
(see also Theorem 4.3). Now, the theorem is a consequence of Propositions 2.1, 2.2, 3.4,
Corollary 3.3 and Theorem 3.7. O

COROLLARY 3.9. Let A be a connected selfinjective algebra. The following state-
ments are equivalent:

(i) A is tame, symmetric and CYdimA = 2.
(ii) A is Morita equivalent to one of the algebras P(Dy), P(Lsy), or P*(Dy), P*(Ls)
if K is of characteristic 2.

COROLLARY 3.10. The algebras P(Ag), P(A4), P(L2), P*(L2) (if charK = 2) are
unique (up to Morita equivalence) connected representation-finite selfinjective algebras of
stable Calabi-Yau dimension 2.

COROLLARY 3.11.  The algebras P(As), P(Dy4), and P*(Dy) (if charK = 2) are
unique (up to Morita equivalence) connected representation-infinite tame selfinjective al-
gebras of stable Calabi-Yau dimension 2.

4. Symmetric algebras of finite type.

In this section we describe the stable Calabi-Yau dimension of all connected sym-
metric algebras of finite representation type.

An important class of selfinjective algebras is formed by the orbit algebras B /G,
where B is the repetitive algebra of B (see [33]), locally bounded without identity, and
G is an admissible group of automorphisms of B. Recall that

B =@ (B o D(B)y)

keZ
with By, = B and D(B); = D(B) for all k € Z and the multiplication in B is defined by
(ar, fi) - (b, gr) = (arbr, axgr + frbr—1)k

for ag,by € Bg, fr,gx € D(B)g. For a fixed set & = {¢;|]1 < i < n} of orthogonal
primitive idempotents of B with 15 = e; + --- + e,, consider the canonlcal set & =

{ejk|1 < j < n,k € Z} of orthogonal prlmltlve idempotents of B such that 1p, =
e+ - +epr Byan automorphlsm of B we mean a K- algebra autOmOI‘phlbm of B
which fixes the chosen set & of orthogonal primitive idempotents of B. A group G of
automorphisms of B is said to be admissible if the induced action of G on & is free and has
finitely many orbits. Then the orbit algebra B/G (see [25]) is a selfinjective algebra and
the G-orbits in & form a canonical set of orthogonal primitive idempotents of B /G whose
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sum is the identity of B /G. We denote by vz the Nakayama automorphism of B whose
restriction to each copy By @ D(B)y, is the identity map By @ D(B)r — Bgy1 S D(B) k41
Then the infinite cyclic group (vz) generated by v is admissible and B/ (vg) is the
trivial extension T(B) = B x D(B) of B by D(B), and it is a symmetric algebra. An
automorphism ¢ of B is said to be positive (respectively, rigid) if ¢(Br) € > .~ (Bi)
(respectively, p(By) = By,) for any k € Z. Moreover, ¢ is said to be strictly positive if
 is positive but not rigid.

Let A be a Dynkin graph A, (n > 1), D,(n > 4), E,(n = 6,7,8). By a tilted
algebra of Dynkin type A we mean an algebra B = Endgy(T) where H is the path
algebra K A of a quiver A with the underlying graph A and T is a multiplicity-free
tilting H-module. Then a selfinjective algebra of Dynkin type A is defined to be an
algebra of the form B /G, where B is a tilted algebra of type A and G is an admissible
group of automorphisms of B. 1t is known that such an admissible group G is always
infinite cyclic generated by a strictly positive automorphism of B. By general theory
(see [33], [25], [42]) every selfinjective algebra A = B/G of Dynkin type A is of finite
representation type and its stable Auslander-Reiten quiver I is the translation quiver
ZA/G, for an (arbitrarily chosen) orientation A of A. In fact, the selfinjective algebras
of Dynkin type exhaust all basic connected selfinjective algebras of finite representation
type having simply connected Galois coverings. Moreover, the remaining (nonstandard)
selfinjective algebras of finite representation type are socle deformations of selfinjective
algebras of Dynkin type (see [14], [33], [43], [44], [52], [53]).

In particular, we have the following description of the symmetric algebras of finite
representation type.

THEOREM 4.1. Let A be a basic connected selfinjective algebra nonisomorphic to
K. Then A is symmetric of finite representation type if and only if A is isomorphic to
an algebra of one of the following types:

(i) T(B), for a tilted algebra B of Dynkin type A,, D, , Eg, E7, or Eg.

(ii) E/(cp), where B 1is a tilted algebra of Dynkin type A, and @ is a proper oot of the
Nakayama automorphism vg.

(iii) a socle deformation of an algebra E/(g@), where B is a tilted algebra of Dynkin
type D3y and ¢ is a root of order 3 of the Nakayama automorphism vg.

It is known that the class of algebras described in (ii) coincides with the class of
Brauer tree algebras A(Tg") given by Brauer trees T¢" with e > 1 edges and one excep-
tional vertex S of multiplicity m > 2, and then the Dynkin type A, is given by n = m-e.
In fact, the class of the trivial extension algebras T(B) of tilted algebras B type A,
coincides with the class of Brauer tree algebras A(T&) = A(T) of Brauer trees T' with
n = e edges and the exceptional vertex S of multiplicity m = 1 (see [33], [43]). Further,
the class of tilted algebras of type B/(p), with B tilted of type Ds,, and ¢ a cube root
of vg, coincides with the class of modified Brauer tree algebras D(Ts) given by Brauer
trees with e > 2 edges and an extreme exceptional vertex S, and then m = e. Moreover,
for such an algebra D(Ts), there exists exactly one (up to isomorphism) symmetric socle
deformation D(Ts)" with D(Ts) 2 D(Ts)" only for K of characteristic 2 (see [44], [52],
53)).
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For a Dynkin graph A, denote by ha the Coxeter number of A. Recall that hx is
the order of the Coxeter element of the Coxeter (Weyl) group of A, so that

hAn =n+1, th =2n — 2, hEs =12, hE7 =18, hEs = 30.

Moreover, we put ma = ha — 1.

The following proposition describes the action of the syzygy functors {25 on the
stable module categories modB of the repetitive algebras B of tilted algebras B of Dynkin
types (see also [13]).

PROPOSITION 4.2. Let B be a tilted algebra of Dynkin type A. Then we have
equivalences of functors on the category modB:

i) 25= T’lA/2 for A= Ay, D,, (n even), E;, Es.

(i) 25 = UT}ALA/2 for A=A, (n>3 odd), D,, (n odd), Eg and an automorphism o
of order 2

(iii) 25 = QTTA/Z, for A=A, (n even) and an automorphism o with ¢* = 7.

PROOF. It is known (see [51]) that modB = modH for the path algebra H = KA
of the Dynkin quiver A given by a bipartite (sink-source) orientation of A. Moreover, any
equivalence ME = miodﬁ commutes with the syzygy and Auslander-Reiten functors
(see [4, Section X]). Then the required equivalences follow by direct checking of the
action of {25 on the indecomposable nonprojective modules over the radical cube zero
selfinjective algebra H. We note that (in this case) it is sufficient to check the action of
25 on the simple H-modules. O

We will determine now the stable Calabi-Yau dimension of the symmetric algebras
of finite representation type.

THEOREM 4.3. Let A be a basic connected symmetric algebra of finite representa-
tion type. Assume A is a socle deformation of a selfinjective algebra E/(ap), where B is a
tilted algebra of Dynkin type A and ¢ is a root of order r of the Nakayama automorphism
vg. Then

ma _4 for A=Ay, D, (n even), E;, Ejg.
CYdimA={

2
%_um A, (n>2), D, (n odd), E

PROOF. We assume first that A = B/(y) and that A is a symmetric algebra of
Dynkin type. Then we have a canonical Galois covering F : B— B /G = A with Galois

group G = (p) and the associated push-down functor F) : : modB — modA. By general

theory (see [25], [33]) the functor F) is dense and 24F\ = Fx25, T4F\ = F\7g, as
functor on modB. We have several cases to consider.

(1) Assume A = T(B). Hence ¢ = vz and r = 1. Then A is stably equivalent to

the trivial extension T(H) of the path algebra H = K Aofa bipartite oriented quiver A
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of type A, and consequently m is the order of 74 on modA (see [49], [50], [27]).

Let A be one of the graphs Ay, D,, (n even), E;, or Eg. It follows from Proposi-
tion 4.2 that 24 = TZA/z on modA. Let d be a natural number such that fo‘ 2 1modA-
Then 794/ = 1,44, and hence dha/2 = d(ma + 1)/2 is divisible by ma. Since

gcd((mA +1)/2,ma) = 1, we obtain mald. On the other hand, vg4 = 1,044 and
QmA ~ TmAhA/Q ~ 1
A A =

modA- Then ma is the minimal nonnegative integer such that
va = 2,™4, and consequently CYdimT(B) = ma — 1.

Let A be one of the graphs A,, (n > 3 odd), D,, (n odd), or Eg. Let d be a natural
number such that 24 = lyeda. Then we have Q4 = TZEmA for some natural number

I > 1. Invoking Proposition 4.2, we obtain UdrghA/ ? o T]l§mA for an automorphism

o of order 2, and consequently d is even. Let d = 2e. Then T%hA o plma

B
ged(ma,ha) = 1, we conclude that male. Clearly, 23™4 = 77" = 1, .44. Therefore,

we have CYdimT(B) = 2ma — 1.
Finally, assume that A = A,,(n even). Let d be a natural number such that 24 =
Imoda. Then Q‘i ~ T]l§m4 for some | > 1, and, applying Proposition 4.2, we conclude

Since

~

that o7 dmA/ = T%mA for some natural number [ > 1, and an automorphism g of B

with 9> = 75. Then d is even, say d = 2e, and we obtain T;hA = T;Tg"A = g"A.
Again, ged(ma,ha) = 1 forces male. Since .Q U4 = T4 = 1044, We conclude that

CYdimT(B) =2ma — 1.

(2) Assume A = B/(y), where B is a tilted algebra of type A, and ¢ is an automor-
phism of B with ¢" = vy for some r > 2. Then the Galois covering F : B— B/(p)=A
is the composition of the canonical Galois covering B — ﬁ(yé) = T(B) with Galois
group (vg) and a Galois covering T(B) — A with Galois group cyclic of order r. In
particular, we have r|n, n = ma, and 74 ma/T o > 1y0da- Using arguments as in (1)
and applying Proposition 4.2, we conclude that d = 2ma/r is the minimal nonnegative

integer with QA 2 1moda, and consequently CYdimE/( )= %”TA —1.

(3) Assume A = B/( ), where B is a tilted algebra of type D3 and ¢ is an auto-
morphism of B with ¢® = vg. Then as above the Galois coverlng F:B— B/( )=A
is the composition of the canonical Galois covering B — B/ (vg) = T(B) with Galois
group (vz) and a Galois covering T(B) — A whose Galois group is cyclic of order 3.
Observe also that mp,, = 2(3s —1) —1 = 3(2s — 1) and hence imp,, = 2s — 1. In
particular, we obtain TXIA/S = 7'31571 =1
such that QZ 2 lmodA- By arguments as above and by Proposition 4.2, we conclude that
d=mu/3 for s even and d = 2m /3 for s odd, because 3s and s have the same parity.
Therefore, CYdimA = ma/3 — 1 if A = D3, with s even, and CYdimA = 2m/3 — 1 if
A = D3, with s odd.

(4) Assume A is not a symmetric algebra of Dynkin type. Then, by Theorem 4.1,
A is a socle deformation of A = B /(®), where B is a tilted algebra of Dynkin type D3
and ¢ is an automorphism of B with 03 = vg. In fact, since A 2 A, the field K has
characteristic 2. Observe also that A/socA = A/socA forces 'y = I'y. In particular,

modA- Let d be a minimal nonnegative integer

ma/3 is the order of 74 and 74.
Moreover, it follows from [33] and [42] that the full subcategory indB of modB
formed by chosen representations of indecomposable modules is equivalent to the mesh-
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category K(f/l) = K(fA) of the universal cover Iy = I'4 of I'y = I'y. Further we have
the push-down functor

Fy: modB — modA

associated to the canonical Galois covering F : B — B /(¢) = A and a well-behaved
functor (see [12, (3.1)], [43, (1.5)])

F* :modB — modA,

and the both functors F)\ and F'* are dense, exact, and preserve indecomposable modules,
projective-injective modules and Auslander-Reiten sequences. Therefore, we have the
equivalences of functors on modB

F)\QB\%QAFA, F)\TEgTAF)\

and
F*QE’EQAF*, F*TEQTAF*.

Therefore, we obtain CYdimA = CYdimA, and the required formula for CYdimA follows
from (3). O

COROLLARY 4.4. Let d be a natural number. Then there exists a connected sym-
metric algebra A of finite representation type with CYdimA = d.

PROOF. It follows from Propositions 2.1 and 2.2 that CYdimK[X]/(X?) = 0 and
CYdimK[X]/(X?3) = 1. Therefore, we may assume d > 2.

Let d be an odd number. Then d = 2n — 1 for some n > 2. Taking A the trivial
extension algebra T(B) of an arbitrary tilted algebra B of type A,,, we obtain from
Theorem 4.3 that CYdimT(B) =2n — 1 =d.

Let d be an even number 2n, n > 1. For n even, take s = n + 2, B a tilted algebra
of type D; and A = T(B). Then, applying Theorem 4.3, we obtain

CYdimA=mp, —1=(2s—2)—2=2(n+2)—4=2n=d.

For n odd, take s=n+ 1 and A = E/(go), where B is a tilted algebra of type D3, and
¢ is a cube root of vg. Then, applying Theorem 4.3, we obtain

1
QdimAzng&;71:(2371)71:2(571):2n:d. O

The final result of this section shows that there are selfinjective algebras of finite
representation type and of infinite stable Calabi-Yau dimension.

COROLLARY 4.5. Let B be a tilted algebra of type A where A is a Dynkin graph
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different from Ay, and let A = E/(V%A). Then CYdimA = oo.

PROOF. Observe that we have a Galois covering A — A/(v4) = T(B) with cyclic
Galois group (v4) of order ha generated by v4. Since ma = ha — 1 is the order of
TT(B) On modT(B), we conclude that hama is the order of 74 on modA. Further, it
follows from Proposition 4.2 that 22 = T%A, and hence 22 = 74, Suppose modA is
Calabi-Yau. Observe that A is neither a Nakayama algebra of Loewy length 2 nor a
local Nakayama algebra, and hence CYdimA > 2, by Propositions 2.1 and 2.2. Thus we
have 7’;1 = (27 for some r > 1. Then TX“” = TZhA T2 Qf{rﬁ = 1moda implies that
hama divides rha + 2, and consequently ha divides 2. On the other hand, A # A,
implies ha > 3. Therefore modA is not Calabi-Yau, and hence CYdimA = cc. O

5. Algebras of quaternion type.

Following [21] an algebra A is said to be of quaternion type if A is connected,
symmetric, tame, the Cartan matrix of A is nonsingular, and the stable Auslander-Reiten
quiver I'§ of A consists only of tubes of rank at most 2. These include all blocks of group
algebras of finite groups with generalized quaternion defect groups. It was proved in [18]
that an algebra of quaternion type has at most three simple modules. Further, the first
named author proved in [19], [20], [21] that any algebra of quaternion type is Morita
equivalent to one of 12 types of symmetric representation-infinite algebras defined by
quivers and relations (see [21, Tables]). Moreover, T. Holm has classified in [32] these
algebras up to derived equivalence, and proved that they are in fact tame.

The main aim of this section is to prove the following result.

THEOREM 5.1. Let A be an algebra of quaternion type. Then for all indecomposable
nonprojective A-modules M we have 24M = M. In particular, CYdimA = 3.

Since for a symmetric algebra A we have 74 2 2%, we obtain the following immediate
consequence of the theorem and the results described above, solving the problem raised
in [21, VIL9].

COROLLARY 5.2. Let A be an algebra. Then the following statements are equiva-
lent:

(i) A is of quaternion type.
(ii) A is Morita equivalent to one of the algebras in the list given in [21, pp. 303-306].

For the proof of Theorem 5.1 we use the derived equivalence classification from [32],
and we show that for most algebras in [32, (5.1) and (5.9)] the bimodule resolution of
the algebra is periodic of period < 4. Algebras with small parameters behave differently,
and we deal with these first. Our notation for the algebras is based on [32].

For a € K\ {0,1} and c € K, let 2(2%)3(a, ) be the bound quiver algebra KQ/I,

where @ is the quiver
B
o 0 <’Y7> 1 n
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and [ is the ideal in K@ generated by the elements

af =By, my—nva, By—ai B —an®— o,

4 4 2 2
a®, 0t yar, aff

(see [21, Tables] and [32, (5.1), (5.8)]).
LEMMA 5.3. Let A= 2(2%)3(a,c). Then the following statements hold.

(i) If charK # 2 then A = 2(295)
(ii) If charK = 2 then A = 2(2%5)

3
3
3
3

(a,0)
(a,0) or A= 2(2%)3(a,1).

PROOF. Observe that A = 2(2%)3(a,c) is a socle deformation of 2(2%)3(a,0).
It follows from [9, Theorem 1] that 2(2%)3(a,0) is a symmetric algebra of tubular
type (2,2,2,2), isomorphic to the algebra Az(a~!) (described in [9]). Then, applying
[10, Lemma 5.4], we obtain that A = 2(2%)3(a,0) or A = 2(2%)3(a,1). Moreover,
2(2%8)3(a,0) =2 2(2%)3(a, 1) if and only if charK # 2. O

For a € K\ {0,1}, let 2(3%)%?(a) be the bound quiver algebra KQ/I, where Q is
the quiver

— 02
¥ n
and [ is the ideal in K@ generated by the elements

Bon — BB, oy — By, nyB — andn,
VB — adnd, Bons, nyBI.

We note that 2(34)32(a) is a symmetric algebra of tubular type (2,2,2,2), and iso-
morphic to the algebra A;(a) in [9, Theorem 1].

PROPOSITION 5.4. Let A be a selfinjective algebra. Then the following statements
are equivalent:

(i) A is of quaternion type and of polynomial growth.
(ii) A is Morita equivalent to one of the algebras 2(2%4)3(a,0), 2(2%4)3(a,1), or
2(3)7%(a).

PrOOF. It is a direct consequence of the description of the Morita equivalence
classes of algebras of quaternion type, given in [19], [20], [21], and the classification
of the symmetric algebras of tubular types with nonsingular Cartan matrices and their
socle deformations, obtained in [9], [10]. O

COROLLARY 5.5.  Let A be an algebra of quaternion type which is of polynomial
growth. Then for any indecomposable nonprojective A-module M we have Q4M = M.
In particular, CYdimA = 3.
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PROOF.  This follows from Proposition 5.4 and the fact that 2(2%2)3(a,0),
2(28)3(a,1), 2(347)>?(a), a € K \ {0,1}, are representation-infinite symmetric al-
gebras of tubular type (2,2,2,2) (see [9], [10], [48]), and hence stable Auslander-Reiten
quiver consists only of tubes of rank at most 2. Then for any indecomposable nonpro-
jective A-module M, we have 24 M = 73 M = M. Since A is representation-infinite, we
then have CYdimA = 3 (see Corollary 2.3). O

In the proof of Theorem 5.1 for the remaining algebras of quaternion type, we apply
the derived equivalence classification of these algebras [32], construct the first part of
minimal bimodule resolutions for one algebra from each derived equivalence class, and
use these to show that they have periodic bimodule resolutions of period 4. We need
three families of bound quiver algebras.

For k> 2 and a,b € K, let 2%(a,b) be the local bound quiver algebra KQ/I, where

Q is the quiver
(o)

and [ is the ideal in K@ generated by the elements

a® — (Ba)f 718 —a(Ba)¥, % — (aB)*ta —blap)F,
(@B)* = (Ba)*,  (aB)*a, (Ba)*B.
LEMMA 5.6. Let A be a local algebra of quaternion type. Then A is Morita equiv-
alent to an algebra 2%(a,b). Moreover, if charK # 2, then 2%(a,b) = 2(a,0).
PROOF. See [21, Theorem III.1]. O

For k>1and s > 3 with k+s > 4, a € K \ {0}, ¢ € K, let 2(28)"*(a,¢) be the
bound quiver algebra KQ/I, where @ is the quiver

€]
Cloe D

and [ is the ideal in K@ generated by the elements

B =0Tt Bn—(afy) el = (yaB) e
a® — a(Bya)* 1By + c(Bra)t,  a?B.
LEMMA 5.7. Let A= 2(28)""(a,¢) with k> 1, s > 3 and k + s > 4, and where
a € K\ {0} and c € K. Then we have

Q) 2028)%%(a,c) = 20228)"°(1,¢) for some ¢ € K.
(ii) If charK # 2 then 2(28)%*(a,c) = 2(28)%*(a,0).

PrROOF. We identify an element of K@ with its residue class in A = KQ/I. For
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(ii), if charK # 2, we replace a by o/ = a — (¢/2)(8ya)* =187y and obtain the required
isomorphism of bound quiver algebras.

(i) We set « = xza/, 8 = b0, v = gy, n = mn, where z, b, g and m are nonzero

scalars. We substitute these into the relations and we want to replace a by o', 3 by 5,
~ by 7/ and 5 by 7. If we can find solutions for the scalar identities

22 = a(bgz)*1bg, bg=m*"1, (xbg)*lazb=bm, mg= (bgx)* lgx
then we will have replaced the scalar a by 1 (and the scalar ¢ if nonzero by some other
scalar) but have kept the other relations unchanged.
The last three equations above are equivalent with
bg =m*>"t, m=a"(bg)" . (%)
The scalar m does not play any role and we can eliminate it, that is replace (x) by

bg = (*(bg)*~1)* . ()

Since b and ¢ always come with the same exponent we can assume g = 1. Then we have
to solve

b= (z"pF=1)*~1 and 2? = az® 1",
Equivalently,
1=gFe=D  p=D6=D=1 and 1 = az®=3 . bF.

From the first equation (note that k(s — 1) # 0) we obtain

1—(k—1)(s—1)
r=250 k(s—1)

Substituting this into the second equation we get 1 = ab”, where

1—(k—1)(s—1)
k(s—1)

r=[(k—3)

If we know that r # 0 then we take for b a root of t" —a~!. Then this determines = (and
then also m). In case r < 0, write this as (¢71)™" — a1
Suppose we would have r = 0, that is

E(s—1)+(k=3)(1—(k—1)(s—1)) =0.

Equivalently,
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0=(s—1)(k* = (k—1)(k—3)+ (k—3) = (s — 1)(4k — 3) + (k — 3).

But, for the integers k£ > 1 and s > 3, this equality hold only for £ = 1 and s = 3. Since
k 4+ s > 4, we obtain r # 0, as required. (]

For a,b,c > 1 (at most one parameter equal 1) let 2(3.#)%%¢ be the bound quiver
algebra KQ/I, where @ is the quiver

0@1

and [ is the ideal in K@) generated by the elements

AB—(nd)™tn, vk — (0n) 14,
Y36, ny,  Akm.

PRrROPOSITION 5.8. Let A be an algebra of quaternion type which is not of polyno-
mial growth. Then A is derived equivalent to one of the algebras:

(i) 2¥(a,b), k>2,a,be K;

i) 2028)"(1,c),k>1,s>1, k+s>4, ccK;
1

(iii) 2(3.)%¢, a,b,c > 1 (at most one equal 1).

PRrOOF. This is a direct consequence of [19], [20], [21, Section VII], [32, Section 5],
Proposition 5.4 and Lemma 5.7. O

THEOREM 5.9. Let A be one of the algebras 2% (a,b), Q(?%)’f’s(lm), (34 )wbe
listed in the above proposition. Then 24.(A) = A as A-A-bimodules.

PrROOF. Let A= KQ/I be the bound quiver presentation of A, as described above.
Denote by Qg and @7 the set of vertices and arrows of the quiver @, respectively. For
each arrow « of ), we denote by i« the initial vertex of o and by ta the target of «.
Moreover, by ® we mean the tensor product @ . We divide the proof into several steps.

(1) A minimal projective resolution for any simple module in modA is easily calcu-
lated. Using [28, Lemma 1.5] this shows that the projectives in the first few terms of a
minimal projective bimodule resolution

AP Ep 4Rt As0 ()

are as follows

PO = 69iGQO (Ael & eiA)a Pl = ®O¢GQ1 (Aeia & etaA)7 P2 = Pl, P3 = P().
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We must define the maps.
(1a) The first two maps are standard. Take w to be the multiplication map, its
kernel has minimal generators

To =R € — Cia @a, «a€ Q1.

Then we define the bimodule homomorphism d by sending e;, ® €44 to x4, for each arrow
a of the quiver @; and then Im(d) = Ker(u).

(Ib) The map R will be defined in terms of the minimal relations as follows. Let
1L = s ...qp be a monomial in the arrows. Define p(u) € ®Ae;q ® €14 A by setting

k
p(p) = Zalag o @ g1
j=1

where the j-th term lies in Ae;o; ® €4a;A. Then for a certain minimal relation of the
form )" ¢, p from e; to e;, where ¢, € K, we define

R(e;®ej) = > cup(p).

For calculations we will use the following observation. Suppose « is an arrow, then
ap(p) = plap) — eia @ p.

We will later specify the map R explicitly for each of the three cases. Then it will be
straightforward to show that d o R = 0 and we will leave this as an exercise without
further comments.

(1c) We will write down the map S in each case later, and show Ro S = 0.

(1d) We will show that the kernel of the map S is isomorphic to A. To do so, we
will define a one-to-one bimodule homomorphism j : A — P3 and show that Soj = 0.

Once this is done, the proof of Theorem 5.9 will be complete. Namely, we will know
that all compositions of the maps in (%) are zero, and also that S o j = 0. Furthermore,
from the definition of R and S it will be clear that the respective image contains genera-
tors of the previous kernel. This will then imply that the sequence (x) is exact and that
the kernel of S is equal to the image of j and hence isomorphic to A, as required.

(2) We start by constructing an injective hull j : A — @;A(e; ® e;)A of A as a
bimodule. Here A can be an arbitrary symmetric algebra; this is a variation of [23]. Let
(=, —) be a symmetrizing bilinear form on A, that is, a nonsingular associative symmetric
bilinear form. We fix a full set of orthogonal primitive idempotents e;, i € Qq, of A such
that > e; = 14. For each 4, take a vector space basis %; of e;A, and let B} be the
corresponding dual basis, with respect to the given form. Define

Gi= Y bRV €@de; ®¢jA
beA;
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(2a) We claim that ¢; is independent of the basis. Namely, let B; = {b1,...,bn};
if one takes some other basis of e; A and writes b; = ZZ:1 c;jkbr with coefficient matrix
C = [c¢ji], then the matrix C~7 is the coefficient matrix expressing (b%)* in terms of the

by. If one substitutes this into Z?:l b; @ (b;)* one obtains precisely ¢;.

(2b) Suppose a € e, Ae, and a is in the radical but not in the square of the radical.
We claim that then

aCy = Gza.

To see this, take a basis of e, A which contains a basis {b;} of the kernel of the linear map
m — am from e, A to e;A. Say B, = {b;} U{c;}. Then we can take %, = {ac;} U{d;}.
By (2a) we can use these bases and their dual bases to write down (, and ¢,. Then

ady 12061'@0?, (pa :Zaci®(aci)*a+2di®d2‘a.
i i

We claim that dfa = 0 and that (ac;)*a = ¢;. Write

dia = er(acj)* + Zsjd;- with ; and s; in K.
Then
r; = (acj,dja) = (dfa,ac;) = (df,aQCj) = (a2cj,d;‘).

2

Since a®¢; is in the span of the {acs} this is zero. Similarly one shows that s; = 0 for all

7. Now write

(ac;)*a = erb; + Zsjc; with r; and s; in K.

J J

Then

rj = (bj, (ac;)*a) = ((ac;)*a,b;) = (7" (ac;)*, abj;) = 0,
since ab; = 0. Moreover
sj = (¢j, (aci)*a) = ((aci)*a, ¢;) = (acy, (ac;)™) = 0ij,

as required. Now it follows as in [23] that we have a bimodule map j : A — ®(Ae; ®e; A)
such that j(e;) = ¢; and that j is one-to-one.

(3) We continue with the setup as in (2). Take any element a = egae, which
belongs to the radical (it will later be an arrow). Then we take bases compatible with
idempotents; we claim that for r,s > 0

bla" ® a®)b* = bey @ a"T5)b*,
D 2.

be& beF
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where & and % are suitable bases for the module e; A.

We use a similar argument as in (2). Namely, we take for & a basis which contains
a basis {b;} of the kernel of m — ma", say & = {b;} U{¢;}. For # we take a basis
{c;a"} U{d;}. Now we must show that

Z cia" ®a’(c)) = Z(ciar) ®a " (c;a")* + Z d; @ a"T5(dy).

i A

That is, we must show a""*d} = 0 and a"(c;a”)* = ¢}. This is done by the argument in
(2).

(4) Now let A = 2(3¢)%%¢ a,b,c > 1 (at most one parameter equal 1). We may
assume a > b > c¢. Consider first the case when ¢ > 2.

We will now define the map R in this case.

(4a) Take any arrow « of the quiver ). Then there is a unique minimal relation
between e;, and e;, which involves a monomial of degree two. We use this to define
R(ein ® €tq). For a = k, we define

R(eg ® e2) := p(B8) — p((KA)* " k).
For a = A, we define

R(ez @ e) := p(1y) — p(AR)*~'N).

By the same principle we define R(e; ® e;) for the other vertices i # j.
(4b) Next we define the map S : P; — P,. Set

Slep®ep):=0Rey—en®@7v+KRey— ey ® A,
Sle1®e) =70e1—e1@F+IQer —e1 @,
Slea®ez) i =ARes—e2 @K+ NR®ez —ea ®O.

As we have explained, it suffices to show that Ro S =0 and that S o j = 0.
(4c) The composition R o S is zero: As a typical case we calculate R o S(eg ® ep).
This is equal to
ﬂR(el ® 60) — R(eo & 61)’}/ + HR(@Q ® 60) — R(eo & 62))\.
The first two terms are

Blo(dX) = p((v8)" )] = [p(rm) — p((B)"~ ' B)]-

Using the observation in (1) and cancelling, invoking the relations of the algebra, this
becomes

p(BON) — p(kmy)-
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Similarly, we calculate
kR(e2 ® eg) — R(eo @ e2)A = p(kny) — p(BOA),

and in total we get Ro S(eg ®¢eg) = 0.
(4d) The composition S o j is zero. Write

S Oj(ei) = Z bS(eo ® eo)b* + ZbS(el ® el)b* + ZbS(eg ® ez)b*,
b

be A b

where every time we sum over a basis of e; A which is compatible with the idempotents.
We substitute, and by (3), for any arrow c, the sum ), ba®b* cancels against ), b@ab*.
So we get zero.

This completes now the proof of the theorem for algebras with three simple modules
when ¢ > 2.

(4e) Tt remains to deals with the case when ¢ = 1. Then § and 7 lie in the square
of the radical, that is we must delete these arrows from the quiver. Now the minimal
relations take the form

Bk = (KN)* 'k, yrA = (v8)"" 1y,

ABy = (AR)*TIN, KAB = (B7)"715,

and some zero relations which we will not need.
We define the map R by the same principle as described in (1), so for example

R(eq ® e2) = p(Byr) — p((kN)* ")

We define the map S as in (4b) but omitting the two terms in which § occurs, and
also the two terms in which 7 occurs. It is clear from (3) that S o j = 0, and it is
straightforward to check that R oS = 0. This completes now the proof of the theorem
for A = 2(3.)xbe.

(5) We consider now A = 2(2%)"*(1,¢). By Lemma 5.7 we assume K has charac-
teristic 2 when ¢ # 0.

(5a) We start by defining the map R in this case. We use the four minimal relations
which involve paths of length two. That is we define

R(e1 @ e1) == p(v0) — p(n° ™),

R(eo @ e1) == p(Bn) — p((afy)" " ap),

R(e1 @ eo) = p(my) — p((vaB)*1ya),

R(eo ® €q) := p(a®) — p((By0)* ' B7) + cp((Bya)").

Note that we made a choice in the definition of R(ep ® eg).
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(5b) We define the bimodule homomorphism S : P3 — P5 as follows. Set

Sleg®eg) == (B®ey —eg®@7) + (a® ey — ey ® )
+ela®@a+e®a?)+ A a®a? +e®a?),

Sler®er):=(y®er—e1®P)+(n®e1—e1@1n).

As before, it suffices to show that Ro S =0 and that Soj=0.

(5¢) Consider the composition R o S. It is easy to check that Ro S(e; ® e1) = 0.
We will give details for Ro S(eg ® eg). Using the remark in (1) and cancelling the scalar
multiples of 8 ® v we have

R(B®ey—eo®@7) = BR(e1 ®eg) — Rleg @ e1)y

= B ®eo — p((Bya)*) + e @ (yaB)*yar
— e @ny — p((afN)F) + (aB7) 'aB @ eq.

Since An = (aBv)*1ap, the first and the last term cancel. Similarly two terms cancel
using the relation for 7ny. We are left with

—p(Bre)* + plapfy)*. (%)
Consider similarly R(a ® eg — e ® a). After cancellation this leaves

—p((B7)F) = ep((apy)Fa) + p((Bra)*) + cp((Bya)*a). (¥)

The first and the third term in (y) cancel against (x) and we are left with
—cpl(aBy)*a] + cpl(Bya)*al. (2)

If ¢ = 0 (which happens always for characteristic # 2) we see already now that Ro.S(eq®
eo) = 0. So assume now ¢ # 0; and then we have char(K) = 2, which we will use freely.
Using the relation for a? and also the fact that a® = (af7y)* = (Bya)¥, we calculate

Rla® a) = aR(ey ® ep)a
=d’@a+a®a®+e®a’+a®@e+ p(afy)a) + cp((afy)Fa?),
R(ep ® a?) = R(ep ® eg)a?

—a®a?+a’@a+e ®a’+a®@ e+ p((Bya)a) + cp((Bya)Fa?),
and similarly

R(a® a?) = aR(ey ® eg)a?

=a’®a’ +a®a’+a’@a+p((afy)a®) + cp((afy)’a?),
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R(eo ® a®) = R(ep ®@ eg)a®

=a@ad®+a’@a®+a’ @a+tp((Bre)a?) + ep((Bya)*a®).

Now adding (z) together with c[R(a ® ) + R(eg ® a?)] and ¢?[R(a ® a?) + R(eg ® o?)]
leaves just

Alp(apy)fa?) + p((Bra) o).
Observe that
p((apy)fa?) = (afy)f @ a® = (Bya)* @ a® = p((Bye)*a?),

and we get zero, because charK = 2.

One shows that Soj = 0 by applying (3); this is similar to (3d) and we omit details.
This completes the proof of the theorem in this case.

(6) Finally we consider the local algebras A = 2%(a,b), k > 2, a,b € K. Here P,
and P, are direct sums of two copies of the indecomposable projective A¢-module. To
distinguish between the copies, we label them as

Pi=P= (AR, A) & (Acs A).

We make the convention that if we define p(u) of some monomial p then we replace «
by ®, and we replace 3 by ®g.
(6a) We define

R(1®q 1) := p(a®) = p((Ba)*~'B) = ap((Ba)"),
R(1®51) = p(5%) — p((af)*~ o) = bp((aB)").
(6b) We define the bimodule homomorphism S : P; — P, as follows. Set first

fa = al(a ®a @) + (184 0®)] + a®[(a ®a o) + (1 @4 o?)],

& = +b[(B®p B) + (1®s B°)] + b [(B®s B°) + (1 ®5 8%)].
Now we define
S1®1)=(a®1-1®qa)+& + (BRs1—1®s0)+&s.

As before, it suffices to show that R oS = 0 and that S oj = 0. The details are similar
to the case of two simple modules and we omit them.
These completes the proof of the theorem. O

The following corollary completes the proof of Theorem 5.1.
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COROLLARY 5.10.  Let A be an algebra of quaternion type which is not of poly-
nomial growth. Then for any indecomposable nonprojective A-module M we have
Q4M = M. In particular, CYdimA = 3.

PrROOF. The properties are invariant under stable equivalences and then under
derived equivalences. Therefore, by Proposition 5.8, it is sufficient to prove the corollary
for A occuring in this proposition. Then, applying Theorem 5.9, for any indecomposable
nonprojective A-module M we have that £24 M is isomorphic to the nonprojective direct
summand of 24.(A)®4 M =2 A®4 M = M, and hence 24 M = M. Moreover, it follows
from Corollary 2.3 that CYdimA = 3. O

Since all connected tame symmetric algebras of nonpolynomial growth and with the
stable Auslander-Reiten quiver consisting only of stable tubes are of quaternion type [22]
we obtain also the following fact.

COROLLARY 5.11. Let A be a connected tame symmetric algebra of nonpolynomial
growth and finite stable Calabi-Yau dimension. Then CYdimA = 3.

6. Symmetric algebras of polynomial growth.

In this section we describe the stable Calabi-Yau dimension of all connected
representation-infinite symmetric algebras of polynomial growth and finite stable Calabi-
Yau dimension.

Following [46] by a tubular algebra we mean a tubular extension (equivalently,
tubular coextension) B of a tame concealed algebra C of tubular type np €
{(2,2,2,2),(3,3,3),(2,4,4),(2,3,6)}. Then B is of global dimension 2 and the rank
of the Grothendick group Ko(B) of B is equal 6, 8, 9, or 10, respectively. By a self-
injective algebra of tubular type we mean an algebra of the form B /G, where B is a
tubular algebra and G is an admissible group of automorphisms of B. In fact, such an
admissible group G is infinite cyclic, generated by a strictly positive automorphism of B.
It has been shown in [8, Theorem 3.1], that a basic connected algebra A is selfinjective
of tubular type if and only if A is tame, admits a simply connected Galois covering, and
the stable Auslander-Reiten quiver of A consists of only of tubes. By general theory (see
[48, Section 3]), if A = §/G is a selfinjective algebra of tubular type, then the stable
Auslander-Reiten quiver I'§ of A is of the form

;=\ 7
€St (Q)

where S1(Q) is the set of rational points of the unit circle, and, for each ¢ € SY(Q),
T4 = (T repy (k) is a P1(K)-family of stable tubes of tubular type np. Here, by a
P, (K)-family of stable tubes of tubular type (n1,...,n,), with ny,...,n, > 2 integers,
we mean a family .7 = (9 )xep, (k) of stable tubes having tubes .73, ..., 75, (for some
Aty.. oy A € Pi(K)) of ranks respectively nq,...,n,, and the remaining tubes of rank
1. Therefore, to any selfinjective algebra A = B /G of tubular type we may assign its
tubular type n4 = np (the tubular type of B), describing the ranks of stable tubes of
rs.
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The class of symmetric algebras of tubular type may be divided into two disjoint
classes (see [9], [37], [38]). One class consists of the trivial extensions T(B) of tubular
algebras B, for which the Cartan matrices are singular. The second class is formed
by the symmetric algebras of the form B /(¢), with ¢ a proper root of the Nakayama
automorphism vz of E, described in [9, Theorem 1] by quivers and relations, for which
the Cartan matrices are nonsingular. Further, in [10, Theorem 1.1] all proper socle
deformations of the symmetric algebras of tubular type have been also described by
quivers and relations.

The most relevant for us is the following consequence of the main result of [22].

PROPOSITION 6.1. Let A be a connected symmetric algebra. The following state-
ments are equivalent:

(i) A is representation-infinite of polynomial growth and the stable Auslander-Reiten
quiver of A consists only of tubes.

(ii) A is representation-infinite of polynomial growth and finite stable Calabi-Yau di-
mension.

(iii) A is Morita equivalent to a socle deformation of a symmetric algebra of tubular

type.

Let A be a symmetric algebra which is a socle deformation of a selfinjective algebra
A = B/G of tubular type. Since the stable Auslander-Reiten quivers I'{ and I'§ are
isomorphic, we may call the tubular type nq = np of A also the tubular type of A, and
denote by n4.

For the proof of the main result of this section, we need a preliminary result.

LEMMA 6.2. Let A =T(B) be the trivial extension of a tubular algebra B and m 4
the least common multiple of the numbers in the tubular type na of A. Then there exists
an indecomposable nonprojective A-module M such that Q3™ M = M but 253M % M
forr with1 <r <2may.

PrROOF. Let m = myu. It is known (see [30], [41], [50]) that A = T(B) is
stably equivalent to the trivial extension T(C) of the canonical algebra C' of tubular
type nc = np. Further, it follows from [30] that I'p() admits a stable tube .7 of
rank m whose mouth is formed by m — 1 simple modules S, ..., Sy—1, with 7p()S; =
Siy1 for 1 < i < m — 2, and the module T,E(C)Sl = 7p(¢)Sm—1. Since T(C) is a
symmetric algebra, we have 7p(c) = 9”21“(0)' Moreover, the projective covers of the
simple modules Si,...,S,—1 in modT(C) are uniserial projective module of length at
least 4, and consequently the modules {21(¢)S;, 1 < i < m—1, are not simple. Therefore,
for any simple module S = 5;, 1 <7 <m — 1, we have Q%’(”C)S’ =~ S but QZF'(C)S % S if
1 <r < 2m. Since modA = modT(B) = modT(C) and the syzygy functors commute
with the stable equivalences of connected selfinjective algebras of Loewy length at least
3 (see [4, Proposition X.1.12]), the required claim for A follows. O

We may now prove the main result of this section.

THEOREM 6.3. Let A be a basic, connected, representation-infinite symmetric al-
gebra of polynomial growth and finite stable Calabi- Yau dimension. Then the following
statements hold:
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(i) CYdimA = 2, if A is isomorphic to a deformed preprojective algebra P(Dy) or
P(Dy).

(i) CYdimA =3, if na = (2,2,2,2).

(iii) CYdimA =5, if ng = (3,3,3) and A is nonisomorphic to P(Dy) or P*(Dy).

(iv) CYdimA =7, ifna = (2,4 )

(v) CYdimA =11, ifns = (2,3,6).

PROOF. (i) This is a consequence of Corollary 3.9.

(ii) Assume nyg = (2,2,2,2). Then I'§ consists of tubes of rank at most 2, and
hence Tj = lmoda- Hence, Qf_l 2 Imoda, because A is symmetric. Therefore, invoking
Corollary 2.3, we obtain CYdimA = 3.

(i) Assume ng = (3,3,3). Then I'§ consists of tubes of rank 1 and 3, and hence
.Q ~ Tf‘ > 1moda- Therefore, we have CYdimA = 5 or CYdimA = 2. But it follows
from Corollaries 3.9 and 3.10 that CYdimA = 2 if and only if A = P(Dy) or P*(Dy).
Thus the claim follows.

(iv) Assume ny = (2,4,4). Then I'§ consists of tubes of rank 1, 2 and 4, and hence
2% =2 74 = lmoaa. Since A is representation-infinite, we have then CYdimA = 3 or
C7Y dimA = 7. We claim that CYdimA = 7. We have two cases to consider. Assume first
that the Cartan matrix of A is nonsingular. Since A is of polynomial growth, invoking
Proposition 5.4, we conclude that A is not of quaternion type. Then 2% % lmoda, and
consequently CYdimA = 7. Assume now that the Cartan matrix of A is singular. Then
it follows from [9] and [10] that A is isomorphic to the trivial extension T(B) of a tubular
algebra B of type (2,4,4). Applying Lemma 6.2, we conclude that CYdimA = 7.

(v) Assume ny = (2,3,6). Then it follows from [9, Theorem] and [37, Corollary 5.5]
that A is isomorphic to the trivial extension T(B) of a tubular algebra B of type (2, 3, 6).
Since I'§ consists of tubes of rank 1, 2, 3 and 6, we have 212 = 1,,,q4. Moreover, it
follows from Lemma 6.2 that Qg % lmoda. Therefore, CYdimA = 11. O
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