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Abstract. It is known that each 3-symmetric space admits an invariant almost
complex structure J , so-called a canonical almost complex structure. By making use
of simple graded Lie algebras and an affine Lie algebra, we classify half dimensional,
totally real (with respect to J) and totally geodesic submanifolds of compact 3-
symmetric spaces.

1. Introduction.

Let G be a Lie group and K a compact subgroup of G. A homogeneous space
(G/K, 〈, 〉) with a G-invariant Riemannian metric 〈, 〉 is called a Riemannian 3-symmetric
space if it is not isometric to a Riemannian symmetric space and there exists an auto-
morphism σ of order 3 on G such that

(1) Gσ
o ⊂ K ⊂ Gσ. Here Gσ and Gσ

o denote the set of fixed points of σ and its
identity component, respectively.

(2) The transformation of G/K induced by σ is an isometry.
We denote by (G/K, 〈, 〉, σ) a Riemannian 3-symmetric space with an automorphism σ.

According to Gray [G], Wolf and Gray [WG], a compact simply connected Rieman-
nian 3-symmetric space (M, g) may be decomposed as a Riemannian product:

M = M1 ×M2 × · · · ×Mr. (1.1)

Here Mi (1 ≤ i ≤ r) is an irreducible Hermitian symmetric space of compact type or
a compact irreducible Riemannian 3-symmetric space. Moreover, a compact irreducible
Riemannian 3-symmetric space (G/K, 〈, 〉, σ) has one of the following forms:

(i) G is a compact simple Lie group and σ is inner. Furthermore the dimension of the
center ZK of K is equal to 1, 2 or 0.

(ii) G = L×L×L where L is a compact simple Lie group, and σ(X, Y, Z) = (Z, X, Y )
(X, Y, Z ∈ L).

(iii) G is a compact simple Lie group of type D4 and σ is outer.

Gray [G] also proved that any Riemannian 3-symmetric space admits an almost complex
structure J which is called a canonical almost complex structure.
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In Hermitian symmetric spaces, Chen and Nagano [CN] proved that any totally
geodesic submanifold is either Kähler or totally real, and totally geodesic Kähler sub-
manifolds were classified by Satake [Sa2] and Ihara [I]. Moreover, half dimensional,
totally real and totally geodesic submanifolds of compact Hermitian symmetric spaces
were classified by Takeuchi [T]. In the case of 3-symmetric spaces, [To] proves that if
N is a totally complex or half dimensional, totally real and totally geodesic submanifold
(with respect to J) of a compact 3-symmetric space (G/K, 〈, 〉, σ), then there exists a Lie
subgroup B of G such that N is expressed as an orbit of B. Moreover, we classified half
dimensional, totally real and totally geodesic submanifolds of some 3-symmetric spaces
of inner type. More precisely, let g∗ be a noncompact simple Lie algebra over R and let
g∗ = b+m∗ be a Cartan decomposition of g∗ such that b and m∗ denote a Lie subalgebra
and a subspace of g∗, respectively. Take a gradation

g∗ = g∗−2 + g∗−1 + g∗0 + g∗1 + g∗2 (g∗1 6= {0})

of the second kind on g∗ with the characteristic element Z ∈ m∗ ∩ g∗0. Define an inner
automorphism σ of order 3 on the compact dual g = b +

√−1m∗ of g∗ by

σ = Ad
(

exp
2π

3
√−1Z

)
,

and put k = gσ, the set of fixed points of σ. Let G be a compact connected simple Lie
group with Lie algebra g and K the connected Lie subgroup of G with Lie algebra k.
Then we proved in [To] that exp b · o (o = {K} ∈ G/K) is a half dimensional, totally
real (with respect to J) and totally geodesic submanifold of (G/K, 〈, 〉, σ). Here 〈, 〉
denotes a Riemannian metric on G/K induced by a biinvariant metric on G, and therefore
(G/K, 〈, 〉) is a naturally reductive homogeneous space (see [KN] for the definition of
naturally reductive homogeneous spaces). By [G], a Riemannian 3-symmetric space
(G/K, 〈, 〉, σ) is naturally reductive if and only if (G/K, 〈, 〉, J) is nearly Kählerian, and
naturally reductive Riemannian metric is unique up to a scalar multiple. Moreover,
we proved in [To] that every such submanifold of a compact irreducible Riemannian
3-symmetric space (G/K, 〈, 〉, σ) of inner type with a naturally reductive metric 〈, 〉 is
obtained by the above method if dimZK 6= 0.

To complete the classification of half dimensional, totally real and totally geodesic
submanifolds of compact and naturally reductive Riemannian 3-symmetric spaces, the
paper deals with a half dimensional, totally real and totally geodesic submanifolds of a
Riemannian 3-symmetric space (G/K, 〈, 〉, σ) which satisfies one of the following condi-
tions:

(T1) G is a compact simple Lie group, σ is inner and dimZK = 0.
(T2) G = L × L × L where L is a compact simple Lie group, and σ(X, Y, Z) =

(Z,X, Y ) (X, Y, Z ∈ L).
(T3) G is a compact simple Lie group of type D4 and σ is outer.

More precisely, let g and k be the Lie algebras of G and K, respectively. According to
[To, Proposition 3.2], a half dimensional, totally real and totally geodesic submanifold N

of (G/K, 〈, 〉, σ) is expressed as an orbit of some Lie subgroup B of G. Let b denote the
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Lie algebra of B. We call a pair of ((G/K, 〈, 〉, σ), N) of a simply connected Riemannian
3-symmetric space and a half dimensional, totally real and totally geodesic submanifold
a TRG-pair. Then we shall prove the following theorem.

Theorem 1.1. Let (G/K, 〈, 〉, σ) be a compact, simply connected and naturally
reductive Riemannian 3-symmetric space which satisfies one of the conditions (T1), (T2)
and (T3). Let N be a half dimensional, totally real and totally geodesic submanifolds of
(G/K, 〈, 〉, σ). Then ((G/K, 〈, 〉, σ), N) is equivalent to one of TRG-pairs listed in Table
1, 2 and 3.

Table 1. (G/K, 〈, 〉, σ) is of type (T1) and N = exp b · o.

G K b

E6/Z3 {SU(3)× SU(3)× SU(3)}/{Z3 ×Z3}
sp(4)

su(6)⊕ su(2)

E7/Z2 {SU(3)× (SU(6)/Z2)}/Z3

su(8)

so(12)⊕ su(2)

E8 SU(9)/Z3 so(16)

E8 {SU(3)× E6}/Z3

so(16)

e7 ⊕ su(2)

F4 {SU(3)× SU(3)}/Z3 sp(3)⊕ su(2)

Table 2. (G/K, 〈, 〉, σ) is of type (T2) and N = exp b · o.

G K b

{L× L× L}/∆Z ∆L/∆Z l⊕ {(X, X);X ∈ l}
Z is the center of L and l is the Lie algebra of L. ∆(x) := (x, x, x) (x ∈ L).

Table 3. (G/K, 〈, 〉, σ) is of type (T3) and N = exp b · o.

G K b

Spin(8) SU(3)/Z3 so(3)⊕ so(5)

Spin(8) G2

so(3)⊕ so(5)

so(7)

In §2 we shall recall some notions and facts of graded Lie algebras and affine Kac-
Moody Lie algebras.

In §3 we shall give a necessary and sufficient condition of the existence of a half
dimensional, totally real and totally geodesic submanifold in a Riemannian 3-symmetric
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space by using automorphisms of Lie algebras.
In §4 and §5, by making use of graded Lie algebras of finite kind, we shall deal with

the classification problem in the case (T1) (Theorem 5.4).
We shall devote §6 to the classification of half dimensional, totally real and totally

geodesic submanifolds in the case (T2) (Theorem 6.1).
In §7 and §8, by making use of an affine Lie algebra of type D4

(3), we shall classify
half dimensional, totally real and totally geodesic submanifolds in the case (T3) (Theorem
8.5).

The author would like to thank the referee for useful advices.

2. Preliminaries.

2.1.
In this subsection we recall notions and some results on root systems of semisimple

Lie algebras.
Let g and t be a compact semisimple Lie algebra and a maximal abelian subalgebra

of g, respectively. We denote by gc and tc the complexifications of g and t, respectively.
Let ∆(gc, tc) be the root system of gc with respect to tc and put

gα = {X ∈ gc; [H, X] = α(H)X for any H ∈ tc}. (2.1)

As in Helgason [H], we take the Weyl basis {Eα ∈ gα;α ∈ ∆(gc, tc)} of gc so that

[Eα, E−α] = α,

[Eα, Eβ ] = Nα,βEα+β , Nα,β ∈ R,

Nα,β = −N−α,−β . (2.2)

Here, using the Killing form of gc, we identify tc
∗ with tc. We define Aα, Bα ∈ g by

Aα := Eα − E−α, Bα :=
√−1(Eα + E−α). (2.3)

Lemma 2.1. (1) For any
√−1H ∈ t and α ∈ ∆(gc, tc), we have

Ad
(
exp

√−1H
)
(Aα) = cos α(H) ·Aα + sinα(H) ·Bα,

Ad
(
exp

√−1H
)
(Bα) = cos α(H) ·Bα − sinα(H) ·Aα.

(2) For any
√−1H ∈ t and α ∈ ∆(gc, tc), we have

∞∑
m=0

1
(2m)!

(
ad
√−1H

)2m(Aα) = cos α(H) ·Aα,

∞∑
m=0

1
(2m)!

(
ad
√−1H

)2m(Bα) = cos α(H) ·Bα,
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∞∑
m=0

1
(2m + 1)!

(
ad
√−1H

)2m+1(Aα) = sin α(H) ·Bα,

∞∑
m=0

1
(2m + 1)!

(
ad
√−1H

)2m+1(Bα) = − sinα(H) ·Aα.

Proof. (1) For
√−1H ∈ t, we have

[√−1H, Eα

]
=
√−1α(H)Eα.

Therefore we have

Ad
(
exp

√−1H
)
(Eα) = e

√−1α(H)Eα =
{

cos α(H) +
√−1 sin α(H)

}
Eα. (2.4)

It follows from (2.3) and (2.4) that

Ad
(
exp

√−1H
)
(Aα) =

{
cos α(H) +

√−1 sin α(H)
}
Eα

− {
cos α(H)−√−1 sin α(H)

}
E−α

= cos α(H) ·Aα + sinα(H) ·Bα.

Similarly we obtain

Ad
(
exp

√−1H
)
(Bα) = cos α(H) ·Bα − sinα(H) ·Aα.

(2) By (2.3), it follows that [
√−1H, Aα] = α(H)Bα and [

√−1H, Bα] = −α(H)Aα.
Hence we have

(
ad
√−1H

)2m(Aα) = (−1)mα(H)2mAα,

(
ad
√−1H

)2m(Bα) = (−1)mα(H)2mBα,

(
ad
√−1H

)2m+1(Aα) = (−1)mα(H)2m+1Bα,

(
ad
√−1H

)2m+1(Bα) = (−1)m+1α(H)2m+1Aα,

and (2) of the lemma is easily obtained by these equations. ¤

2.2.
In this subsection we recall some results of Kaneyuki and Asano [KA].
Let g∗ be a noncompact semisimple Lie algebra over R. Let τ be a Cartan involution

of g∗ and

g∗ = b + m∗, τ |b = 1, τ |m∗ = −1 (2.5)
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the Cartan decomposition of g∗ corresponding to τ . Let a be a maximal abelian subspace
of m∗ and let ∆ denote the set of restricted roots of g∗ with respect to a. We denote
by Π = {α1, · · · , αl} the set of fundamental roots of ∆ with respect to a lexicographic
ordering of a. We call subsets {Π0,Π1, · · · ,Πn} of Π a partition of Π if Π1 6= ∅,
Πn 6=∅ and

Π = Π0 ∪Π1 ∪ · · · ∪Πn (disjoint union).

Let Π and Π̄ be fundamental root systems of noncompact semisimple Lie algebras g∗

and ḡ∗ respectively. Partitions {Π0,Π1, · · · ,Πm} of Π and {Π̄0, Π̄1, · · · , Π̄n} of Π̄ are
said to be equivalent if there exists an isomorphism φ from the Dynkin diagram of Π to
that of Π̄ such that m = n and φ(Πi) = Π̄i (i = 0, 1, · · · , n).

Take a gradation of the ν-th kind on g∗:

g∗ = g∗−ν + · · ·+ g∗0 + · · ·+ g∗ν , g∗1 6= {0},
[
g∗p, g

∗
q

] ⊂ g∗p+q, τ(g∗p) = g∗−p, −ν ≤ p, q ≤ ν. (2.6)

We denote by Z the characteristic element of the gradation, i.e. Z is a unique element
in m∗ ∩ g∗0 such that

g∗p = {X ∈ g∗; [Z, X] = pX}, −ν ≤ p ≤ ν. (2.7)

Let

g∗ =
ν∑

i=−ν

g∗i , ḡ∗ =
ν̄∑

i=−ν̄

ḡ∗i

be two graded Lie algebras. These gradations are said to be isomorphic if ν = ν̄ and
there exists an isomorphism φ : g∗ −→ ḡ∗ such that φ(g∗i ) = ḡ∗i (−ν ≤ i ≤ ν). Then the
following holds.

Theorem 2.2 (Kaneyuki and Asano [KA]). Let g∗ be a noncompact semisimple
Lie algebra over R and Π a fundamental root system of g∗. Then there exists a bijection
between the set of equivalent classes of partitions of Π and the set of isomorphic classes
of gradations of g∗.

The bijection in Theorem 2.2 is constructed as follows: Let {Π0,Π1, · · · ,Πn} be a par-
tition of Π. Define hΠ : ∆ −→ Z by

hΠ(α) :=
∑

αi∈Π1

mi + 2
∑

αj∈Π2

mj + · · ·+ n
∑

αk∈Πn

mk, α =
l∑

i=1

miαi ∈ ∆. (2.8)

Then there is a unique Z in a such that α(Z) = hΠ(α) for all α ∈ ∆. For a partition
{Π0,Π1, · · · ,Πn} we obtain a gradation g∗ =

∑ν
i=−ν g∗i whose characteristic element

equals Z. This correspondence induces a bijection mentioned in the theorem.
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2.3.
Next, we recall the notion of an affine Lie algebra of type D4

(3). We denote by A

the generalized Cartan matrix of type D4
(3):

A :=




2 −1 0
−1 2 −3

0 −1 2


 .

Let h be a 4-dimensional complex vector space. We choose linear independent systems

Π∨(A) = {γ1
∨, γ2

∨, γ3
∨} ⊂ h, Π(A) = {γ1, γ2, γ3} ⊂ h∗

so that

γj(γi
∨) = aij (aij : (i, j)-component of A). (2.9)

Let g(A) be the Lie algebra with the generators ei, fi (i = 1, 2, 3) and h, and with the
following defining relations:

[h, h′] = 0 (h, h′ ∈ h),

[ei, fj ] = δi,jγi
∨ (i, j = 1, 2, 3),

[h, ei] = γi(h) · ei (h ∈ h, i = 1, 2, 3),

[h, fi] = −γi(h) · fi (h ∈ h, i = 1, 2, 3),

(adei)1−aij (ej) = 0,

(adfi)1−aij (fj) = 0. (2.10)

We call g(A) an affine Lie algebra of type D4
(3), {ei, fi} Chevalley generators of g(A)

and h a Cartan subalgebra of g(A).
Next, we describe another construction of g(A). Let gc be a complex simple Lie

algebra of type D4 and tc a Cartan subalgebra of gc. Let ∆(gc, tc) be the root system of
gc with respect to tc as in subsection 2.1 and let {α1, α2, α3, α4} be a set of fundamental
roots whose Dynkin diagram is as follows:

m
α1

m
α2

½
½

½

Z
Z

Z

mα3

mα4

Let ν be an automorphism of order 3 on gc induced from the following automorphism ν̄

of the Dynkin diagram of gc:
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ν̄(α1) = α4, ν̄(α2) = α2, ν̄(α3) = α1, ν̄(α4) = α3. (2.11)

We denote by gī (̄i ∈ Z3) the eigenspace of ν with the eigenvalue ξi (ξ3 = 1, ξ 6= 1).
Since ν is an automorphism of gc we can get a gradation of gc:

gc = g−̄1 + g0̄ + g1̄.

We define an infinite dimensional graded Lie algebra L (gc) by

L (gc) :=
⊕

i∈Z

L (gc, i), L (gc, i) := ti ⊗ gī ⊂ C[t, t−1]⊗ gc, (2.12)

where C[t, t−1] denotes the Laurent polynomial ring with a variable t, and the bracket
operation is determined by

[P ⊗X, Q⊗ Y ] = PQ⊗ [X, Y ] (P, Q ∈ C[t, t−1], X, Y ∈ gc).

Then we have a Lie algebra

L̂ (gc) := L (gc)⊕CK ⊕Cd, (2.13)

with the bracket [, ] defined by

[ti ⊗X, tj ⊗ Y ] = ti+j ⊗ [X, Y ] +
i

3
δi+j,0(X, Y )K,

[K, L̂ (gc)] = {0},
[d, ti ⊗X] = iti ⊗X,

where (, ) denotes the normalized invariant form of gc. We choose root vectors eα (α ∈
∆(gc, tc)) of gc so that {eαi

, e−αi
; 1 ≤ i ≤ 4} constitute Chevalley generators of gc and

[eα, e−α] = α, [eα, eβ ] = ±eα+β , (2.14)

if α, β, α + β ∈ ∆(gc, tc). Here we identify h∗ with h by (, ). In order to construct
Chevalley generators of the Lie algebra L̂ (gc), we set

θ := α1 + α2 + α3,

E2 := eα1 + eα3 + eα4 , E3 := eα2 ,

F2 := e−α1 + e−α3 + e−α4 , F3 := e−α2 ,

E1 := e−θ + ξ2e−ν̄(θ) + ξe−ν̄2(θ), F1 := −eθ − ξeν̄(θ) − ξ2eν̄2(θ),
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Ê1 := t⊗ E1, Êi := t0 ⊗ Ei (i = 2, 3),

F̂1 := t−1 ⊗ F1, F̂i := t0 ⊗ Fi (i = 2, 3),

t̂ := tc ∩ g0̄. (2.15)

Then it is known (see Kac [K]) that there exists an isomorphism from L̂ (gc) to g(A)
such that

Êi −→ ei, F̂i −→ fi (i = 1, 2, 3).

Note that

h ∼= t̂ + CK + Cd.

Define a homomorphism φa : L (gc) −→ gc (a ∈ C×) by

φa(ti ⊗X) := aiX. (2.16)

Lemma 2.3 ([K]). (1) Every proper maximal ideal of L (gc) is of the form (1 −
(at)3)L (gc) (a ∈ C×).

(2) Kerφa = (1− (a−1t)3)L (gc).

3. Existence of totally real totally geodesic submanifolds.

Let G be a compact semisimple Lie group and (G/K, 〈, 〉, σ) a simply connected
irreducible Riemannian 3-symmetric space with a naturally reductive metric 〈, 〉. Let g

and k be the Lie algebras of G and K respectively, and let h(, ) be the Killing form of g.
Since G is compact, the G-invariant metric of G/K induced by −h(, ) is positive definite
and naturally reductive. Therefore, throughout this paper we assume that

〈, 〉 = −h(, ). (3.1)

Moreover, in the remaining part of this paper, we use the following notation:

gµ : the set of fixed points of an automorphism µ of a Lie algebra g,

Gµ : the set of fixed points of an automorphism µ of a Lie group G,

[, ]U : the U -component of [, ], where U is a vector subspace of g.

Let p be the orthogonal complement of k with respect to 〈, 〉. Then by (3.1) we have
an Ad(K)- and σ-invariant orthogonal decomposition g = k + p of g. Define a linear
automorphism Jo of p by

σ|p = −1
2
Idp +

√
3

2
Jo. (3.2)
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Since Jo
2 = −Idp and Ad(k)Jo = JoAd(k) (k ∈ K), the linear automorphism Jo induces a

G-invariant almost complex structure J of G/K. We call J the canonical almost complex
structure of (G/K, 〈, 〉, σ). Note that (G/K, 〈, 〉, J) is an almost Hermitian manifold.

Assume that there exists a connected totally real (with respect to J) and totally
geodesic submanifold N of (G/K, 〈, 〉) such that 2 dimN = dim G/K. Since J is G-
invariant and there is g ∈ G such that the origin o belongs to g · N , we may assume
that o ∈ N . We denote by V (V ⊂ p ∼= ToG/K) the tangent space of N at o and set
b = V + [V, V ]k. Let m denote the orthogonal complement of b in g with respect to 〈, 〉.

Proposition 3.1. Let µ be a linear automorphism of g defined by µ|b = 1, µ|m =
−1. Then µ is involutive and

µσ = σ2µ. (3.3)

Conversely, suppose that there exists an involutive automorphism µ satisfying (3.3). Then
N := Gµ ·o (Gµ: the set of fixed points of µ) is a half dimensional, totally real and totally
geodesic submanifold of (G/K, 〈, 〉, σ).

Proof. Since b is a Lie subalgebra of g and [m,m] ⊂ b (see [To]), a mapping µ is
an involutive automorphism of g. It follows from (3.2) that

σ|p = −1
2
Idp +

√
3

2
Jo, σ2|p = −1

2
Idp −

√
3

2
Jo.

Since

µ(X) = X, µ(JoX) = −JoX (X ∈ V ),

we have for X ∈ V

µσ(X) = µ

(
− 1

2
X +

√
3

2
JoX

)
= −1

2
X −

√
3

2
JoX = σ2(X) = σ2µ(X),

and

µσ(JoX) = µ

(
− 1

2
JoX −

√
3

2
X

)
=

1
2
JoX −

√
3

2
X

= −1
2
(−JoX)−

√
3

2
Jo(−JoX) = σ2µ(JoX).

For X ∈ k, it follows that σ(X) = X and µ(k) = k. So, we have

σ2µ(X) = µ(X) = µσ(X).

Thus (3.3) holds for any X ∈ g.
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Next, we suppose that there is an involutive automorphism µ satisfying (3.3). Since
σµ(X) = µσ2(X) = µ(X) (X ∈ k), we have µ(k) = k, µ(p) = p and

gµ = gµ ∩ k + gµ ∩ p.

According to Sagle [S], if a subspace U of a tangent space at o of a naturally reductive
homogeneous space G/K satisfies

[U,U ]p ⊂ U, [U, [U,U ]k] ⊂ U

then exp(U + [U,U ]) · o is a totally geodesic submanifold of G/K. Hence it follows that
Gµ · o is totally geodesic. Furthermore, for X ∈ gµ ∩ p, we have

µ(JoX) =
2√
3
µ

(
σ(X) +

1
2
X

)
=

2√
3

(
σ2µ(X) +

1
2
µ(X)

)

=
2√
3

(
σ2(X) +

1
2
X

)
= −JoX.

Consequently, we obtain that

p = gµ ∩ p⊕ Jo(gµ ∩ p), (orthogonal decomposition)

which implies that Gµ · o is a half dimensional, totally real and totally geodesic subman-
ifold of G/K. ¤

4. The case (T1).

In this section we use the same notation as in Section 2. Let (G/K, 〈, 〉, σ) be a
simply connected, compact irreducible Riemannian 3-symmetric space such that σ is
inner and dimZK = 0. Since σ is inner, there exists a maximal abelian subalgebra t of g

contained in k. According to [G], 3-symmetric pairs (g, k) satisfying the condition (T1)
are given by

(e6, su(3)⊕ su(3)⊕ su(3)), (e7, su(3)⊕ su(6)), (e8, su(9)),

(e8, su(3)⊕ e6), (f4, su(3)⊕ su(3)), (g2, su(3)). (4.1)

Note that if (g, k) = (g2, su(3)), then (G/K, 〈, 〉, σ) is isometric to the standard 6-sphere
S6. Accordingly we deal with 3-symmetric pairs except for (g2, su(3)).

First, we construct a half dimensional, totally real and totally geodesic submanifold
by using graded Lie algebras. Let g∗ be a noncompact simple Lie algebra over R such
that the complexification gc of g∗ is simple. Consider a Cartan decomposition g∗ = b+m∗

and a Cartan involution τ given by (2.5). We take a gradation g∗ =
∑ν

p=−ν g∗p of the
ν-th kind on g∗ as in (2.6) and we define an inner automorphism σ of order 3 on the
compact dual g = b + m (m :=

√−1m∗) as follows:
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σ := Ad
(

exp
2π

3
√−1Z

)
. (4.2)

Here Z denotes the characteristic element defined by (2.7). Since Z ∈ m∗, we have

g∗0 = b ∩ g∗0 + m∗ ∩ g∗0,

g∗p + g∗−p = b ∩ (g∗p + g∗−p) + m∗ ∩ (g∗p + g∗−p), p = 1, · · · , ν. (4.3)

Then it follows from (2.7) and (4.2) that k := gσ coincides with

k = b∩ g∗0 +
√−1(m∗ ∩ g∗0) +

∑

p≡0 mod 3

{
b∩ (g∗p + g∗−p) +

√−1
(
m∗ ∩ (g∗p + g∗−p)

)}
. (4.4)

We put

p : =
∑

p6≡0 mod 3

{
b ∩ (g∗p + g∗−p) +

√−1
(
m∗ ∩ (g∗p + g∗−p)

)}
,

V : =
∑

p6≡0 mod 3

b ∩ (
g∗p + g∗−p

)
,

W : =
∑

p6≡0 mod 3

√−1
(
m∗ ∩ (g∗p + g∗−p)

)
. (4.5)

Then it is obvious that

b ∩ p = V, p = V ⊕W (orthogonal direct sum). (4.6)

By (2.6) and (2.7) we can see that [k, p] ⊂ p and σ(p) = p. Therefore the decomposition
g = k + p is ad(k)- and σ-invariant. Moreover the following lemma holds.

Lemma 4.1. Let µ be the involutive automorphism of g defined by µ|b = Idb,
µ|m = −Idm. Then

µσ = σ2µ.

Proof. Because
√−1Z ∈ m, we have µ(

√−1Z) = −√−1Z. Therefore, by (4.2)
we obtain

µσµ−1 = µAd
(

exp
2π

3
√−1Z

)
µ−1 = Ad

(
exp

2π

3
µ(
√−1Z)

)

= Ad
(

exp−2π

3
√−1Z

)
= σ−1 = σ2. ¤

In the remaining part of this section, we shall prove the following theorem.
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Theorem 4.2. (1) Let g∗ = b + m∗ be a Cartan decomposition of a noncompact
simple Lie algebra g∗ as in (2.5) and let g = b +

√−1m∗ be the compact dual of g∗.
Take a gradation g∗ =

∑ν
p=−ν g∗p on g∗ with the characteristic element Z ∈ m∗ ∩ g∗0

and set σ = Ad(exp 2π
3

√−1Z). Let G be a Lie group whose Lie algebra is g and let K

be a connected Lie subgroup of G corresponding to k given by (4.4). Then exp b · o is a
half dimensional, totally real and totally geodesic submanifold of a compact Riemannian
3-symmetric space (G/K, 〈, 〉, σ).

(2) Let (G/K, 〈, 〉, σ) be a compact Riemannian 3-symmetric space such that σ is
inner and dimZK = 0. Then every half dimensional, totally real and totally geodesic
submanifold is obtained from a graded Lie algebra by the method described in the above
(1).

We note that (1) of the theorem is immediate from Proposition 3.1 and Lemma 4.1,
and so, we shall prove (2) of the theorem in the following.

Since G/K is simply connected, we may assume that G is centerless, K is connected
and the center ZK of K is isomorphic to Z3 (see [G]). Then since k = gσ, there is
g ∈ ZK such that σ = Ad(g). Assume that there exists a half dimensional, totally
real and totally geodesic submanifold of G/K. Then by Proposition 3.1, there exists an
involutive automorphism µ of g satisfying (3.3). As before, put

b := gµ, m := b⊥, V := b ∩ p (4.7)

where ⊥ means the orthogonal complement with respect to 〈, 〉. Since the pair (g, b) is
locally symmetric and [k, p] ⊂ p, we have

[m,m] ⊂ b, [b,m] ⊂ m, [bk, V ] ⊂ b ∩ p = V,

[m ∩ k, V ] ⊂ m ∩ p = JoV, [m ∩ k, JoV ] ⊂ V. (4.8)

Since σ is inner, there exists a maximal abelian subalgebra t of g contained in k. Let√−1t0 be an element of t such that g0 := expπ
√−1t0 ∈ ZK , g0 6= e. We decompose√−1t0 to

√−1t0 =
√−1t1 +

√−1t2,
√−1t1 ∈ m ∩ k,

√−1t2 ∈ bk. (4.9)

Let Aα, Bα (α ∈ ∆(gc, tc)) be as in (2.3). Since t ⊂ k, we have for any α ∈ ∆(gc, tc)

Aα, Bα ∈ k, or Aα, Bα ∈ p,

So, we put

∆k : = {α ∈ ∆(gc, tc);Aα, Bα ∈ k},
∆p : = {α ∈ ∆(gc, tc);Aα, Bα ∈ p}.

Then
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g = t +
∑

α∈∆(gc,tc)

(RAα + RBα), k = t +
∑

α∈∆k

(RAα + RBα). (4.10)

Replacing H in Lemma 2.1 with t0, we can see that for any α ∈ ∆k

α(t0) = α(t1) + α(t2) ∈ 2Z (4.11)

because g0 ∈ ZK .
To prove Theorem 4.2 we prepare some lemmas.

Lemma 4.3. For α ∈ ∆k, we have

α(t1), α(t2) ∈ Z, α(t1) ≡ α(t2) (mod 2).

Proof. Let

X =
∑

α∈∆k

cαXα

be an element of k. Here Xα = aαAα +bαBα, aα
2 +bα

2 = 1. We define a subset supp(X)
of ∆(gc, tc) by

supp(X) := {α ∈ ∆(gc, tc); cα 6= 0}. (4.12)

First, we assume that X ∈ bk. By Lemma 2.1 and (4.8), we obtain

∑
m=0

1
(2m + 1)!

(
adπ

√−1t1
)2m+1(X) =

∑

α∈∆k

cα sinπα(t1) · Yα ∈ m,

∑
m=0

1
(2m + 1)!

(
adπ

√−1t2
)2m+1(X) =

∑

α∈∆k

cα sinπα(t2) · Yα ∈ bk, (4.13)

where Yα = aαBα − bαAα. By (4.11), we get

sinπα(t1) = − sinπα(t2), α ∈ ∆k,

and it follows from (4.13) that

∑

α∈∆k

cα sinπα(t1) · Yα =
∑

α∈∆k

cα sinπα(t2) · Yα = 0.

Consequently, we obtain

α(t1), α(t2) ∈ Z, α ∈ supp(X), X ∈ bk. (4.14)
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Next, we assume that X ∈ m ∩ k. By the similar computation as above, we can see
that

∑

α∈∆k

cα sinπα(t1) · Yα ∈ bk,
∑

α∈∆k

cα sinπα(t2) · Yα ∈ m ∩ k,

and

α(t1), α(t2) ∈ Z, α ∈ supp(X), X ∈ m ∩ k. (4.15)

By using (4.14) and (4.15) together with (4.11), the lemma is proved. ¤

Lemma 4.4. exp 2π
√−1t1 ∈ ZK , exp 2π

√−1t1 6= e.

Proof. Note that

g0 = exp π
√−1t0 = exp π

√−1t1 · expπ
√−1t2,

g0
2 = exp 2π

√−1t0 = exp 2π
√−1t1 · exp 2π

√−1t2.

By substituting 2t1 or 2t2 for H in Lemma 2.1, it follows from Lemma 4.3 that

exp 2π
√−1t1, exp 2π

√−1t2 ∈ ZK .

Suppose that exp 2π
√−1t2 6= e, then Ad(exp 2π

√−1t2) coincides with σ or σ2 since
ZK

∼= Z3. Since b is a Lie algebra and
√−1t2 ∈ bk, we have σ(V ) = V . However, this

contradicts the fact that N is totally real with respect to J . So, we obtain exp 2π
√−1t2 =

e and

exp 2π
√−1t1 = exp 2π

√−1t0 = g0
2 ∈ ZK , g0

2 6= e. ¤

By Lemma 4.4, it follows that Ad(exp 2π
√−1t1) coincides with σ or σ2. Therefore,

by putting h = t1 or −t1, we see that there is a vector
√−1h ∈ g such that

√−1h ∈ m ∩ t, α(h) ∈ 2Z, α ∈ ∆k (4.16)

and

Ad
(
expπ

√−1h
)

= σ. (4.17)

For any α ∈ ∆p, we have by Lemma 2.1 and (4.17) that

3α(h) ∈ 2Z (α ∈ ∆p).

For k ∈ Z, we put
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∆1(k) : =
{

α ∈ ∆p;α(h) =
2
3

+ 2k

}
, ∆2(k) :=

{
α ∈ ∆p;α(h) = −2

3
+ 2k

}
,

pi(k) : =
∑

α∈∆i(k)

(RAα + RBα), i = 1, 2,

∆k(k) : = {α ∈ ∆k;α(h) = 2k}, kk :=
∑

α∈∆k(k)

(RAα + RBα). (4.18)

Note that

∆k =
⋃

k∈Z

∆k(k), ∆p =
⋃

k∈Z

(∆1(k) ∪∆2(k)).

Lemma 4.5.

V =
∑

k∈Z

V ∩ (p1(k) + p2(−k)), bk = (b ∩ t)⊕
∑

k∈Z

b ∩ (kk + k−k).

Proof. Let

X =
∑

α∈∆p

cαXα

be an element of V , where Xα = aαAα + bαBα, aα
2 + bα

2 = 1. It follows from Lemma
2.1 and (4.18) that for any s ∈ R

∞∑
m=0

1
(2m)!

(
ad s

√−1h
)2m(X) =

∑

α∈∆p

cα cos sα(h) ·Xα

=
∑

k∈Z

{ ∑

α∈∆1(k)

cα cos sα(h) ·Xα +
∑

α∈∆2(k)

cα cos sα(h) ·Xα

}

=
∑

k∈Z

{ ∑

α∈∆1(k)

cα cos s

(
2
3

+ 2k

)
·Xα +

∑

α∈∆2(k)

cα cos s

(
2
3
− 2k

)
·Xα

}

=
∑

k∈Z

cos s

(
2
3

+ 2k

)
·Xk,

where

Xk =
∑

α∈∆1(k)

cαXα +
∑

α∈∆2(−k)

cαXα.

By (4.8), each (ad
√−1h)2m(X) is contained in V , therefore we have
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∑

k∈Z

cos s

(
2
3

+ 2k

)
·Xk ∈ V

for any s ∈ R. Consequently, we obtain Xk ∈ V for any k ∈ Z.
Next, let

W =
∑

α∈∆k

cαWα

be an element of bk, where Wα = aαAα + bαBα, aα
2 + bα

2 = 1. By the same argument
as above, we can see that

∑

k∈Z

cos 2ks ·Wk ∈ bk,

for any s ∈ R. Here

Wk :=
∑

α∈∆k(k)

cαWα +
∑

α∈∆k(−k)

cαWα.

Consequently we have Wk ∈ bk. ¤

Under the same notation as in the proof of Lemma 4.5, we obtain by (4.8)

[√−1h,Xk

]
=

(
2
3

+ 2k

)( ∑

α∈∆1(k)

cαYα −
∑

α∈∆2(−k)

cαYα

)
∈ JoV,

[√−1h,Wk

]
= 2k

( ∑

α∈∆k(k)

cαTα −
∑

α∈∆k(−k)

cαTα

)
∈ m ∩ k, (4.19)

where Yα := aαBα − bαAα (α ∈ ∆p), Tα := aαBα − bαAα (α ∈ ∆k). We denote by
g∗ = b +

√−1m the noncompact dual of g and put

√−1Yk : =
√−1

( ∑

α∈∆1(k)

cαYα −
∑

α∈∆2(−k)

cαYα

)
∈ √−1JoV,

√−1Tk : =
( ∑

α∈∆k(k)

cαTα −
∑

α∈∆k(−k)

cαTα

)
∈ m ∩ k. (4.20)

Then, it is obvious that for any k ∈ Z

Xk,
√−1Yk, Wk,

√−1Tk ∈ g∗.
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Lemma 4.6. For any k ∈ Z, we have

adh
(
Xk +

√−1Yk

)
= −

(
2
3

+ 2k

)(
Xk +

√−1Yk

)
,

adh
(
Xk −

√−1Yk

)
=

(
2
3

+ 2k

)(
Xk −

√−1Yk

)
,

adh
(
Wk +

√−1Tk

)
= −2k

(
Wk +

√−1Tk

)
,

adh
(
Wk −

√−1Tk

)
= 2k

(
Wk −

√−1Tk

)
.

Proof. By (4.18) and (4.20) we have

[√−1h,
√−1Yk

]
=
√−1

[√−1h,
∑

α∈∆1(k)

cαYα −
∑

α∈∆2(−k)

cαYα

]

= −√−1
∑

α∈∆1(k)

α(h)cαXα +
√−1

∑

α∈∆2(−k)

α(h)cαXα

= −√−1
(

2
3

+ 2k

)( ∑

α∈∆1(k)

cαXα −
∑

α∈∆2(−k)

cαXα

)

= −√−1
(

2
3

+ 2k

)
Xk.

Therefore, it follows from (4.19) that

[
h,Xk ±

√−1Yk

]
= −√−1

(
2
3

+ 2k

)(
Yk ∓

√−1Xk

)
= ∓

(
2
3

+ 2k

)(
Xk ±

√−1Yk

)
.

Similarly, we obtain

[
h,Wk ±

√−1Tk

]
= ∓2k

(
Wk ±

√−1Tk

)
. ¤

Now we are in a position to prove Theorem 4.2.

Proof of Theorem 4.2. As mentioned below Theorem 4.2, it is sufficient to
prove (2) of the theorem. By Lemma 4.5 and Lemma 4.6, all the eigenvalues of adh :
g∗ −→ g∗ are

0, ±2k, ±
(

2
3

+ 2k

)
(for some k ∈ Z).

Put Z = 3
2h ∈ √−1m ⊂ g∗. Then the eigenvalues of adZ are contained in Z and

therefore Z is a characteristic element of a graded Lie algebra. Moreover, by (4.7) and
(4.17), we have
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N = exp b · o, σ = Ad
(

exp
2π

3
√−1Z

)
,

and (2) follows. ¤

As in [T], we call a pair ((G/K, 〈, 〉, σ), N) of a simply connected Riemannian 3-
symmetric space and a half dimensional, totally real and totally geodesic submanifold
a TRG-pair. Moreover we call a TRG-pair constructed from a graded Lie algebra g∗ =∑

i g∗i a TRG-pair associated to g∗ =
∑

i g∗i . Let

g∗ = g∗−ν + · · ·+ g∗0 + · · ·+ g∗ν ,

ḡ∗ = ḡ∗−ν̄ + · · ·+ ḡ∗0 + · · ·+ ḡ∗ν̄

be two graded simple Lie algebras which have Z ∈ m∗ and Z̄ ∈ m̄∗ as characteristic ele-
ments, respectively. Let ((G/K, 〈, 〉, σ), N) and ((Ḡ/K̄, 〈, 〉, σ̄), N̄) be two TRG-pairs as-
sociated to {g∗i }−ν≤i≤ν and {ḡ∗i }−ν̄≤i≤ν̄ , respectively. TRG-pairs ((G/K, 〈, 〉, σ), N) and
((Ḡ/K̄, 〈, 〉, σ̄), N̄) are said to be equivalent if there exists an isometry ϕ : (G/K, 〈, 〉) −→
(Ḡ/K̄, 〈, 〉) such that ϕ(N) = N̄ . We note that if g∗ =

∑ν
i=−ν g∗i is isomorphic to

ḡ∗ =
∑ν

i=−ν̄ ḡ∗i , then ((G/K, 〈, 〉, σ,N)) and ((Ḡ/K̄, 〈, 〉, σ̄, N̄)) are equivalent (cf. Re-
mark 5.4 of [To]).

5. Classification of TRG-pairs satisfying (T1).

In this section we shall classify the equivalent classes of TRG-pairs satisfying the
condition (T1). Then, considering Theorem 4.2, it is sufficient to determine the isomor-
phism classes of simple graded Lie algebras such that dimZK = 0.

Let g∗ be a noncompact simple Lie algebra such that its complexification is simple,
and let g∗ = b + m∗ be a Cartan decomposition of g∗. Let a be a maximal abelian
subspace of m∗ and t∗ a Cartan subalgebra of g∗ such that a ⊂ t∗. We denote by ∆ and
∆(g∗c, t

∗
c) the sets of roots of (g∗, a) and of (g∗c, t

∗
c), respectively. Moreover, we denote

by

Π := {α1, · · · , αl}, Π(g∗c, t
∗
c) := {β1, · · · , βn}

fundamental root systems of ∆ and ∆(g∗c, t
∗
c), respectively, with respect to a compatible

orderings of ∆ and ∆(g∗c, t
∗
c). Put

t :=
√−1a + t∗ ∩ b.

Then t is a maximal abelian subalgebra of the compact dual g = b + m (m :=
√−1m∗)

of g∗. We define hi ∈ a and Hi ∈
√−1t by

αi(hj) = δij , βi(Hj) = δij , (5.1)

and denote the highest root of ∆ by
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δ :=
l∑

j=1

mjαj , mj ∈ Z. (5.2)

First, by applying Wolf and Gray [WG, Theorem 3.3] to restricted root systems, we shall
prove the following proposition.

Proposition 5.1. Let W (g, b) be the Weyl group of the symmetric pair (g, b) and√−1h a vector in
√−1a. Suppose that an inner automorphism Ad(exp 2π

3

√−1h) of g is
of order 3. Then
(1) If ∆ is a reduced root system, then there exist w ∈ W (g, b) and

√−1t ∈ √−1a such
that 1

3

√−1h = 1
3w(

√−1h̄) +
√−1t, Ad(exp 2π

√−1t) = Id, where h̄ is either

h̄ = hi (mi = 1, 2, or 3) or (hi + hj) (mi = mj = 1).

(2) If ∆ is a nonreduced root system, then there exist w ∈ W (g, b) and
√−1t ∈ √−1a

such that 1
3

√−1h = 1
3w(

√−1h̄) +
√−1t, Ad(exp 2π

√−1t) = Id, where

h̄ = hk (mk = 2).

Proof. By Lemma 2.1, we can see that for
√−1H ∈ t an automorphism

Ad(exp 2π
3

√−1H) is of order 3 if and only if

βi(H) ∈ Z, 1 ≤ i ≤ n. (5.3)

Similarly, for
√−1h ∈ √−1a an automorphism Ad(exp 2π

3

√−1h) is of order 3 if and only
if

αi(h) ∈ Z, 1 ≤ i ≤ l. (5.4)

(1) Considering (5.3) and (5.4), by applying the argument of the proof of [WG,
Theorem 3.3] to this case, we can prove that there exist w ∈ W (g, b) and

√−1t ∈ √−1a

such that

1
3
√−1h =

1
3
w

(√−1h̄
)

+
√−1t, αi(t) ∈ Z, 1 ≤ i ≤ l. (5.5)

Here h̄ is one of the following form:

h̄ = hi (mi = 1, 2, or 3) or (hi + hj) (mi = mj = 1).

By Lemma 2.1, we have Ad(exp 2π
√−1t) = Id, and (1) is proved.

(2) Note that ∆ is of type bc and mi = 2 for all i in this case. Furthermore the
Dynkin diagram of type bc is isomorphic to that of type b and there are not αi and αj

(i 6= j) with mi = mj = 1 in a fundamental root system of type b. Then by the same
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argument as in the proof of (1), it follows that there exist w ∈ W (g, b) and
√−1t ∈ √−1a

such that

1
3
√−1h =

1
3
w

(√−1hk

)
+
√−1t, αi(t) ∈ Z,

for some k and for all i. This proves (2). ¤

Lemma 5.2. Let h ∈ a be one of hi (mi = 1, 2) and hi + hj (mi = mj = 1). Then
the center of the fixed point set of Ad(exp 2π

3

√−1h) in g is non-trivial.

Proof. It follows from Theorem 2.2 and (2.8) that there exists a graded Lie
algebra of the first or the second kind:

g∗ = g∗−ν + · · ·+ g∗0 + · · ·+ g∗ν , ν = 1 or 2

whose characteristic element coincides with h. Then the fixed point set of
Ad(exp 2π

3

√−1h) equals

g∗0 ∩ b +
√−1(g∗0 ∩m∗),

which contains
√−1h as central element. ¤

Next, we consider the case where h = hk, mk = 3. In this case the following lemma
holds.

Lemma 5.3. Suppose that αk ∈ Π with mk = 3. Then the center of the fixed point
set of Ad(exp 2π

3

√−1hk) in g is trivial.

Proof. It is known that there is αk such that mk = 3 if and only if Π is of
exceptional type. Therefore a pair (g∗, b) is one of the following (cf. Araki [A], [H] and
[Sa1]):

(e6(6), sp(4)), (e6(2), su(6)⊕ su(2)), (e7(7), su(8)), (e7(−5), so(12)⊕ su(2)),

(e8(8), so(16)), (e8(−24), e7 ⊕ su(2)), (f4(4), sp(3)⊕ su(2)). (5.6)

Moreover, in the Satake diagram of (g∗, b), there exists a unique βik
∈ Π(g∗c, t

∗
c) such

that

βik
|a = αk, nik

= 3.

Here we denote the highest root of ∆(g∗c, t
∗
c) by δ̃ :=

∑n
i=1 niβi. Since for any βi, i 6= ik,

βi|a = 0 or βi|a = αj for some j 6= k,

it follows that
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βi(hk) = 0, βik
(hk) = αk(hk) = 1.

Hence, by (5.1), we have hk = Hik
. Finally, by the Table in [WG, Theorem 3.3], we can

check that the center of the fixed point set of Ad(exp 2π
3

√−1Hik
) is trivial. ¤

Now, we prove the following theorem which classifies the TRG-pairs satisfying (T1).

Theorem 5.4. Let ((G/K, 〈, 〉, σ), N) be a TRG-pair such that σ is inner and the
center of k is trivial. Then the equivalent class of ((G/K, 〈, 〉, σ), N) is associated to one
of isomorphism classes of simple graded Lie algebras listed in Table 4.

Proof. By Theorem 4.2, we may assume that ((G/K, 〈, 〉, σ), N) is a TRG-pair
associated to

g∗ = g∗−ν + · · ·+ g∗0 + · · ·+ g∗ν ,

whose characteristic element is Z ∈ a ⊂ m∗ ∩ g∗0. Then we have σ = Ad(exp 2π
3

√−1Z).
By (4.4) and the fact that t∗ ⊂ g∗0, we obtain t ⊂ k and

√−1Z ∈ t. Since the center of k

is trivial, we may assume that G is a centerless exceptional Lie group and not of type G2

(cf. (4.1)). It follows from Proposition 5.1, Lemma 5.2 and Lemma 5.3 that there exist
hk ∈ a, w ∈ W (g∗, b) and t ∈ a such that mk = 3, Ad(exp 2π

√−1t) = Id and

1
3
√−1Z =

1
3
w(
√−1hk) +

√−1t.

Therefore we have

σ = Ad
(

exp
2π

3
w

(√−1hk

))
= w̃ ◦Ad

(
exp

2π

3
√−1hk

)
◦ w̃−1,

where w̃ denotes an element of Int(b) such that w̃|a = w. Put ν := Ad(exp 2π
3

√−1hk).
Then it is easy to see that

w̃(b) = b, k = w̃(gν), (5.7)

and hk is a characteristic element of a graded Lie algebra of the third kind (see Theorem
2.2). More precisely, the gradation is corresponding to a partition

Π = Π0 ∪Π1, Π1 = {αk}.

Let K̃ be the connected Lie subgroup of G with Lie algebra gν . Then, it follows from
(5.7) that a TRG-pair ((G/K, 〈, 〉, σ), N) is equivalent to ((G/K̃, 〈, 〉, ν), exp b · o). As
stated in the proof of Lemma 5.3, (g∗, b) is one of pairs in (5.6). Moreover, using the
classification of the Satake diagrams in [A] or [H], we can easily get αk with mk = 3.

Now, suppose that g is of type e8. Then, by (4.2), a pair (g, k) is one of
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(e8, su(9)), (e8, su(3)⊕ e6).

Moreover, it follows from (5.6) that (g∗, b) is one of

(e8(−24), e7 ⊕ su(2)), (e8(8), so(16)).

The Satake diagram of e8(−24) is as follows:

m
β8

m
β7

m
β6

}
β5

}
β4

}
β3

m
β1

}
β2

In this case, the Dynkin diagram of Π is of type f4:

m
α1

m
α2

@@
¡¡

m
α3

m
α4

Here

α1 = β8|a, α2 = β7|a, α3 = β6|a, α4 = β1|a.

It is well-known that

δ = 2α1 + 3α2 + 4α3 + 2α4,

and so σ is conjugate to ν = Ad(exp 2π
3

√−1h2). Noting that h2 = H7, the Lie algebra
k is isomorphic to su(3)⊕ e6 (cf. the Table in [WG, Theorem 3.3] and Theorem 5.15 of
Chapter X of [H]). Hence, in this case, we have

(g∗, b, g, k) =
(
e8(−24), e7 ⊕ su(2), e8, su(3)⊕ e6

)
,

and Π1 = {α2}.
Next, we consider the case g∗ = e8(8). The Satake diagram of e8(8) is as follows:

In this case we have αi = βi, 1 ≤ i ≤ 8, and

δ = 2α1 + 3α2 + 4α3 + 6α4 + 5α5 + 4α6 + 3α7 + 2α2.

Therefore, σ is conjugate to one of
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m
β8

m
β7

m
β6

m
β5

m
β4

m
β3

m
β1

m
β2

ν1 := Ad
(

exp
2π

3
√−1h2

)
, ν2 := Ad

(
exp

2π

3
√−1h7

)
.

Noting that h2 = H2 and h7 = H7, the Lie algebra k is isomorphic to

gν1 = su(9) or gν2 = su(3)⊕ e6.

Hence (g∗, b, g, k) is one of

(
e8(8), so(16), e8, su(9)

)
,

(
e8(8), so(16), e8, su(3)⊕ e6

)
.

In the case where g is one of type e6, e7 and f4, by the similar argument as above, we
can get all (g∗, b, g, k). We list (g∗, b), Π, Π1 and (g, k) in Table 4. ¤

Table 4. The case where σ is inner.

(g∗, b) Π = Π0 ∪Π1 Π1 (g, k)

EI (e6(6), sp(4)) E6 {α4} (e6, su(3)⊕ su(3)⊕ su(3))

EII (e6(2), su(6)⊕ su(2)) F4 {α2} (e6, su(3)⊕ su(3)⊕ su(3))

EV (e7(7), su(8)) E7 {α3} (e7, su(3)⊕ su(6))

EVI (e7(−5), so(12)⊕ su(2)) F4 {α2} (e7, su(3)⊕ su(6))

EVIII (e8(8), so(16)) E8 {α2} (e8, su(9))

EVIII (e8(8), so(16)) E8 {α7} (e8, su(3)⊕ e6)

EIX (e8(−24), e7 ⊕ su(2)) F4 {α2} (e8, su(3)⊕ e6)

FI (f4(4), sp(3)⊕ su(2)) F4 {α2} (f4, su(3)⊕ su(3))

Remark 5.5. In the above table, we use the numbering of simple roots given in
[H, p. 477].

6. The case where G = L × L × L.

In this section we classify a TRG-pair ((G/K, 〈, 〉, σ), N) such that
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G = L× L× L (L : a compact simple Lie group), σ(x, y, z) = (z, x, y) (x, y, z ∈ L).

Then we have

k = gσ = {(X, X, X);X ∈ l},

where l denotes the Lie algebra of L. Let p be the orthogonal complement of k with
respect to 〈, 〉. We denote by V ⊂ p the tangent space of N at o = {K} and put
b = V + [V, V ]k. Then as stated in Section 3, the orthogonal complement m of b satisfies
[m,m] ⊂ b. So, b is conjugate under Aut(G) to one of the followings:

(1) b = b1 ⊕ b2 ⊕ b3. (l, bi) is a locally symmetric pair.
(2) b = b1 ⊕ {(X, X);X ∈ l}. (l, b1) is a locally symmetric pair.
(3) b = b1 ⊕ b2 ⊕ l. (l, bi) (i = 1, 2) is a locally symmetric pair.
(4) b = b1 ⊕ l⊕ l. (l, b1) is a locally symmetric pair.
(5) b = l⊕ {(X, X);X ∈ l}.
The Case (1): In this case, an involutive automorphism µ of g such that gµ = b is

given by

µ(X, Y, Z) = (µ1(X), µ2(Y ), µ3(Z)) (X, Y, Z ∈ l),

where µi : l −→ l denotes an involutive automorphism of l satisfying lµi = bi (i = 1, 2, 3).
Assume that µ satisfies (3.3). Then for (0, 0, X) ∈ g (X 6= 0) it follows that

σ2µ(0, 0, X) = (0, µ3(X), 0) = (µ1(X), 0, 0) = µσ(0, 0, X).

This means that X = 0. Therefore there is no involutive automorphism satisfying (3.3)
in this case.

The case (2): Let µ1 be an involutive automorphism of l such that lµ1 = b1. It is
easy to see that an involutive automorphism

µ(X, Y, Z) = (µ1(X), Z, Y )

of g satisfies (3.3) if and only if

(µ1(Z), Y,X) = (Z, Y, µ1(X)),

i.e. µ1(X) = X for any X ∈ l. So, in the case (2) there is no TRG-pair.
By a similar computation as above, we can see that there is no TRG-pair in the case

(3) and (4).

The case (5): In this case an involutive automorphism µ of g such that gµ = b is
given by

µ(X, Y, Z) = (X, Z, Y ).
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It is easy to show that µ satisfies (3.3).
Consequently we obtain the following theorem.

Theorem 6.1. Let ((G/K, 〈, 〉, σ), N) be a TRG-pair such that g = l⊕ l⊕ l. Then
it is equivalent to a TRG-pair

((G/K, 〈, 〉, σ), exp b · o),

where b = l⊕ {(X, X);X ∈ l}.

7. Constructions of some TRG-pairs for the case (T3).

In the remaining part of this paper we use the same notation as in Section 2. By
making use of an affine Lie algebra of type D4

(3), we shall give examples of TRG-pairs
((G/K, 〈, 〉, σ), N) such that G is of type D4 and σ is an outer automorphism of G. Let
g be a compact simple Lie algebra of type d4 and gc the complexification of g. Let

L (gc) =
⊕

i∈Z

L (gc, i), L̂ (gc) = L (gc) + CK + Cd

and φa be as in Section 2. We define mappings σ̃i : L̂ (gc) −→ L̂ (gc) (i = 1, 2) by the
following relations:

σ̃1(Ê1) = ξÊ1, σ̃1(F̂1) = ξ2F̂1, σ̃1(Êj) = Êj , σ̃1(F̂j) = F̂j (j = 2, 3),

σ̃2(Ê3) = ξÊ3, σ̃2(F̂3) = ξ2F̂3, σ̃2(Êk) = Êk, σ̃2(F̂k) = F̂k (k = 1, 2),

σ̃i(H) = H (H ∈ h = t̂ + CK + Cd, i = 1, 2), (7.1)

where ξ3 = 1 (ξ 6= 1). It is easy to check that σ̃i (i = 1, 2) preserves a defining relations
(2.10). Therefore we can extend σ̃ to an automorphism of L̂ (gc) (and to L (gc)). Then
the following holds (see Theorem 8.6 of [K] and Theorem 5.15 of [H], Chapter X. Also,
see [G], [WG]).

Proposition 7.1. Define a mapping σi : gc −→ gc (i = 1, 2) by

φ1 ◦ σ̃i = σi ◦ φ1.

Then σi is a well-defined outer automorphism of order 3 on gc. Conversely, any outer
automorphism of order 3 on gc is conjugate within Aut(gc) to one of σi (i = 1, 2).

Furthermore, gσ1 and gσ2 are generated by {Ei, Fi; i = 2, 3} and {Ei, Fi; i = 1, 2}
respectively, and

gσ1 = g2, gσ2 = su(3).

Fact. (1) The Dynkin Diagram of a generalized Cartan matrix A of type D4
(3) is
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as follows ([K]):

m
γ1

m
γ2

¡¡
@@

m
γ3

(2) Put θ0 := 2γ2 + γ3. Then we have θ0 |̂t = θ = −γ1 |̂t ([K]). Furthermore, we have
γ2 |̂t = α1, γ3 |̂t = α2.

(3) By the definition of ν, we have ν = σ1 and g0̄ = gσ1 ∼= L (gc, 0).
For any root γ of L̂ (gc), we denote the root space of γ by Lγ and define a root δ

of L̂ (gc) by

δ := θ0 + γ1.

By the above Fact, we get δ|̂t = 0.

Proposition 7.2. L (gc, 1) (resp. φ1(L (gc, 1))) is an irreducible representation
space of g0̄ with the lowest weight −θ and with the lowest weight vector Ê1 (resp. E1).
Similarly, L (gc,−1) (resp. φ1(L (gc,−1))) is an irreducible representation space of g0̄

with the highest weight θ and with the highest weight vector F̂1 (resp. F1).
Moreover we have the following root space decompositions of L (gc,±1) :

L (gc, 1) = Lδ−θ0 + Lγ1+γ2 + Lδ−γ2 + Lδ + Lδ+γ2 + Lδ+γ2+γ3 + Lδ+θ0 ,

L (gc,−1) = L−δ+θ0 + L−(γ1+γ2) + L−δ+γ2 + L−δ + L−(δ+γ2)

+ L−(δ+γ2+γ3) + L−(δ+θ0).

In particular, the highest weight of L (gc, 1) is θ = (δ + θ0)|̂t, and the lowest weight of
L (gc,−1) is −θ = −(δ + θ0)|̂t.

Proof. The early part of the proposition is immediately from Proposition 8.3 of
[K].

Let

{β + jγi; p ≤ j ≤ q}

be the γi-series through β. Then it is known that

p + q = −β(γi
∨). (7.2)

Using (7.2) and the fact that g0̄ is generated by {Ei, Fi; i = 2, 3} and L (gc,±1) are
irreducible representation space of g0̄, we can show the latter part of the proposition. ¤

Now, we give some examples of TRG-pairs. Let µ1 be an involutive automorphism
of gc (and g) satisfying the following relations:
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µ1(eα1) = eα1 , µ1(eα2) = eα2 , µ1(eα3) = eα4 ,

µ1(e−α1) = e−α1 , µ1(e−α2) = e−α2 , µ1(e−α3) = e−α4 . (7.3)

Proposition 7.3. ((G/K, 〈, 〉, σ1), exp gµ1 · o) is a TRG-pair. In particular, we
have gµ1 ∼= so(7).

Proof. In this case we may assume that

µ1(eα1+α2+α3) = eα1+α2+α4 , µ1(eα2+α3+α4) = eα2+α3+α4 ,

µ1(e−(α1+α2+α3)) = e−(α1+α2+α4), µ1(e−(α2+α3+α4)) = e−(α2+α3+α4). (7.4)

Then by (2.15) and (7.3) it is easy to see that

µ1(Ei) = Ei, µ1(Fi) = Fi (i = 2, 3). (7.5)

Put

X : = µ1(E1) = e−(α1+α2+α4) + ξe−(α2+α3+α4) + ξ2e−(α1+α2+α3),

Y : = µ1(F1) = −eα1+α2+α4 − ξ2eα2+α3+α4 − ξeα1+α2+α3 .

Since ν(X) = ξ2X, ν(Y ) = ξY and σ1 = ν, we have X ∈ g−̄1 = φ1(L (gc,−1)) and
Y ∈ g1̄ = φ1(L (gc, 1)). More precisely, since

θ(= α1 + α2 + α3) = α1 + α2 + α4 = α2 + α3 + α4 on t̂,

it follows that

X ∈ φ1(L−(δ+θ0)) ⊂ φ1(L (gc,−1)), Y ∈ φ1(Lδ+θ0) ⊂ φ1(L (gc, 1)). (7.6)

By (7.5), (7.6) and Proposition 7.2, we obtain

µ1(φ1(L (gc, 1))) = φ1(L (gc,−1)),

and so σ1 ◦ µ1 = µ1 ◦ σ1
2, which concludes that ((G/K, 〈, 〉, σ1), exp gµ1 · o) (o = {K}) is

a TRG-pair. We note that gµ1 ∼= so(7) (cf. [H], [G]). ¤

Put

X1 := eα1 , X2 := eα2 , X3 := eα3 + eα4 ,

Y1 := e−α1 , Y2 := e−α2 , Y3 := e−α3 + e−α4 ,

X0 := e−(α1+α2+α3) − e−(α1+α2+α4), Y0 := eα1+α2+α3 − eα1+α2+α4 .
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According to Theorem 5.15 of Chapter X of [H], there exists an (outer) involutive auto-
morphism µ2 of g satisfying the following relations:

µ2(X0) = X0, µ2(X1) = X1, µ2(X2) = −X2, µ2(X3) = X3,

µ2(Y0) = Y0, µ2(Y1) = Y1, µ2(Y2) = −Y2, µ2(Y3) = Y3. (7.7)

Proposition 7.4. ((G/K, 〈, 〉, σ), exp gµ2 · 0) is a TRG-pair. In particular, we
have gµ2 ∼= so(3)⊕ so(5).

Proof. By (7.7), it is easy to see that

µ2(α1) = α1, µ2(α2) = α2, µ2(α3 + α4) = α3 + α4.

Since µ2
2 = 1 and α3 − α4 is perpendicular to α1, α2 and α3 + α4, we obtain

µ2(α1) = α1, µ2(α2) = α2, µ2(α3) = α4. (7.8)

From (7.7) and (7.8), we may assume that

µ2(e±α1) = e±α1 , µ2(e±α2) = −e±α2 , µ2(e±α3) = e±α4 ,

µ2(e±(α1+α2+α3)) = −e±(α1+α2+α4), µ2(e±(α2+α3+α4)) = −e±(α2+α3+α4).

Then we can easily check that

µ2(E2) = E2, µ2(E3) = −E3, µ2(E1) = −X,

µ2(F2) = F2, µ2(F3) = −F3, µ2(F1) = −Y, (7.9)

(see the proof of Proposition 7.3 for the definition of X and Y ). Then Proposition 7.2
shows that µ2(φ1(L (gc, 1))) = φ1(L (gc,−1)) and σ1 ◦ µ2 = µ2 ◦ σ1

2. Consequently, we
obtain a TRG-pair ((G/K, 〈, 〉, σ1), exp gµ2 · o). Note that gµ2 ∼= so(3)⊕ so(5). ¤

Next, suppose that σ = σ2. Since eαi
, e−αi

(1 ≤ i ≤ 4) constitute Chevalley
generators of gc, there exist involutive automorphisms ν0 and ω0 of gc satisfying the
following relations:

ν0(eα2) = eα2 , ν0(eα4) = eα4 , ν0(eα1) = eα3 ,

ν0(e−α2) = e−α2 , ν0(e−α4) = e−α4 , ν0(e−α1) = e−α3 ,

ω0(eαi
) = −e−αi

(1 ≤ i ≤ 4). (7.10)

Proposition 7.5. Put µ3 := ν0 ◦ ω0. Then ((G/K, 〈, 〉, σ2), exp gµ3 · o) is a TRG-
pair. In particular, we have gµ3 ∼= so(3)⊕ so(5).

Proof. By (7.10), we get
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ω0(h) = −h, h ∈ tc, (7.11)

and by using the Jacobi identities, we can check that

[[eα1 , [eα2 , eα3 ]], [e−α1 , [e−α2 , e−α3 ]]] = α1 + α2 + α3,

[[eα1 , [eα2 , eα4 ]], [e−α1 , [e−α2 , e−α4 ]]] = α1 + α2 + α4,

[[eα3 , [eα2 , eα4 ]], [e−α3 , [e−α2 , e−α4 ]]] = α2 + α3 + α4. (7.12)

Considering (7.10) and (7.11) together with (7.12) we obtain

ω0(eθ) = −e−θ, ω0(eν̄(θ)) = −e−ν̄(θ), ω0(eν̄2(θ)) = −e−ν̄2(θ).

Then we can show that µ3 satisfies

µ3(E1) = F1, µ3(Ei) = −Fi, i = 2, 3. (7.13)

Because Êi, F̂i (i = 1, 2, 3) constitute Chevalley generators of L̂ (gc), the vectors Ei, Fi

(i = 1, 2, 3) generate gc. Consequently, it follows from (7.13) that µ3 is involutive and

σ2 ◦ µ3 = µ3 ◦ σ2
2,

and hence ((G/K, 〈, 〉, σ2), exp gµ3 ·o) is a TRG-pair. By a dimension argument, it is easy
to see that gµ3 ∼= so(3)⊕ so(5). ¤

8. TRG-pairs satisfying (T3).

Let G be a compact simple Lie group of type D4 and σ an outer automorphism of
order 3 on G. In this section we shall prove that any TRG-pair ((G/K, 〈, 〉, σ), N) is
equivalent to one of TRG-pairs described in Propositions 7.3, 7.4 and 7.5.

First, we consider a Riemannian 3-symmetric space (G/K, 〈, 〉, σ1). In this case
k = gσ1(= g0̄) is generated by

E2, E3, F2, F3,

and isomorphic to g2 (see Proposition 7.1). Suppose that there exists a half dimensional,
totally real and totally geodesic submanifold of (G/K, 〈, 〉, σ1). Then, by Lemma 3.1,
there exists an involutive automorphism µ of g such that

µσ1 = σ1
2µ.

Let X be in L (gc, 1). Then

σ1
2µφ1(X) = µσ1φ1(X) = µφ1σ̃1(X) = ξµφ1(X),
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that is

σ1µφ1(X) = ξ2µφ1(X).

Then since ν = σ1 and g±̄1 = φ1(L (gc,±1)), it follows that

µφ1(L (gc, 1)) = φ1(L (gc,−1)). (8.1)

By (8.1), we can see that the mapping µ̃ : L (gc) −→ L (gc) defined by

µ̃(ti ⊗X) = t−i ⊗ µ(X), ti ⊗X ∈ L (gc, i) (8.2)

induces an automorphism of L (gc). Since φ1 ◦ µ̃ = µ ◦ φ1, Lemma 2.2 shows that

µ̃((1− t3)L (gc)) = (1− t3)L (gc). (8.3)

Since k ∼= g2 and µ2 = 1 (on k), it is known that µ|k is conjugate within Int(k) to one
of the following:

τ1 : k −→ k, τ1(E2) = E2, τ1(F2) = F2, τ1(E3) = −E3, τ1(F3) = −F3,

τ2 = Idk : k −→ k.

Hence we may assume that µ|k = τi (i = 1 or 2).

Lemma 8.1. µ̃(Ê1) ∈ L−(δ+θ0), µ̃(F̂1) ∈ Lδ+θ0 .

Proof. By Proposition 7.2, the vector Ê1 is the lowest weight vector of L (gc, 1).
Since k = g0̄ and µ|k = τ1 or τ2, it is easy to check that µ̃(Ê1) is the lowest weight vector
of L (gc,−1). Therefore it follows from Proposition 7.2 that µ̃(Ê1) ∈ L−(δ+θ0). Similarly
we have µ̃(F̂1) ∈ Lδ+θ0 . ¤

We put

t⊗Xθ0 = µ̃(F̂1), t−1 ⊗X−θ0 = µ̃(Ê1),

and choose a, b ∈ C, t±1 ⊗H± ∈ L±δ so that

(adt⊗H+)3(Ê2) = t3Ê2, (adt−1 ⊗H−)3(F̂2) = t−3F̂2,

t⊗H+ = a[Ê1, [Ê2, [Ê2, Ê3]]], t−1 ⊗H− = b[F̂1, [F̂2, [F̂2, F̂3]]]. (8.4)

It follows from (8.2) and (8.4) that

µ̃((1− t3)Ê2) = µ̃(Ê2)− µ̃(t3Ê2) = Ê2 − µ̃((adt⊗H+)3(Ê2)), (8.5)

and
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µ̃(t⊗H+) = a[µ̃(Ê1), [µ̃(Ê2), [µ̃(Ê2), µ̃(Ê3)]]]

= a[t−1 ⊗X−θ0 , [Ê2, [Ê2,±Ê3]]].

Since t−1 ⊗X−θ0 ∈ L−(δ+θ0), we can see that µ̃(t⊗H+) ∈ L−δ and there is c ∈ C such
that

µ̃(t⊗H+) = c · t−1 ⊗H−. (8.6)

Considering (8.5) and (8.6) together with (8.3), we obtain

µ̃((1− t3)Ê2) = Ê2 − c3(adt−1 ⊗H−)3(Ê2) ∈ (1− t3)L (gc),

and thus

c3(adH−)3(E2) = E2, c3(adt−1 ⊗H−)3(Ê2) = t−3Ê2. (8.7)

Now we are in a position to prove the following lemma which is related to the
uniqueness of TRG-pairs.

Lemma 8.2. Let Autkc(gc) be the set of automorphisms of gc which preserve kc.
If there exists an involutive automorphism µ′ : gc −→ gc such that µ|kc

= µ′|kc
and

µ′ ◦ σ1 = σ1
2 ◦ µ′, then µ′ is conjugate to µ under Autkc

(gc).

Proof. By the same argument as above, there are an automorphism µ̃′ of L (gc)
and s ∈ C× satisfying the following:

φ1 ◦ µ̃′ = µ′ ◦ φ1, µ̃′((1− t3)L (gc)) = (1− t3)L (gc),

µ′(Ei) = µ(Ei), µ′(Fi) = µ(Fi) (i = 2, 3),

µ′(E1) = sµ(E1) = s ·X−θ0 , µ′(F1) = s−1µ(F1) = s−1Xθ0 . (8.8)

Moreover, by (8.7) and (8.8), we have

µ̃′((1− t3)Ê2) = Ê2 − s3c3(adt−1 ⊗H−)3(Ê2)

= Ê2 − s3t−3Ê2 ∈ (1− t3)L (gc),

and so s3 = 1.
Since Êi, F̂i (i = 1, 2, 3) constitute Chevalley generators of g(A) = L̂ (gc), we can

get an automorphism ϕ̃ of L̂ (gc) and of L (gc) satisfying the following:

ϕ̃(Ê1) = sÊ1, ϕ̃(F̂1) = s−1F̂1,

ϕ̃(Êi) = Êi, ϕ̃(F̂i) = F̂i, (i = 2, 3). (8.9)
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Indeed,

ϕ̃ = (σ̃2)k, (k = 1, 2 or 3), (8.10)

because s3 = 1. It follows from (8.4) and (8.9) that

ϕ̃(t−1 ⊗H−) = s−1t−1 ⊗H−,

so we obtain

ϕ̃(t−1 ⊗X−θ0) = s−1t−1 ⊗X−θ0 . (8.11)

From (8.10) and Proposition 7.1 we have

ϕ̃((1− t3)L (gc)) = (1− t3)L (gc),

hence there exists an automorphism ϕ of gc such that ϕ ◦ φ1 = φ1 ◦ ϕ̃. Using (8.8), (8.9)
and (8.11), it is easy to see that ϕ ∈ Autkc

(gc) and

µ′ ◦ ϕ = ϕ ◦ µ. ¤

Next, we suppose that σ = σ2. In this case, k = gσ2 is generated by {Ei, Fi; i = 1, 2}
and

k ∼= su(3). (8.12)

Suppose that there exists an involutive automorphism µ of g such that µ ◦ σ2 = σ2
2 ◦ µ.

By using the classification of symmetric spaces, we know that gµ is isomorphic to one of
so(7), u(4), so(3)⊕so(5) and so(4)⊕so(4). Since dimG/K = dim g−dim k = 20 and the
possibilities of the dimension of gµ are 21, 16, 13 and 12, the dimension of kµ must be
11, 6, 3 or 2. Therefore it follows from (8.12) that dim kµ = 3 and kµ ∼= so(3). Moreover,
since (su(3), so(3)) is a symmetric pair associated to a normal real form of sl(3,C), it
follows that kµ is conjugate within Int(k) to

R(E1 + F1) + R(E2 − F2) + R[E1 + F1, E2 − F2].

So, we may assume that

µ(E1) = F1, µ(F1) = E1, µ(E2) = −F2, µ(F2) = −E2. (8.13)

Since σ2(E3) = ξE3, σ2(F3) = ξ2F3 (ξ3 = 1) and µ ◦ σ2 = σ2
2 ◦ µ, we get

σ2(µ(E3)) = ξ2µ(E3), σ2(µ(F3)) = ξµ(F3). (8.14)

Lemma 8.3. There is c ∈ C× such that µ(E3) = cF3.
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Proof. By a dimension argument it is easy to see that the dimension of the
eigenspaces g(σ2, ξ

±1) of σ2 with the eigenvalues ξ± are 10. Moreover, by using (7.2) we
can check that

adU(k)(Ê3) = Lγ3 + Lγ2+γ3 + L2γ2+γ3 + L3γ2+γ3 + Lγ1+γ2+γ3 + Lγ1+2γ2+γ3

+ Lγ1+3γ2+γ2 + L2γ1+2γ2+γ3 + L2γ1+3γ2+γ3 + L3γ1+3γ2+γ3 ,

adU(k)(F̂3) = L−γ3 + L−(γ2+γ3) + L−(2γ2+γ3) + L−(3γ2+γ3) + L−(γ1+γ2+γ3)

+ L−(γ1+2γ2+γ3) + L−(γ1+3γ2+γ2) + L−(2γ1+2γ2+γ3) + L−(2γ1+3γ2+γ3)

+ L−(3γ1+3γ2+γ3),

where we denote by U(k) the universal enveloping algebra of k. Since φ1(adU(k)(Ê3)) ⊂
g(σ2, ξ), φ1(adU(k)(F̂3)) ⊂ g(σ2, ξ

2) and dim g(σ2, ξ
±1) = 10, we get

φ1(adU(k)(Ê3)) = g(σ2, ξ), φ1(adU(k)(F̂3)) = g(σ2, ξ
2).

Considering g(σ2, ξ
±1) to be representation spaces of k, it is clear that E3 is the lowest

weight vector of g(σ2, ξ), and it follows from (8.13) and (8.14) that µ(E3) is the highest
weight vector of g(σ2, ξ

2). Consequently, we obtain

µ(E3) ∈ φ1(L−γ3) = CF3. ¤

Define a mapping µ̃ : L (gc) −→ L (gc) as follows:

µ̃(ti ⊗X) := t−i ⊗ µ(X).

Then it follows from (8.13) and Lemma 8.3 that µ̃ is an involutive automorphism satis-
fying

φ1 ◦ µ̃ = µ ◦ φ1, µ̃((1− t3)L (gc)) = (1− t3)L (gc). (8.15)

Now, as in the case where σ = σ1, we calculate µ̃((1− t3)Ê2) by using (8.4). Since

µ̃(t⊗H+) = aµ̃([Ê1, [Ê2, [Ê2, Ê3]]])

= a[F̂1, [−F̂2, [−F̂2, cF̂3]]] =
ac

b
t−1 ⊗H−,

we have

µ̃((1− t3)Ê2) = µ̃(Ê2)− µ̃((adt⊗H+)3(Ê2))

= −F̂2 −
(

ac

b

)3

(adt−1 ⊗H−)3(−F̂2) = −F̂2 +
(

ac

b

)3

t−3F̂2.
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Therefore it follows from (8.15) that

(
ac

b

)3

= 1. (8.16)

Now, we shall prove the following lemma which claims the uniqueness of the TRG-
pair in this case.

Lemma 8.4. Let Autkc(gc) be as in Lemma 8.2. If there exists an involutive auto-
morphism µ′ : gc −→ gc such that µ|kc

= µ′|kc
and µ′ ◦σ2 = σ2

2 ◦µ′, then µ′ is conjugate
within Autkc

(gc) to µ.

Proof. By the assumption of the lemma, we can see that there is p ∈ C× such
that

µ′(E1) = F1, µ′(F1) = E1, µ′(E2) = −F2,

µ′(F2) = −E2, µ′(E3) = pF3, µ′(F3) = p−1E3. (8.17)

Moreover there exists an involutive automorphism µ̃′ of L (gc) satisfying φ1 ◦ µ̃′ = µ′ ◦φ1

(see (8.13), (8.15), (8.16) and Lemma 8.3). As stated in the case where σ = σ1, for any
q ∈ C× there exists an automorphism ν̃ of L (gc) satisfying

ν̃(Ê1) = Ê1, ν̃(Ê2) = Ê2, ν̃(Ê3) = qÊ3,

ν̃(F̂1) = F̂1, ν̃(F̂2) = F̂2, ν̃(F̂3) = q−1F̂3,

(
ap

b

)3

= 1, (8.18)

since Êi, F̂i (i = 1, 2, 3) are Chevalley generators of L̂ (gc). Then by using (8.4) we
obtain ν̃(t⊗H+) = q · t⊗H+ and

ν̃((1− t3)Ê2) = Ê2 − ν̃
(
(adt⊗H+)3(Ê2)

)
= Ê2 − q3t3Ê2,

and the equations (8.16) and (8.18) imply that

ν̃((1− t3)L (gc) = (1− q3t3)L (gc) =
(

1−
(

cq

p

)3

t3
)

L (gc).

Therefore there exists an automorphism ν of gc satisfying

ν ◦ φ1 = φ( cq
p )−1 ◦ ν̃. (8.19)

Note that ν ∈ Autkc(gc). By making use of (8.13), (8.17), (8.18), (8.19) and Lemma 8.3,
we can calculate µ′ ◦ ν(Ei) and ν ◦ µ(Ei) (i = 1, 2, 3):
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µ′ ◦ ν(E1) =
(

cq

p

)−1

F1, ν ◦ µ(E1) =
(

cq

p

)
F1,

µ′ ◦ ν(E2) = −F2, ν ◦ µ(E2) = −F2,

µ′ ◦ ν(E3) = pqF3, ν ◦ µ(E3) = cq−1F3.

The proof of the lemma is completed by choosing q so that q2 = c
p . ¤

Finally, we shall prove the following theorem.

Theorem 8.5. Let G be a compact simple Lie group of type D4 and σ an outer
automorphism of order 3 on G. Then a TRG-pair ((G/K, 〈, 〉, σ), N) is equivalent to one
of TRG-pairs

((G/K, 〈, 〉, σ1), exp gµi · o) (i = 1, 2) and ((G/K, 〈, 〉, σ2), exp gµ3 · o)

described in Propositions 7.3, 7.4 and 7.5.

Proof. Considering (7.5) and (7.9) combined with Lemma 8.2, it is easy to see that
a TRG-pair ((G/K, 〈, 〉, σ1), N) is equivalent to one of TRG-pairs described in Proposi-
tions 7.3 and 7.4. Also by (7.13), (8.13) and Lemma 8.4, a TRG-pair ((G/K, 〈, 〉, σ2), N)
is equivalent to that in Proposition 7.5. ¤

Remark 8.6. Combining Theorem 8.5 with Theorem 6.1, all the possibilities of
TRG-pairs ((G/K, 〈, 〉, σ), exp b · o) is obtained in the case where σ is outer. We list all
(g, k = gσ, b = gµ, µ) in Table 5 below.

Table 5. The case where σ is outer.

g k = gσ gµ µ

so(8) g2(= gσ1) so(7) µ1 in Proposition 7.3.

so(8) g2(= gσ1) so(3)⊕ so(5) µ2 in Proposition 7.4.

so(8) su(3)(= gσ2) so(3)⊕ so(5) µ3 in Proposition 7.5.

l⊕ l⊕ l {(X, X, X);X ∈ l} l⊕ {(X, X);X ∈ l} µ(X, Y, Z) = (X, Z, Y )
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