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Abstract. We study the structure of the group of equivariant Lipschitz home-
omorphisms of a smooth G-manifold M which are isotopic to the identity through
equivariant Lipschitz homeomorphisms with compact support. First we show that
the group is perfect when M is a smooth free G-manifold. Secondly in the case of
C™ with the canonical U(n)-action, we show that the first homology group admits
continuous moduli. Thirdly we apply the result to the case of the group L(C,0) of
Lipschitz homeomorphisms of C fixing the origin.

1. Introduction and statement of the results.

Let G be a compact Lie group. Let Lg(M) denote the group of equivariant Lipschitz
homeomorphisms of a smooth G-manifold M which are isotopic to the identity through
equivariant Lipschitz homeomorphisms with compact support. The purpose of this paper
is to calculate the first homology of the group L (M) which is defined as the quotient
of Lg(M) by its commutator subgroup.

In the previous papers [3], [4], we treated the subgroup 547 rp.c(M) of Lg(M) whose
elements are isotopic to the identity with respect to the compact open Lipschitz topology,
and proved that #7,rp (M) is perfect when M is a Lipschitz principal G-manifold or
M is a smooth G-manifold for a finite group G.

In this paper first we shall prove that Lg (M) is perfect if M is a smooth principal
G-manifold. In the case of 57, ;pc(M), the point of the proof is to construct a Lips-
chitz homeomorphism of the orbit space M /G depending on the compact open Lipschitz
topology which plays a key role in investigating the orbit preserving equivariant Lipschitz
homeomorphisms of M. For the case of L (M) we shall construct it by a quite different
way which depends on the compact open topology (c.f. §2).

Secondly we consider the case of C™ with the canonical U(n)-action. We shall
prove that the group Ly ,)(C™) is not perfect by calculating the first homology group
Hi(Ly ) (C™)).

Let %((0,1]) be the set of real valued functions f on (0, 1] such that there exists a
positive number K satisfying

[f(x) = f(y)l <

(y—z) for0<z<y<l
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Then €((0,1]) is a vector space over R. Let %;((0,1]) denote the subspace of those
f € €((0,1]) with f bounded on (0,1]. Then we shall prove that H;(Ly,)(C™)) is
isomorphic to €((0,1])/%0((0,1]). The isomorphism is induced from the map assigning
each h € Ly (,)(C™) a function a5, € €((0,1]) which stands for the degree of rotation of
as the point tends to zero (see §3). We note that the group %((0,1])/%0((0,1]) is a fairly
large group since it contains a linearly independent family of elements parameterized by
(0,1]. Therefore Hi(Ly(n)(C™)) admits continuous moduli.

The situation is quite different in smooth category. Let Dy ,,)(C™) denote the group
of equivariant diffeomorphisms of C™ which are equivariantly isotopic to the identity
through compactly supported isotopies. By [2], Theorem 3.2, we have that there exists
an isomorphism Hy(Dy ) (C™)) = R x U(1) induced from the map assigning each h €
Dy ) (C™) the differential of h at 0. Then it follows from the above result the group
Dy ) (C™) is contained in the commutator subgroup of Ly (,,)(C™), which implies that
the first homology group of Dy (,)(C™) detects an absolutely different geometric property.

Thirdly we consider the group L(C,0) of Lipschitz homeomorphisms of C which
are isotopic to the identity through compactly supported Lipschitz homeomorphisms
fixing the origin. Applying the above calculation of Hi(Ly1)(C)), we can prove that
H,(L(C,0)) admits continuous moduli.

By [4] the group ##7,rp(C,0) is perfect. Then the above result implies that the group
L(C,0) is a fairly big group compared to its subgroup .#7,;p(C,0). It is interesting to
see if Hy(L(C™,0)) admits continuous moduli. If we consider the problem classifying
Lipschitz manifolds, the first homology group will give a relevant geometric invariant.
Therefore the group #7,;p(M) is an intriguing object in Lipschitz category.

The paper is organized as follows. In §2 we prove that Lg(M) is perfect if M
is a smooth principal G-manifold. §3 is devoted to investigate some basic properties
of the group Ly ,)(C™). In §4 we define the fundamental group homomorphism from
Ly (C™) to €((0,1])/%0((0,1]). In §5 we calculate Hy(Ly,)(C™)). In §6 we prove
that the first homology of the group L(C,0) admits continuous moduli.

2. Equivariant Lipschitz homeomorphisms of principal G-manifolds.

Let G be a compact Lie group. Let m : M — X be a smooth principal G-bundle
over an n-dimensional smooth manifold X. In this section we shall prove the following.

THEOREM 2.1. Ifn >0, then Lg(M) is perfect.

Let B,(p) denote the closed ball in R™ of radius r centered at p. The following
lemma plays a key role in the proof of Theorem 2.1.

LEMMA 2.2. Letu : R* — R (n > 1) be a Lipschitz function supported in
Bs(20,0,...,0). Assume that K < g3 and |u(z)| < log2 for x € R", where K is
the Lipschitz constant of u. Then there exist a real valued Lipschitz functionv: R — R
and a Lipschitz homeomorphism ¢ : R® — R"™ such that
(1) supp(v) is contained in Bys(36,0,...,0).

(2) supp(yp) is contained in Bs(26,0,...,0).
3) vop—v=u.
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ProOOF. Let £ : R — R be a smooth real valued function such that

; {logt (% §t§%6)

Let u : R"! — R be a smooth function such that, for * = (zy,...,2, 1) € R" 1,
0<pu(x)<1land

1 (234422 ) <67,
0 (234 --+22_, >3067).

W@y, o Tpo1) = {

Then define a map v : R® — R by v(z1,...,2,) = &(x1) - p(xe,...,x,) if n > 2 and
v(zy) =&(x1) ifn=1.
Let ¢ : R® — R™ be a map defined by

u(z1,..,Tn)

go(ml,...,a?n):(xle ,ajg,...,a;n).

Then for any points = (1,...,2n), ¥ = (Y1,-..,Yn) of Bs(26,0,...,0), we have

(= 1rn)(@) = (9 = L) (@)] < |01 = ) (€ = 1) + [yl e = 2]

< (|e"®) = 1| + [y |K e H0@ 0Dy [ — ).

Here 6 is a real number satisfying e*(®) —et(¥) = euW)+0(u@)=uw)) (y(z)—u(y)), 0 < 6 < 1.
We have

%) — 1| |y |[Ken@TOu@)—uw) < glogs _ 1 4 3531085 < 1.

Since the map ¢ is the identity outside of Bs(24,0,...,0), it follows from [3], Lemma 4.1
that ¢ is a Lipschitz homeomorphism of R".
If x = (x1,...,2,) € Bs(26,0,...,0), then %(5 < zqe¥®) < %6, and we have

v(p(x)) —v(x) = log (:1:16“(“")) —logx; = u(x).

Since supp(u) is contained in Bs(24,0,...,0), we have vo @ — v = u. This completes the
proof of Lemma 2.2. O

By the same argument to [3], Corollary 5.5 using the result in Siebenmann-Sullivan
[6], Appendix B, we can prove the following.

LEMMA 2.3 (equivariant fragmentation lemma). Let f € Lg(M). For any open
ball covering U; in B, there exist f; € La(M) (i =1,2,...,k) such that

(1) f=feofr—10--0f1 and

(2) each f; is equivariantly isotopic to the identity through an equivariant Lipschitz
homeomorphism supported in 7= (U;).
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PRrROOF OF THEOREM 2.1. By Lemma 2.3, we can assume that M = R™ x G. Let
P : Lg(M) — L(R™) be the natural group homomorphism. Here L(R"™) denotes the
group of Lipschitz homeomorphisms of R™ which are isotopic to the identity through
Lipschitz homeomorphisms with compact support. Let ¥ : L(R"™) — Lg(M) be a map
defined by ¥(f)(z,9) = (f(x),g) for f € L(R"), x € R", g € G. Then ¥ is a group
homomorphism which is the right inverse of P.

Let g denote the Lie algebra of G and let {X7, ..., X;} be a basis of g. Define the map
®:9— Gby @(Zlizl ¢iX;) = (expe1 X1) - - (exp ¢, X;). Then there are neighborhoods
W of 0in g and W of 1 in G such that the restricted map Dy - W — W is diffeomorphic.

Let h € KerP. We shall prove that h € [KerP, Lg(M)]. Let a : R® — G be the
map given by h(z,g) = (z, ga(x)) for x € R, g € G. Then a is a Lipschitz map. Since
the homomorphism P has the right inverse ¥, there exists a homotopy {a:|0 < ¢ < 1}
with ag = 1, a; = a. For any integer N, we can write

a=ar= (a1 apy_yn) - (@v-1n - agy_gyn) o (a2n - ayy) - (ayn - ag )

We can take N large enough such that the images of a(y_s) /N - a(_]\l,_i_l)/N (1<i<])
are contained in W. Thus we can assume that the image of a is contained in W. Set
4 =9 'oa. Then a is a Lipschitz map.

Since supp(h) is compact, there exists a positive number ¢ such that supp(a) is
contained in Dg, where supp(a) = {z € R"|a(r) # 1} and Ds = {z € R"||z| < d}.
Let a; : R* — R (1 < i < [) be the maps given by a(z) = 2221 a;(z)X;. Then
a; (1 < i < 1) are Lipschitz maps. Let K; be the Lipschitz constant of the map «;.

1 3
Set K = max{K;|1 < i <I}. Let k be a positive integer satisfying E|az(x)| < log 2

K 4
lgigl,forxeR"and?<m. Let u; : R — R be a map defined by

1
Ui (T1, ..., Tpn) = %ai(xl —20,xa,...,x,) for (z1,...,z,) € R™.

Since the map w; satisfies the condition of Lemma 2.2, there exist a real valued Lipschitz
function v; : R® — R and a Lipschitz homeomorphism ¢; : R" — R"™ which satisfy
the conditions (1), (2) and (3) in Lemma 2.2. Let H,,(z,g9) = (z, gexp(u;(x)X;)) for
(x,9) € M. Then H,, € Lg(M) and we have

Hv_il o gp(%)—l o Hvi o 1[/(%) = ‘['j[uI

Thus H,, € [KerP, Lg(M)].
Let f: R — R be a diffeomorphism satisfying

t+28 (|t <6),
t (t] > 49).

Let ¢ be an equivariant diffeomorphism defined by
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V((x1,. o xn),9) = ((W(xa, .y zn) f(z1) + (1 — e, ..oy x0))21, X2y - oy Ty )s G)

for ((x1,...,25),9) € M, where u is the function defined in the proof of Lemma 2.2.
Then for (z,g) € Ds x G we have

(Y=o Hy, o) (x,9) = (x, gexp(ui(zy +26,29,...,2,)X;))
= (x, gexp (;az(x)XZ)> =Hi, (2,9)

Since supp(«;) is contained in Ds, we have ¢y~ o H,, o9 = Hi,,. Thus H,,, € [KerP,
La(M)). Since H,, = (H%ai)k, it follows that H,, € [KerP, Lg(M)]. Note that by
definition h = H,, o---0 H,,. Thus h € [KerP, Lg(M)], and we have KerP = [KerP,
Le(M)].

Now consider the following exact sequence

KerP/[KerP, Lg(M)] — H1(Lg(M)) — H1(L(R"™)) — 0.

By [3] Corollary 2.4, H;(L(R™)) = 0. Therefore Hy(Lg(M)) = 0, and this completes
the proof of Theorem 2.1. O

COROLLARY 2.4. Let M be a smooth G-manifold with one orbit type. If
dim M/G > 0, then Lg(M) is perfect.

PROOF. Let H be an isotropy subgroup of a point of M. Set MY = {x €
M;h-x =z for h € H}. Let N(H) denote the normalizer of H in G. Then N(H)/H
acts freely on M and M is G-diffeomorphic to G/H X N(H)/H MH. It is easy to see
that Lg(M) = Ly u(M*™). Therefore Corollary 2.4 follows from Theorem 2.1. [

3. Basic properties of Ly () (C).

Let D denote the unit disk in C™ and Ly(,,)(D,0D) denote the group of U(n)-
equivariant Lipschitz homeomorphisms of D which are isotopic to the identity through
U (n)-equivariant Lipschitz homeomorphisms with identity on the boundary dD. Since
C" \ {0} has one orbit type, by combining Lemma 2.3 with Corollary 2.4, the group
Hy(Lyy(5)(C™)) is isomorphic to Hy(Ly (D, 0D)).

Let e; = (1,0,...,0) € D. Then we have the natural group homomorphism P :
Ly (D,0D) — L([0, 1]) given by

P(h)(x) = |h(ze1)] for h € Lymy(D,0D), 0 <z <1.
There exists the right inverse ¥ : L([0,1]) — Ly ) (D,0D) of P defined by

(f)(zg-e1)=f(x)g-ex for feL([0,1]), 0<x<1, geU(n).
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Note that the kernel KerP of P coincides with the set of those h € Ly ) (D,0D)
which are orbit preserving and fixing the boundary. Next we shall investigate a relation
between the groups KerP and €((0,1]). Let h € KerP. If v € D with v # 0, then
the orbit U(n) - v is diffeomorphic to U(n)/U(n — 1). Let N(U(n — 1)) denote the
normalizer of U(n — 1) in U(n). Then the group of U(n)-equivariant diffeomorphisms
of U(n)/U(n — 1) is isomorphic to N(U(n — 1))/U(n — 1) = U(1). We have a map
ap : (0,1] — U(1) satisfying

hzg-e1) =zgap(z)-ex for 0<z <1, geU(n).

Here U(1) acts on D as the scalar multiplication. We investigate the properties of those
maps ay,.

For a map a : (0,1] — U(1) C C, we define maps @ : [0,1] — D and F,, : D — D as
follows.

b

za(x)ey (0<z<1)
0 (x=0)

Fo(zg-e1) = ga(z) - e (0<z<1, geU(n)).

LEMMA 3.1.  The following conditions (1), (2) and (3) are equivalent.
(1) There exists a positive number K such that

la(z) —a(y)| < —(y—2) for 0<z<y<l

ke

(2) @ is a Lipschitz map.
(3) F, is a Lipschitz map.

PROOF. First assume the condition (1). Then, for 0 < x <y < 1, we have
a(z) — a(y)| < zla(z) — a(y)| + |a(y)llz —y| < (K + D]z -yl

Since |@(x)| < x for 0 < 2 < 1, the condition (2) is satisfied.
Secondly assume the condition (2). Then, for 0 <z <y <1, g1, g2 € U(n),
[Fa(g1 - €1) = Fa(ygz - e1)] < |(a(z) — a(y))g1 - ea] + a(y) (91 - €1 — g2 - 1)
< L(lz —yl+[(y —2)g1 - e1| + [xg1 - €1 — yg2 - €1])
< 3Llzg: - e1 —yg2 - eal,
where L is the Lipschitz constant of &. Since |F,(zgr - e1)|] < x, the condition (3) is

satisfied.
Finally assume the condition (3). Then, for 0 < z <y < 1, we have
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IN

K8l 8|

la(z) — a(y)| < —(lza(z) - e1 —yaly) - e + [(y — z)a(y)])

L+1
(|Fa(zer) = Falyey)| + |y —zf) < —— |y — l,
where L is the Lipschitz constant of F,. Thus the condition (1) is satisfied and Lemma

3.1 follows. 0

Let E : R — U(1) denote the exponential map given by E(z) = eV~1*. Let
h € KerP. Since h is the identity on 0D, ap(1) = 1. Let ap : (0,1] — R be the lifting
of ay, for E with a;(1) = 0. Then F o a, = ap. Let €((0,1]) be the set of real valued
functions f on (0, 1] such that there exists a positive number K satisfying

@) - f) < &

;(y—m) for 0<zx<y<l.

Let %5((0,1]) denote the subspace of those f € € ((0,1]) with f bounded on (0, 1].

LEMMA 3.2.  ap is an element of €((0,1]). Conversely if & € €((0,1)), then Eo&
satisfies the condition (1) in Lemma 3.1.

PrOOF. By Lemma 3.1, there exists a positive number K such that

K
|ah(1;)—ah(y)|§;(y—x) for 0<z<y<l.

Note that, for each z,y € (0, 1] with x <y, the restriction a|[; ) is Lipschitz. Then we
can choose an increasing series of points * = g < 1 < -+ < T,,_1 < T, = y such that

lan (zi—1) —an(z)| < V3 (i=1,...,n).

It follows that

Then we have

(1‘1)| — |€\/—71d($,;_1) _ e\/jﬁ(f,)

lan(zi—1) —an

_olsin ap(wi—1) — ap(x;)
2
= | cos 0(&]1(%_127 an (i) lan(xiz1) — an(zi)l,

for some 0 < 0 < 1. Thus
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R . 2K
|an(xi—1) — an(z:)| < 2]an(ziz1) — an(z;)] < . |zio1 — ;).
i—1
Therefore we have
. . "\ 2K 2K
lan(x) —an(y)| < P i1 — @i < —(y — 2),

i=1

and then we have that a, € €((0,1]).
Since

|E(I)_E(y)|:|6\/jlm—e\/jly}Sy—;l: for 0<zx<y<l1,

it is clear that, for each & € €((0,1]), E o & satisfies the condition (1) in Lemma 3.1.
This completes the proof of Lemma 3.2. O

4. The fundamental homomorphism.

By Lemma 3.2 we can define a homomorphism
T :KerP — %((0,1])/%0((0,1)]), T(h) = an, mod %p((0,1)).
Now we have a map
O ¢ Ly (D, 0D) — L(0. 1]) x (0, 1])/%((0, 1)

defined by

PRrROPOSITION 4.1. O is an onto group homomorphism.

PrROOF.  First we prove that © is a group homomorphism. For each h €
Liyn)(D,0D), we set h = W(P(h))~' o h. Let h; € Lyn)(D,0D) (i = 1,2). Since
P is a group homomorphism, in order for the map © to be a group homomorphism it is
sufficient to prove that

a—— =a; +a;, ~ mod €y((0,1]).
For 0 < x <1, g € U(n), we have

hi(zg - e1) = P(hi)(x) gaz, (z) " -e1 (i =1,2),

i

and

(hy o ho)(zg-e1) = P(hyoha)(x) 94—~ (x)_l €.
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On the other hand we have
(h1 0 hg)(zg-e1) = P(hy o ha)(z) 9aj, (az:)_la;L1 (P(ho)(z)) ™! - ey.

Then

Thus

Let L and L’ be the Lipschitz constants of P(hs) and P(hs)~!, respectively. Let
x € (0,1]. For the case x < P(hz2)(x), by Lemma 3.2 there exists a positive number K
such that

a5, (P(ha)(@) — 5, (@)] < = P(ha) () — o] < K(L+1).

By definition « < L'P(hs)(x). Then, for the case P(hs)(z) < z, we have

aj, (P(he)(2)) — a3, (z)] < %W(hz)(x) —z| < K(1+L).

Then

Thus

mod %5((0,1]).

Therefore @ is a group homomorphism.
Let f € L([0,1]), & € €((0,1]). Combining Lemma 3.1 with Lemma 3.2, we have
that Fgoq € Ker P. Set

h(zg-e1) = f(z)Fpoa(rg-e1) for 0<z<1, g€ U(n).

Then we see that h € Ly (,,)(D,0D) and ©(h) = (f, & mod %((0,1])). Thus O is onto.
This completes the proof of Proposition 4.1. O

5. The first homology of L) (C™).

PropoOSITION 5.1. Ker©® s contained in the commutator subgroup of
LU(n)(D7aD)'
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Proor. If h € Ker®, then h € Ker P and ap € %p((0,1]). Thus, for any positive

an(x
number ¢, there exists an integer n such that M <efor0 <z <1 and

(y—z) for 0<z<y<l.

E

8o

Note that ap, = E(nap) = E(an)™. Then, for a sufficiently small positive number e, we
can assume that |a,(z)| <e for 0 <z <1 and

€
lan(z) —an(y)| < =(y—=x) for 0<z<y<Ll
x
Let v be a real valued smooth monotone increasing function on (0, 1] such that

B logz (0<z<1/2),
viw) = 0 (3/4<z <1).

Then it is easy to see v € €((0,1]). Let f be a real valued function on [0, 1] defined by

{xedh(“) (0<x<1),

Note that f(1) = 1. We shall prove that f € L([0,1]) for sufficiently small . If 0 < = <
y < 1, then we have

((f(y) —y) = (f(z) = 2)]
|(y _ x)(e&h(y) -1)+ x(edh(y) _ e&h(x))|

< (y— x)}e\dh(y)\ _ 1| + zlan(y) — an(z)]e @ H0@n ) =an(@))
< ((e° = 1) +ee®)(y — ),
for some 0 < 6 < 1. Here we take a positive number ¢ satisfying

(eF —1) +ee* < 1.

Then it follows from [3], Lemma 4.1 that the function f is a Lipschitz homeomorphism
of [0, 1] which is isotopic to the identity through Lipschitz homeomorphisms.

If 0 < x < —, then we have
2e¢

v(f(x)) —v(z) = log (xe&h(l)) —logx = ap(x).
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1
Then, for 0 < z < 2050 9 € U(n) we have
e

(Fpt o W(f) ™ 0 Fow o W(f))(xg - 1) = (Fgly o W(£) ™ 0 Fiow) (f(z)g - €1)
= (Fgk, o W(f)™") (f(x)ge¥ P0G . ¢)
el (rge T o,

V(@) oV To@) g,

= zge
= h(zg-e1).
Set
hy=hoW(f)™! o Fgo, o W(f) © Frou.
Then

1
hi(xg-e1) =xg-ey for nggﬁ, g €U(n).

Thus supp(hq) is contained in D\{0}. It follows from Corollary 2.4 that g is contained in
the commutator subgroup of Ly (,,) (D, D). Hence h is also contained in the commutator
subgroup. This completes the proof of Proposition 5.1. ]

THEOREM 5.2.
Hi(Ly»)(C™)) = %((0,1])/%0((0,1]).

PROOF. Let ¢ : Ker® — Ly(,,)(D,0D) denote the inclusion. By Proposition 4.1
we have the following exact sequence.

Ker®/[Ker®, Ly () (D, dD)] = Hi(Ly(ny(D, 0D))

5 Hi(L([0,1]) x €((0,1))/%0((0,1])) — 1.

Since ¢+ = 0 by Proposition 5.1, O, is isomorphic. By Tsuboi [7], Theorem 3.2 or [4],
Remark 2.6, the group L(]0, 1]) is perfect. Thus we have

Hy(Ly(n) (D, 0D)) = €((0,1])/%0((0, 1]).

Since Hy(Ly(y)(D,0D)) = Hi(Lyn)(C™)), Theorem 5.2 follows. O

REMARK. (1) Let v. (0 < ¢ < 1) be real valued smooth functions on (0, 1] such
that
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velz) = {(—logx)c (0<z<1/2),

0 (3/4<z<1).

Then v. € €((0,1]). Thus the group €((0,1])/%o((0,1]) contains a linearly independent
family {v. mod %,((0,1]) ; 0 <c <1}

(2) By using the integration by parts, we can prove that €((0,1]) is a subspace of
the function space L'((0,1]). We expect that the quotient space €((0,1])/%o((0,1]) has
some analytic meaning.

Let S(C™ @ R) be the unit sphere in C™ @& R with the canonical U(n)-action.
Combining Corollary 2.4 with Theorem 5.2 we have

COROLLARY 5.3.

Hy(Lu(n (S(C™ & R))) = €((0, 1)) /%((0,1]) x €((0, 1])/%((0, 1)).

6. The first homology of L(C,0).

Let L(C,0) denote the group of Lipschitz homeomorphisms of C which are isotopic
to the identity through compactly supported Lipschitz homeomorphisms fixing the origin.
Set D* = D\ {0}. For h € L(C,0) let ¢, : D* — S! be a map defined by

ch(rz):| z for0<r <1, z€ S

There exists a unique Lipschitz map é, : D* — R such that F o ¢, = ¢, and ¢, = 0 on
0D*. Let €(D*) be the set of real valued functions f on D* such that there exists a
positive number K satisfying

K .
|f(z) = fly)l < |;Iy—xl for z,y € D* with 0 <[z < |y| < 1.

LEMMA 6.1. ¢, € €(D").

h
PROOF. Let b, : D* — S! be a map defined by by (z) = |hE$;| for x € D*. Let L
x

and L’ be the Lipschitz constants of h and h™!, respectively. Assume 0 < |z| < |y| < 1
for x,y € D*. Then

|bn () — b (y)| = ml(\h(y)l = [h(x))h(z) + [h(2)|(h(z) = h(y))|
2 2LL
< mlh(x) —h(y)| < Wlx —yl.

Thus we have
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len (@) — enly)] =

(o) gy - ||‘

(@l = 2|+ i) =l

2LL +1
T'x_m

IN

Since |ép(x) — én(y)| < 2len(x) — cny)|, it follows that &, € €(D*) and Lemma 6.1
follows.

Let 65(D*) denote the subspace of those f € € (D*) with f bounded on D*. Let
T: L(C,0) — €(D*)/%y(D*) be a map defined by T'(h) = ¢, mod €y(D*).

PROPOSITION 6.2. T is a group homomorphism.

ProOF. Let g,h € L(C,0). Since

g(x) = |g<x>||% co(z) for e D,
we have
= X h(l‘) C X

On the other hand

Then

Thus
égoh =+ ég o h.

Let L and L’ be the Lipschitz constants of h and h~! respectively. Let = € D*. For the
case |z| < |h(x)|, by Lemma 6.1 there exists a positive number K such that

|69 (h(2)) — éq(2)] < \h( ) —a| < K(L+1).

By definition |z| < L'|h(z)|. Then for the case |z| > |h(z)],
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K

|6g(n(x)) = &g(2)] < o |h(x) — 2] < KL'(L +1).
|h(2)]
Then
Egoh —¢é, € 6o(D").
Thus
Cgoh = €, + ¢4 mod 6y(DY),
which completes the proof of Proposition 6.2. g

Let j: €((0,1]) — €(D*) be a map defined by j(a)(z) = a(|z|) for z € D*.

LEMMA 6.3. The map j induces the isomorphism
o 6((0,1])/%((0, 1)) = (D) /%y (D).

ProOOF. Let o € %((0,1]). By definition a(r) = j(a)(rep) for 0 < r < 1. If j(«) is
bounded, then « is also bounded. Thus j, is injective.
For v € €(D*), let a(r) = y(re1). Then o € €((0,1]). If x € D*, then

K

| — |x|e1| < 2K,
||

[y(@) = j(e) ()] = [y(z) = y(|zler)] <
where K is a positive number such that
K .
Iv(z) — ()| < mly—xl for z,y € D* with 0 < |z < |y| < 1.

Then v—j(a) € o(D*). Thus j.(a mod %o((0,1])) =~ mod %o(D*), which completes
the proof of Lemma 6.3. g

Let i : Ly(1)(D) — L(C,0) be the inclusion. Then

THEOREM 6.4.  The induced homomorphism i, : Hi(Ly1)(C)) — Hi(L(C,0)) is
injective.

PrOOF. We have the following diagram

Hy (Ly(1)(D)) (0, 1))/%((0,1])

i 7 ulﬁ

H,(L(C,0)) ~%(D")/%(D").
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By Theorem 5.2 and Lemma 6.3, the maps T, and j, are isomorphisms. Then the map

1, is injective. O

wli.

COROLLARY 6.5.  The first homology of the group L(C,0) admits continuous mod-
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