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Abstract. The X = M conjecture asserts that the 1D sum and the
fermionic formula coincide up to some constant power. In the case of type
A, both the 1D sum and the fermionic formula are closely related to Kostka
polynomials. Double Kostka polynomials Ky ,(t), indexed by two double
partitions A, pt, are polynomials in ¢ introduced as a generalization of Kostka
polynomials. In the present paper, we consider K ,(t) in the special case
where p = (—,pu”’). We formulate a 1D sum and a fermionic formula for
K . (t), as a generalization of the case of ordinary Kostka polynomials. Then
we prove an analogue of the X = M conjecture.

1. Introduction.

1.1. A certain polynomial in ¢, called the “fermionic formula”, M was introduced
in [6]. It can be viewed as a t-analogue of the multiplicity in certain representation of
an affine quantum group which first appeared in Kirillov and Reshetikhin [13]. In [5],
a polynomial called the “1D (one-dimensional) sum” X was introduced by using the
terminology of crystals. 1D sums and fermionic formulas are both defined for tensor
products of KR (Kirillov—Reshetikhin) modules [13]. The so-called X = M conjecture
[5] asserts that 1D sum and the fermionic formula coincide up to some constant power
of t.

1.2. In the case of type AS), the X = M conjecture is described as follows. Let g
be the affine algebra of type ASS) with index I = {0,1,...,n}, and go the corresponding
finite dimensional simple Lie algebra. Let U,(g) be the corresponding quantized universal
enveloping algebra. Set Iy = I — {0} and S = Iy X Z~¢o. Let £y be the set of partitions
of size N. In this paper, we consider B(u) = B ® --- ® BY#1 for KR-crystals Bl#i,
where u = (p1,...,4r) € Pn. For b € B(u), a non-negative integer E(b) attached to b,
called the energy, was introduced in [18]. Let A be a dominant weight with respect to
go- Let P(B(u),A) be the subset of B(u) consisting of U,(go)-maximal elements with
respect to the highest weight A\. Under these notations, the 1D sum is given by

X(pxt)y= Y 0 (1.1)
beP(B(1),\)

For p,m € Z>, define
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On the other hand, the fermionic formula with respect to A is given by
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where cc({m}) and pga) are defined by

S (aa, ap) min(i, j)mm?,

a,b€lp,i,j>1

N | =

ce({m}) =

<

P = 5,1 min(i, p) — Z (aa,ab)min(i,j)m§b).

Jj=1 (b,j)es#

Here (-, ) is the normalized invariant form on the weight lattice of go. The sum > {m} 18
taken over all the {mgb) € Z>o | (b,j) € A} such that pga) > 0 for any (a,i) €  and
NA;, — Z(M)e%) imz(»a)aa = )\, where A; is the 1st fundamental weight with respect to
go-

In our case, the X = M conjecture can be proved by using the combinatorics
of crystals and rigged configurations, see, e.g., [22], [14]. Rigged configurations are
combinatorial objects which first appeared in the Bethe’s paper on the study of the
Bethe Ansatz, and were generalized by Kerov, Kirillov and Reshetikhin [12], [10]. In the
view point of rigged configurations, as in [22, (4.6)], we can rewrite (1.2) as

Mp,xt)y= > et (1.3)
(v, J)ERC(1,\)

where RC(p, \) is the set of valid highest weight L(u)-rigged configurations of highest
weight A and cc(v, J) is a non-negative integer, called the cocharge of (v, J). See Section
5 for detailed definitions.

1.3. The Kostka polynomials K ,(t), indexed by two partitions A and p, play an
important role in the combinatorial theory, the representation theory and the mathemat-
ical physics, see [17, III] for details. Let T be a tableau of partition weight. There is a
non-negative integer ¢(7) attached to T, called the charge of T, see, e.g., [1], [L7]. Let
Tab(A, i) be the set of tableaux of shape A and weight u. Lascoux and Schiitzenberger
proved that the Kostka polynomial K ,(t) can be expressed as the generating functions
of Tab(\, 1) with respect to charge statistic ([17, III, 6.5])

Kyvuty= Y @,

TeTab(A,u)

Let u € Py, and X a highest weight of B(u). It is well-known that A can be identified
with a partition of size N. In [18], Nakayashiki and Yamada constructed a bijection
Uy : Tab(A, ) X P(B(p),A). They proved that Wy preserves the charge and energy,
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namely, ¢(T) = E(¥,(T)) for T € Tab(\, p). By using this bijection, they expressed the
Kostka polynomial K () as

Kauty= Y "0 (1.4)

beP(B(p),A)

In [12], Kirillov and Reshetikhin constructed a bijection ITy : Tab(X, u) — RC(p, A)
and proved that

Kopu(t) = "W M (p, X671, (1.5)

where n(p) = >0, (i—1)p; for p = (p1,. .., pr). In [21], Schilling defined the Kashiwara
operators e;, f; (i € Ip) on the set of rigged configurations and extended the definition
of cocharge to any rigged configuration. Let RC(u) be the set of L(u)-valid rigged
configurations generated from all the valid highest weight L(u)-rigged configurations by
the application of the Kashiwara operators. It is known (essentially due to [21]) that
RC(p) has a crystal structure containing RC(u, A) as the subset of maximal elements of
highest weight A. In [14], a bijection ® : B(u) — RC(u), called the rigged configuration
bijection, was established. It can be viewed as an extension of the bijection ®) = II o
U P(B(p), A) X RC(i, A). In [20] and [2], it was proved that the rigged configuration
bijection ® commutes with the Kashiwara operators, which implies that ® is a crystal
isomorphism.
Summing up the above discussion, we obtain the following commutative diagram

®
B(p) —— RC(p)
T (1.6)
Tab(\, 1) —2— P(B(),\) —>— RC(u,A),
where the vertical maps are natural inclusions.

1.4. Let Py be the set of pair of partitions (A, A”) such that the sum of the
sizes X\ and A" equals N. We call the elements in &y o double partitions. In [23], [24],
Kostka polynomials K ,(t), indexed by two double partitions A, u, were introduced as
a generalization of ordinary Kostka polynomials, as introduced in [15]. In this paper, we
call them double Kostka polynomials. In [15], a set Tab(X, p) of tableaux of shape A and
weight p was introduced. For A\, u € Py o with p = (—, ”’), a Lascoux—Schiitzenberger
type formula for double Kostka polynomials K ,(t) was given in [15, Theorem 3.12]

Kapu(t)y=t™ 3~ 2@, (1.7)
TETab(A,p'")

where ¢(T) is a certain charge of T

In this paper, we consider the double Kostka polynomials K ,(t) in the special case
where p = (—, p””). As a generalization of the case of Kostka polynomials, we give the
1D sum expression and the fermionic formula for K ,(¢), proving an analogue of the
X = M conjecture. Our results are summarized as follows.
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Result I.

In Proposition 4.4 and Theorem 4.5, we construct a crystal W(u) and an isomor-
phism of crystals ¥ : W(u) — B(p). For any A € Py, Tab(\, p) can be naturally
embedded into W(p) and ¥ can be viewed as an extension of the map ¥,. Namely, the
diagram (1.6) can be completed as follows

W) —— B —2— RC(n)

T T (1.8)

Tab(\, ) —2— P(B(n),\) —2— RC(, ).

We also define a charge function ¢ : W(u) — Z>¢, which is an extension of the charge
on Tab(A, p). In Theorem 4.10 and Corollary 4.11, we prove that ¥ preserves the charge
function and energy function.

Result II.

Recall that for A\, u € Py 2 with p = (—, pt"), the double Kostka polynomial Ky ,,(t)
is described by the set Tab(A, p””) and a certain charge on it, as in 1.4. In the present
paper, we show, for A € Py o, p € Py, that Tab(A, ) is naturally embedded in W(u).
We modify the definition of the charge on Tab(A, i) in [15] such that it coincides with
the restriction of the charge on W(yu). In Proposition 4.8, we construct a suitable subset
P(B(u),A) of B(u) and prove that the restriction of ¥ on Tab(, 1) gives a bijection
Tab(A, p) X P(B(u),A). We define a set RC(1, A) as the image of P(B(u), A) under the
isomorphism ®. In Corollary 5.13, we determine RC(u, A) explicitly. Summing up the
above discussion, we obtain the following commutative diagram

W) —— By —— RC(

T T (1.9)

Tab(A, 1) —2— P(B(u),A) —2— RC(u,N),

where the vertical maps are inclusion maps, and ¥y (resp. ®y) is the restriction of ¥
(resp. ®) which gives a bijection.

We remark that in contrast to the case in 1.2, the set P(B(u), A) no longer consists
of highest weight elements and p, A does not consist of restricted rigged configurations
in the sense of Schilling [21].

Result III.

Let A, pp € PN 2 as in 1.4. By using bijection ¥x given in (1.9) and the fact that
W, preserves the charge and the energy function, we prove the 1D sum expression for
double Kostka polynomials

Kau(t)=tX 3" 4280, (1.10)
beP(B(u'"),X)

which gives an analogue of (1.4). Hence, K ,,(t) can be viewed as the generating function
over P(B(p'), X) with respect to the twice energy function. In Definition 5.17, we define
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a fermionic formula M (A, p;t). In Theorem 5.18, we prove that
M, A t2) = 2O+ L. (1.11)

Hence, M (p”, X;t?) can be viewed as the fermionic formula for double Kostka polyno-
mials K ,(t). In Remark 5.19, we define a 1D sum

X(pxt)y= > "0 (1.12)
beP(B(u),A\)

By summing up the above discussion, we obtain
X (A t) = ¢ M (p, s t7), (1.13)
which give an analogue of the X = M conjecture.
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Masato Okado for his valuable advices during the preparation of this paper. Professor
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2014, which is the origin of this research. Thanks are also due to Yanmin Pu for the
careful reading of the draft of the paper.

2. Combinatorial preliminaries.

In this section, we introduce some combinatorial notions and tools used in the present
paper.

2.1. Let A = (A1, Ae,..., ;) be a partition, namely A\; > Ay > -+ > A > 0,
Ai €Z. Let |\ = Zle Ai be the size of A and [(A) = k be its length. We denote by Zn
the set of partitions of size N. We usually identify A with its Young diagram, which is a
collection of boxes, arranged in left-justified row, with \; boxes in the i-th row.

Let A = (A,...,As) and p = (p1,...,p:) be two partitions such that s > ¢ and
Ai > pi (1 <i<t). In this case, we write A D p and define the skew shape A — p to be
the diagram obtained by removing the Young diagram p from the Young diagram A.

A tableau is a filling of the boxes of a skew shape with positive integers, weakly
increasing in rows and strictly increasing in columns. Let T be a tableau of shape A\ — p.
Set |T| = |\ — |p|. We write words as a sequence of letters (positive integers, with
our conventions). For a word w = ay,ap,—1 - - - ay of length m, let u; be the number of
occurrences of the letter ¢ in the word w. Define the weight of w to be

wt(w) = (1, p2, - - .)-

w is called a standard word if wt(w) = (1™). Let w1 = a,, ---a1 and wy = by, --- by be
two words, write

W1 %Wy = Qg -+ - A1 by, -+ - b1.
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It is clear that wt(wy * we) = wt(wy) + wt(ws).

To each tableau T, we associate a word w(T') = a|pja|p|—1 - - - a1, called the word of
T, where the sequence a1, as,...,ar| is derived by reading the letters in 7' from right
to left in successive rows, starting with the top row. We say a word w is compatible
with A — p, if there exists some tableau T of shape A — p such that w(T") = w. Note that
such a tableau is unique if A — p is fixed. A word w = a,, ---aq is called a row if w is
compatible with the partition (m), namely am, < a1 < --- < a3. Similarly, a word
W = by, -+ - b1am, - - a1 of even letters is called a double-row if it is compatible with the
partition (m?), namely a,, < @p_1 < -+ < ay, by < b1 < -0 < by and a; < b; for
each 1 <i < m. Define the weight of a tableau to be the weight of its word.

We say a tableau T is standard if w(T') is a standard word. For a partition A, let
Tab(A) denote the set of tableaux of shape A. Denote by ST(X) the subset of Tab(\)
consisting of standard tableaux.

2.2. Following [1, 2.3], we consider the column bumping operation on tableaux.
For a letter ¢ and a tableau T of partition shape, let a — T denote the column bumping
procedure. The resulting tableau is denoted by [a — T]. We write R(a — T) = r if
the new box appears in the r-th row of [a — T]. Assume that the procedure a — T
ends at the ¢-th column. For 1 < k < ¢, we set riy(a — T) = i if the letter of T in
the i-th row of the k-th column is bumped in the procedure a — T'. For k > t, we set
rie(a = T) = R(a — T). Note that

rifa—=T)>ry(a—>T)>r3(a—>T)>---
Let w = amam_1---a1 be a word and T a tableau of partition shape. Set
[w—=T] = [am = [am-1 = -+ = [a1 = T]--]].

LEMMA 2.1.  Let T be a tableau of partition shape, and let u, v be two letters
with v < u. Then we have r(u — T) > rp(v — [u = TJ) for k > 1. In particular,
R(u—T) > R(v— [u—T]).

PrOOF. We use induction on the number of the columns of T'. If T" has no column,
namely, T = (), it is easy to check that rg(v — T) = 1 and rg(v — [u — T]) = 1 for
k> 1

Assume that T has r > 1 columns. If v bumps no letter in the first column of
T, then ry(u — T) = n+ 1 for k > 1, where n is the length of the first column.
Note that v must bump some letter in the first column of [u — T since v < w, hence
ri(v = [u—T]) <n+1. Then for k > 1, we have

k(v —=u—=T)<rv—-[u—=T)<n+1l=r(u—1T).

If w bumps a letter u; in the first column of T and v bumps v; in the first column of
[u — TJ, then u; > u > vy > v. It is easy to see that r1(u — T) > r1(v = [u — T)).
Let T” be the tableau obtained by omitting the first column of T'. Clearly, ri(u — T') =
re—1(u1 = T) and ri(v = [u = T)) = r—1(v1 = [ug = T']) for 2 < k < ¢q. By induction
hypothesis, ri(u1 = T") > rip(vy — [ug = T']) for k > 1. The lemma is proved. O
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COROLLARY 2.2. Let w = am---a1 be a word and T a tableau of partition shape.
Set Ry, = R(ay, — [ag—1---a1 = T)). If w is a row, then R, --- Ry is a row.

Proor. This follows directly from Lemma 2.1. U
By a similar argument as in the proof of Lemma 2.1, we have the following lemma

LEMMA 2.3.  Let T be a tableau of partition shape, and let u,v be two letters with
v > u. Then, for k > 1, we have rp(v = [u = T]|) > rg(u — T). In particular,
Rv—=[u—T])>Ru—=T).

PROPOSITION 2.4. Let w = yys—1-- Y1X:X¢_1---x1 be a double-row and T a
tableau of partition shape. For 1 < k <'t, set

R} = R(xi — [xiq cee X1 — T])v
R} = R(yi = [yi1- - p1wewe1 -+ -1 — TJ).

Then RYRY | ---RYRFYR? |-+ Ry is a double-row.

PrROOF. We use the induction on ¢. For t = 1, it is just Lemma 2.3. For ¢ > 1,
assume the proposition holds for ¢ — 1. Consider the procedure xo — [y121 — T, it is
easy to see that, for k > 1,

re(ze = [y1z1 = T)) < rp(xy = T).
Hence, by Lemma 2.1, for 2 < s <t, k > 1, we have
re(zs = [ws—1 - @ay1z1 = T)) <rp(zy = T),
which implies
re(zs = [Ts—1 - xopnxr = T)) =rp(zs — [X521 - 21 = T), (2.1)

since the procedure x; — [z;_1---x1 — T] coincides with the procedure z; —
[€i—1 - x2y1z1 — T| by ignoring the letters strictly below the rp(zq; — T)-th row of
the k-th column for each k > 1. For 2 < s <, set

R* = R(zs = [s—1 - way1z1 = T))

s
and

R’i = R(ys = [Ys—1- Y2441 - - X211 — T1).
By (2.1), R® = R for 2 < s < t. It is obvious that

[y1 = [zt 21 = T =[x+ xotpzy — T, (2.2)

which implies RY = RY for 2 < s < t. Set RY = R(y; — [z1 — T]). It is easy to
see that RY = RY. By induction hypothesis, RY --- R§RY --- RS = R} --- RYRY --- R% is
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a double-row. By Corollary 2.2, R} ---RYR} and Ry --- RYR} are rows. Note that
RY = RY > R}, which implies that R/R} ,--- R{RYRY ,--- R} is a double-row. O

2.3. Following [1, Chapter 2], we introduce the Knuth’s relation ~g which is the
equivalent relation on words, generated by so-called elementary transformations given as
follows; for letters z,y, z and words u, v,

urzyv ~g uzzyv for x <y < z,

uyzrv ~g uyrzv for r <y < z.

Let w be a word such that wt(w) is a partition. Following [1, 2.4], we associate a
non-negative integer c(w), called the charge of w. Let T be a tableau of partition weight,
define its charge ¢(T") as the charge of the word w(T).

LEMMA 2.5 ([1, Corollary 2.4.38]). If w and w' are words whose weights are par-
titions then

w~g w = c(w) = c(w).

2.4. Here we give a brief explanation of Schiitzenberger’s jeu de taquin sliding
algorithm. See [3, Section 2], [1, Chapter 2] for more details. Let A — p be a skew shape.
A position b not belonging to A — p is called an upper (resp. lower) jeu de taquin position
if b shares at least a lower (resp. upper) edge with A — p and {b} U (A — p) is a valid skew
shape.

Suppose we are given a tableau T of the skew shape A — p. To each upper (resp.
lower) jeu de taquin position b, we associate a transformation jdt,(T) of T, called a jeu
de taquin slide of T" into b, by the following rule.

(1) Place a pawn & (resp. #) in the position b.

(2) Compare the letters directly to the right (resp. left) and directly below (resp.
above) the pawn. Exchange the pawn with the letter so that the result does not
violate strict increasing along columns or weak increasing along rows.

If there is a letter below (resp. above) the pawn but no letter to the right (resp.
left) of the pawn, exchange the pawn with the letter below (resp. above). Similarly,
if there is a letter to the right (resp. left) of the pawn, but no letter below (resp.
above) the pawn, then exchange the pawn with the letter to the right (resp. left).

(3) Repeat (2), until there is no letter to the right (resp. left) of or below (resp. above)
the pawn. jdt,(T") is the tableau obtained by omitting the pawn from the result.

EXAMPLE 2.6. Let T be the tableau

a23

146
15b
3
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with the upper (resp. lower) jeu de taquin position a (resp. b). We have

&23 123 123 123
146 %46 446  46&
15 15 15 15
3 3 3 3

and

23 23 23
146% 146% A4i6
154 1465 115

3 3 3
123 23
o 4 . 46
Hence, we obtain jdt,(T') = 15 and jdt,(T) = 115
3 3

Two tableaux T and T” are called jeu de taquin equivalent if 7’ can be obtained by
a sequence of jeu de taquin slides of T. Let T be a tableau. It is well-known that, see
[3, Section 2|, for example, there exists a unique tableau jdt(7T) of partition shape which
is jeu de taquin equivalent to T'. The following two results are well-known

THEOREM 2.7 ([1, Remark 2.3.25]).  Let T be a tableau. Then
JAt(T) = [w(T) — 0]. (2.3)

THEOREM 2.8 ([3, Lemma 2.3]). Let T be a tableau, and let a be a jeu de taquin
position of T. Then

w(T) ~r w(jdt,(T)).

REMARK 2.9. In [3, Lemma 2.3], Fomin proved Theorem 2.8 in the case where T'
is a standard tableau. But his proof works when T is any tableau.

As a corollary of Theorem 2.8, we have
COROLLARY 2.10. Let T be a tableau of partition weight. Then
o(T) = e(de(T)).

PrROOF. By Theorem 2.8, we have w(T) ~x w(jdt(T")). By Lemma 2.5, we have
o(T) = c(w(T)) = c(w(dt(T))) = c(Gdt(T)). O

2.5. Following [3], we introduce the RS-correspondence, which is a way to associate
with a word w a pair (Q, P,) of tableaux of the same partition shape. Assume w =
Amm—1 - - - a1 is given. Then (Qy, Py) is obtained as follows. Begin with (Q(0), P(0)) =



292 S. Liu

(@,0), and assume that (Q(t), P(t)) are defined for ¢ < m. Define Q(¢t + 1) and P(¢t + 1)
by

(1) P(t+1) = laty1 — P(t)],

(2) Q(t+ 1) is obtained from Q(t) by adding a box with letter ¢ + 1 in it such that
Q(t+ 1) and P(t+ 1) have the same shape.

The process ends at (Q(m), P(m)). Let Q, = Q(m) and P, = P(m). We denote

the correspondence by w RS (Quw, Py). Note that @Q,, is a standard tableau, called the
recording tableau. Notice that the RS-correspondence asserts that for a given pair of
tableaux (@, P) of the same partition shape such that @ is a standard, there exists a

unique word w such that w RS (@, P).

2.6. A word w = a,,a,m,_1---aq is called a lattice permutation if for 1 < r < m
and i > 1, the number of occurrences of the symbol ¢ in a,a,_1---a; is not less than
the number of occurrences of the symbol ¢ 4+ 1. For partitions A, p and p with A D p, let
Tab(A—p, i) be the set of tableaux of shape A— p and weight . Denote by Tab®(A—p, 1)
the set of tableau T € Tab(A — p, 1) such that w(7T) is a lattice permutation.

Let p € Pn, and let A, p be partitions such that A D p and || — |p| = N. In [17, I,
(9.4)], a bijection

6 : Tab(A — p, ) % H Tab®(\ — p, v) x Tab(v, u) (2.4)
veEPN

is constructed. In what follows we shall construct a different type of bijection apart
from 6, by using RS-correspondence. For v € &y, we denote by L(v) the set of lattice
permutations of weight v. To T € ST(v), we associate a word o = by -+ -+ by where
by, = 1 if the letter k appears in the i-th row of T'. It is well-known that the map T — op
gives a bijection L(v) X ST(v).

For T' € Tab(X — p, u), set Qr = Qu(r), Pr = Pyr) and o(T) = 0q,. We write
w(T) =an---a; and set b; = R(a; — [a;—1---a; — 0]). Then it is easy to see o(T) =
by - by.

LEMMA 2.11.  For T € Tab(A — p, ), o(T) is compatible with A — p.

PROOF. Under the notation above, it is enough to show that if ¢-th row and (i+1)-
th row of T are given as

apap_l...as A

aq"'atat—l"'a'p—‘,-l
then the array

T bpby 1---by by
T bbby by

is a tableau.
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Set w1 = apap_1 -Gk, W2 = AqQq—1 - Apy1 and W3 = Ar@¢—1 - Gp1ap - - - 5. Note
that w; and ws are both rows and ws is a double-row. Set T} = [ag_1---a1 — 0],
Ty =ap---a1 — 0] and T3 = [as—1---a; — 0]. Consider wy — T; and wy — T5. Then
we see that by, --- by and by - - - by41 are rows by Corollary 2.2. Consider ws — T5. Then
by -+ -bp+1by - - - bs is a double-row by Proposition 2.4. Hence T} is a tableau. O

Take T' € Tab(A— p, ) and assume that the shape of Q7 is v. Then by Lemma 2.11,
there exists a unique tableau D of shape A — p such that w(Dr) = o(T).

THEOREM 2.12. Let p € Py, and let A\, p be partitions such that A D p with
[A| = |p| = N. Then

(1) The map T — (Drp, Pr) = (Dp,jdt(T")) gives a bijection

T : Tab(A — p, p) — H Tab®(A — p, v) x Tab(v, u).
VEPN

(2) If we write T'(T) = (D, S), then c(T) = ¢(S).

Proor. For T € Tab(A — p,u), I'(T) = (Dr, Pr) is obtained by the following
procedure

T — w(T) — (QT,PT) — (U(T)7PT) — (DT,PT).

Each step is one to one, which implies that T is injective. Since there exists a bijection
0 in (2.4), both sides have the same cardinality. Hence Lis a bijection. Note that
Pr = jdt(T) by Theorem 2.7. This proves (1). Since Pr = jdt(T'), we have ¢(T') = ¢(Pr)
by Corollary 2.10. Thus (2) holds. O

REMARK 2.13. The property (2) is used in the later discussions. It is likely, as
many examples show, that 6 = f, but we don’t know the proof. The author does not
know whether the property (2) holds for the map 6 , though it is stated in [12] without
proof that ¢(T) = ¢(S) for 6(T) = (D, S).

3. Double Kostka polynomials.

In this section, we introduce the double Kostka polynomials, following [15]. For
more information, see [23], [24], [15].

3.1. A pair of partitions A = (X, \”) is called a double partition of N if | N |+|\'| =
N. We denote by &y 5 the set of double partitions of V. For partitions A, y1, the Koskta
polynomial Ky ,(t) € Z[t] is defined as in [17, II1,6]. In [23], [24], Kostka functions
associated to complex reflection groups were introduced as a generalization of Koskta
polynomials. As a special case of such Kostka functions, double Kostka polynomials
K> ,, are defined, which are polynomials in Z[t] indexed by double partitions X, pp € P 2.
A relationship between double Kostka polynomials and usual Koskta polynomials was
studied in [15]. In particular, in the special case where p = (—, p”’), there exists a very
simple formula as follows.
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PROPOSITION 3.1 ([15, Lemma 3.4]). Assume that X\, € Py such that p =
(=, 1"). Then we have

Kxu(t) = ¢ Z CZ’,)\”KUM" (), (3.1)
neEXN

where X = (X', \") and c¥, ,, is the Littlewood-Richardson coefficient (cf. [17, 1, 9]).

3.2. Let A= (N,)\") € Pn . Following [15], we call a pair T' = (T, T_) a tableau
of shape A if T (resp. T_) is a tableau of shape X' (resp. A”). Let Tab(A) be the set of
tableaux of shape A.

Let A = (W, X\') € Pyo with X = (N],..., X)) and X' = (A],...,\/). For an
integer a > A\, we define a partition 5,\@ = (&1,&2, .., €s4t) € PNas by

€ = A +a for 1 <i<s,
' YN fors+1<i<s+t.

and define a skew shape & o by &x,q = EM — (a®). Then &y, consists of two connected
components of shape A\ and \”. Thus T € Tab(A) can be naturally identified with an
element T, € Tab(éx4). For T € Tab(X), put w(T) = w(T_) * w(T}) and wt(T) =
wt(w(T)). It is easy to see that w(T) = w(T,) and wt(T) = wt(T,).

Let p € &n. We denote by Tab(A, p) the set of tableaux of shape A and weight
. Let Tab®(X, ) the subset of those T such that w(7T) is a lattice permutation. By
applying Theorem 2.12 for A —p = & 4, We obtain a bijection I. Under the identification
Tab(éx,q, ) with Tab(A, ), I induces a bijection

Ty : Tab(A, 1) — J] Tab®(A,v) x Tab(v, ). (3.2)
veEPN

But since w(T) = w(fa) for any a, I', does not depend on the choice of a, which we
denote by T.

3.3. It is well-known that the Kostka polynomials K , have a combinatorial de-
scription due to Lascoux and Schiitzenberger (see e.g., [17, III, (6.5)]).

THEOREM 3.2 (Lascoux—Schiitzenberger).  For partitions A\, u € Py, we have

Kyu)= Y 0 (3.3)

TeTab(\,pn)

For A € & 2, we define the charge ¢(T') of T by ¢(T) = c¢(w(T')). Then we have the
following Lascoux—Schiitzenberger type formula for double Kostka polynomials Ky ,(¢)
for the special case where p = (—, u"’).

THEOREM 3.3. Let A, € P2, and assume that p = (—, p'"). Then
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R Y
TEeTab(A,u')

PROOF. 1In [15, Theorem 3.12], a similar formula was proved by making use of
the bijection ¢ in (2.4) instead of I'. Note that in that case, the charge ¢(T") defined
there may be different from the charge here. Although the theorem can be proved in a
similar way as in [15], we give the proof below for the sake of completeness. Assume
that A = (XN, \') € Py and v € Py. First we note, by a general argument (see [15,
Corollary 3.9], [17, 1,9]), that the bijection (2.4) implies that

|Tab0(A7 V)‘ = CK/A’)\//. (3.4)

We consider the map p : Tab(A,p”) — ,co,Tab(v, p”) defined by p(T) = S for
I[(T) = (D, S). Then by (3.2), for each S € Tab(v, '), the set p~1(S) has the cardinality
4 and by Theorem 2.12 (2), ¢(T) = c(S) for each T € p~'(S). Hence we have

Z tC(T) — Z Z CKI,)\”tC(S)

TeTab(A,u'") veEP N SeTab(v,u'")

> &Ky (t).

VEPN

The second formula follows from (3.3). Now the theorem follows from Proposition 3.1. O

4. Crystals B1'™,

4.1. Here we briefly review the notion of crystals. See, e.g., [4] for more details. Let
g be a symmetrizable Kac-Moody algebra with index set I, weight lattice P, dual weight
lattice PV, root lattice @, fundamental weights A;(i € I), simple roots «; (i € I) and
simple coroots h;(i € I). Let { , ) : PV x P — Z be the pairing defined by (h, A) = A(h)
for h € PV, A € P. Let Uy(g) be the quantized universal enveloping algebra of g. An
(abstract) U, (g)-crystal is a non-empty set B together with maps

WtIB*)P, 61'7()01'5B4)ZU{700}, ei,fi:B%Bu{O}

subject to the conditions

(1) (hi, wt (D)) = s(b) — 4(b) for all i € I,

(2) wt(ei(b)) = wt(b) + a if e;(b) €

(3) wt(fi(b)) = wt(b) — e if fi(b) € B

(4) i(ei(b)) = €i(b) = 1, pi(ei()) = @i(b) + 1 if e;(b) € B,
(5) €i(fi(b)) = €i(b) + 1, @i(fi(b)) = wi(b) — 1if fi(b) € B,
(6) for b,V € B, f;(b) =V’ if and only if e; (') = b,

(7) if pi(b) = —oo for b € B, then ¢;(b) = fi(b) = 0.
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The operators e; and f; are referred to as Kashiwara operators. Let B be a U,(g)-crystal.

If b = f;(b) for b,b' € B, we draw an arrow as b X ¥/, In this way, B gets endowed with
the structure of I-colored oriented graph, called the crystal graph. B is connected if its
crystal graph is connected. A crystal B is said to be semi-regular if, for all b € B, i € I
gi(b) = max{k € Zs | e¥(b) # 0}, (4.1)
pi(b) = max{k € Zso | f5(5) # 0}, (4.2)

4.2. Let By and By be two crystals. A crystal morphism @ : By — By is a map
B, U{0} — B2 U {0} such that

(1) 9(0) = 0;
(2) it b € By and ¥(b) € Ba, then wt(¢(b)) = wt(b), €;((b)) = €;(b), and ¢;((b)) =
@i (b);

(3) for b € By, ¥(e;b) = e;ih(b) if ¢(e;b) # 0 and e;ih(b) # 0;
(4) for b€ By, p(f:b) = fip(b) i w(fib) # 0 and fip(b) # 0.

A morphism ¢ : By — Bs is called an embedding if the induced map ¢ : By U {0} —
By LI {0} is an injection and commutes with the Kashiwara operators. Moreover, ¢ is
called an isomorphism if the induced map is a bijection.

4.3. For crystals B; and Bs, we introduce the tensor product Bs ® By, which owns
a crystal structure. As a set, it coincides with the Cartesian product By x B; and the
crystal structure is given by

. (bg) X b1 if Ez(bz) > Qg (bl),
cilby @b1) = {b2 @ €;(by) if £5(b2) < @;(by),
_ S fi(b2) @ b if &5(b2) = ¢i(b1),
(b2 ®b1) N {b2 ®2fz(b1) if Ez(bz) < Pi ( )
gi(by ® b1) = max(g;(b1),&4(b1) 4 €4(b2) — @i(b1)),
pi(be ® b1) = max(p;(b1), %‘(bl) + i(ba) —€i(b1)),
(bg X bl) = (bg) =+ Wt(bl)

Here 0 ® b and b ® 0 are understood to be 0. We remark that we use the opposite of the
Kashiwara’s tensor product convention here, see, e.g., [4, 4.5].

For semi-regular crystals B; (i = 1,...,7), we consider the tensor product crystal
B=B,®B,_1®---®B;. Fixiel. Toeachb=0,®b,_1® --®b; € B, we assign a
sequence of the symbols + and —:

wi(br) €i(br) i (b1) €i(b1)

called the i-signature of b. The reduced i-signature of b is obtained by removing sub-
sequence —+ of the i-signature of b repeatedly until it becomes the form: +.----. +
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— e —. Then ¢;(b) equals the number of + in the reduced i-signature and ¢;(b)
equals the number of — in the reduced i-signature. If ;(b) = 0, then e;(b) = 0, otherwise
e; acts on b;, which gives the leftmost — in the reduced i-signature:

ei(b) =b, @---®@ei(bj,) ®--- @ D1.

If ;(b) = 0, then f;(b) = 0, otherwise f; acts on b;, which gives the rightmost + in the
reduced i-signature:

fi0) = by @ -+ @ fa(bj,) @+~ @by

4.4. In the rest of this paper, we assume that g is the affine Kac—Moody algebra
of type Asllll with index set I = {0,1,...,n — 1}, and go is the corresponding finite
dimensional simple Lie algebra obtained by removing the 0 node of the Dynkin diagram
of g. Let Uj(g) be the subalgebra of U,(g) defined by dropping q? (d is the degree
operator) from the generators. Then there exist natural inclusions

Uqy(g) D U;(g) 2 Uq(go)-

We can choose
Pi=ZANg®DZAN D --- DZA,,_1 (4.3)

as the weight lattice with respect to U;(g). One can define a notion of Uy (g)-crystal
by replacing P in the definition of U,(g)-crystal by P.. Set Iy = I\{0}. Denote the
fundamental weights of go by A; (i € Iy) and the weight lattice of U,(go) by P, then

P=7ZAM®ZA D ---®ZA,_;. (4.4)

Denote by P the subset of dominant weights.
Define a map Z" — P by (a1, ...,a,) — (a1 —az)Ay + -+ (apn_1 — an)A,_1, then

it induces an isomorphism Z"/Z(1,...,1) X P. Let ¢; (1 < i < n) be the i-th unit vector
in Z™, and €; the image of ¢;. Then we have

ANi=e+&+ - +7, foriel, (4.5)
€@ +é+---+e¢, =0.

For A € &y such that I(A\) < n, we write it as A = (A1,...,\,) € Z™ with \; > 0.
Then A determines an element > . ; A&, = Z?:_ll()\i —Xiv1)A; € P, We also denoted
it by A by abuse of the notation. Let A = (X, \’) be a double partition with X =
(N A, A = (A, A)) such that s + ¢t < n. Then A determines an element

s t
PIPND SR
i=1 j=1

1 t—1

= ST = N )R+ (N = MR+ SO - N )Ry € P
1 j=1

S

i
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which we also denote by A. Note that XA € P is not necessarily a dominant weight.

4.5. The Kirillov—Reshetikhin modules (KR modules for short) ) (rely,m>
1) are U,(g)-modules first introduced by Kirillov and Reshetikin in [13]. As a U,(go)-
module, W,(,LT) is isomorphic to the irreducible highest weight module V() with respect
to the highest weight A = mA,. It is known that W,,(f ) has a crystal basis, denoted by
B™™. As a U,(go)-crystal, B™™ is isomorphic to the crystal basis B(X) of the irreducible
highest weight module V' (\), A = mA,..

Let us focus on B and its U, (go)-crystal. We give a brief discussion on the tableau
representation of B»™. For more details, refer to [19].

First we introduce B%!. The crystal graph of B! is given as

and wt(i) = €;. Next we consider the general case B1™. As a set, BL'™ is the set of all
tableaux of shape (m) with letters 1,2, ..., n, namely,

BY" ={zxo x| 1 <2y <29 <o <z <}
We have a natural embedding of crystals
BY" s (BY)E gy o 3 Q22 @ @ Ty (4.7

4.6. For p= (p1,..., 1) € Py, we set B(u) = BL# @ BbHr—1 @ ... @ Bb#, In
the following discussion, we view B(u) as a Uy(go)-crystal, unless otherwise stated. We
denote by W(u) the set of n-tuple of rows (wy,, ..., w;) such that wt(w, *---xwy) = p.
For w = (wy,,...,w;) € W(u), define the weight wt(w) as Y, mse; € P, where m;(1 <
i <n) is the length of the row w;. For a given w € W(u), there exists a unique element
bw = b @--- @by € B(u) determined by the condition:

for any i, k € Z~¢, the occurrences of the letter i in b (4.8)

equal the occurrences of the letter k£ in w;.

We define a map ¥ : W(u) — B(u) by w — by,. It is easy to see that ¥ gives a bijection,
and preserves the weight, namely, we have

Wt (by) = wt(w). (4.9)

EXAMPLE 4.1.  Assume that g = (3,2,2,1) and n = 5. Let w = (—,4,1,113,223) €
W (1). Then by = 4® 12® 11  223.

Let (wo,w) be a pair of rows with w1 = xpzp—1--- 21 and wa = ygyg—1---y1. For
1 <t < ¢, we define an array T'(t) by

T(t) = : (4.10)

and set
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x DR x
T(0) = P
yq “e . yl

Let tg be the largest number such that T'(tp) is a tableau. If w; is the empty word (i = 1
or 2), we set top = 0 and regard T'(¢o) as a tableau with two rows, whose i-th row is empty.
Put T(w2,w1) = T(to).

EXAMPLE 4.2. wo = 122, w; = 114, we have

114 114
T(O)—122 ) T(l)_122 ’
114 114
. 114
In this case, to = 2 and Ty, w,) = T(2) = 1292

If there exists an upper jeu de taquin position e in the first row of T{y, w,) and
assume that w; (i = 1,2) is the i-th row of jdt,(T(w,,w,)), we set e(wz,w;) = (wy, wy). If
there exists no upper jeu de taquin position in the first row, write e(ws, w1) = 0. Similarly,
if there exists a lower jeu de taquin position f in the second row of T{y, .,,) and assume
that w}’ (i = 1,2) is the i-th row of jdt ;(T(wyw,)), We set f(wa,w1) = (wy,wY). If there
exists no lower jeu de taquin position in the first row, write f(ws, wq) = 0.

DEFINITION 4.3. For i € Iy, we define the Kashiwara operators e;, f; : W(u) —
W(u) U {0} as follows. Let w = (wp, ..., w1) € W(u).

(1) If e(wip1,w;) = (wiq,w;) # 0, define e;(w) = (wy,,...,wy), where w), = wy for
k#1404 1; if e(wiy1,w;) = 0, define e;(w) = 0.

/

(2) If f(wit1, w;) = (wigq,w;) # 0, define fi(w) = (w),,...,w]), where w), = wy for

k#i,i+1; if f(wey1, we) = 0, define f;(w 6
PROPOSITION 4.4.  The map ¥ commutes with the Kashiwara operators, namely,
€ibw = be,(w) and fibw = by, (w) (4.11)

forie Iy and w € W(u).

PrROOF. We only prove the first assertion of (4.11). The second one can be proved
similarly. For b =150, ® ---® by with by =21 - -2p 5, 1 <k <1, let

E: T1, Q- QT , Q- QT @ Q1 € (Bl,l)®N. (4.12)

Then the map b — b gives a crystal embedding B(u) < (BY1)®V. In order to prove
(4.11), it is enough to show

€ibw = De, (w)» (4.13)
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for i € Iy and w € W(p).
We show (4.13). For w = (wy,...,w1) € W(u) with wy = ag, kae,—1,% - a1k,
1<k<n,let Spr={(z,k)|1<x <4} Set

Sw= [[ Sws

1<k<n
Define a total order < on S, by
(1) (w1, k) < (x2,k) if 21 < x2;
(2) (x1,k1) < (x2,k2) if k1 < ko and agz, ky, = Gy ks
(3) (z1,k1) < (wa, ko) if k1 # ko and ag, g, > Qg ki,

We express the eleglents in Sy as ¢1 < ¢ < -+- < ¢y along this total order. Then it is
easy to check that b,, can be written as

bw = Yo, @ Ye, @+ @ Yeps (4-14)
where y., = k if ¢; = (2,k) € Sy. We fix i and i+ 1, and write 2+ = (z,i) for 1 <z < p
and y~ = (y,i+ 1) for 1 < y < ¢, where p = ¢;, ¢ = {;11. Write a,+ = a,,; and
by~ = by i+1. Then the restriction of the order on the set
S’w,i U Sw,i+1 = {1+7 2+, oo 7p+a ]-77 277 e 7q7}

satisfies the following properties

>yt = >y,
T >y <>y,
2t >yT = a,+ <ay-,
Yy >at = a, > a,-.

Note, for € BY1, that the i-signature is + (resp. —, empty) if z =i (resp. x =i + 1,
otherwise). Hence it is clear that the i-signature of b is given by

€k1 €k2 T gkp-%—q’ (415)

where if we denote the elements in Sy, ; Ll Se,i+1 as k1 < k2 < -+ < kpy4 following the
total order, then g, is determined as

+ if kj S Sw,i7
EL. =
ks — if kj S Sw,i+1~

We call (4.15) the signature associated to the tableau Tiu, | w,)-
First we consider a special case.

(a) If T, ;) is of the form
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Cler a(p,1)+ e A+
)

aq7 “ee ap7 a(p_1)7 P a17
then the reduced i-signature of Ew has no +.

In fact, since aj— > a;j+, we have j+* > j~ for each 1 < j < p and all + in the i-signature
appear in the pairs (g;-, €;+ ), hence all the + in the é-signature can be removed. Similarly,
we have

(b) If Thw, 1 w,) is of the form

Apt Qp—1)+ " A(p—qt1)+ ** A1+
)
Og- Q(g—1)- """ @1~

then the reduced i-signature has no —.

In the general case, assume that T{y,, , ;) s written as

T = apt Qp—1)* " Ap—m+1)*+ (p—m)*+ "~ * " A1+
(wig1,w;) = :
aq= A(g—1)= """ Gm= G(m—-1)~ """ 41~

Set J={t[1<t<m+1, a;- < agp—_(m—t+1))+}- We consider the case J # @ or J = ()
separately.

Case 1. J # 0.

Let tg be the largest number contained in J. We consider the procedure of the jeu
de taquin slide of T(,,, ;) into the upper jeu de taquin position of the first row. Then
the last step before the pawn & going down is of the form

ap+ Ap—1)+ =" Ap—(m—to))* W Alp—(m—to+1))+ """ a1+
a,q7 ...a(m+1)7 ami ...a(t0+1)7 a,tg a(t071)7 ,,,a,17 .
We divide the i-signature of Ew into three parts

5761 ...... Eksgta €k5+2 ...... 6k7p+q'

part 1 part 2

Note that for p — (m —to) < j < p, we have j* >ty since a;+ < a((mt1)—(p—j)- < ay-.
Also for 1 < j < p— (m —to+1), we have j+* <ty since aj+ > a(p—mito—1)+ > . It
is easy to see that

{k’hkg,...,ks} = {1+,2+,...7(p7 (m7t0+1))+,17,27,...,(t0 — 1)7},
and ey, - - - €, is the signature associated to the tableau

Ap—(m—to+1))+ """ """ it
A(to—1)- ag-

Similarly, eg, - €k,., 15 the signature associated to the tableau
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pt A(p—1)+ " Ap—(m—to))*+
Ag= " Qm+1)- Q=" Otg+1) -

By (a) and (b), we know that there exists no — in the reduced signature of part 1 and
no + in the reduced signature of part 2. Hence, Ets is the left most — in the reduced

i-signature of gw. This implies that

€ibw = Yo, @ Ye, @+ @ €Y(1,i41) @+ @ Yy - (4.16)

We write e;(w) as e;(w) = (wy,, ..., w}) with wy = by by 14 b1k Then S, =

{(z,k) |1 <a <4} is determined as before. It is easy to check that

1 ifk=i,

=30 -1 ifk=i+l, (4.17)
0 otherwise,
and
a, ifk=i,xz=p—(m—to);
if k=di,p—(m—t < 4
bos = A(z—1)+ 1 i,p—(m—to) <z < L} (4.18)
apr1)- k=it 1t <z <Ll;
Ay ko otherwise.

As in (4.14), Eei(w) can be written as

beiw :y,c/l ®yé’2®®yé;\,7

where ¢} € Se,u, €] < ¢y < --- < cy. Here yé;_ =k if ¢ = (v, k) € S, (w) When we write

the elements in Se, () as ¢} < ¢y < --- < cfy. Define a map h : Sy — S, (w) by

(x+1,1) ifk=1dip—(m—ty) <ax<;

W k) = (p—(m—to),9) ifk=i+1,z="ty
(x—1,i+1) ifk=i+1,t0+1< o< liyg;
(z, k) otherwise.

By a direct computation using (4.18), we see that h is the unique bijection such that
h(cj) < h(cg) for 1 < j <k < N. Hence we have

bevw = Yoy, @Yoy @+ DYy
= Yh(er) ® Yn(e) @ O Yh(en)-

Noticing that
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Ye, if ¢ 7é ly
y;b((,,,) = { 0

Yo, — 1 if ¢; =ty

we obtain

be,(w) = Yer @Yes @+ @ (Ytg,it1) — 1) @+ @ Yoy - (4.19)

Since e;Yty,i+1) = Y(to,i+1) — 1, We obtain (4.13), from (4.16) and (4.19).
Case 2. J = (.
In this case, T(y,, w,) must be of the form

Ap+ ++ - Ay

a/q7 B a(p—‘—l)* ap7 ce Q-

Then the jeu de taquin operation can be written as

G gy b
aq_ ...a(p+1)_ ap_ st Qo— Q-

It is clear that 17 is the smallest element in Sy, ; Ul Sy i+1. Divide the i-signature into
two parts

Note that part 2 is the signature associated to the tableau

ap+ a/(p_l)+ A+

Gq= " A(p+1)~ Ap- e G2-

By (a), there exists no + in the reduced signature of part 2, thus e;- is the left most —
in the reduced i-signature of b,,. By a similar argument as in the case 1, we obtain (4.13)
also in this case. Thus the proposition is proved. O

For i € Iy, w € W(u), we define ¢;(w), p;(w) € Z>¢ by
gi(w) = max{k | efw # 0}, (4.20)
pi(w) = max{k | fFw # 0}. (4.21)
Then we have the following result as a corollary of Proposition 4.4.

THEOREM 4.5.  The maps e;, f; : W(u) = W(p)U{0}, €5, 0, : W(n) = Z>o (i € Ip)
and wt : W(u) — P define a Uy(go)-crystal structure on W(u). Moreover, the bijection
U gives a Uy(go)-crystal isomorphism.

PrOOF. Let ¥ : W(u) — B(p) be the bijection given in 4.6. In order to prove
the theorem, it is enough to show that e;, fi,€;, ¢; and wt commute with ¥. By (4.9),
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wt commutes with W. By Proposition 4.4, e; and f; commute with W. It follows from
Proposition 4.4 that, ¢; and ¢; commute with . The theorem is proved. (|

4.7. Let A, p be partitions with I(A\) < n such that A D p and |A| — |p| = N. Then
there exists a natural embedding Tab(A — p, u) < W(u), sending the tableau T to the
element wr = (wy, ..., w;), where w; is the i-th row of T. We write by = U(wr) € B(u)
for T € Tab(A — p, p).

LEMMA 4.6.  Assume that the vertical slide of the form

a1 as ...ap & ap+1 "'an—t"'am_>
b+ bt beyr - begp—1begp beypr1 - by
ala2 -..ap bt+pa/p+l "'an—t"'a/m

bu-- b best - biipo1 @ Dbripir-bn

occurs in between the i-th row and the (i + 1)-th row in a jeu de taquin operation for a
tableau. Put

/

wlzal..-am, w].:a‘l.”a’pbt-'rpap-‘rl"'am;
and p

wy = by - by, wy =by - byyp_1biypy1 by

Then e(wa, wy) = (wh, w)).

PRrROOF. First we note the following.
(1) Tws,wy) is given by the two-row tableau

al ...a/p71 ap a/p+1 "'anft"'am
by be b1 bpip—1 begp beypra - by

a1 as ...ap

In fact, since is a tableau, we have

bt biy1 - biyp_1
btk > beyp—1 > ap for 1 <k <p. (4.22)
Hence

a1 "'ap—l ap ap+1 Attt Qg
by bybiyr o biyp_1biqp biypyr by

is a tableau. Since the pawn slides vertically by our assumption, we have b;1, < ap41.
Hence,

a1 as ...ap ap+1a/p+2 "'an7t+1"'am
by by biy1 - biyp_1biqp bigpr1 - bn

is not a tableau. By the definition of T{,, w,), (f) holds.
Consider the jeu de taquin slide of T{y, .,) as follows.
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* ay - Gp-1 QAp Apy1 < Qp—t " Qm
b1+ B bes D1 Brp Braps -+ b

By the condition (4.22), the pawn slides horizontally up to the right of a,. Then by the
condition b;;, < ap41 as before, the pawn slides vertically, thus we obtain

a1a2 -q.ap bt-‘,—pap-‘,-l ...an_t...am
by bt bep1 - bryp-1 bpppyr by

After that by the horizontal slides of the pawn, we reach the final position

ayaz - ap biyp Apt1  On—t—1Gp—t " Qm
by bygr - bigp—1bigpi1 bigpia b )
This shows that e(ws,w1) = (wh, w}). The lemma is proved. O

We have the following proposition.

PROPOSITION 4.7.  Let A\, p be partitions with I(A\) < n such that A D p and
[A| = |p| = N. For T € Tab(A — p, ), let e (resp. f) be the upper (resp. lower) jeu de
taquin position of the i-th (resp. j-th) row of T. Assume that the pawn &(resp. #) stops
at the j-th (i-th) row after the process of jeu de taquin operation for some j > i. Then

bjas, (1) = €j—1 " €it1€:bT, (4.23)
bjat, () = fi- - fi—2fj—1br. (4.24)

In particular, by is contained in the U,(go)-connected component generated by the mawi-
mal vector biqy(T)-

PROOF. We only prove (4.23). (4.24) can be proved similarly. The horizontal slide
in the jeu de taquin operation does not give any change for the elements in W(u). By
applying Lemma 4.6 for each vertical slide in the jeu de taquin operation, we have

Wiqy_ (T) = €1 GWT. (4.25)
Now, by applying the crystal isomorphism ¥ on the both sides of (4.25) we obtain
biae, (1) = Y(Wwjar, (7)) = Y(ej—1---eiwr) = ej_1 - ;¥ (wr) =ej_1---e;br.
Thus (4.23) is proved. O

4.8. Let B be a Uy(go)-crystal. For A € &y such that [(X) < n, we define a subset
P(B, ) of B by

P(B,\) ={be B|wt(b) =\, eb=0 for any i € Ip}. (4.26)
It is well-known (see, e.g., [18]) that the map

Uy : Tab(A, ) X P(B(p), \) (4.27)
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T — br

gives a bijection. Generalizing the definition of P(B(u),A), we shall define a subset
P(B(u),A) of B(u) associated to a double partition A as follows; let A = (XN, \) € Py o
with X = (Al ..., ML), X = (A, ..., \)), such that s+¢ < n. We regard X as an element
in P as in 4.4. Set

P(B,A\)={be B|wt(b)=A,e;b=0 for any i € Iy — {s}}. (4.28)
Under the identification Tab(A, p) with Tab(&x o, ) with a = AY, we define a map

Uy : Tab(X, ) — B(p) (4.29)
T — bT.

ProrosITION 4.8.  Under the notation above, the image of the map Wy s
P(B(p), ). Hence, ¥y gives a bijection Tab(X, ) X P(B(u), A).

PrROOF. By Theorem 4.5, one can write P(B(u),A) as
P(B(1),A) = {bw | w € B(u), wt(w) = X, and e;w =0 for ¢ € Iy — {s}}.

Let w = (wy,...,w1) € W(u) with wy = ag, kae—1,5 a1k, 1 < k <n. Asin the proof
of Proposition 4.7 , for i € I, the condition ¢;(w) = 0 is equivalent to the condition that
¢; > ¢;11 and the word w;41 *w; is compatible with the partition (¢;,¢;11). On the other
hand wt(w) = A if and only if

L if1<k<s,
TN, ifs+1<k<n

Hence, wt(w) = A, e,;w = 0 for ¢ € Iy —{s} if and only if ws *-- - *w; is compatible with
A and wigg * -+ -k wgpq is compatible with A, The proposition follows from this. O

4.9. It is known that there exists the energy function E : B(u) — Z>¢ (for details,
see, e.g., [18]). The following result was proved by Nakayashiki-Yamada [18].

THEOREM 4.9 (Nakayashiki-Yamada). Let A\, u € PN such that I(\) <n
(1) For T € Tab(\, p), we have

E(br) = c(T). (4.30)

(2) The energy function E : B(u) — Z>¢ is constant on each Uy(go)-connected compo-
nent of B(u).

By summing up the previous results, we obtain the following theorem, which is a
generalization of Theorem 4.9 (1).
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THEOREM 4.10.  Let A, p be partitions such that [(A) < n, and XA D p with |\|—|p| =
N. Letpue Pn. Then for T € Tab(A — p, u), we have

E(br) = o(T). (4.31)

In particular, let X = (N, N") € P with N = (M, ..., \0), X = (N],...,\) such that
s+t <n. Then for T € Tab(A, u), we have

E(br) = c(T). (4.32)

PrROOF. Let T € Tab(A — p,u). By Proposition 4.7, br is contained in the
Uq(g0)-connected component of B(u) generated by the maximal vector bjqe(r). Since
E is constant on each U,(go)-connected component, we have E(br) = E(bjq¢(r)). Since
jdt(T") € Tab(v, u) for some v € Py, E(br) = c(jdt(T)) by Theorem 4.9 (1). Moreover,
we have ¢(T) = ¢(jdt(7T")) by Corollary 2.10. Thus (4.31) holds. (4.32) is a special case
of (4.31). The theorem is proved. O

For w = (wy, ..., w1) € W(u), we define the charge of w as
c(w) = c(wy, * -+ xwy).
COROLLARY 4.11.  For w € W(u), c(w) = E(by).

PROOF. One can choose some tableau T" whose i-th row is w; for 1 <4 < n. Then
w(T) = wy, * -+ - % wy, thus ¢(T) = c(w). By Theorem 4.10, ¢(T) = E(by). We obtain
c(w) = E(by) by noticing that by = b,. The corollary is proved. O

We now obtain a 1D sum type expression of double Kostka polynomials in terms of
crystals and the energy function.

THEOREM 4.12.  Let A = (N, N'),u € Py, with N = (A,...,\), NV =
s 1 s
(N, ..., N)) such that s+t < n. Assume that p = (—, ). Then

Kau(t)y=tX 3" 2B,
bEP(B(1")A)

PrRoOOF. The theorem is an immediate consequence of Theorem 3.3, Proposition
4.8 and Theorem 4.10. O

5. Rigged configurations.

5.1. Set S = Iyx Zsg. For B = B™e™Mk @ Bre-1Mi-1@...@ B'™ (r; m;) € A,

the multiplicity array L(B) is defined as L(B) = (L(a))(a,i)e%, where Lga) denotes

the number of B*® within B. In the case B = B(u), let L(u) = L(B). The rigged
configurations are combinatorial objects depending on L(B). Let A = (A1,...,Ax) be a
partition. A rigged partition is a labeling (A;, z;) for each part A; of A, where two labelings
are identified if one is obtained from the other by permutations of {(z;) | \; = j} for fixed

Jj. We denote the rigged partition by (A, J), where J = (z;)1<i<k is called the rigging of
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A. The pairs (A, z;) are referred as strings; \; is referred as the length of the string, and
x; as the label of the string. The sequence of partitions v = {v(*) | a € I} is called a
configuration. A rigged configuration is a pair (v, J) with configuration v and a sequence
J={J@ | ac I}, where J(@ is a rigging of the partition (%),

5.2. In order to define a weight wt(v, J) and the vacancy numbers pga) for a rigged

configuration (v, J), we need to give a multiplicity array L = (L(a))(w)e%) satisfying the

condition that LZ(.a) = 0 for almost (a,i) € . A rigged configuration (v, J) with the
additional data L is called an L-rigged configuration. The corresponding configuration
v is called an L-configuration. Let A = (A1,..., \x) be a partition. For an integer ¢ > 0,
set m;(A) =8{j | A\; =i} and Q;(\) = 25:1 min(é, Aj). Let (v, J) be an L-configuration.

We write mga) =m;(v@) and an) = Q;(v\Y) for a € Iy. Define the weight wt(v, J) as

wi(p, /)= Y LK.~ Y im{Va,. (5.1)
(a,i)es” (ai)eH
We define the weight of the corresponding L-configuration v as the weight of (v, J). For
(a,i) € A, we define the vacancy number pga) as
pga) = Zmin(i,j)Lg.a) - Z (0tas ) min(z’,j)méb), (5.2)
j=1 (bj)est

where (-, -) is the normalized invariant form on the weight lattice P. For the convenience

sake, we set péa) = 0. This convention fits to the formula in (5.2). A string (i,z) €

(119, J(@) is said to be singular if z = pga).

The following lemma is easily checked by using (5.2).
LEMMA 5.1 ([21, (3.4)]). Let (v,J) be an L-rigged configuration. Then
2p§a) _pz('a—)l _pgi)l > mz(a—l) N 2mz(a) + m7(;a+1) (53)

for i > 0. In particular, the convexity condition

1
> S0 D) i m® =0 (5.4)
holds.

The following lemma is used in later discussions:

LEMMA 5.2.  Assume that aq,as,...,a,, € R (m > 3) satisfy the condition 2a; >
Qi1+ aip1 for2<i<m-—1. Ifa; >0 and a, >0, then a; > 0 for 1 <i < m.

PrROOF. We have a; —a;—1 > a;41 —a; for 2 <i<m—1,1ie.,
g — a1 >a3 — A2 > -+ > Gy — Gm—1- (5.5)

We claim that a,,—; > 0. In fact, assume not. Then by (5.5), we obtain
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0<a1 <ars < - <am-1<0,

which gives a contradiction. Hence the claim holds. Now we have a; > 0 and a,,—1 > 0,
and the lemma follows by induction on m. O

5.3. In the present paper, we only focus on the case where B = B(u) for yp € Py.
Then the corresponding multiplicity array L(u) = (Lga)) is given by Lga) = 0g,1mi(1h)-

Let (v,J) be an L(u)-rigged configuration. We set v(®) = y and v = (. We write
QEO) = Qi(v®) for i > 0 and set Qéo) = 0. By using (4.5), it is easy to check that

wi(v) = (V] = [z, (5.6)
a=1
P =@V 20 + Q'Y for (a,i) € . (5.7)

5.4. An L(u)-rigged configuration (v,J) is said to be valid if x < pga) for any

a€ly, (i,z) € (v®, J@). On the other hand, (v, J) is said to be highest weight if z > 0
for all its labels. In particular, a valid highest weight L(u)-rigged configuration (v, .J)
satisfies the condition

0<z<p® (5.8)

for any a € Iy, (i,z) € (1@, J(@).
Let (v,J) be a valid highest weight rigged configuration. For a € Iy, let k, be the
largest length among the strings in (v(*), J(®). Then Qy, (v(¥) = [v(*)|. We have
0< pk Q(a 1) QQk + Q (a+1)
— QY )+ @
< A = 2y )] [yl ),
Hence ([v©O] — [vW], [pM] — [p@)], ..., [p=2| = |p=D| |p(=D|) € Py, ie., wt(v,])
is a dominant weight.

For A € &y such that I(\) < n, let RC(y, A) denote the set of valid highest weight
L(p)-rigged configurations such that wt(v, J) = A.

LEMMA 5.3.  For A € Py with I(\) < n, let QM(u, \) be the set of L(p)-rigged
configurations satisfying the condition

(1) WD =320, A5 fora € I,
(2) pga) >0 for all (a,i) € A,
(3)0<z< Pl('a) for any a € Iy, (i,x) € (@, J(@),

Then QM(p, A) = RC(p, A).
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PROOF. For an L(u)-rigged configuration (v, J), wt(v, J) = X if and only if (v, J)
satisfies the condition (1). Hence by (5.8), the set RC(u, ) is characterized by the
properties (1), (2') and (3), where

(2 pl(,“) > 0 for all (a,7) € S such that mga) <0

Hence it is enough to show that QM(A, i) 2 RC(u, A). Let (v, J) € RC(u, A). Note that
QZ(.“) = |v(@| for all a € Iy U {0} if i >> 0. For such i, we have

=@ 2" + QY (5.9)
= o At ) = 20041+ Az 4 )+ Oapa )
=X —Aa41 20
if 1 < a < n—1. This computation can be applied also for the case where a = 1 or
a=mn—1since v = |v| = N = || and [v™| = 0 = £;5,);. Now assume that
mg.a) = 0. If there exists £ < j and j < [ such that k = V,(,a), l = z/;“) for some p, g,

then p,(:) > O,pl(a) > 0 by the condition (2'). Here we may assume that m{® = 0 for
k <u < l. Then by Lemma 5.1, p,(f),pfﬁzl, e ,pl(a) satisfy the condition of Lemma 5.2.

It follows, by Lemma 5.2, that p&a) >0 for k < wu <. If there does not exist j < [ such
that [ = u,ga) for some g, then we can choose [ large enough so that pl(a) > 0 by (5.9).

Since we can find £ < j such that & = 1/,(,“) for some p or otherwise kK = 0, a similar
argument as above can be applied. O

5.5. In Schilling [21, 3.2], the Kashiwara operators e,, f,, (a € Iy) are defined
on the set of valid L(u)-rigged configurations. Here, we just point out that for a valid
L(p)-rigged configuration (v, J) and a € Iy, e,(v, J) = 0 if and only if z > 0 for all the
strings (i, 2) of (v, J)(®). For other details, refer to [21, 3.2]. Let RC(x) denote the set of
valid L(p)-rigged configurations generated from all the valid highest weight L(u)-rigged
configurations by the application of the operators f, and e,, a € Iy. Define

ca(v,J) = max{k | e*(v, J) # 0}, (5.10)
¢a(v,J) = max{k | fi(v,J) # 0}. (5.11)

The following result is essentially contained in Theorem 3.7 in [21].
THEOREM 5.4 ([21]). The maps
wt : RC(u) — P, e, fi : RC(u) — RC(n) U{0}, &4, : RC(p) = Z, i € I
define a Uy(go)-crystal structure on RC(u).
5.6. In [14], a bijection
®: B(p) - RC(p), (5.12)

was constructed, called the rigged configuration bijection. In [20], Sakamoto proved that
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THEOREM 5.5 ([20, Theorem 4.1]). @ commutes with Kashiwara operators. In
particular, ® gives a Uq(go)-crystal isomorphism.

REMARK 5.6. Here we shall explain the construction of the map ®. Recall the
bijection ¥ : W(u) — B(u) defined in 4.6. We define a map ¢ : W(u) — RC(u) by
1) = ®oW. Then by Theorem 4.5 and Theorem 5.5, ¥ gives a U,(go)-crystal isomorphism.
By the bijection ¥, the construction of ® is easily translated to the construction of v,
step by step. So here we only explain the construction of ¢). The verification of ¢y = ®o ¥
is easy.

For a partition A and an integer m such that 1 < m < |)|, we define X\ — [m]
inductively as follows; put A—[1] = (A1,..., Ag—1, Ag — 1) if A = (A1,..., Ag) with A >0
and define A — [m] = (A — [m — 1]) — [1] for m > 2. Note that A — [m] is the partition
whose Young diagram is obtained by omitting m boxes from A from bottom to top, right
to left.

For a rigged configuration (v, J), it is helpful to formally regard the rigged partition
v*) as the complement of the (I(v*)) 4 1)-th row of length zero, which corresponds to
the singular string of length zero. We denote such string by Sék).

Let w = (W, Wn—1,...,w1) € W(u). We say w is of rank r, denoted by rank(w) =
r, if the maximal letter in the word w,, * wy,_1 * - - - x wy first appears in the row w, 11 in
the sequence wy, ..., wy. Assume that w, 1 = a,---agay, and put w, | = a,---az. Set
W = (Wp,..., W q,...,w;). Then w determines a sequence wo, ..., wy = w, where
w;_1 = wj, for 1 <j < N. Note that w;, € W(p — [N —1]).

We construct (v, J) = ¢ (w) inductively as follows. Begin with (v, JJ)o = 0 € RC(u—
[N]). Suppose that (v,J);—1 € RC(u — [N — i + 1]) has been constructed for i > 1.
Assume that w; is of rank r.

(1) Itr =0, set (v, J); = (v, J)i_1.

(2) If r > 0, we choose a singular string S = (i, z,) of (1", J(); | with largest
length. If there exists no such a string, let S(") = S(()T) be the string of length
0. Suppose that the string S**) = (i, z;) has been already chosen. We choose
Sk=1) — (j),_1,z5_1) to be a string with largest length among the singular strings
(i,x) of (v*=1 J*=1)), | such that i < ij. If there exists no such string, let
Sk=1) — Sékfl) be the string of length 0. (v,J); is obtained from (v,J);—1 by
adding the length of the chosen strings by one, setting them singular and keeping
the remaining strings.

The process ends at (v, J)y. Then we put (v, J) = (v, J)n.

REMARK 5.7.  In (2) of Remark 5.6, assume that p — [N — 4] = (1, ..., fip—1, it,)-
Set ig = 1, — 1. We claim that ig < ;. To show this, we use induction on p;,. If p, = 1,
then g = 0. It is trivial that ig = 0 < ;. Assume that u; >1. Then y— [N —i+1] =
(p1s -+ -5 pp—1, 1, — 1). We consider the procedure of the construction (v,.J);—1 from
(v,J)i—2. Assume that " = rank(w;_1). It is clear that r < ¢/. For 1 < k <1/, let
S(k) = (i}, x}), be the singular strings chosen in the procedure. From the way of the
choice of the singular strings, it is easy to see that ix > z; +1forl1 <k <r. Set
in = p, — 2. By induction hypothesis, iy < i}. Hence we obtain i; >4y +1 > g+ 1 = do.
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REMARK 5.8. Let A € &y. For T € Tab(\, u), let wr € W(u) as in 4.7. Then
Tab(A, ) can be identified with a subset of W(u) by the embedding Tab(A, 1) — W(u),
T — wr. In [12], a bijection II, : Tab(A, ) ¥ RC(u, A) was constructed. On the other
hand, the bijection B(u) — RC(u) induces a bijection

P(B(n), \) 3 RC(p, A),

hence combined with the bijection Tab(A, u) ~ P(B(u), A) given in (4.27), we obtain a
bijection Tab(A, ) ~ RC(p, A). This bijection is nothing but IIy. Thus our map ¢ :
W(u) — RC(u) can be viewed as an extension of IIy to the whole set W(u).

5.7. In what follows, we fix A = (N, \') € Py with X = (N, AL, ... N), N =
(A NS, .. A)) such that s+t < n. Set

RC(u, A) = {¢(wr) | T € Tab(A, u)}. (5.13)
By Proposition 4.8, we have
RC(p; A) % P(B(u), A) (5.14)

since 9 is a crystal isomorphism.

Let A = (A\1,...,A,) and p = (p1,...,pn) be partitions such that p C A and that
[A| = |p| = N. We further assume that p is a rectangle type. We define QM (u, A — p) as
the set of L(u)-rigged configurations satisfying the conditions

(1) |V(a)| = Zj2a+1()\j - pj) for a € Iy,
(2) P > 0 for all (a,i) € 7, where

B = pi™ + min(i, pa — pat1). (5.15)

3)0<zx< @ﬁa) for any a € Iy and any string (i, z) of (v(®), J(@).

In Corollary 1 of Theorem 2.1 in [12], Kirillov and Reshetikhin proved the following
result.

THEOREM 5.9 ([12, Corollary 1]). |Tab(A — p, u)| = |QM(p, A — p)|.

5.8. Let A = (M,)') € Pna be as in 4.8. We define QM(u, A) as the set of
L(p)-rigged configurations (v, J) satisfying the condition

(1) wt(v,J) = X;
(2) 0<z< pl(-a) + 04,1 for any a € Iy and any string (i, z) of (v(), J(@).
We have the following lemma

LEMMA 5.10. Let A= (N, ') € P, with N = (N, ..., ), X = (\],..., ),
such that s +t <n. Then
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[Tab(A, )| = [QM(, A)|. (5.16)

Proor. We follow the notation in 3.2. Let us choose an integer m > N, and
consider the partitions £ = EA,m and p = (m®). Then we can identify the set Tab(, p)
with the set Tab(¢ — p, ). By Theorem 5.9, Tab(A, p) and QM(u,& — p) have the
same cardinality. Hence, it is enough to show that QM(u,A) = QM(u,& — p). Let
(v, J) be an L(u)-rigged configuration. Note, by (5.6), that wt(v,J) = A if and only if
(@] = > isar1(§ — pj)- Hence we have QM(u, & — p) € QM(p, A). In order to show
the reverse inclusion QM(p, X) C QM(p, & — p), we shall show that if (v, J) € QM(u, A),
then ]Bfa) > 0 for all (a,7) € 5. By our choice of p, we have i){ia) = pl(-a) + 05, min(i, m).
Let (b1,ba,. .., bsyt) = (N, MG, o AL A ).

First assume that i > m. Since [v(?)| < N for a € Iy U{0}, and m > N, we see that
QZ(-“) = |v(@)] and min(i,m) = m. It follows, for a € Iy, that

jfia) = pl(-a) + dq,5 min(i, m)
= Q(.“_l) — 2Q(,”“) 4 Q(GH) + Og.s™m
i i i a,s
= [ V| = 2| 4 [ 4 8.5

) ba —bat1+m if a =s,
by — bat1 if a # s.

If a # s, by — bet1 coincides with )\;- — )‘;‘4-1 or )\;-’ — )\;-’_H for some j, hence f){ia) >0. If

a=8,by—bar1+m=2A,— A +m >0since m > N. Thusf)ga)zo.

Next assume that ¢ < m. If ml(-a) # 0, then f){ia) > 0 by (2) in 5.8. Hence we may
(a) (a)

assume that m;"’ = 0. By applying (5.4) to p;"’, we have

25" = 2p{*) + 26, min(i, m)
=2p\" 4+ 26,4
> Pgil + pgi)l + 2(5(1’57:
= (Pl + 8l = D) + (2 + G+ 1))

= ﬁﬁ)l + f’(ii)r

Since ﬁ{ia) > 0if mga) # 0, by a similar argument as in the proof of Lemma 5.3, we

conclude that p{* > 0. Thus p{* > 0 for any (a,i) € #, and the lemma follows. O

5.9. Let w € W(u). Recall the construction of (v,J) = v (w) as given in Re-
mark 5.6, in particular the definition of (v, J); given there. Let s € Iy be as in 4.8. For
j=0,...,N we consider the following condition P(w, s, j).

Pw,s,j): 0<z+i< pl(»s) + i holds for all the strings (i, ) of (v*), J));.  (5.17)

LEMMA 5.11.  Assume that 0 < j < N. If P(w,s,j) holds, then P(w,s,j + 1)
follows.
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Proor. Write (v, J) as (v, J) = (M (k), JV(K)),..., ™ (k), J™ (k). We
fix 7 and put @ga) = Q;(¥(4)) and an) = Qi (v (j+1)), for simplicity. For (a,i) € 7,

let ﬁ(-a)

i (resp. pga)) be the vacancy numbers with respect to (v, J); (resp. (v, J);+1). Put
rank(w;41) =r. For k=1,...,7, let S®) = (i}, z4), 1 < k < r, be the string of (v, J);
chosen in the construction of (v,J);41 in Remark 5.6. For k > r, set i = oo. By
expressing pt — [N —i] as (1, ..., ftp—1, 1), set ig = py, — 1. Then i < iy < -+ <y, For
an integer z, let 6(xz) =1 (resp. 0) if # > 0 (resp. = < 0). Then an) = @Z(-a) + (i — iq)
for each a € Iy. Hence

p(s) _ Ql(.sfl) _ 2Q£s) + QESJrl)
=@V i) = 2@ + 66— i) + (@Y + 66 — i)
— @Y 20 4 QY)Y (00— iso1) — 20(i — i) + 5(i — ig41))
=D 4 (6(i — dg_1) — 26(i — is) + 6(6 — is41)).
Thus we obtain the following formulas.

0 if 1 <ig4_1q,
(s) (s) 1 if 151 <1 <1,
b, =D o . .
-1 ifiy <i <igqq,
0 if is41 <.

(5.18)

Let (i,2) be a string of (v(®)(j + 1), J&)(j + 1)) with iy < i <i,11. We claim that
=(s)

p; 41> 0. We prove this separately according to the following 4 cases. In Case 1-3, it
is assumed that 5,1 # oo, while in Case 4, assumed that 511 = co.

Case 1. i+ 1 <.

We have m;(v(¥)(j)) > 0 in this case. The strings (i,2z) of (¥(*), J®)); must be
nonsingular, i.e. @(-s) +i>z+i>0.

Case 2. i =i, + 1, m;(¥®)(5)) = 0 and my(v®)(5)) # 0 for some i < k <igyy.

In this case, the strings (k,y) of #(*)(j) must be nonsingular, i.e. ;T?,(f) +k>y+k>0.
Use a similar argument as in the proof of Lemma 5.3, we have ;T?ES) 414> 0.

Case 3. i =i, + 1 and my(v®)(5)) =0, for i <k <igpq.

Let ¢ = 4541 — 4. By applying (5.4) in Lemma 5.1 successively, we have

> 2Cp§-‘i)1 +2°71(253))
> 29 + 277 o 2, + 2l

On the other hand, by (5.3) of Lemma 5.1 and by our assumption m;,.(v(*)(j)) =

(S))

mi ., (V = 0, we have

aa (

20 > D 4+ mae (V) + mas e (VY (). (5.20)
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Put F; = ") +4. Since m;, +1(vTD(5)) > 0, by substituting (5.20) into (5.19), we have

2H I > 9 4+ 2F; o+ Fiye1 4 Fiper1 + mipe(0TY () > 0.

This shows that T)Es) +1>0.

Case 4. i541 = 00.

In this case, one can find some u > ¢ such that ;T)Sf) +u > 0 and my(v°(j)) = 0 for
is < k < u. Then by applying the method used in the proof of Lemma 5.3, we obtain

P i >0

Let (i,x) be a string of (v(¥)(j + 1), J®)(j + 1)). Since (v, J);4+1 is valid, we have
z < pgs). Hence it remains to show x + ¢ > 0. We prove this separately according to the
following two cases.

Case 1. If (i,7) is also a string of (v(¥), J());, then z + i > 0 naturally holds.

Case 2. If i > 1 and (4, ) is constructed from some singular string (note that i — 1
may be 0) of (v(*)(5), J®)(5)). In this case, i > i — 1 = i,. Note that (i,z) is singular,
hence = = pgs). Ifi > 4541, then z +1i = pz(-s) +1i = ]31(»5) +4>0. If iy <7 <441, then
c+i=p +i=p —1+i=@ +i)—1>0,since p.) +i > 0. 0

i 7

Let A= (N, \') € Py asin4.8. For (v, J) € RC(p, A), let (v, J4+) be the u-rigged
configuration obtained by replacing the strings (i,z) of (v(*), J®)) by (i,i 4 z).

PROPOSITION 5.12. (v, J;) € QM(u, A) for (v,J) € RC(p, A) In particular, the
map (v,J) — (v, J4) gives a bijection RC(p, X) X QM(, X).

PROOF.  Assume that (v, J) = ¢ (wr), with wp = (wy, ..., wy) for T € Tab(A, p).
It is enough to show 0 <z +1i < pga) + i for all the strings (i,x) of (¥(*), J()).

Recall the construction of (v,J) given in Remark 5.6. Note that wy = (—, —,...,1)
or (—,...,—,1,— ..., —). It is easy to check that P(wr,s,0) in (5.17) holds in each
case. Hence, P(wr, s, N) holds by Lemma 5.11. Namely, 0 < z +i < pga) + ¢ for all the
strings (i,) of (v, J)). Notice that the map (v, J) + (v, J) is injective, hence it gives
a bijection since both sides have the same cardinality by Lemma 5.10 and (5.13). d

We have the following corollary immediately.

COROLLARY 5.13.  RC(p, ) consists of the L(u)-rigged configurations (v, J) sat-
isfying the condition

(1) wt(v,J) = X
(2) 0 <4044t < pl(.a) + 84,54 for any a € Iy and any string (i,z) of (1@, J(@)).

5.10. An L(p)-configuration v is said to be admissible ifpz(-a) > 0 for all (i,a) € .
For A € Py with I(A) < n, let C(u, \) be the set of admissible L(u)-configurations of
weight A. Consider the ¢-binomial coefficient
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where (t),, = (1—t)(1—t2)--- (1—t™). For A € Py with [(\) < n, the fermionic formula
with respect to A is given by

M (1, \;t) ZtCC({m}) H

{m} (a,n)et

(a) (@)

+m;
(@

my

: (5.21)

where cc({m}) and P

, - are given by

1 . .. a
ce({m}) = B} Z (v, ap) mln(z,])ml(. )mgb)7

a,belo,i,j2>1

pla) — 5(1)1 Z Hlil’l(i, M]) — Z (Oz(17 ab) mln(l,])mgb)
Jj=1

(b,j)e#

(a,i) € A and NA; — Daiern zmg Ja, = A. Note that such {m} can be naturally
identified with an admissible L(u)-configuration of weight A, and vice versa. For an
L(p)-configuration, define the cocharge cc(v) of v as

Here the sum },, , is taken over {m € Z>o | (b,7) € A} such that P\ > 0 for any

ce(v) = % Z (qta, ap) min(i,j)mga)m;b). (5.22)

a,bely,i,g>1

Then we can rewrite (5.21) as

M xt)y = > ¥ ]

veC(p,\) (a,)eH

) (@)

+m;

g

(5.23)

t

In [12], Kirillov and Reshetikhin gave an expression of the Kostka polynomials in
terms of fermionic formula.

THEOREM 5.14 ([12]). Let A\, p € Py, with I(A) < n. Then

M(p, \st) = t" WK, (171, (5.24)

where n() = Sy (G — Vg for jr= (r,- . juk)-
Following [21, (3.5)], we define a cocharge cc(v, J) for (v, J) € RC(u) by
1 e . a b
cc. ) =5 Y. (awa)min,j)m " m +|J] (5.25)
a,b€lo,i,j>1

where |J| denote the sum of all labels of the strings of (v,J). Then (5.23) can be
reformulated as the generating function over the highest weight rigged configurations of
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weight A

M(pXxt)= > e (5.26)
(v,J)ERC(p,\)

The following result was proved by Schilling in [21, Theorem 3.9)].

THEOREM 5.15 ([21]).  The cocharge function is constant on each U,(go)-connected
component of RC(1).

5.11. We now extend the fermionic formulas for Kostka polynomials to the case
of double Kostka polynomials. First we define M (i, A;t) as an analogue of M (u, A;t) as
follows. For A = (X, \') € PN 2 as in 4.8, set

Mp, Xty = > @) (5.27)
(v,J)ERC(1,)

We define C(u, A) to be the set of L(u)-configurations v satisfying the condition
(1) wiv) =
(2) 0< pl(_a) + 0,57 for any (a,) € S such that ml(_a) £0.

By a similar argument as in the proof of Lemma 5.3, it is easy to see that (2) can be
replaced by

(2 0< pﬁ‘“ + 84,5t for any (a,i) € H.

By Proposition 5.12, the map RC(u, A) — C(p, A), (v,J) — v is surjective. For v €
Clp, A), set

1 a
ce(v) = 3 Z (e, ap) min(i,j)mg )mgb) — ).
a,belp,i,j>1

Then for (v, J) € RC(u, A), we have
ce(v, J) = cc(v) + |J| + [

LEMMA 5.16. For A= (N, \’) € Py as in 4.8, we have

(a) : (a)
ce(v P+ dasitm,
Mp,xt)= > =™ ] @) ] : (5.28)
veC(pA) (a,i)eA m; ¢
Proor. We have
Mp, Xty = > @) (5.29)

(v,J)ERC(1,A)

— tcc(y,J)
.

veC(u,A) (V,J)Eli,-c.(p.,)\)



318 S. Liu

Z Z tcc(y)+|J|+\y<S>\

veC(p,\)

(v, J)’GRC(;L )

DR AL B S

J s.t.
veC(n,A) (v,J)ERC(1,\)

— Z tcc(u)+|u(s)| H Z t‘J(”wi)l

veC(p,\) (ai)est Jjlasi)

where 3 ;..;) runs over all the multiplicity sets J(*9 = {z4,... ,@, ()} such that

0<xk+6asZ<pZ +5asl

for 1 <k <m; (@) The last equality follows from Corollary 5.13. For the multiplicity set
J(@D)  we set

J wi) = {xl + 50, 87/ xm(.a> + 6(1751'}.

Then we have |Jia’i)| = aysimz(-S). Note that the multiplicity set Jia’i) can be
(@)

identified with the set of partitions with at most m;

parts each not exceeding pga) +04,51
and |J_(~_a’l)| coincides with the size of the corresponding partition. Hence, by a well-known
formula for the generating function of such partitions

S Y+ 4, (saz)+m(“)] |
@) i ¢
we obtain
ST = g ! +;§Z)+m(a)] : (5.30)
J@D i '
Substituting (5.30) into (5.29), we obtain (5.28). O

Note that v € C(u, A) is completely determined by the corresponding mga), (a,1) €
. By (5.28), we can redefine M (u, X;t) as follows.

DEFINITION 5.17. Let p € &y and A € P2 as in 4.8. The fermionic formula
M (p, A;t) is defined as

M At = 3 <) ]

{m} (ai)est

(5.31)

P\ + 84 i + m(a)]
m(® ’
g t

(a)

where cc({m}) and p;,"’ are defined by

cc({m}) = % Z (Qta, ) min(i, j)m sz ,

a,bely,i,j>1 i>1
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pg") =041 Zmin(i,uj) - Z (e, ) min(i,j)m;b).
Jj=1 (b,j)est

Here, the sum } -, , is taken over {m§-b) € Z>o | (b,7) € A} such that pﬁ") + 94,51 >0
for any (a,i) € 5 and NA1 = 32, e imz(.a)aa =\

The following theorem is our main result, which gives an analogue of (5.24) for
double Kostka polynomials.

THEOREM 5.18.  Let A = (N, N'),u = (—,p") € Pna with N = (N,..., L),
N= ], .. N)). Assume that s+t <n. Then

MW"\ t2) _ tQH(#”)HA'|K}\7H(t*1)_ (5.32)

PRrROOF. For a tableau T of weight p” with at most n rows, set ce(T') = cc(¥(wr)).
Since U is a Uy(go)-crystal isomorphism by Proposition 4.7 and Theorem 5.15, we have
ce(T) = cc(jdt(T)). Consider the bijection (3.2) with ¢ > X,. Under the identification
Tab(Ex q, 1”") with Tab(X, u”), we have cc(T) = cc(S) if To(T) = (D, S) (note that
S = jdt(T") by Theorem 2.12). We have

M(p" X;t) = > e )
(v,])ERO(u'" X)

— Z tcc(T)

TeTab(A,u'")
v ¥ e
nePnN SeSST(n,u'")
Y G| X e
veEPN (v,J)ERC(u"",n)
_ Yl ”.
= Y QM)
vEPN
— 4 Yl -1
=" Z o Ko (877).
nePn

The second equality follows from the fact that the bijection RC(u”, X) X Tab(A, u”)
preserves the cocharge, the third equality follows from Theorem 2.12 as in the proof of
Proposition 3.1. The fourth equality follows as in the second, by applying the bijection
Tab(n, u”) X RC(n”,n). Then we obtain the last formula by (5.24). Now the theorem
follows from Proposition 3.1. O

REMARK 5.19. For p € Py and X € P2 as in 4.8, we define a 1D sum

X(pt) = > 70, (5.33)
beP(B(u),A)
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Combining Theorem 5.18 with Theorem 4.12, we obtain the following formula, which is
an analogue of the X = M conjecture.

X (g, Apt) = "M (p, Xst ). (5.34)

Appendix: Examples for Proposition 4.8.

We give some examples for Proposition 4.8. We will depict a rigged configuration as
a sequence of Young diagrams with rows labeled on the left by the corresponding vacancy
number and labeled on the right by the corresponding rigging. For example,

1 [ Jo 1 [ Jo ol Jo
100 1001

(1) Let A = ((4,2),(4,2,2,1)) and p = (4,4,3,2,2). Let

1112
1223 24
T = 35 '35 € Tab(A, p).
4

The corresponding rigged configuration (v, J) is computed in Table A-1. We obtain

S =
(v, J) = 5 :1 0 o [
0 -1 L0 —0
Hence, we have
1 o .
1 1
(l/, J+) - 0 1 0 ‘0 DO
0 0 L0 —

One can easily check that (v, J4) € QM(u, A).

(2) Let A = ((4,2),(3,3,2,1)) and 1 = (4,3,2,2,2,1,1). Let

112
1124 357
T= 93 46 € Tab(, u).
)

The corresponding rigged configuration (v, J) is computed in Table A-2. We obtain

11 -2 0
3 -3
(v,J) = 5 — 0 o [

1 —1 —

Hence, we have
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Table A-1.
7 w; (VaJ)i
0 (_7_3_7_7_a_) (Z)
L) (=——1--) o[ Jo —1[]-1
2 (_7_5_7117 7_) o[ Tl —2[ [ ]-2
3 (===, =) o[TTle  -s[TTJ-s
4] (== =1L 1) o[TTlo  -s[TT]-s
5| (-, —,2,111,—,1) 250330 ji’H%j*‘ oo
6 | (— —,21112,— 1) cHI D e E DT
7| (=, —,2,1112,—,12) e R
8 | (=, —,2,1112,—,122) s oL L= o,
3 [[Jr —a[ T[T ]
0 0
9 | (—,3,2,1112, —,122) oo i OHO ol o
2 [T —s[ [T ]
0 0
10| (-, 3,2,1112,3,122) o e o oo
3 [T —s[[TT]-=
0 0
11 (-,3,2,1112,3,1223) NEns 04 OHO ol o
o[ TR —s[J 111 =
0 ° 71771 0: 0 0 ODO
12| (4,3,2,1112,3,1223) o e i o Jo ollo
[ [T+
T R = = "
13| (4,3,24,1112,3,1223) A Ho oo
5 [ -a [J-+
0 0 -1 | -1 0*30 0 0 l:‘
o _| 0 0] 0
14| (4,35,24,1112,3,1223) A Mu=i o Jo ‘E“j
2 I [+
1 |1 -1 -1 0*}0 0 0 D
oL | 0 0 0
15| (4,35,24,1112, 35,1223) e Nesl o Jo OHoj
1 1 0
(v, Jy) = - - 0 o o
1 0 L0 —

One can easily check that (v, J;) € QM(u, A).

QM(p, A) consists of (v, J1) for the (v, J) listed in Table A-3.

(3) Let A = ((2,1),(2)) and p = (2,2,1). We list all the elements of Tab(A, u)
and the corresponding rigged configurations in Table A-3. One can easily check that



322 S. Liu
Table A-2.
1| w; (v, J);
0 (_a_7_7_7_a_) @
1 (_v_7_717 7_) o[ Jo 1]
2 (_7_v 11, a_) o[ T o o[ [ ]2
3 (_7_7_7117 7]-) ODj() —2l:\:|—2
4 (_7_7 vlla_a]-l) oDjo 72|:\:|72
5| (== —112,—-11) o 0 Y o o
6 | (== 112,211) R
7| (=,—,—,112,2,112) JITTT ] —s[ T ]-s
8 | (—,—,3,112,2,112) ?Bljjjl jH;ljfs oo
9 | (=, —,3,112,23,112) D 0D,
1 J‘ [+ —2[[[]-s OHO 0
— 1 1 —1 —1
10| (—,4,3,112,23,112) - - oK o[ Jo
2 [[Th —2[TT]-s
11] (—,4,3,112,23,1124) 5 R g °He oo
e S
12| (5,4,3,112,23,1124) [ S o oo ol Jo
11 1| |-1 —
2 [+ -2 [ ]-3 —
NEN T o[ T o oo
13| (5,4,35,112,23,1124) 2] e o oo olo
11 1| |-1 —
2 [+ -2 -3 )
2 2 -1 [ ]=1 oL+—0 0 o
14| (5,46,35,112,23,1124) 2[ e [ goﬂo [on ol o
2774_[1 —2: <~—2 ) o
3 3 —2 -3 0 0
15| (5,46,357,112,23,1124) | S0 o o o
3 | |1 -1 |-1 —
Table A-3.
T (v,J)
(5"23) Tt ]
9 -1 -1
0L 1 O
12 1T ]o
,13 _ _
(3513) HH 1T 1
11
(5'.22) (TT]1 —2[T]-
12 1] ]t
12 _ _
(3%12) H 2[ 1] -2
22 1T ]o
11 _ _
(3% 11) N A
13
(" 12) {[(TT]o0 —2[T]-




[1]
(2]

(3]

[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]

24]

Fermionic formula for double Kostka polynomials 323

References

L. M. Butler, Subgroup Lattices and Symmetric Functions, Mem. Amer. Math. Soc., 112 (1994),
no. 539.

L. Deka and A. Schilling, New fermionic formula for unrestricted Kostka polynomials, J. Combi-
natorial Theory, Series A, 113 (2006), 1435-1461.

S. Fomin, Knuth Equivalence, Jeu de Taquin, and the Littlewood—Richardson Rule, preliminary
version of Appendix 1 to Chapter 7, In: Enumerative Combinatorics, (ed. R. P. Stanley), 2,
Cambridge University Press.

J. Hong and S.-J. Kang, Introduction to quantum groups and crystal bases, Amer. Math. Soc.,
2002.

G. Hatayama, A. Kuniba, M. Okado, T. Takagi and Z. Tsuboi, Paths, crystals and fermionic
formula, Prog. Math. Phys., 23 (2001), 205-272.

G. Hatayama, A. Kuniba, M. Okado, T. Takagi and Y. Yamada, Remarks on fermionic formula,
Contemporary Math., 248 (1999), 243-291.

V. G. Kac, Infinite-dimensional Lie algebras, 3rd ed., Cambridge University Press, 1990.

M. Kashiwara, On crystal bases of the Q-analogue of universal enveloping algebras, Duke Math.
J., 63 (1991), 465-516.

M. Kashiwara, The crystal base and Littelmann’s refined Demazure character formula, Duke
Math. J., 71 (1993), 839-858.

S. V. Kerov, A. N. Kirillov and N. Y. Reshetikhin, Combinatorics, the Bethe Ansatz and repre-
sentations of the symmetric group, J. Soviet Math., 41 (1988), 916-924.

A. Kuniba, M. Okado, R. Sakamoto, T. Takagi and Y. Yamada, Crystal interpretation of Kerov—
Kirillov—Reshetikhin bijection, Nuclear Phys. B, 740 (2006), 299-327.

A. N. Kirillov and N. Yu. Reshetikin, The Bethe ansatz and the combinatorics of Young tableaux,
J. Soviet Math., 41 (1988), 925-955.

A. N. Kirillov and N. Yu. Reshetikin, Representations of Yangians and multiplicities of the inclu-
sions of the irreducible components of the tensor product of representations of simple Lie algebras,
J. Soviet Math., 52 (1990), 3156-3164.

A. N. Kirillov, A. Schilling and M. Shimozono, A bijection between Littlewood—Richardson
tableaux and rigged configurations, Selecta Math., New Ser., 8 (2002), 67-135.

S. Liu and T. Shoji, Double Kostka polynomials and Hall bimodule, Tokyo J. Math., 39 (2017),
743-776.

A. Lascoux, M.-P. Schiitzenberger, Sur une Conjecture de H.O. Foulkes, C.R. Acad. Sci. Pairs,
288A (1978), 323-324.

I. G. Macdonald, Symmetric Functions and Hall Polynomials, Second Edition, Clarendon Press,
Oxford, 1995.

A. Nakayashiki and Y. Yamada, Kostka polynomials and energy functions in solvable lattice
models, Selecta Math., New ser., 3 (1997), 547-599.

M. Okado, X = M conjecture, Combinatorial Aspect of Integrable Systems, MSJ Memoirs, 17,
Math. Soc. Japan, 2007, 43—73.

R. Sakamoto, Rigged Configurations and Kashiwara Operators, SIGMA, 10 (2014), paper 028,
88pp.

A. Schilling, Crystal structure on rigged configurations, Int. Math. Res. Not., 2006 (2006), Art.
ID 97376, 27pp.

A. Schilling, X = M conjecture: Fermionic formulas and rigged configurations under review,
Combinatorial Aspect of Integrable Systems, MSJ Memoirs, 17, Math. Soc. Japan, 2007, 75-104.
T. Shoji, Green functions associated to complex reflection groups, J. Algebra, 245 (2001), 650
694.

T. Shoji, Green functions attached to limit symbols, Representation theory of algebraic groups
and quantum groups, Adv. Stud. Pure Math., 40, Math. Soc. Japan, Tokyo, 2004, 443—467.


https://doi.org/10.1090/memo/0539
https://doi.org/10.1090/memo/0539
https://doi.org/10.1016/j.jcta.2006.01.003
https://doi.org/10.1016/j.jcta.2006.01.003
https://doi.org/10.1007/978-1-4612-0087-1_9
https://doi.org/10.1090/conm/248
https://doi.org/10.1215/S0012-7094-91-06321-0
https://doi.org/10.1215/S0012-7094-91-06321-0
https://doi.org/10.1215/S0012-7094-93-07131-1
https://doi.org/10.1215/S0012-7094-93-07131-1
https://doi.org/10.1016/j.nuclphysb.2006.02.005
https://doi.org/10.1007/s00029-002-8102-6
https://doi.org/10.3836/tjm/1475723088
https://doi.org/10.3836/tjm/1475723088
https://doi.org/10.1007/s000290050020
https://doi.org/10.2969/msjmemoirs/01701C030
https://doi.org/10.2969/msjmemoirs/01701C030
https://doi.org/10.3842/SIGMA.2014.028
https://doi.org/10.3842/SIGMA.2014.028
https://doi.org/10.1155/IMRN/2006/97376
https://doi.org/10.1155/IMRN/2006/97376
https://doi.org/10.2969/msjmemoirs/01701C040
https://doi.org/10.1006/jabr.2001.8898
https://doi.org/10.1006/jabr.2001.8898

324

S. Liu

Shiyuan Liu

College of Mathematics and Statistics
Xinyang Normal University

237 Nanhu Road

Xinyang 464000, China

E-mail: liushiyuanxy@163.com



