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Abstract. Consider the nonlinear Schrédinger equation (NLS) with a
potential with a single negative eigenvalue. It has solitons with negative small
energy, which are asymptotically stable, and, if the nonlinearity is focusing,
then also solitons with positive large energy, which are unstable. In this paper
we classify the global dynamics below the second lowest energy of solitons
under small mass and radial symmetry constraints.

1. Introduction.

1.1. Background and motivation.

Nonlinear dispersive equations have solutions with various types of behavior in time,
typically scattering (globally dispersive), blow-up, and solitary waves, i.e., solitons. In the
recent years, especially since the work of Kenig and Merle [13], global dynamics leading
to those different types have been revealed among large general solutions, so that one
can partially predict evolution of each solution from the initial data. Kenig and Merle
[13] studied the energy-critical NLS

it — Au = |u|u, wu(t,z): R = C, (1.1)

and proved that all solutions with energy less than the ground state W

ul?  |ul®
E(u) = /}R3 % - %dw < E(W), (1.2)

W(z):= (14 |z?/3)7Y2, —AW =W?,

either scatter or blow-up, and that the two types of behavior are distinguished by some
explicit functionals of the initial data. For example,

> (0 = scattering,

K(©) = [ [7u(OF - |u<o>|6dx{ (1.3

<0 = blow-up.

The distinction is essentially the same as that in the classical result for the nonlinear
Klein—-Gordon equation by Payne and Sattinger [21] into global existence vs. blow-up, but
the crucial aspect of Kenig—Merle’s work is to reveal and exploit the global dispersion in
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the scattering part. It was extended to the threshold energy F(u) < E(W) by Duyckaerts
and Merle [6], and then slightly above the ground state by Schlag and the author [18],
for the nonlinear Klein—-Gordon equation

i—Au+u=u® utz):RT SR,

) 2 2 4 1.4
E(u) = / [al” + \V2u| +u — %dz < EQ)+ 62, (L4)
RS

where Q € H%(R?) is the unique positive radial solution or the ground state of
~AQ +Q = Q" (1.5)

The types of behavior in that case are separated into 9 sets of solutions by center-stable
and center-unstable manifolds of the ground state, and the mechanism of transition be-
tween scattering and blow-up is revealed. Furthermore, Duyckaerts, Kenig and Merle [5]
established a complete classification of asymptotic behavior of solutions, for the energy-
critical wave equation

ii—Au=u’ u(tz): R SR, (1.6)

in terms of resolution into solitons (i.e. rescaled W), without any size restriction on
the initial data. All of these works have been extended to several equations and settings
including the above examples, except the soliton resolution which is yet limited to variants
of energy-critical wave equations.

General dynamics are, however, far more complicated for more general or physical
equations. In particular, many equations, especially of the NLS type, have many solitons,
differing in shape, energy, stability, etc. Heuristically, unstable solitons are expected to
collapse into stable solitons, radiating dispersive waves. For small solitons of the NLS
with a decaying potential V(z), Tsai and Yau [24]-[27] first proved such a phenomenon,
as well as asymptotic stability of the ground soliton, in the case —A + V' has two well-
positioned negative eigenvalues. Since then, there have been intensive studies (cf. [3], [9],
[17], [22], [23]) on global behavior of small solutions including many solitons, but very
little is rigorously known about dynamical relation between solitons which are neither
close nor similar to each other. It seems hard in such cases to construct or control
solutions in a precise way along some anticipated evolution. A more natural strategy is
to deal altogether with general solutions including or at least close to those solitons, with
less precise information on individual trajectories.

1.2. Setting and the main result.
As a first step toward the above problem, we consider the NLS with a potential

it + Hu = s|ul*u, H:=-A+V, 5=+,

1.7
ut,z) R - C, V(z):R* =R, L7

in the simplest non-trivial setting, namely the case with the unique eigenvalue
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Hpo = eodo, €0 <0, 0<g¢oe H*(R?), |ollrzms =1, (1.8)
with spec(H|,1) = [0, 00) absolutely continuous, and the radial symmetry restriction
u(t, z) = u(t, |z]),  V(z)=V(|z]). (1.9)
Hence the initial data set is the radial subspace of the Sobolev space
H}(R?) := {u € L*(R?) | Vu € L*(R?), u(x) = u(|z|)}. (1.10)

The nonlinearity can be either defocusing s = — or focusing s = 4. In the focusing case
s = +, the above equation is one of the simplest equations with both stable and unstable
solitons, where the former is small and the latter is large. The goal of this study is a
complete description of global dynamics in a fairly large solution space, containing both
the stable and the unstable solitons. In this paper, we consider the region of small mass
and an upper energy constraint which eliminates the unstable solitons. An implication
of the main result is that if an unstable (large) soliton with small mass and the second
largest energy is perturbed to decrease its energy and the mass, then it either blows up
or collapses into a (small) ground state soliton, radiating most of the energy (which is
large) into a dispersive wave. The two types of behavior is distinguished by a functional
of the initial data, similarly to Kenig-Merle or Payne-Sattinger.

In order to state the main result, we need a few more assumptions on V. A simple
sufficient condition is that V is in the Schwartz class and H has no resonance:

H R3¢, (-A+V)p=0= ¢=0. (1.11)

The existence of small solitons is well known in the above setting. The function u(t,z) =
e~ (x) is a solution of (1.7) if and only if

(H + w)p = s|p|?e. (1.12)
In this paper we call a solution of (1.12) a soliton, denoting the set of solitons by

S ={pec H'(R?) | Jw e R s.t. (1.12)} (1.13)

and the energy (Hamiltonian) and the mass (charge) by

2 2 4 2
E(u) ;:/ Vul? + Viul™ _ slul” ) ) ;:/ [l g (1.14)

which are continuous on H'(R?) and conserved for (1.7). For each fixed mass M(y) =
u > 0, we can define the energy levels of solitons by induction on j =0,1,2,...,

&i(n) = inf{E(p) | p € 7, M(p) = p, E(p) > &-1(p)}, (1.15)

where &_1(u) := —oo and inf {) := oo, then classify the solitons
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i ={p e S |E(p) = &(M(p))}- (1.16)

o is the set of least energy solitons, namely the ground states, while . is the j-th
excited state for j > 1. In this paper, we are concerned only with .#, and .7].

It is easy to observe that the ground states for small mass are bifurcation from 0
generated by the linear ground state ¢g in (1.8). More precisely, there exists 0 < 2z, < 1
and a C' map

(®,Q): Dy :={2€C||2]* <22} — HR* xR (1.17)
such that (¢, w) = (P[z], 2[z]) solves (1.12) for each z € D}, and
Ofz] =20 +7, v Lo, Il e’ (1.18)

See [10] for a proof in a more general setting. We can prove that ®(D;) = ., under the
small mass constraint M < 257 while the first excited energy satisfies

E%(Q)M “1+o0(1 5=+
() :{ (@M@Qu~ (L +0(1) (s=+) (1.19)
[ee] (5 = _)7
as i — 0, where E° denotes the energy without the potential, namely
2 4
E%(¢p) ;:/ [Vul” —5Mdm. (1.20)
R: 2 4
In fact, in the defocusing case s = —, the soliton (1.12) is unique for each fixed M(yp) =

> 0 modulo the gauge symmetry €. In the focusing case s = +, the first excited

states are generated by scaling of Q
F13 ¢ =wQ+o0(1)(wx)  (M(p) = 0) (1.21)

We do not need the above characterizations of .#7, but the variational property with
respect to the virial-type functional

V. 2 3 4
Ko (u) := |Vul? — rVelul® —E—M

dx = Qg1 E( ?u(ax)) (1.22)
- 2 4

plays a crucial role as in the case V' = 0. Henceforth 0,—, denotes the partial derivative
with respect to o at o = a, namely

aa:af -— lim f|a:a+e B fla:a ) (1.23)

e—0 £

The following is the main result of this paper.

THEOREM 1.1.  There exists 0 < p, < 1 such that for any u(0) € H(R?) satisfying
M(u(0)) < py and E(u(0)) < & (M(u(0))), the corresponding solution of (1.7) either
blows up in finite time both in t > 0 and in t < 0, or scatters as t — +oo to the ground
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states Fy. More precisely, in the former case, there are Ty € (0,00) such that the unique
solution u € C((—=T-,Ty); H}) exists and
lim Vu(t =o00= lims )| oo (r3Y -
Ll IV ey =0 = lmaup ()50 (124
In the latter case, there are a C* function z : R — D, C C and ux € H}(R3) such that
|2(t)| converges as t — oo and

lim |Ju(t) — ®[z(t)] — €_itAuiHH1(R3) = 0. (1.25)

t—too

Moreover, the blow up occurs if and only if
s=+, [[Vu(0)[r2ms) > 1, and Ka(u(0)) <0, (1.26)

which persists in t as long as the solution u exists.

The above theorem contains the asymptotic stability of the ground state .# for
small H' radial solutions. This part is contained in the asymptotic stability for small
solutions in [10] by Gustafson, Tsai and the author, which does not need the radial
symmetry restriction.

If the potential V' = 0, then there is no small soliton such as ., but the ground
state ) as in (1.4) exists and unstable. In that case, the above result regarding .%5 = {0}
and .71 = {aQ(ax)}o>0 was obtained by Holmer and Roudenko [11], extended to the
non-radial case by Duyckaerts, Holmer and Roudenko [4], to the threshold energy by
Duyckaerts and Roudenko [7], and slightly above the threshold (in the radial case) by
Schlag and the author [19]. In these works there is no small-mass constraint as above,
but it is not an essential difference, because the scale invariance in the case V' = 0 allows
one freely to add or remove such a restriction.

1.3. Difficulties and ideas in the proof.

The proof follows the strategy of Kenig and Merle [13], which consists of a stationary
part based on the classical variational argument for the elliptic equation (1.12), and a
dynamical (or scattering) part based on the variational argument in space-time: the
profile decomposition by Bahouri and Gérard [1].

The problem caused by the potential in the stationary variational argument can be
read immediately from the virial identity

O(iu|x - Vu) = —2Kq(u). (1.27)

In the absence of V', the functional Ky can not vanish under the energy constraint except
at 0, and so sign-definite along each trajectory. This leads to monotonicity in the virial
identity, which has been the crucial starting point for V' = 0, including the case slightly
above the ground state [18], where possible change of sign Ky was controlled by using
the linearized operator around Q.

In the presence of V', the functional K5 changes the sign around the ground solitons
7. Note that this problem does not arise in the elliptic equation (1.12) using the Nehari



1358 K. Nakanishi

functional
Oa=1(E + wM)(au) = / |Vu|2 +(V+ w)\u|2 - \u|4dx, (1.28)
Rfi

because the excited states .77 can be distinguished from the ground states .7 by the time
frequency w. Indeed, w — —eg on %y while w — 0o on .} as M — 0. In contrast, the
virial functional K, is independent of w, since it is derived by the L?-preserving dilation.

The above problem in the virial identity is however easily solved using the fact that
the disturbance of sign Ky occurs only in a small neighborhood of H!(R?), where we have
the asymptotic stability of . from [10]. In fact, the region Ko < M « 1 splits into two
sets far from each other in H!(IR?): one around 0 satisfying

IVl Ze @y + loll7a@s S Mlp) < 1, (1.29)
and the other with large energy satisfying
min([|VelZaga), 10ll7@s) 2 Mp) ™! > 1. (1.30)

See Lemma 2.3 for a more general statement with a proof. In (1.26), the condition
IVu|lr2 > 1 is imposed only to distinguish the above two cases, so there are many
alternative conditions, such as ||ul/pa > 1.

The problems in the space-time variational argument, caused by the potential, or
more precisely by the stable solitons .7, appear more fundamental. First, we should
obviously remove the stable soliton part from the solution to apply the profile decompo-
sition, as it aims at global dispersion or space-time integrability of the solutions. Second,
the linear terms of the dispersive part, namely the interaction with the small soliton, can
not be treated as part of the nonlinear perturbation, since it would require smallness in
L? of the remainder of the profile decomposition, which is impossible as long as we take
the initial data from the L2 Sobolev space.

Therefore, we have to consider the linearized equation around the small soliton as
the reference equation in the profile decomposition for the dispersive component. Since
the modulation in time, namely z(¢) in (1.25), depends on the solution, it means that we
have to consider a sequence of equations corresponding to the sequence of solutions to
which we apply the concentration compactness.

Another problem is that we have very poor control on the global or asymptotic
behavior of z(t). For example, the convergence of |z(t)| as t — oo becomes arbitrarily
slow by choosing small H' data, see [10, Theorem 1.9]. This causes difficulties at least
in the following two places.

First, the nonlinear profile decomposition is a method to approximate solutions
globally in time, but we can not do it for the soliton part z(t). Therefore we have to
distinguish time into two regimes: around and away from the profiles, approximating z
only in the former, while relying on the smallness of the dispersive component in the
latter.

Second, the nonlinear profiles moving to ¢t — oo were defined in Kenig—Merle
[13] by the wave operator, i.e., solving the final state problem with the linear profile as
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the scattering state. The existence of solution to the final state problem in the current
setting, namely around the ground states .7, was proved in [10], but we do not even
know the uniqueness, while we would need some continuity estimate. Hence we have to
define the nonlinear profiles in another way, that is the weak limit along a time sequence,
proving afterward that the linear profile is the scattering state. The drawback of this
definition is that we can not construct global approximation at one stroke as in Kenig—
Merle, but have to proceed step by step over each profile. The approach in this paper
can be roughly regarded as a hybrid between Bahouri-Gérard [1] and Kenig—Merle [13].
The former used the scattering to describe the limit of sequence of solutions, while the
latter used the limit of sequence to obtain the scattering. We need to proceed from both
the sides.

Yet another complication in the estimates is due to the quadratic nonlinearity in the
equation after linearization, to which we can not directly apply the Strichartz estimate to
obtain Lipschitz estimate in the energy space for global perturbation, together with the
smallness of the remainder in the profile decomposition. To solve this problem, we follow
the idea in [16], using non-admissible Strichartz norms and measuring the initial data by
the Strichartz norm. Such estimates are derived for the linearized equation, treating the
time dependent potential by the double endpoint Strichartz estimate as in [10], but it
requires the non-admissible version, obtained independently by Foschi [8] and by Vilela
[28].

Extension of the result in this paper to the lower space dimensions would require
similar modification to the argument by Mizumachi [14], [15], who extended the small
data result of [10] by replacing the endpoint Strichartz estimate with Kato’s weighted
L? space-time estimate. Apart from that issue, it should be rather straightforward to
extend it to general space dimensions and general power nonlinearity between the mass
and the energy critical exponents, namely

4 4
it + Hu = s|u|u, u(t,z): R™ — C, J<e<o o (1.31)
even though the 3D-cubic setting is exploited for minor simplification in several places
of this paper.

1.4. Notation.

L%, B, ., and Hj denote respectively the standard Lebesgue, inhomogeneous Besov,
and inhomogeneous Sobolev spaces on R?. The L? based Sobolev space is denoted by
H*® = HS. The L? norm is often denoted by | - ||,. For any function space X on R?, the
subspace of radial functions is denoted by X,., and the LP space in ¢t € R with values in
X is denoted by LY X. For any function space Z on R'*3 and I C R, Z(I) denotes the

restriction onto I x R3. The L? inner products on R? are denoted by

(flg) = /RS f(@)g(x)dz, (flg) := Re(flg). (1.32)

1.5. Assumptions on V.
Let LP(R3) = {p € L®(R3) | Rlim ¢l oo (jo|>Rr) = 0}. The precise assumption on
—00

V is as follows.
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(i) V :R® — R is radially symmetric.

)
(i) V, 2VV, 22V2V € (L? + L)(R?) and V/|z| € L (R3).
(iii) —A 4+ V on L2(R?) has a unique and negative eigenvalue.
)

(iv) The wave operator W = lim;_, o, eMtH ot and its adjoint W* are bounded on the
Sobolev space W*?(R?) for some p > 6 and k = 0, 1.

The above assumption (ii) implies that

A V()] + [2VV ()| =0 (1.33)
by the radial Sobolev inequalities, cf. Appendix Appendix A. By Beceanu [2, Corollary
1.5], the assumption (iv) is fulfilled if 0 is neither an eigenvalue nor resonance of H, and
V e (LP N FBy1)(R®).

For example, if 9 € S(R?) is a radial positive function, the above assumptions (i)—
(iv) are satisfied by V' = —at) for a € (1/ay,1/az), where a; > as > 0 are the largest and
the second largest eigenvalues of the compact self-adjoint operator (—A)~1/2(—A)~1/2
on L%(R3?).

ACKNOWLEDGEMENTS. This work was originally started from intensive discussions
with Stephen Gustafson and Tai-Peng Tsai. The author would like to thank them for
useful comments on the manuscript. He is also grateful for Scipio Cuccagna, Masaya
Maeda, Yoshio Tsutsumi, and the anonymous referee for their comments and pointing
out some errors and missing references in the first version.

2. Standing waves.

This section collects some properties of the solutions of (1.12), namely solitons. It
is easy to see w > 0 for ¢ € H}(R?), using the asymptotic behavior of the ODE as
r = |x| = co. We will see that in the defocusing case s = —, there is a unique soliton ¢
for each w € (0, —ep) and nothing else. In the focusing case s = +, there is a soliton for
each w € (—ep,00), among which we can specify the ground state and the first excited
state for each fixed small mass under the radial constraint.

2.1. Energy functionals.
For any ¢ € H'(R?), and V : R® — R, we define the following functionals on
H(R?).
[VIle) = {Velo)/2, Mlp) = [1](0) = lel3/2, Glp) :=slleli/4,
H(p) == (Holp)/2 = [IVell3/2+[V](¢), E:=H-G.

The energy E and the mass M are conserved in time for (1.7). The corresponding
quantities without the potential V are denoted by HY, E, etc.

H(p) = [Vell3/2, E°(p) = [Voll3/2 - sllelli/4,

K9(0) := Oa=1E% (o p(ax)). (2.2)
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For the variational property in the focusing case, we need the dilation operator
Spp(a) = Pp(ele),  Spp(r) = (v -V +3/p)p(x), (2.3)
which preserves the L? norm. The same notation is used for the functional
(S,F)(¢) = Do F(SLp). (2.4

Then we have

SM = (6/p—3)M, SH’ = (6/p—1)H’

, , , (2.5)
S,G=(12/p-3)G, S, [V]=-] o/ (—2)V ]
The L?-scaling derivative plays a crucial role via the virial identity
Ky := S{E = 2H? — 3G — [S V. (2.6)
The following functional is used for convexity of E in S}:
I:=E-Ky/2=G/2+ fSé/zVJ/Z (2.7)

If there is a family of solitons w + ¢, € H' differentiable in w € R, then we have
AE(pw) = (E'(pu)les,) = (—woulp,) = —wiuM(py,). (2.8)
For the potential part, we will frequently use the following bound

LEMMA 2.1.  Let V € (L? + Lg°)(R3). Then for any € > 0, there is C > 0 such
that

HY(R?) 3V, [[V](p)| <min(e]elf+ Cllel3ellel + Clielli)- (2.9)
PrOOF. Let V =V, + V., where V5 € L? and V. € L. For any h > 0, we have

[TVa) ()] < IVallzzvsmllelld + Rllel3, (2.10)

where ||V p2(v>n) — 0 as h — oo, so the right hand side is in the form of (2.9), choosing
h > 0 such that ||[Va|z2(y>p) < € or h <e. For any R > 0,

Vool ()] S Vool (zi<my |9 IFRY2 + [[Vio | ox (12l > my 13 (2.11)

where ||V ||z (|z|>r) — 0 as R — 00, so the right hand side is also in the form of (2.9),
choosing R > 0 such that ||Va||oR?/? < € or Vool oo (j2>r) < €. Adding the above two
estimates yields the conclusion. O



1362 K. Nakanishi

2.2. Small solitons.

For small mass, the ground state is the bifurcation from zero, generated by the
ground state ¢g of H. The following precise statement can be extracted from [10, Lemma
2.1]

LEMMA 2.2.  There exists 0 < z, < 1 and a C' map
(®,Q): Dy :={2€C||2]* <22} — H}R? xR, (2.12)
such that (¢, w) = (®[z],Q[z]) is a soliton for each z € Dy, with a decomposition
Olz] = 2d0 +9lz], Q] =—eo+o(2), 7l Lo, Ilelllm =o(l2l?),  (2.13)

satisfying the gauge covariance (®[e?z], Q[e?2]) = (e?®[2],Q[2]), and M(®[z]) = |2|?/2
+0(|z]*) is an increasing function of |z|. Moreover, there is an open set in H}(R®) which
contains ®[Dyp] but no other soliton.

Let pp > 0 be the maximal mass among those solitons:
wp = sup M(P[Dy)). (2.14)
Then the monotonicity implies that
0,25) 3 z — M(®[z]) € [0, up) (2.15)
is an increasing bijection. Let zq : [0, u5) — [0, 25) be the inverse function, so that
M(@[z0(p)]) = - (2.16)

The following lemma shows that the above solitons are the ground states for small
mass. It will be crucial also for identifying the first excited state.

LEMMA 2.3 (Small mass dichotomy). For any ¢ € H'(R3) satisfying Ka(p) <
M(¢)~! and M(yp) < 1, we have one of the following (i)—(iii)

(i) HO(p) < M(yp),
(ii) M(p) SHO(p) ~ E(p) ~ Ka(p),
(iii) § =4 and G(p) 2 H(p) Z M(p)!,

Moreover, in the case (iii), we have
V@I + TS, V](@)] +[[8,8V I(9)] < H' () (2.17)

for any p,q > 0. In particular, G in (ili) can be replaced with 21.
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Note that the first two regions overlap each other, but the last one is separated.
Thus the above lemma gives a dichotomy into (i)—(ii) and (iii). The case (ii) can be
removed if Ko (¢) < M(¢p), which is mostly satisfied when the above lemma is used.

PROOF. Let p:= M(p) and h := H°(p). Using Gagliardo-Nirenberg, we have

G)l S llells < B2p'72,

(2.18)
WO S MW lzerzoe (u+ ) (W =V, 8V, 8,8V).

Splitting into three cases: (1) h <, (2) p < h < p~ 1, and (3) =t < h, we may first
dispose of (1)=(i). In the case of (2), the above estimates imply

12k — Ka ()| = [[SLV] () = 3G(p)| S p+ B/ *pt/* + 132 u'? < b, (2.19)
|

[V |(¢) —G(p)], leading to (ii). In the

and the same estimate works for [H° () —E(p)| = | )—
Ko(p) < p=' S hand p+h3/*put/* < b

)
case of (3), we have h > ! > 1. Then using
n (2.18), we obtain (2.17) and

h < 2h — Ka(p) — [SLV](9) = 3G(y), (2.20)
leading to (iii). O
The above lemma enables us to identify the solitons in Lemma 2.2 with .#:

PROPOSITION 2.4.  There exists 0 < pug < pp and 0 < zq < zp such that

{v € Z M) < pa} ={®[z] | |2] < za},

0< < pa = Ep) = E@[zo(u)]) ~ copt < 0. (2.21)

PrOOF. Since Ky = 0 on ., we can apply the above lemma to any ¢ € . with
M(p) < pg < 1, leading to either (i) or (iii). Taking pg > 0 small ensures that the
region (i) is in the uniqueness region of ®[D;] in Lemma 2.2, as well as that the region
(iil) is far away. Then every ¢ € . with M(p) < pq is either in ®[Dy] or in the region
(iil). In the latter case, @ is an excited state, as ® gives a soliton with the same mass and
negative energy. Thus we obtain the first identity in (2.21). The second one is its obvious
consequence. The behavior of & follows from (2.8) together with the differentiability of
® from Lemma 2.2. O

2.3. Focusing case s = +.

Next we investigate the first excited state of small mass in the focusing case. The
small mass dichotomy Lemma 2.3 allows us to ignore the potential effect, leading to the
same variational characterization as V' = 0 in the higher energy region.

PROPOSITION 2.5.  Let s = 4. There exists 0 < po < pg such that for 0 < p < e

&1(n) = nf{E(p) | ¢ € Hy, M(p) =, Ka(p) =0, G(p) > 1}
= inf{I(p) | p € H;, M(p) < 1, Ka(p) <0, G(p) > 1}
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— T MQEAQ)(L +0(1) > 1 (11— 0), (2.22)

where inf is attained by some ¢ € S, and & (u) is decreasing in p. Moreover, there is
a continuous function k : (0, pre) X (0,00) — (0,1/2) such that for any 6 > 0 and any
0 € H} satisfying M(p) < e, E(p) < & (1) — 6 and [|[Vpll2 > 1, we have

K2(p)| > £(M(p),d). (2.23)

The above minimization is well known in the case V' = 0 without the restriction
on G. Some restriction to higher energy is needed in the case V' # 0, since those inf in
(2.22) would become &y(p) without G > 1.

PROOF.  First, the > part of (2.22) is obvious from Ky = 0 on ., the dichotomy
Lemma 2.3, and I = E — K3/2. The second infimum is obviously decreasing in .

To show the < part of the second equality, let ¢ € H}, M(p) < p, Ka(p) < 0 and
G(p) > 1. Consider the one-parameter scaling v(t) := S ;¢ for ¢t < 0. The dichotomy
implies G(¢) 2 p~' > 1. Since 8 ;M = —9M/7 < 0, there exists 7' < 0 such that
M(v(T)) = p. Moreover, since

3 1 ) 6
we have, using Lemma 2.1,
Sisl(v) 2 pt, S5Ka(v) > 5(Ka(v) +1)/7 (2.25)

as long as Ky (v) < M(v) < p. The second inequality of (2.25) implies that if Ko(v) > —1,
Ks(v) is decreasing as t decreases. Therefore Ko(v) < 0 and (2.25) are preserved for
0 >t > T, hence the infimum is reduced to the case M(p) = p.

Next consider the one-parameter scaling v(t) := Sk for ¢t < 0. Since

S =3G/2 - [S,,8},,V]/2, ShKa = 2Ky — 2831, (2.26)

a similar argument as above implies that I(v) is decreasing and Ka(v) is increasing as ¢
decreases, as long as Ka(v) < 0, while G(v) > 1 is preserved by the dichotomy. Thus the
infimum is further reduced to the case Ko(p) = 0, which means the second equality in
(2.22).

To prove the existence of minimizer as well as the lower bound (2.23) on K|, take
any sequence ¢, € H} satisfying M(¢,,) — p € (0, i), Ka(n) — 0, G(0n)+||[Venll2 > 1
and E(p,) = Fo < E.(), where E, is the infimum in (2.22). Using Lemma 2.1 with
Gagliardo—Nirenberg, we have

H° = 3E — Ky — [S]V]| < 3E — Ky + CM 4 H°/2. (2.27)

Hence ¢, is bounded in H}, and so, we may assume, passing to a subsequence, that
©n — Jp € H} weakly. Since Ky = 2H° — 3G — [S/ V|, disposing of the potential part
as above, we deduce that G(¢,) 2 1 and ||Ve,ll2 2 1 are equivalent for large n, and

~
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then the dichotomy implies H(p,,) ~ G(p,) = u~*.

Since G and the potential functionals are weakly continuous on H}, we have
I(¢) = B, G(p) 21, M(p) <p, Ka(p) <0, (2.28)

hence Fo, = E, and ¢ is a minimizer of (2.22). Moreover, the above argument implies
that M(p) = p and Ka(¢) = 0. Since the dichotomy implies G(¢) = p~* > 1, we have
Lagrange multipliers w, a € R such that

E'(p) + wM' () = aKa(yp). (2.29)
Differentiation along the curve Sip at ¢ = 0 yields
0=Ka(p) = S;E(p) = aS;Ka(p) = —20S;31(¢), (2.30)

where S5I(¢) # 0 by (2.26) with the dichotomy, hence ov = 0. This means that ¢ € ./
and so &1 (1) = E. (), as well as the lower bound (2.23) on |Ka|.
Finally, we prove the asymptotic formula. In the second infimum in (2.22), put

Y(z) == pp(px) and V,(z) := p?V (uz). Then

néi(n) = min {G(0)/2+ [(843V)u) ()}

(2.31)
Ay ={p € Hy [M(v) <1, K3(®) < [(SV),u](®), G(¥) > u}.
Since ||V, ||r2q e < pt/?||V||p2 41, we have for p > 0
ISVl @) S w2113 + 1113). (2.32)

Hence if ¢ € H} satisfies M(¢)) < 1 and K(¢)) < —1, then ¢ € A, for 0 < p < 1.
Therefore as g — 0, the minimizer v is bounded in L2. Since G(y¢) > u~!, we obtain
G(y) ~ L and [[(S,V),.](¥)] < O(u'/?). On the other hand, for any ¢ € H} satisfying
M(¢) <1~ G(v) and K9(1) = 0, we deduce from (2.26) that for 0 < p < 1 there exists
t = O(p'/?) such that Sk € A, using the implicit function theorem around ¢ = 0.
Therefore

lim péi () = nf{G(¥)/2 | ¢ € Hy, M(y) <1, Ky(4) <0, ¢ # 0}. (2.33)

To see that the above equals M(Q)E®(Q), we may first replace K9(¢)) < 0 with K§(¢) = 0,
since on the curve R > t — Sk € H} for any v € H}!\ {0}, M is constant, G is
increasing, and K9 changes its sign exactly once and from positive to negative. Next,
since G(Si) = e!G(v), M(SLy) = e '™M(¢)) and K9(Sith) = e'K9(), we may remove
M(v) < 1 by replacing the minimized quantity G/2 with MG/2, which may further be
replaced with (G/2 + M)?/4, because

inf (G/2 + M)(S§w) = inf [e'G () /2 + ¢~ M(¥)] = 2v/M(©)G(¥). (2.34)
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Since G/2 = E® on KY = 0, we thus obtain
(2.33) = [Inf{(E° + M)(y) | ¢ € H1\ {0}, KO(¥) = 0}/ 2°. (2.35)

It is well-known that the above infimum is attained by the ground state @ (see, e.g.,
[18, Lemma 2.1]). Using that K(Q) = 0 = 9p=1(E° + M)(aQ), it is elementary to see
that the above equals M(Q)E%(Q). O

2.4. Defocusing case s = —.

In the defocusing case, the variational structure is much simpler, and so we can
determine the entire set of solitons .¥ without the mass constraint. In this subsection,
we prove the following

PROPOSITION 2.6. Let s = —. Under the assumptions on V in Section 1.5, the
equation (1.12) has a unique positive solution @, for each w € (0, —ep), and

S =1{e’p, |0 <w< —ep,  €R}. (2.36)

The function (0, —eg) > w + M(p,) € (0,00) is C1, decreasing and bijective. Let wo(j)
be its inverse function. Then for all yu > 0,

eopt < o(p) = E(@ug(n)) <0 <oo=8&1(pn), wh(u) <O0. (2.37)
Since H > eg, multiplying (1.12) with ¢
0= ((H +w)ele) + lolli = IVell3 + wliel? + (Vele) + el (2.38)

implies that w < —eg is necessary for existence of a non-trivial solution.
If w < 0, then putting ¢ := r¢ we have from (1.12)

Yor +wip = (V4 [@)ep,  liminf {|i(r)] + [ (r)]} = 0. (2.39)

Rewriting the above into an integral equation from r = co, we obtain

[9(s)l < / (r =)V +le)ldr < ¢lle@sslr(V + [0, (2.40)

where the last norm is vanishing as s — oo by the assumption V/|z| € L'(R?) and
¢ € L*(R3). Hence taking s — oo and then solving the ODE, we deduce that ¢ = 0.
Therefore 0 < w < —eg for every non-trivial p € .. Moreover, using Lemma 2.1
with € = w/2, we deduce that ¢ € . is uniformly bounded in H'(R?) on any interval of
w away from 0, while ¢, — 0 in H}(R3) as w — —eg — 0.
For each w € (0, —ep), we have a solution ¢,, of (1.12) which is a global minimizer

(E 4+ wM)(¢py) = inf{(E + wM)(p) | ¢ € H'} < 0. (2.41)

The proof is easy and omitted. The positivity is also standard. The uniqueness of the
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solution ¢,, for each w, modulo the phase ¢*?, follows from a general argument:

LEMMA 2.7. Let H be a self-adjoint operator on L? with non-degenerate eigenvalue
eo, and assume the rest of the spectrum of H is contained in [e1,00) for some e; > eq.
Let f : [0,00) — [0, 00) be a strictly monotone function such that f(a)a is non-decreasing.
Then the nonlinear eigenvalue problem

(H + f(le])p = wp

can have at most one non-trivial solution (up to the phase symmetry) for each w < e;.
The same conclusion holds for w = ey if f(a)a is strictly increasing.

The above lemma may be known, but a proof is given below for the sake of com-
pleteness.

PROOF. Let f(z) := f(|z|) for z € C. Let ¢ and ¢ be two non-zero solutions, and
let ¢¢ be an eigenfunction of H for ey. We must have (¢o|p) # 0, or else

(e1 = w)llel3 < (l(H = w)p) = — (eI £ (¢)), (2.42)

which contradicts either w < e or w = ey with strictly increasing f(a)a. Thus we can
find e C\ {0} so that (¢o|Be + ¢) = 0. Using the invariance of the equation for
¢+ e, we may take 3 > 0 by appropriate complex rotation of . Then
(e1 —w)||By + ¥[I3 < (B +Y|(H — w)(Byp + 1))
= —BXF(@lel?) = (F)IY) + 26(p|(H — w)y)

<28 [\(sol(H —w)| = \/<f(<p)|\<ﬁ|2><f(w)ll¢l2>] : (2.43)

First consider the case where f is non-decreasing. Then using Schwarz,

(% ) < VF@)el?) (F)[4?),
H—w)Y)| = 44
el == {|< P bl 240
So we arrive at
(FWel®) = (F@Mel®),  (F@IelP) = (F@)I1?), (2.45)

and hence (f(¢) — f(¥)|l¢]* — [1[?) < 0. Since f is non-decreasing, this implies that
f(@) = f(¥) (ae.).

Next consider the case where f is non-increasing. By Schwarz, we have

el f (D)) < VF@elP)(F )21/ f ),
[(F(@)eld)] < V{F(@)2lelP1/F () (F (@) I?).

Hence (2.43) implies that

(2.46)
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(2P F(9)) 2 (F@)2 [P [L/ f(¥)),
(F@2lelP11/ £ () = (F(0)*[elP11/ £ (),

and so, (f(¢)?e|? — f(¥)2 Y211/ f(¢) — 1/f(x)) < 0. Since 1/f(a) and f(a)a are both
non-decreasing, we have f(¢) = f(¢) or f(p)l¢| = f(W)|¢] (ae.). If e > w, then
1) = — B¢, otherwise the above must be a strict inequality, contradicting the monotonicity

of f(¢) and f(p)|p|. If e = w, then f(z)|z] is strictly increasing, so we get f(p) = f(),
and then going back to (2.43),

(2.47)

0= (e1 — w)[IBe + ¥l3 < (B + YI(H — w)(By + )
= —(f(@)IBy +¢[*) < 0. (2.48)

The strict monotonicity of f(a)a implies that at each x, f(¢(x)) = 0 implies f(¥(x)) =0

and ¢(z) = 0 = (z). Hence v = —fp (a.e.).
Thus we obtain ) = —f8¢ anyway. Then the equation for ¢ and ¢ implies that

(w—H)p=f(p)p=—f)/B=f(Be)p. (2.49)
Since f is strictly monotone, this implies § =1 or ¢ = 0 a.e. O

Once we have the uniqueness of ¢, for w, it is easy to prove continuity and then
differentiability in w. Differentiating the equation

(H+w+ 3905;)901; + ¢ =0, 901; = OwPuw (2.50)
and multiplying it with ¢/, yield
BuM(pw) = (pulel,) = —((H +w + 302 )@, l¢l,) < —2llewelll; <O, (2.51)

where we used H + w + ¢2 > 0, because ¢, > 0 is the ground state in the kernel of
this Schrodinger operator. Hence M(y,,) is decreasing in w. Moreover, M(p,,) — oo as
w — +0, since otherwise the weak limit yields 0 # g € H} satisfying Hpg + 03 = 0,
which is impossible. Using (2.8) as well, we conclude the proof of Proposition 2.6.

3. Blow-up below the excited energy.

We are now ready to prove the blow-up part of Theorem 1.1, using the above char-
acterization of .%] together with the estimate on Ky, namely Proposition 2.5.

Let u be a solution of (1.7) with s = +, satisfying (1.26) as well as M(u) =: g < fie
and E(u) < & (p), where i, is the small mass condition of Proposition 2.5. Fix § > 0
such that E(u) < & (u) — 6. Suppose for contradiction that u exists on 0 < ¢ < co. Then
Proposition 2.5 and Lemma 2.3 together with the continuity of u(t) in H! imply that
(1.26) is preserved for all £ > 0, and also from (2.23)

Ka(u(t)) < —r(u, ). (3.1)
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We have the saturated virial identity from [20]
Oy (R fruliug) = 2Ko(u) — /[2|ur|2f0,R + R fu + [ul fo.g]da
- /(1 R/l - VVda, (3.2)
where fr(z) = f(z/R) with R > 1, and f; r(z) = fj(z/R) are derived from f by
fo=1—f.>0 fi=A0./2+1/r)f, fo=-3/2+(0./2+1/r)f, (3.3)

while f(x) = f(]z|) is chosen to be smooth radial satisfying

LR e o0
The |u|* integral is bounded by the radial Sobolev inequality
[ullzs o> r) S B2l Ze o>y lur 2 goi> 2)- (3.5)
Then we obtain
- /[2|ur|2fO,R + R 2 uPfir+ |ul*for + (1 — frRR/7)ul?z - VV]dz
S Rz 0>y + oDl 22 (0> Ry (3.6)

as R — oo. See [20], [19, Section 4.1], for the detail. Note that the potential part was
treated by (1.33), using 1 — frR/r = 0 for |z| < R. Hence, for large R, we have

O (Rfruliu,) < —r(u,d) < 0. (3.7)
Since [lu|| 2 is conserved, it implies that ||u, |2 — oo as ¢ — co. Then as t — oo,
Ka(u) = 3E(u) — H(u) — [S{V] (1) ~ —[[Vull3. (3.8)

The rest of the proof is the same as in the case without the potential, see [20]. Thus we
obtain the “if”-part for (1.26) of the blow-up in Theorem 1.1.

Next we show the “only if”-part of (1.26), namely the global existence when it is
not satisfied. If s = —, then we have a priori H! bound by conservation of the energy
and mass, disposing of the potential part by Lemma 2.1, which leads to the global well-
posedness in H!(R?).

Hence we may restrict to the case s = +, M(u) = pu < pe and E(u) < & (u). By
the persistence of (1.26) proved above, if (1.26) is initially not satisfied, neither is it
at any other time. If Ky(u(t)) < 0 and ||[Vu(t)||2 < 1, then Lemma 2.3 implies that
lu@®))3: S p < 1. If Ko(u(t)) > 0, then (2.27) yields a priori bound on Hj by the
mass-energy conservation. Hence the solution u is global and bounded in H} for all
t € R. Moreover, we have the scattering to the ground states by [10] if HO(u(t)) < p,
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and it is preserved for all ¢ € R.
Thus we have obtain the global existence part of Theorem 1.1.

LEMMA 3.1.  For any u(0) € H} satisfying M(u(0)) = pu < pe and E(u(0)) = ¢ <
&1 (w), the corresponding solution u of (1.7) is global in time if and only if (1.26) fails.
Then it is never satisfied at any t € R. Moreover, the global solution u satisfies one of
the following

Q) [[u(@®)||F S p for all t € R, scattering to ..
(i) p < lu@®)Fn S e+ p and Ka(u(t) > r(p, 61(1) —¢) for allt €R,

where k > 0 is the same as in (2.23).

The rest of this paper is devoted to the scattering in (ii).

4. Modulation and linearized equations around the ground state.

Here we recall the coordinate in [10] around the small ground state, and observe
that it can be applied to large solutions as long as the mass M(u) is small, including the
excited solitons. For any p > 0, denote

H' ) == {p € H'(R®) | M(y) < u}. (4.1)

Let ® : D, — H! be the small ground states as in Lemma 2.2. We have the following
nonlinear projection to them.

LEMMA 4.1.  There exist 0 < p, < pp and a unique mapping H'[u,] 3 ¢ — (2,n) €
D, x H'u,], where D, := {z € C | |2|? < 2u,}, such that

o =[]+,

0 e Hole] = (€ HYR) | (b, [:)) = 0 (G = 1,2)}, (42)

where 0; denotes the derivative with respect to the real and imaginary parts of z =
21 +izz. Moreover, the map o+ (z,m) is smooth and injective from H'[u,] to C x H}.
Furthermore, the orthogonal projection P. to the continuous spectrum subspace

Pep :=1— do(p|do) (4.3)
is bijective from He[z] onto
H[0] = P.H'(R®) = {p € H'(R®) | (ip|¢o) = 0 = (iplido)}, (4.4)
for any z € Dy, and
R[2] = (Pela, )" (4.5)

18 a compact and continuous perturbation of identity in the operator morm on any space
between H> N WH1 and H=2 + L.
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In [10], the above coordinate was defined on a small ball of H!(R?). However, it
is easy to see that the smallness in L? suffices, since z is determined by solving the
orthogonality conditions

(o = @[]}i0; @[z]) =0 (j =1,2), (4.6)
by the implicit function theorem. The derivative of the left hand side equals
(p — @[2]|i0,0; @[2]) — (OkP[2]|i0; @[2]), (4, k € {1,2}). (4.7)

The second term is a non-degenerate 2 x 2 matrix of O(1), while the first term is bounded
by || — @[2]||2 < /Hp < 1, thereby the implicit function theorem works, leading to the
conclusion. The L? bound follows from the orthogonality

M(p) = M(®[z]) + M(n). (4.8)

The operator R[z] is linear, so it does not need any smallness condition. Actually, the
above lemma holds without even assuming that the function is in H'. Hence every
solution u in H'[u,] can be written as

u(t) = @[z(t)] + R[z(0)JE(t) = @[2(t)] + (1), (4.9)

uniquely, and the equation for u can be rewritten for (z, &) as, regarding C ~ R?

£~ i002]z = N(=, RIE) == M(z, RIJE) N (=, RIEOI DL, o)
i€ + HE = BJ2JE + N(2,€), '
where M (-) is a 2 x 2 matrix and N(-,-) is a scalar defined by
M; i (z,m) = (i0; ®[2]| Ok P[2]) — (in|0;0k P[2]),
- (4.11)
N(zn) =5 {20[:]nf? + D[In? + nl*n}
Blz] is the “potential part” by the small soliton, namely
BlzJ¢ == sP{2|@[2]|*R[2]¢ + @[] R[:]¢}, (4.12)
which is R-linear but not C-linear, and N (+,-) is the quadratic part
N(z,€) = PAN(z, R[)€) — iD®[2]N (=, R[=]¢)}. (4.13)

We introduce some notation for the linearized solutions. For any s € R and any set
X, the set of X-valued functions defined around s is denoted by

X{s}:={u:1— X|se3l CR}. (4.14)

For any interval I C R, z € C(I;C), so € I and u € H*{sg}, the linear solution v of
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iv + Hv = Blz]v, v(sp) = u(so)
is denoted by

ulz,s0] :==v € O(I; HY).

(4.15)

(4.16)

Note that this depends on u(sg) but not on u(t) at the other time ¢t # sg. Indeed, there
is no point for u to depend on ¢ in the definition, but this convention avoids writing the

same time sy twice. We can apply it to time-independent u as well. Obviously
Vs1 €1, ulz,sollz, s1] = ulz, so],
while the solution without the potential Blz] is given by
ul0, s) = et oy (50).

The associated Duhamel integral is denoted by

Dl sl = [ 1z sl
so that v := Df|[z, sg| satisfies
i0+ Hv = Blzlv+ f, wv(so) =0.
Hence for any ¢ € H', 2 € C{so} and f € H'{sq}, the solution of
i€+ HE=BEJE+ [, &(s0) = ¢
is uniquely given by
£ = ¢lz,50] + D[z, s0].

Another notation
u(t) (t < sp)
ulz, so]s ==
ulz,s0]  (t > so)

)

is convenient to “turn off the nonlinearity” after some time. Indeed if u solves
i+ Hu = B[zlu+ f

and sg < s1, then we have

{U - U[Z, SO} + Df[Z, 80]3

ulz, s1]s = ulz, so] + Dlics, flz, so]-

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)
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Next a few (semi)norms are introduced for space-time functions. For s € R, put
Stz := LH3 N L} Bg o, Stz™ := L{H} + L7 B 5,, st:= L{LS. (4.26)

Stz® is the full Strichartz norm for H* solutions, and Stz'/? LfBé’/; C st by interpo-
lation and Sobolev.

The next semi-norm is a bit more involved. It is needed for long-time perturbation
argument for the radiation part &, whose equation contains quadratic terms. For —oo <

To < Ty <T5 < 00, 2 € C((To,TQ),(C) and u € C((T07T1);H1)7

w2y 1] = sup ulz, T]s —ulz, S T
llr i == sup_ ful=, Tl = ulz, Sl s (4.27)

is a semi-norm vanishing exactly for solutions of the linearized equation with the param-
eter z, namely

Hu||[Z;TO7T1;T2} =0 <= it+ Hu= B[zlu on (Tp,T1). (4.28)

If Ty > —o0, we can fix S — Tj to get an equivalent semi-norm

||UH[Z;TD,T1;T2]’ = sup ||U[Z7T]> - U[ZaT0]>||5f(T07T2)
To<T<Th
< ”u”[z;To,Tl;Tz] < 2||UH[Z;T07T1;T2]/’ (429)

where the first inequality follows from the continuity as S — Ty + 0, while the second
one is obvious by the triangle inequality.

This semi-norm measures how much u deviates from the linear evolution between
To and T3 and its influence until ¢ < Ty. If u solves (4.24) on (Tp,T1), then

lullzsmo,mima) = suPTy < <r ey 1PLe<r flz, Slllsics ), (4.30)

lull (270 70510 = SUPT < <1y 1Ple<r £12, Tolllst(ro,12)-

Since we use only the Strichartz type estimates, i.e. LY norms, the right hand side will
be estimated in the same way as ||Df[z, To]|s¢(r,,r,)- It will be used mostly to bound
(fOf Ty, Ty € R)

[ell iz i) = max((lu = ulz, Tollsery, ) [lulz, Tr] = ulz, Tolllsyry 1)) (4.31)

The idea of long-time perturbation in this type of norms, together with the use of non-
admissible Strichartz (as in Lemma 4.4 below), was introduced in [16] to treat quadratic
and sub-quadratic nonlinearity.

An advantage of (4.27) compared with the equivalent form is the monotonicity:

To<Ty<Ty <Th, Ty <To = |lullizry, oy < lullizm,,moims (4.32)

which is obvious by the definition. It is also subadditive for gluing intervals.
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LEMMA 4.2. ForTy <Ty <Ty <T3, z € C((Tng),(C) and u € C((To,Tg);Hl),
”uH[z;To,Tz;Tg] < ||U||[z;T0,T1;T3] + ||U||[Z;T1,T2;T3]~ (433)

The subadditivity holds also for the equivalent form, which is left for the reader.

PROOF.  The left side is the supremum of |julz,T]> — u[z, S]s ||s¢(s, 1) over Tp <
S<T<Th Ty <S<T <TyorT) <SS <T <T;, then it is trivially bounded by
the first or the second term on the right. If T < .S < T7; < T < T3, then we have

ulz, T]> — u[zv‘s]>”st(5,T3) < lulz, T]> — u[sz1]>||st(S,T3)
+ [lulz, T1]s — ulz, ST |lsecs,1)

< Hu||[z§T0,T1;T3] + Hu||[Z;T1,T2;T3]’ (434)
using the continuity of u[z, R in st(S,T3) as R — T1. O

Now we derive the standard Strichartz estimates for the linearized equation, with
uniformly small z.

LeEMMA 4.3.  Let I = (To,T1) be an interval and z € C(I;C) with ||z||p~) < 1.
Then for any so € I, p € P.HY(R3), f € C(I;S'), T € (Ty, T1) and 6 € [0, 1],

llolz: so]llseze 1y S [lo(s0)l[ e ~ inf [[¢[z, so] ()]l me ~ sup [l[z, so](t) | zre,
tel tel (4.35)
||DPCf[Z7SO]||Stz9(I) < ||f||Stz*9(I)7 HDPCf[Z7SO]H[Z§TO»T§T1] S ||fHStz*1/2(T0,T)'

Moreover, if supl = oo then we have the scattering of u = ¢z, so] + DP.f|z, s0] as
t — oo, namely the strong convergence of e~ "Hu(t) in H', and furthermore, u(t) — 0
in LS. The same holds for t — —oo.

PROOF. Let ¢ := ¢[z,50] + DP.f[z,50]. Then the Strichartz estimate for e!** P,
yields

1€lstze 1y < lle(so)llme + 1B[2]€ + Pefllseero 1), (4.36)
where the term B[z]¢ is bounded by

HB[Z]fHLfB@

252D S HZH%?"(I)"&”LfBg’z(I) < €llzzme 1y (4.37)

and absorbed by the left. This yields the three inequalities in (4.35).
If sup I = oo, for any increasing sequence t,, — 0o, we have

e~ g())i=tn = / " (Bl]é + P.f)ds, (4.38)

m

and using the Strichartz as above,

e e®li=tr Iy S 1€l L2 bty + 1zt tmin)s (tm < tn) (4.39)
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where the right side tends to 0 as ¢,, — oo, since the norms consist of L¥ with p < oo.
Hence e " ¢(t) converges as t — oo strongly in H'. Then the decay in LS follows
from the L/5 — LS decay estimate, the Sobolev embedding H} C LS and the density
argument.

For the norm equivalence, let u := [z, so] and ug := [0, s9]. Then by the same
Strichartz as above,

lw—wollsezery S 1Bl2lullpzpe 1) < Hu”LfBgVQ(I)v (4.40)

6/5,2

and so the right hand side is equivalent to (since p € P.H?)

6/2
luollzzse (1) S luo(so)llaze ~ [I(HPe)* uo(s0)llz2 ~ lluoll e mary, (4.41)
which implies the first estimate in the lemma. O
As an immediate consequence, the semi-norm [z;---] is bounded by the full

Strichartz norm

[[ul

[25To,T15T2] S [ullset (10, 10) (4.42)

since we have for any S,T € (Tp,T1), using the Strichartz estimate for the linearized
equation,

||U[Z7T]> - U[Z, S]>Hst(S,T2)

< lu —ulz, Sllsis.ry + ulz TT = ulz, Slllser,my) S Nullsea (1) (4.43)
We also need non-admissible Strichartz estimates.

LeMMA 44.  Let (po, qo), (p1,q1) € (1,00) x (2,6] and o, :=2/p; +3(1/q; — 1/2)
satisfy

oo+0o1=0>0;—1/p;, |oj] <2/3. (4.44)
Then there exists C' > 0 such that under the assumptions of the above lemma,
IDPe [Tz, sl o pao iy < CUFN ot ot - (4.45)
If (po, @) = (4,6), then for Ty <T <Ti,
IDPfl2, so)ll(z;70, 1) < C”fHLf/ng/l (To.T)’ (4.46)

ProoF. This set of estimates for the free Schrédinger equation was proved by
Kato [12] for ¢; < 2%, and by Foschi [8] and Vilela [28] for ¢; = 2*. It is transferred to
the time independent equation ¢’** P, by Yajima’s argument of bounded wave operators
[29]. More precisely, the condition |o;| < 2/3 is not needed in Kato, but only in the
double endpoint case gy = g1 = 6 by Foschi and Vilela, in the form pg = p; € [6/5, 6].
The above lemma is infected by this condition including non-endpoint cases, because we
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use the double endpoint estimate to treat the time-dependent potential part as a small
perturbation. Let u := DP,.f[z,s9]. Then by the above estimates on e P,,

||“||(L§’0L§,0an2Lg)(1) S HB[Z]UHszLgﬁ([) + ”fHLf,lL:ll 1’ (4.47)
where py :=2/(0¢ + 1) € [6/5,6]. The potential term is bounded by
HB[Z]U”LPLQ/%]) = ‘|Z|‘%§O(1)||u||Lf2Lg(1) < ||u||Lf2L2(I)7 (4.48)

and thus we obtain the desired result as in the previous lemma. O

5. Linearized profile decomposition.

Now we develop a profile decomposition for the linearized equation of the radiation
part in (4.10). For that purpose, we need a similar notation to the above for sequences.
For any sequences a, b, c, ..., the sequence in the form

Non— Z(an,bn,cn,...,) (5.1)

for any expression 2" (as long as it is well defined), is denoted by
Z(a,byc,....) ={Z (an,bn,Cn,- ) }n. (5.2)

The same convention applies when the sequence is defined only for large n € N. When
2 ={Zn}n is a sequence of sets, then it is regarded as the product set:

reX = VneN, z, € Z,. (5.3)

The same convention is applied to lim, sup, etc., for any sequence X = {X,, },:

X - 1limX := lim X,, SupX :=supX,,
n—oo n

5.4
limsup X :=limsup X,,, liminf X := liminf X,,, (5:4)

n—00 n—0o0

unless the limit is explicitly associated with another parameter. “Sup” is capitalized to
avoid possible confusion.
The set of open intervals is denoted by

7 = {(a,b) CR | a < b}. (5.5)

For any I € .#" the set SBC(I) of sequences of uniformly small, bounded and continuous
functions is defined by the following. For any z € C(I;C)

z € SBC(I) (5.6)

if and only if sup,,cysupser, |2, (t)] < 1 and
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Ve >0, 30 >0, Vs,Vt €I, Supls—t|<d = Sup|z(s) —z(t)| <e. (5.7)

The smallness requirement can be determined by V. Since it can be fixed throughout
the paper but does not play any role, we leave it unspecified.

For any I € .#N any 2z € C(I;C) and any 2z, € C(R;C), we say that z — 2., locally
uniformly on I if and only if for all 0 < T < oo

lim  sup  [z,(f) — 200(t)| = 0. (5.8)

N0 e [—T, TN,

Let #N 5135 s, C(I;C) 3 2 and H'{s} > u. Note that they are all sequences by
the above convention. Suppose that lim P.u(s) is weakly convergent in H'. Then the
sequence v € C(I; H') solving

Vn €N, 0, + Hv, = Blz,]v, (on I,), v,(s,) = kli}n;o P.ug(sk) (5.9)
is denoted by
u[2, 8] (o0) = {Un}n = {klir& Pcuk(sk)} [z, s]. (5.10)
Let s’ € I be another sequence of times, then
ulz, 8)(o0)[2, 8] = u[2, 8] (o0)- (5.11)
In the autonomous case z = 0, the above object can be defined by translation:
VEER, ul0,8]()(t) = e Jim Peug(sk), (5.12)

which trivializes the limiting behavior as n — oo. The presence of z disables such a
precise description. However, we do not need so much to prove the scattering result, but
uniform integrability in the Strichartz norms will suffice, which is given by the following
lemma.

LEMMA 5.1. Let s € I € 9N, 2 € SBC(I) and u € P.H'{s} be sequences such
that Sup ||u(s)|| g1 < co. Then after extracting a subsequence, there exist o € P.H' and
Zoo € C(R;C) such that u(s) — ¢ weakly in H', z(s +t) — zs locally uniformly on
I —s, and

[ulz, ](00) — #l200, 0](t = 8)lst02 (1) = 0. (5.13)
Moreover, for any 0 < T < oo,
|ulz, 8] — ulz, 8] (o0) | Lo (|t—s|<T;24) — O (5.14)

If the convergence u(s) — ¢ is strong in H', then

|ulz, 8] — ulz, S](oo) ||Stz1(1) — 0. (5.15)
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ProOOF. First, the uniform continuity of SBC allows us to extend z, to R so that
we may assume I = RY without losing generality. The uniform boundedness in H' allows
us to pass to a subsequence such that u(s) — Jp. Let

t s C(t) == 2(t + 5) € SBC(RY),

t—o(t) == ¢[C,0](t) = ulz, 5](00)(t +5) € C(R; PCHI)N, (5.16)

Since ¢ € SBC, Ascoli—-Arzela implies that, after extracting a subsequence, { — 3(, in
C(R; C) with [[¢oo || poe(r) < 1. Let voo = ¢[200,0] € C(R; P.H'). Then we have

it + Hv = B[C]v, oo + HVoo = B[Coo]Voo;, VN, v,(0) = ¢ = v50(0). (5.17)
We have the full Strichartz estimates on v, by Lemma 4.3, and

A ooz o> 183 ,) = 0- (5.18)

Since ¢ = (o in L=(|t] < T') for any T < oo, B[¢] = B[(x] in the operator norm of
Bga — By 5, uniformly on [¢| < T. Hence by the Strichartz estimate on et P, and

using Hé/s C Bé/5,2,

[0 = voollsezt (1<) S 1BICT0 = BlCoo]voo |2 t1< 5118 )

SIC = Coollzos e <) Vool L2 (e <1 1)
+ 1(¢, Coo)ll Lo e <) 10 — Voo ll L2t <1 E12) - (5.19)

Thus, the last term being absorbed by the left, we obtain
[V — Voo llsta1 (1<) — O- (5.20)
Applying the same estimate to the Duhamel with e®*H P, from t = =T, we obtain

v — Uoo||Stz1(|t|>T)
S w(ET) = voo (£ 12 + | BICJv = BlCoolvoo| 2 (jt> ;112

S o(1) 4+ (1€ Coo) lnoe ey >7) (Voo L2 (o> 1imy + 110 — v llL2 > mimyy)s  (5.21)

/5)

where the last term is absorbed by the left. Thus we obtain
limsup [[v — veo [Istar r) < Vool L2 (1> 75002)- (5.22)
Sending T — oo, we see that the right side is zero, namely (5.13).
To prove (5.14), let w(t) := ulz,s](t + s) and v := (v — w)[0,0]. Then by the

Strichartz estimate on e'*/ P,

[(v —w) — ’Y||(L;>°LgmL§Lg)(\t|<T)
S IBICI(w = w)ll a2 pors <y < M0 = wll L2 Lo (e1<1) (5.23)
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so it is bounded by ||v[|z21s(j¢|<7), Which tends to 0, because v — 0 in LELi(|t| < T)
and bounded in L7H}. Interpolating with the uniform bounds on v and w, we get
v—w—v— 0also in LLL(|t| < T), hence for v — w as well.

The proof of (5.15) is similar but easier. We add one derivative to the Strichartz
norms and extend to the real line, such as L?HE(R). Then v = e ~(0) — 0 in this
norm, since (0) — 0 strongly in H'. So v — w is also vanishing. O

The linearized equation does not preserve either the mass or the energy, because B|z]
is not even C-linear, but the next lemma suffices for the profile decomposition. Since
H > 0on P.H!, its fractional power is defined. For any 6 € [0,1], the inner product is
defined by

Holp, ) i= 3 (H'Peglt),  Ho(p) = Ho(p, ), (524

such that M(p) = Hy(y) and H(y) = H;(y) for all p € P.H*.

LEMMA 5.2. Lets € I € &N and z € SBC(I). Let v°,v' € C(I; P.H') be two
sequences of linearized solutions, i.e. vi = v’ |z, s] for j = 0,1. Suppose that v°(s) strongly
converges in H' and that v'(s) — 0 weakly in H'. Then

VO €[0,1], |[Hg(v°,v")|pee(ry = 0. (5.25)

ProoOF. It suffices to show Hy(v°,v1)(s’) — 0 for any s’ € I, along a subsequence.
We use the unitarity

W= CTVH Y — Hy (00, v!) = Hyp (20, 7Y) (5.26)

and the Duhamel formula

D (t) = v (s) + DI(t),

Dj(t) = /Ot—s e_it/HB[Z(S + t/)]’Uj(S + t/)dt/. (5.27)

v9(s) — Jy strongly in H! by the assumption. Extracting a subsequence, we may assume
s’ —s— 3sl, € [—00,00] and z(t + s) = Fzoo(t) locally uniformly on I — s. Then

DO(S’)—>/ T e By o[2ee, 01dt, (5.28)
0

strongly in H', by Lemma 5.1, (5.13), after passing to a subsequence. For D!, we use
the LP decay estimate on e®# P.. Fix 0 < § < 1 such that 1/q4 :=1/6 +§ € [1/p,1/2).
Then for any 0 < T < o0,

1D e rsgaos 420 < /

[t — s P IB ()] o dt
[t—s|>T Ly
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+/ [t = s T2UBL O] o, dt

[t—s|<T Ly

ST vt lzere + o' [l25 - (5.29)
~ UllLger2 VollLgo(Jt—s|<T5L4)> .

and the last term is vanishing by Lemma 5.1, (5.14). Since T' > 0 is arbitrary, we deduce
that D(s’) — 0. Hence 9'(s’) — 0, while 2°(s’) is strongly convergent. Thus we obtain
Hy (v°,v1)(s") — 0 as desired. O

Using the above lemmas, we are ready to prove the profile decomposition for the
linearized equation for &.

LEMMA 5.3. Lets €I € 9N and = € SBC(I). Let ¢ € (P.HY)N be a bounded
sequence. Then passing to a subsequence, there exist J* € NU {oo} and s/ € I for each
No 2 j < J* with the following properties. Let v :=[z,s] € C(I; P.H?').

(i) s° = s and |s7 — s*| = oo for each j # k < J*.

(i) Forj < J*, v(s?) = 3¢l € H' weakly. Put N := vz, 5] () = @l [2,57]. Then
N (sF) — 0 weakly in H' for j # k, and @I # 0 for j > 0.

(iii) For each finite J < J*, put v/ :=v — > 0<j<d M. Forj < J,~'(s7) = 0 weakly
in HY, and for all 6 € [0,1],

0<j<J

Hy (M, \F), Hg(M,v7) = 0 for k # j < J and 0 € [0, 1], uniformly on I.

(iv) For0<6 <1,

. . J —
Jlgl}* limsup ||y H[L;;OLg,Sczl]g(I) =0. (5.31)

We call the decomposition given by the above lemma

Plesl= Y N4l N =y[z, 8]z, 5] o0 (5.32)
0<5<J

the linearized profile decomposition.

PROOF. The sequence s € I is defined inductively as follows. First, let s° := s.
Passing to a subsequence, we may assume v(s”) — 33 . Then A\° := u[z, 5% () and
vt i=v — A0 are defined with 7!(s) — 0. The boundedness (in H*') of ¥ implies that v
and A° are uniformly bounded, so is .

Let J € N and suppose that uniformly bounded v/ € C(I; H') and s/ € I have been
defined for j < .J such that v”/(s7) — 0. Since ||7/| Lo (r;24) is bounded, we can define
s’ € I such that

H'YJ”L;"’(I;L;*E) = ||7J(3J)||Lg +o(1). (5.33)
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If the left hand sequence tends to 0, put J* = J and the definition is terminated.
Otherwise, put A\’ := ’yJ[z,sJ](oo) and y/*1 := 4/ — A/, Passing to a subsequence,
we may assume v/ (s7) — Jpl # 0 in H! and z(t + s7) — 322 (t) € C(R;C) locally
uniformly on I — s7/. Then /*1(s7) — 0 is obvious. Since y”(s7) — 0 for j < J, we
have 47/ — 0 in L°(|t — s7| < T;L2) for any T < oo, by Lemma 5.1, (5.14). Hence
|s7 — 7| — 0o. Then from Lemma 5.1, (5.13), together with the Strichartz bound on
@ [2L,0], we deduce that A7 (s7) — 0, and so y/*1(s7) — 0. The same argument implies
that M (s7) — 0 as well.

Hence we can iterate the same procedure. In this way, after the diagonalization
argument, we obtain the sequences s’ with the properties that |s/ — s*| — oo for j # k,
7 (s7) = 0 for j < J, M(s*) — 0 for j # k, 2(t + s7) — 2J_(t), and the decomposition
(5.32).

Since M (s7) = I while A\¥(s7) — 0 for k # j, Lemma 5.2 implies Hy (A, \*) — 0,
Hy(M,~v*) — 0 for j < k and 6 € [0,1]. Hence

Hy(+)) = Hp Z N(s)+~7(s) | = Z Hy(M (s)) + Hp (7 (s)) + o(1).  (5.34)
0<j<J 0<j<J

The equivalence Hy () ~ [|¢[%, on P.H' and Lemma 4.3 imply (5.30).
It remains to prove (5.31). By the definition of s/, cf. (5.33), we have

Iy lzgo s = lesellza +o(1) SN |z + o(1). (5.35)

Since the right hand side is vanishing by (5.30),

. . J _
Jim limsup |77z rs =0, (5.36)
and then by interpolation with the uniform Strichartz bound, we obtain (5.31). g

6. Nonlinear perturbation estimates.

In order to use the linearized profile decomposition to approximate the nonlinear
solutions, we need a few perturbation lemmas for the nonlinear equation of &

i€ + HE = B[2)€ + N(z,¢€) (6.1)

regarding z as a given time-dependent function. Since our global knowledge on z is very
poor (cf. Section 1.3), we should avoid perturbing z for long time. It leads us to prepare
the following two lemmas for perturbation: Lemma 6.3 for long time intervals where £ is
small, and Lemma 6.4 for bounded time intervals where & may be large.

The first lemma is a perturbation of 0, or construction of dispersed solutions.

LEMMA 6.1.  Let —oo < Ty < Ty < 00, z € C([Ty,T1); C) and p € H*(R3). Put

No = ||zl e (7o, 10) + Il mo (6.2)
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for 6 € [0,1] and assume Ny < 1.
(1) It ||30[Z,T0“|5t(T07T1)N13/2 < 1, then (6.1) has a unique solution ¢ satisfying

EeC([To, Th); HY), &(To) =, &llstmo.r) S llelz Tolllsiro,m)- (6.3)
(IT) Let & € C([Ty, T1); H') be a solution of (6.1) with &(Ty) = ¢ satisfying
||f||st(To,T1)N13/2 < 1. (6.4)
Then for any T € (Tp,T1) and all 6 € [0, 1],
1€12, T1s = @lz, Tolllsewo (1,11 S Nollwlz, Tolllsecro, ) (No + @z, Tollsecro.1))s (6.5)

and ||l 2z, 11) <K €125 Tolllsecro,my ~ N€llse(ro,1)-

PROOF.  Let &y := [z, To] and [|$o||s¢(r,, 1) =: do- The solution £ is obtained by
the iteration argument. If £ is a solution, then by the Strichartz estimate: Lemma 4.3,

1€ = Sollsee < IEllsear € Nse(l€llse + 2] o) (6.6)
for # € [0, 1]. Using the non-admissible Strichartz: Lemma 4.4,

[€llse < l[€ollst + CHN(27£)IILf/3Li/3
S 0o + 1I€llsell€ll Lsra (1]l ooz + 12| o2 )
< 0o + €N NEN 1 (1€l s/ + No)- (6.7)

Suppose that [|][gy,12 < CNyjg and [|€|ls¢ < Cdp for some constant C' > 1 on some
shorter interval. Then

[€llsiz1r2 S Nij2 + C?60(6o + No)lI€lstgr /25

(6.8)
I€llst S G0 + C2(6oNF)5) /2 1€ st

Since dg + No < Ni/2, we have do(do + No) < (60/\/13/2)1/2. Hence, if (50./\/13/2 < 1 then
1€]lst < 0o and [|€]|gy,e S Np for all @ € [0,1]. Then by the continuity for extending the
interval, these bounds holds on the whole (0, 7).

If we assume H6|‘5((T0’T1)N13/2 < 1 instead of &, then we obtain [|§olls¢(ry,m) S

1€ lls¢cy, 7y in the same way, starting from T' = Ty + 0. In both cases, repeating the
Strichartz estimate on HY as above, we obtain (II). O

REMARK 1.  Since H'/?(R?) is the scaling invariant norm for the NLS without the
potential, N} /2 is in general large, when we use the above lemma. In the focusing case,
N /2 ~ 1 on .1, while there is no upper bound on M /2 in the defocusing case. However,
we can expect that st is small for dispersive solutions, by which the assumptions in the
above lemma can be satisfied. Note also that the estimate cannot be closed if we use
only the admissible Strichartz Stz'/? as in (6.6), because of the quadratic terms.
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If the above solution is obtained for t — oo, then it scatters.

LEMMA 6.2. Let Ty € R, (2,£) € C([Tp,);C x P.HY) solve (6.1) on (Ty,o0)
satisfying

121l oo (70,00) + 11l Lo (T0,00:22) K 1y 1€l L5o (7,005 12) < 00 (6.9)
Then the following (i) and (ii) are equivalent.
(i) Jp € H'(R?) such that ||z, To] — &|lgr — 0 as t — oo.
(ii) [[€lls¢(7n,00) < 00-
In this case, we say that £ scatters with z as t — oo. Moreover, as T — oo,
1€z, T] — [z, To]llseat (15,00) + 1€ = €12, TlIst21 (7,00) = 0, (6.10)
and for any z € C([Ty, o0); C) satisfying ||Z]|Le < 1,
1€llz:7,00i00) + 1612, T L2 By, (7,00) T 1€ll 2281, (7,00) = O, (6.11)

uniformly with respect to z. A sufficient condition of scattering is

3
€125 Tolll st(70,00) {HZHLoo(TO,DQ) + ||£(To)||H;/2} < 1. (6.12)

The scattering with z as t — —oo is defined in the same way, which has the same
property as above.

ProOOF.  Assume (i) and let £ := [z, Ty]. Then by Lemma 4.3, [ [|s¢,t (7,00) <
oo and so in particular [|£; [|s¢(7,00) — 0 as T — oo. By (i) and the Strichartz estimate,

164+ = &l2 Tlllse(r,00) S 164 (T) = E(M) [ 11272 = 0. (6.13)

Hence for sufficiently large T', the previous lemma implies [|£||s¢(7,00) S 162, T]|lst(7,00)-

Assume (ii) and let T' > T} so large that we can apply the previous lemma on (7', c0)
to get [|€llsert (1,00) S €125 TlIstat (7,00)- Then for any Tp > Ty > T, by the Strichartz
estimate: Lemma 4.3,

1€z, T2] — &[2, Th]llsat (1y,00) S HN(Z,@HStzl*(Tl,Tz)
S Nllsezr (7y,00) €llst(zy00) + [€l3 ¢y 00)) = 0 (6.14)

as T1 — oo. In particular £[z, T)(Tp) is Cauchy in H! as T — oo, hence convergent to
some &4 € H!. Then

[€+-[2, Tol(T) = &(M) a2 < 1€+ [2, Tol = €[z, Tl st (7,00)
S € =€l TI(To) [y = 0 (T — o0) (6.15)
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and so (i). Thus in either case, we have [|{[z,T]||s¢(r,00) — 0 as T — oo, hence the
previous lemma implies

1€ = €[z, Tllsert (1,00) S {2l Lse (70,00) + 1€l Lo (1 00:1) } 1IELZ Tl st(7,00) = O (6.16)
as T'— oo. Hence ||£||LfBé72(T,oo) — 0. Let & := €[z, T) and & := &[Z,T]. Then
&1 =& + D(B[E] - Blz])&i [z, T (6.17)
and by the Strichartz estimate: Lemma 4.3,
€1 ]It (7.00) < N€0llstat (1.00) + Cllz 1720 (13,000 16111 L2 BY  (7,00)- (6.18)
After the last term is absorbed by the left, we obtain, as T" — oo,
1612, Tl 22 By, (1,00) < 201€12, T2 B2 (7 00) = 05 (6.19)
which is uniform with respect to z. By the previous lemma, we also have
€11z 005000 < €12, Tlst(7,00) ~ € llst(T,00) = O- (6.20)

The sufficiency of (6.12) for scattering is now obvious by Lemma 6.1. O

The next two lemmas are concerned with difference of two solutions. For the sake
of brevity, the following notation is introduced for differences. For any expressions 2
and a,b,c,...,

4%(a>,b>,c,>, . ,) = %(ao,bo,CO, . ,) — %(al,bl,cl, .. .,). (6,21)

The first lemma of difference estimates treats perturbation of dispersed solutions.
It will be used either with zy5 = z; or on a short interval. We need the non-admissible
Strichartz for difference of quadratic terms.

LEMMA 6.3. Let —c0 < Ty < Ty < Ty < o0, 29 € C([T(),TQ);(C), z1 €
C([TO7T1]’(C)7 and §0a€1 € C([TOaTl]le) solve

Vte (To,T1), i€+ Hej = Blzle; + N(z, ). (6.22)

Put Ny = ||zl e (zp,m) + 1€l Lo (0, 70510) for 0 € [0,1], and suppose that for some
0 < 6 <6 satisfying Ny + 5]\/13/2 <1,

€0(20, Tolllst(ro, 71y < 0, [19&s[20, To)llsecro, ) + 2ol oo 1) < 6 (6.23)

Then we have

196 lzim, s S (NP 764767, (6.24)
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PrOOF. The previous lemma 6.1 applies to both (z;,&;), which implies
165 stz (2 10y S Now €5 llsecrom) S 6.
Now apply the non-admissible Strichartz estimate, Lemma 4.4 to Duhamel
A&y = <1820, To] + D{QN(ZM &) + <B[z]61 }Hz0, To).
Choose
(Po, q0) = (4,24/7), (p1, 1) = (2,24/5), (P2, q2) = (4,24/9)

so that o9 = —1/8, 01 = 02 = 1/8 and we can apply the lemma. Then

||<£l> — < [207 TO]HL;‘L?” S ||<]N(Z>7 &)+ QB[ZD]gl||L?L§4/19+Lf/3Li4/15

S A&l papzom + 9z llLa} (€ollse + 1€ ls) {1 + I€ollse + I llse}
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(6.25)

(6.26)

(6.27)

(6.28)

where the linear and quadratic (in &, &) terms are estimated in LfLiM 19, while the

cubic terms are in L
includes the smallness factor Ny < 1. For the cubic term with <z,, we used

4/3 r24/15
41324/

[<R[z]&] 1 S 19z ll€lln2 < <z No.
Thus, using the smallness of || ||s¢r,,r,) and ||<zs| L4 (7, 7y), We obtain
||<]§>||L§Li4/7(TO,T1) S ||<]§D[Z0a TO] ||L2LL,214/7(T0,T1) + d6.
Applying the same estimate to the Duhamel formula
a& (20, Th]> = 9&[20, To] + Dlgy<ctem {<N (2, &) + 9Blzs]€1 Y20, Tol,
we also obtain
||<]£D[20a T1]> - qu[ZOa TO] ||L3Li4/7(To,T2) f, 5||<]’£>[20a TO] ||L3LZ4/7(TO,T1) + 46,

and this norm is related to st = L} LS by interpolation and Sobolev as

4/7 3/7 4/7 3/7
1 llse < 1A e 1N, S I merm I

1/4) £13/4 1/4) £3/4
[y i T A P e B
Injecting these to the above and using the Strichartz bound, we obtain

9120, T1)s — 9€alz0, Tolllse(my o) S [0/ ANG TN
_ (No/\/1)3/75~4/751/7,

. The factor 1 comes from the term <B[z]¢;, and it also

(6.29)

(6.30)

(6.31)

(6.32)

(6.33)

(6.34)
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as desired. O

The second lemma of difference estimates treats perturbation of large solutions with
finite Strichartz. It will be used only on a bounded interval of time.

LEMMA 6.4. Let —00 < Ty < Ty < Ty < o0, 29 € C([T(),TQ);(C), zZ1 €
C([T07T1]’(C)7 and §0a€1 € C([TOaTl]le) solve

Vi€ (To,Ty), i€+ HE; = Blzlg; + Nz, ). (6.35)
Put for 6 € [0,1]
No = [1zillLee (1y,10) + 15l Loe (15 m0)s N2 = [€ollsecro, 1) (6.36)

and assume Ny < 1. For anye > 0, there is 8, (N1, Na,e) > 0, continuous and decreasing
for each Nj, such that if

1<€5 (20, To] || sty ) + 19261 Lo (1,11 < Os (6.37)
then we have
1966l 2070, 715m2) < € (6.38)
PrOOF. For any N € N, (Tp,Ty) is decomposed into subintervals Iy, ..., Iy such
that
Vi=0,..., N, [&llsir;) < 2NVING =2 4. (6.39)

Let I; =: (S;,S;41). If ng’/Q < 1, then we can apply Lemma 6.1 starting from S;, and
we obtain

1€0[20, Sj]llstcz,) ~ Néollstcr,) < 9. (6.40)
Suppose that for some &g > 0,
l|<€s[205 Solllst(so,mm) + 1925l (50,1) < G0 < s, gf\ff’p <L (6.41)
Then [|€1[20, To]llst(s0,51) S § and we can apply Lemma 6.3 on Iy. Then
1966 030,507z < C (NN T8 765", (6.42)
Let 6, := 8o + C(NoN1)¥ 7647557 then
I<&20, S1]llst(sy,m) + 1920l Lacsy 1) < 01 (6.43)

Hence if §; < & then we can repeat the same thing on ;. Define the sequence ¢; for
j=0,...,N inductively from §y by
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Jj1 = 0; + C(NgNL)P/ T8V 75)/T. (6.44)
Given N and N3, we can determine 5 and N such that
2NTVAN, <6< NP <N, (6.45)
Then there is §, = §.(N1,Na2,€) > 0 such that

80 <6, = On41 < min(d,e). (6.46)

Then for dg < 64, we can iterate the above estimate for all j to get

H<] & H [z0;T0,T1;T2] < ||q & ” [20;55,85+1;T2]

-

<
Il
=)

<N WM )P TEVTST = Sygr — Gg < e, (6.47)

M=

<.
Il
=)

where we used the subadditivity for consecutive intervals by Lemma 4.2. O

7. Nonlinear profile decomposition.

We are now ready to develop a profile decomposition for NLS (1.7) in the (z,&)
coordinate, i.e. the equation (4.10). Let I € N and u € C(I; H'[u,]) be a sequence of
solutions of (1.7) in the mass region of the (z,£)-coordinate. Put

I, =:(T,,T,) (7.1)

for each n € N. We can uniquely write u = ®[z] + R[z]¢ by Lemma 4.1, where (z,¢) €
C(I;C x H") is a sequence of solutions for (4.10). Suppose

Ni = Sup {[|2]| g 1) + Ilull e (1)} < 00, (7.2)

where the 2 part is uniformly bounded by /i, so that we can omit it. Then we have
z € SBC(I), since the smallness of |z| is already in Lemma 4.1, while (5.7) follows from
a uniform bound on |Z| (depending on N7), easily observed in the equation (4.10) using
Inllz: SNy, HY C LS, and the compactness of D, C Dy, for the z dependence. By the
L? conservation

No = Sup {2l e 1) + lullLg1:22)} S vitp < 1. (7.3)
Similarly for 6 € [0,1], put
No = Sup {[|2ll g 1) + [[ull Lo (1:20) } < Ny ~PAY. (7.4)

For any s € I, we can apply the linearized profile decomposition: Lemma 5.3 to the
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sequence &(s). Passing to a subsequence, we have for each J < J*,
5[2, S] = )‘[OJ) + '7Ja )\j = f[Z, S] [Za Sj](oo)a (75>

where the following abbreviation is used: for any interval I,

M= V. (7.6)

JEINZ
Extracting a subsequence if necessary, we may assume
s —s—0lco, Jo’e€{+,-} (7.7)
for each 0 < j < J*, and, since (4.10) implies that (z,£) is weakly equicontinuous,
(2,6)(s7 +1) = (2, )(t) in C x w-H', (7.8)
locally uniformly on I — s/. Put
= liminf(I — &%), [F:=1J +s&. (7.9)

(7.7) implies IZ, D {—o00 < ¢/t < 0} for j > 0. For j = 0, we have I2 D [0,00) if

T—s—o0and I% D (—00,0] if T —s — —oo. Note that if |I,| is bounded then the

decomposition is trivial, i.e. J* = 1. In either case, I > s/,5° = 5. By the property of

SBC, we can extend 2/, to SBC(R). By the subcritical nature of NLS, it is easy to see
that the weak limit (27, &%) is a solution of (4.10) in C(IZ,;C x P.H?). In other words,

ul = @[22 ] + R[22, (7.10)

is a solution of (1.7) on IZ . Using that R[z] — 1 is compact on H', together with the
weak convergence of the linearized profiles, we have

u(s) = P[23,(0)] + R[5, (0)]E(s) + o(1)
=u® (0) + AOD(s) +~7(s) +0(1) in HY, (7.11)

and, using the orthogonality as well,

Mi(u) = M(ug,) + i MV (5)) + M(y7(s)) + o(1),

, (7.12)
E(u) = E(ud) + Yoy HON (5)) + HO (77 (s5)) + o(1).
The nonlinear profile AV € C(I7; P.H') is defined by
A (t) =€ (t—s7). (7.13)

Also put
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ol =limu(s?) =N (s?) € P.H', MN_:=¢l [2J,0] € C(R; P.H"),

. . | _ . | ‘ (7.14)
zi(t) == z(s” + ), zfoo)(t) =2 (1 —§7), )\Zoo)(t) =N (t—§7),
such that z; = 27, + o(1) in C(R), and using Lemma 5.1, (5.13),
N =pl[z,87] = M) +o(1) in Stz'(D), (7.15)

while (zgoo), A7) is a sequence of solutions of (4.10) on I7.
The nonlinear remainder I'Y € C(I; H') is defined for each J by the same sequence
of equations as &, with the same initial data as v”:

i + HT? = B[2)TY + N(2,T7), T7(s) =7 (s). (7.16)

Since JlinJl limsup [|77||s¢(r) = 0, Lemma 6.1 ensures the unique existence of I';] for large
g

J and large n, satisfying
I lsee(ry S Now IT5 = v llsecrn) + HFT{H[zn;sn,Tn;Tn] < N llst(ra)- (7.17)
We have 77/ (s7) — 0 for each j < .J. Moreover, for large .J and for 0 < j < J,
I(s7) =0, 0<Vr<oo, [T7|lsqemsij<r)+ 17 llst(t—si|<r) = O- (7.18)
PROOF OF (7.18). Let X7 be a sequence of weighted norms on I defined by
IFllxs i= sup (¢ = )| SOl s 2oy, (7.19)

where 6§ > 0 is fixed such that 0 < § < 1/2 — 3/p. By Lemma 5.1, (5.14), we have
||’yJ(t)||L§ — 0 locally uniformly around ¢ = s7, which implies ||v”/|x; — 0, thanks
to the decaying weight. Suppose that o/ = +, namely s/ — s” — oco. Put F/ :=
B[2)TY + N(z,T'7). Then by the LP decay estimate on ¢**# P, we have at any t € I,,
satisfying t > s,
t
P20 =3 Olagas S [ 1= ONE sy’

F(t) := min([f]722TVR 78, (7.20)

and, by Holder and Sobolev,
I arsnper S ITllzaszs (2al® + 1T 17 z2)

SANG + T 7o pa iy HIT | s e (7.21)

By Lemma 6.1, we have

Tz sy < I lleee Loy + CNapallvi sty No + 1) lstr,) (7.22)
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Taking J and n larger if necessary, we may assume that the right hand side is bounded
by Np < 1. Inserting this to the above estimate and then to (7.20) yields

)
T (#) = v )l a2 S NGl s /R fFE—t) (=) dt’
)
SNGIT N g (t = s3)°, (7.23)

where in estimating the integral in ¢, our choice of ¢ implies —3(1/2 — 1/p) + 6 < —1,
which ensures the integrability for ¢ — 4o0o. The estimate in the cases t < s, and
0J = — is the same, as well as for § = 0. Thus we obtain

lim [T x5 < lim 77| x5 = 0, (7.24)

for large J. By the uniform H' bound, this is equivalent to I'/(t) — 0 weakly in H?,
locally uniformly around s’. Interpolation with (7.17) yields the other part. O

Let us now concentrate on the estimate on the time interval ¢t > s,,, assuming

T,— 8, — 00, (n— o) (7.25)

since otherwise uniform Strichartz bound for &, on t > s, is trivial. The restriction to
t > s, allows us to ignore the profiles with s/ — s% — —oc0.

Fix a finite J < J*, so large that (7.18) holds. After neglecting those profiles with
s/ — 8% — —o0, and reordering the profiles', we may assume for 0 < j < J

s1 — 5771 = o0 (7.26)

Since J is now fixed, we can no longer gain a small factor by sending J — oco. Instead
another parameter 0 < 7 — oo is introduced, decomposing the time intervals

_ o
(T)= U (L)) ush st (7.27)
0<j<J

where sji € RY are defined for each j by
s’ :=max(s’ —7,5), si :=min(s’ +7,T), sl :=T. (7.28)
Henceforth, o, denotes any sequence of real numbers satisfying

X(1) =0, < lim limsup X, (1) = 0. (7.29)

T—r00 n—oo

By the uniform integrability (7.15) of the linearized profiles, and their separation s/ —
s771 — 00, we have for 0 < j < J

IThis reordering can not be performed before fixing J < oo, since more and more linear profiles

may well appear between the previous profiles as J — oo, which is a typical dispersive behavior of the

remainder 7.
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Do Ny + D 1IN Ml 7y = o(1),

j<k<J 0<k<j (7.30)

||/\]||5t(30,s{) + HAJ”s{(Si,T) = Or.
The following is the main property of the nonlinear profile decomposition.

LEMMA 7.1.  In the above setting, let 0 < 1 < J and suppose that £ is scattering
with 2l ast — oo for 0 < j <. Let £ :=min(l,.J —1). Then

(i) For0<j < J, we have

1€ — Aj”[ | + ||FJH[Z;SLSJ‘+;T] =o(1). (7.31)

(ii) For 0 < j < ¢, we have

166 =Tz 2] = APl yys 7y + 147 [z, 8L)5 = Mllsear oy =070 (7.32)
147 || 2eg0 43 77 = O (7.33)

(iii) For 0 <j <, we have
-1/ it A i . = Or.
Hg ||[z;s+,s_+1;T] + || ||[z;s+,T;T] % (734>
(iv) For 0 < j <, we have |[|€l, — N ||st1 (—00,—7) = 0 as T — co. In other words, &,
scatters as t — —oo and the scattering profile is N .
Moreover, & is bounded in Stz'(s, s, ).

PROOF.  For the first term of (i), the locally uniform convergence of (z,&)(t+s’) —
(24,,&2) implies, using Lemma 5.1, (5.14),

||Z — Zgoo)”Létl(Si,Si) + ||€[Z7 SJ,] - Aj[zv ij]”gt(s];,si) = 0(1) (735)
Then by Lemma 6.4, we obtain
For the second term of (i), using (4.31), Lemma 6.1 and (7.18), we obtain
10707 = [, s ) < W0 Mt g < T sty = oD (7.37)
(7.33) follows from (7.32), since using (4.28) and (4.42), we have
”Aj”[Z;SWS'Z;T] < ”Aj a )‘jH[Z;so,sj, ) T ”)\j”[zso,ﬁ;ﬂ

SN = Nl ) < IM[250)s = Nl (7.38)
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The second term of (iii) is bounded using Lemma 6.2, (6.11) with the scattering of &
as t — oo

”AjH[z;Si_,T;T] < ”féoH[zJ,’roo,oo] = Or. (739)

The remaining estimates are proved by induction on j. For j =0, (7.32) = 0 by the
definition and s° = s°. Assume (7.32) for some j < [ as an induction hypothesis. By
the scattering of £J_ for t — co, Lemma 6.2 implies

14912, 8 gt 79 = el oy = o (7.40)
Combining it with (7.32), (7.37) and (i), using (4.31), we obtain
66 = D7)le 4] = A
< |I(€ - FJ)[Zv 5]—] - /\[j’J)”st(si,T) + ||Aj [2, Sj—} - Aj”ﬁ(ﬁ,?)
T PRI o SRR IR KX P I
6 = A s ] - (€= A5l 7y
<or + €=Ml w1y = 0r: (7.41)

Restricting it and using (7.30), we obtain
166 = D7)z, 4l st o1y = Or- (7.42)

This and the smallness of I'; in (7.18) allow us to apply Lemma 6.3 to the difference of
&, and T’ for large 7 and large n, with the same soliton part z,. Then the above decay
of the linearized solutions leads to the estimate on the first term of (iii):

16 =T lspes w4277 = 0 (7.43)
If k:=j+ 1 < J, then combining the above with (7.41), using (4.31), we obtain
16 = T7) [z, 8] = AP 7
<N =T ] = Ay 7y + 16 =T sy ey = 0r0 (7:44)

which is the first term of (7.32) for k. Restricting the interval to (s* , s*), we may discard
MEFLT) by (7.30), as well as IV [z, s¥ | by (7.18), where we are allowed to linearize T'/ by
[z, 5% ] thanks to Lemma 6.1(II). Thus we obtain

Hf[Z, Sli] - )‘k”st(sli,sk) = Or. (745)
Since £(s®) — A*(s%) — ¢k (—7) — Ak (—7), by Lemma 5.1, (5.14), we obtain

Or = ||(£]go(_,7_) - A&(—T))[A st — T]”st(s’“—‘r,s")
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= [I1(&% — M) lzrs ~llst(—r0)- (7.46)
Taking the limit and using Lemma 5.1, (5.13) with 2z — 2%,

lim [|€5 [25, =7] = Alls(—r0) = 0. (7.47)

T—>00

Since A% € st(—00,0) by Lemma 4.3, there is 7, > 0 such that

A llst(—o0,—r.) + sup 168 [250, =71 = Micllst(—r.0) < N7 j3- (7.48)
For 7 > 7, we can apply Lemma 6.1 to £% from t = —7, thereby obtain
€8 st(—r,—r) < 2015 [0, =TMlst(—r,—r) < N5 (7.49)

Sending 7 — oo implies [|€%|[s¢(—oo,—r,) < 00, s0 by Lemma 6.2, {¥, scatters with z% as
t — —oo. Hence there exists p* € H' such that

k ko k —
dim (€525, =] — ©E [, 0lllsest (—o0,0) = 0. (7.50)
Adding this and (7.47) yields
1% = A& e Olllst(~c0,0) = 0, (7.51)

which implies ¢* = X% (0), hence [|€5, =A% ||g4,1 (—oo,—r) = 0 as 7 — co. Thus we obtain
(iv). Since €5 = AF(t + s*) and \¥, = AF(t + s*) + o(1) in Stz' (I — s*), we obtain

||Ak[Z,S’i]> - )‘kHStzl(I) ~ ||Ak )‘k”Stzl(so,s’j) = Or, (752)

which is the second term of (7.32) for k = j+1, hence the induction is complete, finishing
the proof for (ii)—(iv).

Since the profiles A7 and the remainder I'’ are vanishing o, in each other interval,
we obtain, using the subadditivity: Lemma 4.2, as well as the monotonicity (4.32),

||€ Aoe]_FJH[zserT]

<D NE-Nlpw om+ D 16Tl g +or <or (7.53)

0<<e 0<j<l

Since the left hand side is non-decreasing in 7, we deduce that
=AM XD 41 = e =& 7 = 0(D), (7.54)

where the linearized solution A(“/) is added for free, thanks to (4.28). Using (iv) together
with (7.15), as well as the definition of I'/ and 77/, we have

€(s) = A0 (s) 4+ 0(1) + XE) (s) +~7(s) = £(s) + o(1) in H. (7.55)
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Hence (7.54) with (4.31) implies

1€ = € llst(s,sty < NE =Nl is,, 77 +0(1) = 0(1), (7.56)
4 238,84, T]
so we obtain, using (7.30) as well,
HgHﬁt(s,sﬁr) < Z HA]’”st(s,sﬂr) + HrJHst(s,T) +o(1), (7.57)

0<;j<¢
where each term on the right is bounded by

||A0||5t(s,sl+) < HggoHst(O,oo) < 00,

1<j<t = ||Aj||5t(s,sl+) < 1€ lstqry < 00, 758)
j=t=l<J = ||A]||5t(s,sl+) < ||££>o”5t(—oo,7') < o0,

T ges.7) < 207 lsgs7) < 1
Therefore ¢ is bounded in st(s, s!, ). It is easily upgraded to a uniform bound in Stz' (s, s', )

as follows. Let s = tg < t1 < -+ < ty = s', such that [|¢][s¢, ,+,) < 6 and N§ <
HgHst(wm + 1 for some small § > 0. By the Strichartz estimate, we have for each a

1€llstat (tatarr) S NECE) s + 1N (22202 | (b turs)» (7.59)

and the nonlinear term is estimated as before by Holder

IN Lz tastarn) S IRIN Lz Lo €0 Lo 1€l + €] Lo 2 €12

< (Nod + 8) 1€l (0,01 (7.60)
Hence choosing § > 0 small enough, we obtain
H£||Stz1(ta,ta+1) < C||§(ta)||H1 < CHfHStzl(tQ,l,tQ) (7.61)
for some absolute constant C' > 1, which leads by induction to
1€llsert sty < OVl 1 < €100 (7.62)
where the right hand side is bounded as shown above. O

The same argument works on the other time direction (T, s), under the scattering
assumption of £7° with z7° as ¢ — —oo for 0/ = — and j = 0. In order to consider the
whole interval (T,T), we should assume the scattering of £ ast — oioo for o7 = +,
and of £5° as t — f00. A more precise statement is as follows.

THEOREM 7.2. Lets €I € 9N and C(I; H[n,]) D u = ®[2] + R[2]¢ be a sequence
of solutions for (1.7), written in the coordinate in Lemma 4.1. Suppose that u(s) is
bounded in H} and let
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Elzsl = D NM+77, N =€z 8]z 8]0 (7.63)

0<j<J

be the linearized profile decomposition in Lemma 5.3 (for a subsequence). If a finite
J < J* is fized large enough, then we have the following.

Suppose that sup,, supcpr [[un(t)||mr < oo for a sequence of subintervals I, C I,
satisfying s € I', and let (aﬁey;’ passing to a further subsequence if necessary)

tetl=J () —sh) = (L0 = lm &) +0) (7

neNm>n

be the weak limit in Cx HY. Assume that &1, scatters with zJ_ ast — oo for each j < J
and o € {+,—} satisfying oI, D [0,00) and limo(s — s7) < 0.

Then sup,, |[&nllstr (1) < 00. Moreover, for each j < .J and o € {+,—} satisfying
0€ 1l and o(s—s7) — oo, &1 scatters with zI_ ast — ooo and

lim (€2, — M, (¢ + szt)HStzl(o(T,oo)ﬂ(Iip—s:fL)) =0. (7.65)

n,T'— oo

The above statement has nothing to do with the excited state energy, and it is
applicable even if some nonlinear profile is not scattering, if the subintervals I] are
chosen appropriately. Note also that I}, can be chosen depending on the linearized profile
decomposition, after fixing J. See the next section.

8. Scattering below the excited energy.

We are now ready to prove the scattering to the ground states. For each p > 0 and
A € R, let GS(u, A) be the totality of global solution u of (1.7) satisfying

M(u) < p, E(u) < A. (8.1)

Let
ST (p, A) == sup{[|€[ls¢(0,00) | P[2] + R[2]§ € GS(p, A)},

X = {(, 4) | ST (1, A) < oo}, (82
Introduce the following partial orders in R?
(1, A1) < (p2, A2) <= p1 < pp and Ay < Ay, (8.3)
(11, A1) < (2, A2) <= p1 < pe and A < A,.
The definition of X" implies that for any (u;, A;) € (0,00) x R,
(p1, A1) < (p2,As) and (u2, A2) € XY = (u1,41) € X. (8.4)

The goal of this section is to prove that for 0 < < 1 and A € R,

(u,A) e X — A< & (). (8.5)
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— is trivial in the defocusing case, obvious by the excited states .#] in the focusing
case. So the question is the <= part.

For small H' data, we have the scattering to .% by [10], together with a uniform
bound on the Strichartz norms of § in terms of [[u(0)z:. In fact, Lemma 6.2 implies
that H;/ % smallness is enough. In particular, using Lemma 3.1 and interpolation, we
deduce that (u, A) € X for sufficiently small A for each fixed p, and for sufficiently small
w for each fixed A. Hence X' contains a neighborhood of both {u = 0} and {4 = 0}.

Suppose that there exists (1o, Ag) € (0,00)%\ & satisfying Ay < &1 (o) and po < 1.
Put

B, :=sup{A < Ao | (o, A) € X}, M, :=sup{p < po | (1, Es) € X} (8.6)
Then

0< M, <pg, 0<E, <A< (o) <E(M,), (8.7)
and (M., E,) is minimal on X in the sense that

(/llvAl) < (M*vE*) < (/~L27A2) = (/ilvAl) €4, (:uQﬂAQ) g X (8-8)

In particular, there is a sequence (R?)N > (M, E) — (M., E,) and a sequence of solutions
u = ®[z] + R[z]§ € GS(M, E) such that

M < po + 0(1)7 E < gl(M)v Hf”ﬁt(o,oo) — 00 (8-9)

See (5.2) for the notation of sequences without index. The mass-energy constraint to-
gether with Lemma 3.1 implies that u is bounded in H}, so is &, while |2| < po < 1.

T

The linearized profile decomposition: Lemma 5.3 yields
5[230] = Z >‘j+’yJa )\j :g[zao][zasj}(oo)v (810)
0<ji<J

for each J < J*. Let
(2l €5) = lim(2, ) (t +87), ul, := P[4 ]+ R[4 €L (8.11)
be the weak limits, solving respectively (4.10) and (1.7). The weak convergence implies
M(ul ) < M,, E(ul) < E,. (8.12)

Fix a finite J < J* so large that we can use Theorem 7.2. Since [[{|[s¢(0,00) — 00,
the assumption of Theorem 7.2 must fail for I’ := [0,00)N > s := 0. Hence there exists
I < J such that s' > 0 and [[€}_||s¢(0,00) = 0. We may choose the minimal [ in the sense
that s7 — s! — oo for all j # [ satisfying s/ > 0 and ||§go||5t(0700) = 00.

Then (8.12) together with the minimality of (M., E,) implies that v/ is a minimal
solution which does not scatter to .%y as t — oo,
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(M., E) = (M(uly), E(ug,)), (8.13)
and so the convergence is strong in H}! for £(t + s') — ¢! _(¢) and u(t + s') — vl (t). In
particular, if [ = 0 then u(0) — u2_ (0) strongly in H}.

If I > 0, then s’ — oo and the minimality of [ implies that for each j # [, either
s7 — —o00, 87 — st — oo or ||§go||5t(o7oo) < o0, thereby we can apply Theorem 7.2 to
I' := [0, s!]. Then by (7.65), we have

M, = M(ug,) = M(®[24, (—s")]) + M(X(0) + o(1),

(8.14)
B, = E(ug,) = E(@[z,(—=5")]) + H (A (0)) + o(1),
using that R[z] — 1 is compact on H! and that the scattering ¢._ is weakly vanishing in
H' as t = —oo. Then the smallness of the ground states implies

HO(A'(0)) > E. — Cuo + o(1). (8.15)

The same argument as above works if the assumption [|[|s¢0,00) — 00 is replaced
with [[£][s¢0,7) — oo for some sequence T' — oo. Similarly, if it is replaced with
l€lls¢(r,0) — oo for some sequence 7' — —oo, then the same argument works in the
negative time direction.

Next we prove the precompactness of the orbit of a minimal solution. Henceforth, the
index n of sequences is made explicit in order to avoid confusion. Let u = ®[z] + R[z]€ €
GS(M., E.) be a global solution satisfying

(M(U),E(U)) = (M*aE*)a ||£||5t(07oo) = 0. (816)
Then for any sequence 0 < ¢, — oo, the above argument applies to w, := u(t + t,)
on I, = (—ty,00) — R, both with I}, := (—¢,,0] and with I/, := [0,00), because

1€nllst(—t,,00 = lI€llst0,6,) — 00 and [|€nllst0,00) = € ]lst(t,,00) = 00-
If u2, becomes the minimal element in either case, then wu,(0) = u(t,) is strongly

convergent. Otherwise, we get (8.15) for some [ = Iy > 0in I}, = (—t,,0] and for another
I =1y >0in I/, = [0,00), while u, is scattering to .%y as t — +00. Then E(u%, ) can be
negative only by the soliton component, hence E(u%, ) > —uo. Putting them into (7.12)
yields

E, > E(ul) + H° (A (0)) + HO(A1(0)) + o(1) > 2E, — Cpo + o(1), (8.17)

so E. < g, contradicting the small data scattering if ug is small enough. Hence u(t,,)
converges strongly in H} after extracting a subsequence. In other words,

{u(t) | t >0} c HY(R?) (8.18)

is precompact for such a minimal solution wu.
By Lemma 3.1, we have a lower bound Ko (u(t)) > k. := (M., & (M) — E,) > 0.
The precompactness implies that there is R > 1 such that
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sup/ [Vul? + [uf® + [u]*]dz < k.. (8.19)
t>0 J|z|>R

Then the saturated virial identity as in Section 3 implies
O{Rfruliu,) > ke > 0, (8.20)

for all ¢ > 0, which obviously contradicts the boundedness of (Rfruliu,) in ¢ > 0. This
concludes the scattering to the ground states .4 in (ii) of Lemma 3.1, and so the proof
of Theorem 1.1.

Appendix A. Decay of the potential.

Here we prove that V,z - VV, (z - V)2V € L? + Lg® for the radial function V(z) =
V(|z|) implies |V (r)| + |V, (r)] = 0 as r — oo.
Decompose V' = V5 + V, such that

IVllL2gpe ~ [IVallz2 + Vool Lo, Vool (21> R) = 0- (A1)

lim
R— o0

For any € > 0, there is R > 0 such that ||[Va|| o (jz|>r) < €. Let x : R — R be a smooth
function satisfying x(¢) = ¢ for |t| > 3, |x(¢)] < |t| and 0 < x/(¢) < 10 for all ¢, and
x(t) =0 for |¢t| < 2. Put

Viey :i=ex(V/e), (A.2)

Then Vi (r) # 0 implies [V (r)| > 2 and so |V()(r)| < [V (r)| ~ [Va(r)| for r > R. Hence
for r > R,

r2dr

r3

Vi (r)? < 2 / Viey (7)] - 110, Vi ()

S Vi lzzi=m) 11212 n2nze (21> m) 170 Viey | (24 L2 (2> B)
SVallz2 o> my R 2 oV p2spe — 0 (A.3)

as R — oo. Since |V| < V()| + 3¢, we deduce that V(z) — 0 as |[#| = oo. The same
argument implies that 79,V (z) — 0.
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Besides the following list, see (5.2)—(5.4) for notation of sequences without index.

symbols description defined in

5 sign of nonlinearity (L.7)

H,V Schrodinger operator and the potential (1.7), Section 1.5
eo, Go unique eigenvalue and ground state of H (1.8)

P LP-exponent where the wave operator is bounded Section 1.5 (iv)
Q ground state without V' (1.5)

E, M, Ky energy, mass and virial (1.14), (1.22)
[-],G, H, I some functionals (2.1), (2.7)

E°, H°, K9 functionals without V' (2.2)

S, S, & all solitons, j-th bound states and their energy (1.13), (1.16), (1.15)
(2,Q) coordinates of ground states Lemma 2.2

2by Db, i size of the above coordinates Lemma 2.2, (2.14)
s Zd size of parameterized ground states (2.21)

tp, Dy size of ground state projection Lemma 4.1

He small mass to characterize & Proposition 2.5
L?, H (H*=Hs), Bj, | Lebesgue, Sobolev and Besov spaces on R? Section 1.4, (1.10)
HY, H' [y radial Sobolev and its subset with small mass (4.1)

LYX(T) B-space valued L space on interval Section 1.4

Gy ¢ inner products on L?(R?) (1.32)

Sk, S, LP-preserving scaling and its generator (2.3)-(2.4)

K lower bound on |Ks| Proposition 2.5
Helz], R[%] normal subspace of .4 and its coordinate (4.2), (4.5)

Blz], N(z,§) terms in the equation around .% (4.11), (4.12), (4.13)
{s} functions defined around s (4.14)

ulz, s solution of the linearized equation (4.16)

Dflz,s] Duhamel form of the linearized equation (4.19)

ulz, s]s solution with nonlinearity turnoff (4.23)

Stz®, Stz™, st Strichartz norms (4.26)

[2; To, Th; Ts) semi-norm to measure deviation from [z, Tp] (4.27)

54 totality of intervals (5.5)

SBC uniformly small, bounded and continuous functions | (5.6)—(5.7)

u2, 8] (s0) linearized solution with limit initial data (5.10)

Hy fractional power of H P, (5.24)

J*, 87 the number and centers of profiles Lemma 5.3

N, AL 7 linear profiles and their sum, and remainder Lemma 5.3, (7.6)
Q- difference (6.21)

ATV nonlinear profiles and remainder (7.13), (7.16)

$ times around profiles for decomposition (7.28)

or vanishing terms as n — oo and 7 — 00 (7.29)

GS(u, A) global solutions below some mass and energy (8.1)

X mass-energy region with uniform Strichartz bound | (8.2)

() << product orders (8.3)
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