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Extension theorem for rough paths via fractional calculus

By Yu ITO

(Received June 21, 2015)

Abstract. On the basis of fractional calculus, we introduce an integral
of weakly controlled paths, which is a generalization of integrals in the context
of rough path analysis. As an application, we provide an alternative proof of
Lyons’ extension theorem for geometric Holder rough paths together with an
explicit expression of the extension map.

1. Introduction.

Recently, several different approaches have been proposed for the study of the theory
of rough paths. One of those approaches is based on fractional calculus and was intro-
duced by Hu and Nualart [5] and further investigated by Besali and Nualart [1] and
the author [6]. This approach is beneficial in that the integrals along rough paths are
described explicitly by ordinary Lebesgue integrals, in contrast to the rough integration
of Lyons [7] as the limit of a type of Riemann sums. Accordingly, one can expect some
applications of this approach, such as more concise proofs of fundamental results in the
theory of rough paths.

In this paper, we first describe integrals along Holder rough paths for more general
integrands than those studied in the author’s previous work [6]. In [6], the author in-
troduced an integral along S-Holder rough paths for any roughness 8 € (0,1] by using
fractional derivative operators, and proved that the integral coincides with the first level
path of the rough integral along geometric S-Hoélder rough paths. We show in this paper
that the definition of integral introduced in [6] can be modified so that it is suitable for
weakly controlled paths. Here, the concept of weakly controlled paths is a generalization
of the usual integrands in the context of rough path analysis, which was introduced by
Gubinelli [4] to produce a more general framework of rough integration and differential
equations driven by rough paths. This generalization of the author’s previous work [6]
has an application to Lyons’ extension theorem (also called the first fundamental re-
sult in the theory of rough paths) as follows. Let X = (1, X*',..., X") be a 3-Holder
rough path, that is, a multiplicative functional of degree N with finite S-Holder esti-
mates (see (2.2) and (2.3)). Here, N is the unique integer such that N <1/8 < N + 1.
Lyons’ extension theorem states that for any integer & > N + 1, the rough path X
extends to the unique multiplicative functional of degree k that possesses S-Holder es-
timates (see [7, Theorem 2.2.1] for the exact statement of the claim). This extension
map has been constructed by a discrete approximation similar to the Riemann sums [7].
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By using the integration introduced in this paper, we give an expression of the exten-
sion map induced by geometric Hélder rough paths as ordinary Lebesgue integrals for
fractional derivative operators (Definition 3.11). This result can also be regarded as an
alternative proof of Lyons’ extension theorem for geometric Holder rough paths. The in-
tegrals defined in Definition 3.11 were not treated in the author’s previous work [6]; the
generalization of integrands in this paper makes it possible to describe the extension map
explicitly. Gubinelli also proved Lyons’ extension theorem in his framework (cf. [4, Propo-
sition 10]), but our approach is different from his and the results are not comparable;
indeed, Gubinelli’s theory [4] is not based on fractional calculus.

The remainder of this paper is organized as follows. In Section 2, as preliminaries, we
provide a brief review of concepts of rough paths, weakly controlled paths, and fractional
integral and derivative operators. In Section 3, we define integrals of weakly controlled
paths and introduce the main theorems along with the application to Lyons’ extension
theorem. The last section is devoted to the proofs of some results of Section 3.

2. Preliminaries.

In this section, we briefly review some concepts, such as rough paths [3], [7], [8],
[9], weakly controlled paths [2], [4], and fractional integral and derivative operators [10],
[12]. Our version of Lyons’ extension theorem is also described.

2.1. Notation.

Let V and W be finite-dimensional normed spaces with norms || - ||y and | - ||w,
respectively. We use L(V, W) to denote the set of all linear maps from V to W. For a
topological space S, let C(S,V) denote the space of all V-valued continuous functions
on S. For a,b € R with a < b and \ € (0,1], we denote by C*H5!([a, b], V) the space of
all V-valued A-Holder continuous functions on the interval [a, b]. Let T denote a positive
constant. This constant will be fixed throughout this paper. The simplex {(s,t) € R? :
0 < s <t<T}is denoted by A, which is a closed subset of R Let C;(V) and Co(V)
denote C([0,T],V) and C(A,V), respectively. For f € C1(C) and g € C2(C), we define
gf € Cs(C) by

(9f)s = gsafe for (s,t) € A (2.1)

For g € C3(V') and p > 0, we set

1gs.¢llv

= su
|\|9H|u 0§s<E§T (t _ S)“
Furthermore, we set C4' (V) := {g € Ca(V) : ||lg|l, < oo} and CN(V) := CMHS([0, T, V).
Hereafter, E and F denote the Euclidean spaces R and R® respectively, and | - |
denotes the Euclidean norms of E, F', and their tensor spaces. For a positive integer k,
T®*)(E) denotes ED?:O E®J and we define the norm on T (E) as

k
lallrw gy ==Y _ld?| fora=(aa',...,a*) e TW(E).

=0
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The set of all X = (X0, X',..., X*) € C(A, TW(E)) such that X0, =1 for all (s,t) € A
is denoted by Co(A, T (E)).

2.2. Rough paths.
Let k be a positive integer. We say that X = (1, X',..., X*) € Co(A, T (E)) is a
multiplicative functional of degree k in E if

J
Y Xi.eX' =X, (2.2)
i=0

for each j = 1,...,k and s,t,u € [0,7] with s < u < t. Let 8 be a real number with
0 < B <1 Wesay that X = (1, X,...,X*) € Co(A, T (E)) has finite S-Holder
estimates if

X2

su —— < 2.3
ogs<lt3§T (t —s)iP (23)

for each j = 1,....,k. We denote by Cps(A,T*)(E)) the space of all X =
(1, X1, ...,XF) € Co(A, T®)(E)) with finite S-Holder estimates and define the distance
on Co s(A, T¥(E)) as

dsal(X.5) = max |30 = Dl for X, € Co (B, TO(E)).
<j<
Let x € C{(E). We set
’ s<uy <---<u;<t

for each j = 1,...,k and (s,t) € A. Then we see that X = (1,X!,...,X*) is a
multiplicative functional of degree k in E with finite 1-Holder estimates and we call
this the step-k signature of x. Let N denote the integer determined by the relation
N <1/8 < N + 1. A multiplicative functional of degree N in F with finite 8-Holder
estimates is called a S-Holder rough path in E. A step-IN signature is called a smooth
rough path and the elements in the closure of the set of all smooth rough paths with
respect to the distance dg n are called geometric B-Holder rough paths. The spaces of
all S-Holder rough paths, smooth rough paths, and geometric S-Holder rough paths in
E are denoted by Qg(FE), SQg(E), and GQg(E), respectively. Let us now introduce our
version of Lyons’ extension theorem.

THEOREM 2.1 (cf. [7, Theorem 2.2.1]). Let X = (1,X',...,X") € Qg(E). For
any integer k > N + 1, there exists a unique extension of the rough path X to a multi-
plicative functional of degree k in E with finite -Holder estimates.

In [7, Theorem 2.2.1], rough paths X of finite p-variation with p :=1/8 are treated
and the exact claim includes quantitative estimates for the extension of X by using control
functions w. For Theorem 2.1 and the alternative proof of the theorem for geometric g-
Holder rough paths X € GQ3(E) given in Section 3, we consider only a particular case
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where w is given by w(s,t) = C(t — s) for some constant C' for simplicity and are not
concerned with uniform estimates for the continuity of the extension map.

2.3. Weakly controlled paths.

Let 8 be a real number with 0 < g < 1, k a positive integer, and X €
Coﬁﬁ(A,T(k) (E)). We say that a k-tuple Y = (YO, Yy y(#=1) i a path weakly
controlled by X with values in F' if Y satisfies the following two properties:

(1) foreach I =0,....k—1,Y® e CP(L(E®, F));
(2) foreach I =0,...,k—1, RF17UX, V) e S* VP (L(E®!, F)), where

k—1-1
R1U(X, Y )y = Yt(l) _ Z Ys(l“)Xi,t for (s,t) € A. (2.5)
=0

It is sometimes referred to as a weakly controlled path for X € Cp 5(A, T (E)). The
space of all paths weakly controlled by X € Cj g(A, T®)(E)) with values in F is denoted

by Qi’k(F), which is a normed space under the norm Y — Zf:_()l |Y0(l) |+11Y | x 8% Here,
Yl x,8, is defined by

k—1

Y lxn = Y IRTX Y ) s for Y e QFF(F). (2.6)
=0

Although the highest level path X* is not necessary for our definition of paths weakly
controlled by X € CO,B(A,T(I“)(E)), we need it in applications. The multiplicative
property (2.2) is not assumed for X € C 5(A, T™)(E)) in the definition of paths weakly
controlled by X. In the following examples, however, such properties play an essential
role in confirming property (2) in the definition above.

EXAMPLE 2.2. Let X € GQg(E). For ¢ € E, we define X< € C/(E) as
X}t =€6+ Xy, fortel0,T]

Let ¢ be an L(E, F)-valued (N — 1)-times continuously Fréchet differentiable function
on E whose (N — 1)th derivative V¥ =1y is Lipschitz continuous on E. For each | =
0,...,N =1, weset YO € C/(L(E®!, L(E, F))) as

v = V(X ) for t € [0,T). (2.7)

We note that, for each j =1,..., N and (s,t) € A, the symmetric part of X(Z-yt is equal
to (X!,)®7/j!. By using this property of X € GQg(FE), the symmetry of the derivatives
of ¢, and Taylor’s theorem, we can show that, for each [ =0,..., N —1 and (s,t) € A,

R Y )l < IV ollap (IXHIE /(Y = DY (E = )07,

where
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||VN71(,0||L' o sup |VN7190(5€) _ VN?l(P(y”
ip T
P sueE, oty lz =yl

Thus, Y = (YO, y® . Y®=D) belongs to Q5 (L(E, F)). In addition, if 1/3 < 8 <
1, then Y belongs to Q%N(L(E, F)) for every X € Qg(E).

EXAMPLE 2.3 (cf. [4, Proposition 4]). Let 1/3 < 3 <1/2, X € Cy (A, TA(E)),
and Y = (Y@ yM) e Q%*(F). Let ¢ be an L(E, F)-valued continuously Fréchet
differentiable function on F whose derivative V1) is Lipschitz continuous and bounded
on F. We set Z© e CP(L(E, F)) and ZW") € CP(L(E, L(E, F))) as

7O =) and zY = vy )Y for t €0, 7). (2.8)
Then, Z = (2, ZM) belongs to Q%*(L(E, F)).

ExXAMPLE 2.4. Let X be a multiplicative functional of degree k in E with finite
B-Holder estimates. For each [ = 0,...,k — 1, we set Y € 2 (L(E®!, L(E, E®*+D)Y))
as

@) = (X em @ for t € 0,71, (29)

where n € E®! and ¢ € E. From (2.2), for each [ = 0,...,k — 1 and (s,t) € A,

k—1—1
le_l_l(X7 Y)s7t = X(IJC,;Z - Z X(’i;l_i ® X;,t = Xfyf_l (210)
=0

Then, from (2.3), Y = (Y@, Y@ . YD) belongs to Q%" (L(E, E®*:+1))).

The weakly controlled path in Example 2.4 is used in the proof of Lyons’ extension
theorem (Theorem 3.14).

2.4. Fractional integrals and derivatives.

Let a and b be real numbers with a < b. For p € [1,00), LP(a,b) denotes the real
LP-space on the interval [a,b] with respect to the Lebesgue measure. Let f € L'(a,b)
and a € (0,00). The left- and right-sided Riemann-Liouville fractional integrals of f of
order « are defined for almost all ¢ € (a,b) by

o 1 ‘ e
00 = o [ =97 ) ds
and
(1)~ /b -1
Y f(t) = s—1H)*"" f(s)ds,
b ( ) F(OZ) ] ( ) ( )
respectively, where (—1)~% := ¢~ and I'(a) denotes the gamma function, namely

L(a) == [;7r*te™"dr. We use 1%, (L) to denote the image of LP(a,b) by the opera-
=)
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tor I%, . Here, we note a simple criterion for functions to belong to 1%, (LP). This crite-
(=) ®-) .
rion is used frequently in Section 4 without being explicitly noted: if f € C*H5!([a, b], R)

with 0 < XA < 1, then f € Ig (LP) NIy (LP) for any 1 < p < oo and 0 < a < A. Let
f e 1%, (L') with 0 < a < 1. The left- and right-sided Weyl-Marchaud fractional
)

derivatives of f of order « are defined for almost all ¢ € (a,b) by

o 1 ft tft _f S
D0 = (g o [ e ) (211)
and
o —1)* f(t F(t) — f(s
D s = e (Lo [0S ) ey

respectively. The integrals above are well-defined for almost all ¢ € (a, b).
The following three formulas are important in this paper. The first is the composition
formula:

D, (D’ f)=D%’f (2.13)
(b—) (=) (b—)

for f € I“atB(Ll), 0<a<l and 0 < 8 <1, with  + 8 < 1. The second is the basic
(=)
integration by parts formula of order a:

b b
(-0 [ Disgwdt= [ D5 g0 de (2.14)

for feI¢ (LP), ge Iy (L9),0<a<1,1<p<oo,and 1< g < oo, with1/p+1/q <
1+ «. The third is also regarded as an integration by parts formula of oreder a. Let
f € CM([q,b],R) and g € C*H5Y([a, b], R) with A+p > 1. Then, the Riemann—Stieltjes
integral f: f(t)dg(t) exists [11] and is expressed as follows: for each o € (1 — p, \),

b b
[ #@rdg0 = <07 [ DE 10D e+ F(@)0) — g(@)  (215)
b
— (-1 [ D2 SO0 (0, (2.16)

where foy(t) :== f(t) — f(a) and gp—(t) := g(t) — g(b). For proofs of (2.15) and (2.16),
see [12, Theorem 4.2.1 and Proposition 2.2].

3. Main theorems.

In the remainder of this paper, we will assume the following: (a,b) is an element of
A with a < b, § is a real number with 0 < § < 1, N is the unique integer such that N <
1/8 < N + 1, k is a positive integer, and v is a real number with 0 < v < min{1/k, 5}.
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3.1. Some fractional operators and their properties.

In this subsection, we introduce some variants of the fractional derivatives and inte-
gral operators for later use. Let u > 0 and ¥ € C5(V). For a € (0, min{yu, 1}), we define
D¢,V and Dy ¥ as Dy, V(a) := 0,

1 \I’au " WUU
DY W = : —_— f T
800 = gy (e o @) ruce
and Dy ¥(b) :=0,

_1\14+a« b
Dy ¥(r) := é(ll)— 3 ((b\Iir,:)a _|_a/r @:IJ:;JHdu) for r € [0,0).

It is straightforward to show that, for each u € [a,T] and r € [0, b],

a 1 1% —a
D ¥ (u)v < falll\lflllu(u —a) (3.1)

Fl—a)u

and

1D % (r)lly L (b - e (3:2)

SF(lfoz)u

If U € C)(V) is of the form Wy, = 9)(t) — (s) for some ¥ € C}(V) with 0 < X < 1,
then the identities DF, ¥ = D¢, 94 and DY ¥ = Dy 1)y hold, by definition, for any
a € (0, ). Using these operators, we further introduce the following.

DEFINITION 3.1.  For X = (1,X',...,X*) € Co (A, TW(E)) and j = 1,...,k,
we define a function Rl(fﬁ)X on [0, b] as follows: for each r € [0, b],

RV X(r) = D) X (r)

and
RY VX (r) =D X (r) = Y DY (X @ RYY X) (1)
i=1

for j =2,...,k, inductively.

We note that Rl()jﬂ)X is well-defined by the assumption that 0 < v < min{1/k, 5}.
With regard to the second term of Rl(yj_’v)X(r),

DL @ RV X)) =

D) HG=DY (5 b Xi—i @ RV x
YOG iy [ X O T © 0 3

I'(1—(j—1)y) (v —r)G=Dr+1

holds for each ¢ = 1,...,5 — 1 from (2.1) and R,()i_”Y)X(b) = 0. Furthermore, for each
j=1,...,k, there exists a constant C; g 5 such that, for each r € [0, ],
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j—1
(3:7) <. i i (b — 7))
REVX()] < Cps (1+1§r§13j?<_1||X ||w) max X 56— )70 (34)

We will prove (3.4) in Section 4.

k,opoa

DEFINITION 3.2. Let X = (1, X',..., X¥) € Cys(A, T(k)( ), j =
)))- An F-valued

real number with p > 1—jv, and ¥ a function in C5 (L (E®U-1 L(E,
function Z7(¥) on A is defined as

. . t . .
T (W) i= (_1)1—m/ DU (w)RY X (u)du for (s,t) € A. (3.5)

)

From (3.1) and (3.4), for each (s,t) € A,

j—1
Iy < C. . i — g)utiB,
T ()0l < oWl (14 1 IX) s It - 9497, (3)

It is also straightforward to show that Ig(”(\l/) belongs to Co(F'). Thus, Ig(”(\I/) belongs
to C4P(F). Furthermore, from (3.5) and (3.6), we obtain the following proposition.

PROPOSITION 3.3. In the setting of Definition 3.2, the map ¥ — I (W) is
bounded linear from CY(L(E®U=V L(E,F))) to CE™P(F); in particular, it is Lipschitz
continuous.

Let X, X € Co3(AN,T®(E)). For each j = 1,...,k, there exists a constant Cj 5.,
such that, for each r € [0, ],

RYX () = REZVX (r)]
j—1
< i (1 1+ o 1605s) s X K0 - 0
(3.7
We will prove (3.7) in Section 4. From (3.1) and (3.7),
IZ%7 (%) = 237 () a5

<qj

Jj—1
i . 1 i .
(1 + max X7+ max X |||w) max X = X5,
(3.8)

This yields the following proposition.

- PROPOSITION 3.4.  In the setting of Definition 3.2, the map‘(l,Xl,...,Xj) —
T(W) s locally Lipschitz continuous from Co g(N, TG (E)) to C4P(F).

3.2. Integration of weakly controlled paths via fractional calculus.
Throughout this subsection, v will be a real number with (1—3)/N < v < 3. Before
defining integrals of weakly controlled paths, we introduce several function spaces that
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are required for the discussion in this subsection. We set
My(B,F) = {(X.Y) : X € Cos(8, TN (E)),Y € Q" (F)}

equipped with a distance

N
ma((X,Y),(X,7)) = dan(X, X) + S Y/ =V V| 4 dy 5 ,(V.Y) (3.9)
j=1

for (X,Y),(X,Y) € Mg(E, F). Here,

dy 5 5(Y.Y) ZmRN HX,Y) = R (X V) v—js1ys- (3.10)

We define the subset S3(E, F) of Mg(E,F) by Sg(E,F) :={(X,Y): X € SQg(E),Y €
Qi(N(F)} and let Sg(E, F) denote the closure of Sz(E, F) with respect to the dis-
tance mg. In Example 2.2, if ¢ is sufficiently smooth and all derivatives are bounded on
E, then the pair (X,Y) belongs to Sz(E, L(E, F)). In Example 2.3, if ¢ is sufficiently
smooth and all derivatives are bounded on F and the pair (X,Y) is in Sg(E, F'), then
the pair (X, Z) belongs to Sz(E, L(E, F)). These can be proved by straightforward cal-
culation. The following is our definition of the integral of weakly controlled paths along
rough paths.

DEFINITION 3.5. For (X,Y) € Mg(E,L(E, F)), an F-valued function I"(X,Y") on
A is defined by

N N
(XY )ep = YOUX2 4 Y IRV (RY (X, Y)sn for (s,t) € A

n—1
n=1 n=1

We note that the inequality 1 —ny < (N —n+ 1) follows from the assumption that
(1-B)/N <~ < B. Therefore, Ty (RY (X, Y))s + is well-defined and so is I7(X,Y ) ;.
The following theorem justifies treating I7(X,Y) as the integral of Y along X.

THEOREM 3.6. Let (X,Y) € Sg(E,L(E,F)). Then, for each (s,t) € A,
I'(X,Y)s+ coincides with the Riemann—Stieltjes integral f; Yu(o)dX&u.

We will prove Theorem 3.6 in Section 4. The integral I"7(-,-) can be regarded as a
continuous map.

THEOREM 3.7.  The map (X,Y) — I7(X,Y) is locally Lipschitz continuous from
Mg(E, L(E, F)) to CJ(F).

PrOOF.  From Proposition 3.3, I7(X,Y) belongs to CB(F). Set (s,t) € A with
s <t For (X,Y),(X,Y) € Ms(B, L(E, F)),
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N
(X Y), — I(X,7), Z{IY” D pneD) X, 1 [T D]|XT, - Xy

+ I (RY(XY) = R Y))s el

n—1 n—1

TR (R (LT~ T3 (R (LT
(3.11)
By the definition of weakly controlled paths, we have
YD - 7o)
< 1YY VT IR (X Y Do — RYN(XL Y Dol
N—n ) ‘ _
+ Z |Y0(n_1+z)X(Z),s -Yy

=1
n—1 o(n—1 — nv O —n
<Y =YY RN ML Y) — RY X V) vy g TN 408

N—n
n—1+41 r(n—1+41 i r(n—1+4+1 i i
n {mf H) gm0 xS +>|4><0,S—Xo,s|}
=1

N—n
< (170 3 (I 17T (K1) (7)) (32

i=1

foreach n =1,..., N. Then, from (3.6), (3.8), (3.9), (3.10), (3.11), and (3.12), we obtain
the statement of this theorem immediately. O

COROLLARY 3.8. Let X € Co (A, TN)(E)). Then, the map Y + I"(X,Y) is
locally Lipschitz continuous from Q%N(L(E,F)) to Cg(F)

PROOF.  Apply (3.6) and (2.6) to (3.11) and (3.12) with X = X. O

From Theorems 3.6 and 3.7, we see that, for each s,t,u € [0,T] with s <u < ¢, the
identity

IFY(Xa Y)s,u"'I’Y(Xa Y)u,t = IFY(va)s,t (3'13)

holds for (X,Y) € S3(E, L(E, F)). Using this identity, we obtain the following proposi-
tion.

PROPOSITION 3.9. Let (X,Y) € Sg(E, L(E, F)). Then, for each (s,t) € A,

m—1

N
I(X,Y)s = lim ZZ D

—0
[Pl-v0 &= 4

where the limit is taken over all finite partitions P = {to,t1,...,tm} of the interval [s,t]
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such that s =tg <t1 <--- <t, =t and |P| := maxo<i<m—1|ti+1 — ti|-

PROOF. From (3.13) and Definition 3.5, for any partition P = {to,t1,...,tm},

m—1

I‘Y(va)s,t = I’Y(Xay)ti,

tita

m—1 N
=2 { STyirxe, o+ ZI’W (X, Y))ti,tm}.

It then suffices to show that, foreachn=1,... N,

m—1

1 TV (RN M(X,Y =0. 14
UJEBOZ' RYT(X,Y )ity =0 (3.14)

From (3.6), we have

7 (R (XY Dt | < Crp I B (XYl v—n1)s

n—1
(1 e 10N ) e 0 pa —0) ¥,
1<j<n

1<j<n—1

Thus, from the relation (N +1)5 > 1,
Z T (R, (XY )t | < C Z (tiyr — ti) VTP < CP| VTt — 5) 0

as |P| — 0. Here, C' is a positive constant that does not depend on P. Therefore, (3.14)
holds. Thus we obtain the claim of the proposition. O

REMARK 3.10. Let us make a few comments about our integration.

1. Take X € GQg(F) and Y € Q%N(L(E,F)) as in Example 2.2. Then, I7(X,Y) is
the same as the integral introduced in the author’s previous work [6, Definition 2.3].
Thus we see from [6, Theorem 2.6] that I7(X,Y") coincides with the first level path
of the rough integral along X € GQg(E).

2. The relation to the integration of weakly controlled paths introduced by Gu-
binelli [4] is stated as follows. Let 1/3 < 8 < 1/2. Based on Proposition 3.9
and [4, Corollaries 2 and 3], we see that I"(X,Y) coincides with the integral
introduced in [4, Corollary 3] on A if I7(X,Y) satisfies (3.13). Therefore, for
(X,Y) € Ss(E,L(E,F)), I"(X,Y) is consistent with the integral introduced
in [4, Corollary 3] on A. However, it is unknown whether (3.13) is true for ev-
ery X € Q(E) and Y € QY*(L(E, F)).

3. If N = 1, then I"(X,Y),;, coincides with the Riemann-Stieltjes integral
12v0axi, for X € Qp(E) and Y € Q% (L(E, F)). This follows from (2.15)
with f =Y ¢ = X;., and @ = 1 — . In particular, I7(X,Y ), is independent
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of the choice of v. If N > 2, then this value is independent of the choice of ~ for
(X,Y) € S3(E,L(E, F)) from Proposition 3.9. However, it is unknown whether
such a property holds for every X € Qg(F) and Y € Q%N(L(E, F)).

3.3. Lyons’ extension theorem.

Throughout this subsection, we assume the following: j is an integer with j > N
and v; is a real number with (1 — 5)/j < v; < min{1/j, 8}. To construct the extension
map we first define the following functional.

DEFINITION 3.11.  For X = (1, X%,...,X7) € Cy 5(A, TY(E)), an E®U+Y_valued
function X7+ on A is defined by

XIth= Z(—nl—"%/ DI XTI () @ RU X (w) du for (s,t) € A

n=1

We note that the inequalities 0 < 1 —nvy; < (j+1—n)S follow from the assumption
that (1 — 8)/j <v; < min{1/4,3}. Thus, X7t is well-defined and

X7 +1)8

2 j 1
< Gy (s 17050 ((1+1<T?%X_1||XZ||M) —1) (e 1050

from (2.3), (3.1), (3.5), and (3.6). Furthermore, from Propositions 3.3 and 3.4, we obtain
the following proposition.

PROPOSITION 3.12.  For X = (1,X',...,X7) € Co (A, TUN(E)), the map X
X+1 s locally Lipschitz continuous from Co g(A, TO(E)) to ¢¥ TP (E®UG+D),

The following is a key proposition for the proof of Theorem 3.14 below.

PROPOSITION 3.13.  Let X = (1,X%,...,X7) be a step-j signature in E. Then,
(1, X1,..., X7, X3+Y) s the step-(j + 1) signature, that is, for each (s,t) € A, ng{l
coincides with the Riemann—Stieltjes integral f; X7, ®dXg,.

We will prove Proposition 3.13 in Section 4. From Propositions 3.12 and 3.13, for
geometric S-Holder rough paths X € GQg(E), we can see that the definition of Xit+l g
independent of the choice of ;. The following is our version of Lyons’ extension theorem
for X € GQg(E).

THEOREM 3.14. Let X = (1, XY,..., X") € GQp(E). For any integer k > N +1,
there exists an extension of the rough path X to a multiplicative functional of degree k
in E with finite B-Holder estimates.

PROOF. We take an arbitrary vy such that (1 — 8)/N < vy < min{l1/N,8} =8
and define XV*! as in Definition 3.11. We set X(N+1) .= (1, X1 ... XN XN+1),
From Proposition 3.12, X(N*1 belongs to Coz(A, TWHY(E)). By the definition of
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X € GQg(FE), there exists a sequence of smooth rough paths X (m) which converges
to X with respect to the distance dg . Hence, from Propositions 3.12 and 3.13,
1My, o0 dgn o1 (X (m) N XNHDY — 0 where X (m)N+1 is the step-(N + 1) signa-
ture of X (m)§ . € C{(E). Thus, XV+1) is a multiplicative functional of degree (N +1) in
E. This implies the statement of the theorem for £ = N 4+ 1. By repeating this argument
with YynN4+1,...,7k—1, the desired statement is proven for any k > N + 1. O

We remark that [7, Theorem 2.2.1] implies the uniqueness of extensions even for
X € Qp(E). In particular, for X € GQg(E), the extension by Theorem 3.14 coincides
with those introduced by Lyons [7, Theorem 2.2.1] and by Gubinelli [4, Proposition 10].
However, it is unknown for non-geometric Holder rough paths X € Qg(E) whether X®)
defined as in Theorem 3.14 is a multiplicative functional of degree k in E. Also, one
would expect that X* should possess a uniform estimate as in [7, Theorem 2.2.1] and
[4, Proposition 10], but it is doubtful whether X* could provide sharper estimates than
those provided in the previous studies; there is room for argument on this point.

4. Some proofs.

In this section, we prove (3.4), (3.7), Theorem 3.6, and Proposition 3.13. Let us
recall the following assumptions: (a,b) is an element of A with a < b, 8 is a real number
with 0 < 8 < 1, k is a positive integer, and v is a real number with 0 < v < min{1/k, 5}.

4.1. Proof of (3.4) and (3.7). .
In this subsection, we prove (3.4) and (3.7). Let X, X € Cy (A, T®)(E)). For each

j = 1, ey k}, we set Kj = IMaxy <<y |||XZ|||1[3 and f(j = IMaxy <<y mXZ‘”Mg
LEMMA 4.1.  Under the above notation and assumptions, for each j =2,...,k and
r € (0,0,

RN () = REVX ()] < OO+ OO o+ Kja)P ™ poax X=X g (b —r)/ ),
Y
(4.1)

where C = (B/(B —~))T'(1 —~)~ L. If X = (1,0,...,0), then, for each j = 2,...,k and
r€[0,0],

IRYDX(r)] < O+ CK;_1)P LK (b — 1)), (4.2)

PROOF OF (3.4) AND (3.7). From (4.1) and (4.2), and the relation C' < 5/(5—7),
we obtain (3.4) and (3.7) with Cj 5., = (8/(8—7))’. O

PROOF OF LEMMA 4.1.  We prove (4.1) by induction on j. We set r € [0, b] with
0 <r < bsince Réj_"Y)X(b) = R,()J_"Y)X(b) = 0 holds from the definition. From (3.3),

[REZVX (r) = RIZV X (1)) < [DX2(r) = DY X2 (1)

L /b X0, = XL IR X ()
ri= ), (v=rp*

dv
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dv

/ IXLR X (0) = RV X (v)]
1— (v —r)vtt

= A +A2 +A3~

From (3.2), we have

A S Fao : )262 X2 = X2[a5(b — )P~ < CIX? = X2|5p(b — )2~
and
AR (T DA ol PN A S MO
PST-9) PTA—y) B—A" " 18
- s S e - R ol o -

< X pllX = XM la (b — >0,
In a similar way, we get
Ay < CPIXM XY = X la (b — )27
By combining these estimates, we obtain

Ar+ Ay + Ay < O+ C(IX s + 1K) poag X' = X' ip(b = 1)),

Hence, (4.1) holds for j = 2. Suppose that (4.1) holds for each j = 2,...,J with J < k—1.
By using the induction hypothesis and calculations similar to those shown above, we have

RV X () - RETTVX (r)]
_ ‘fDZEJ'i‘l)’YXJ-f-l (7’) _ID(i-H)’YXJ—&-I(T”

+Z J+1—z |XJ+1 i ngkiHRl(f_ﬁ)X(vﬂ
—(J+1—1d)y —r)(J+1—i)“f+1

dv

(J+1—i)y b|Xﬂ#-i|m§i”x<v>—Réi’”ff(v)\
. >>/ | w

r(1—(J+1—1i)y (v—r)(JH1=)y+1
<CIXTH = X7 | (yyp(b—r)TFDED
J
_|_Z {C«|||XJ+1i_XJ+1i”|(J+1i)ﬂ(b_r)(J+1i)(ﬂ»y)
1=1

X C(1+CK;_1) ' K;(b—r)" =)
+C|||XJ+1_i|||(J+1fi)g(b— r)(‘”'l—i)(ﬁ—’ﬁ

x C(1+C(Kio1+ K1) max || X' —Xl|||m(b_r)i<6v>}

(from the induction hypothesis)
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< I_§l (T+1)(8—)
€ max[|X' = X'lus (6 =7)

« <1+CZ (Ki+|||XJ+1i|||(J+1—i),3> (1+C(Ki_1+Ri—1))i1>

i=1

J
<C Xt x! —r) DB (14 O(K;+K7)Y (1+C(K;+K
< 1<I{1<a§+1||| Mig(d—r) + J+K; Zl + JHK))T

_ % l (J+1)(B— ’Y)
= CU+C(K,+K) | ma [IX' =X lis(b=1)

as desired. Therefore, (4.1) holds for j = J + 1. O

4.2. Proofs of Theorem 3.6 and Proposition 3.13.

Using Proposition 4.2 stated below, we prove Theorem 3.6 and Proposition 3.13.
Let X € Cop(N,TH(E)) and Y € QYF(L(E,F)). For each | = 0,....,k -1, m =
0,...,k—1—1 and (s,t) € A, we set

RM(X,Y)gs =Y,V = ZY (X (4.3)

PRrROPOSITION 4.2.  Let X be a step-k signature in E and Y € Qﬁ(’k(L(E,F)). Take
) €A,

~v € (0,1/k). Then, for eachl=0,....k—1, m=0,....,.k—1—1, and (s,t) € A
t m+1
/ R™MX,Y )sudXg,, = Z T (R XL Y))s s (4.4)

where the left-hand side is the Riemann-Stieltjes integral of R*(X,Y)s,. along X .
For the proof of this proposition, we need the following two lemmas.

LEMMA 4.3.  Let X be a multiplicative functional of degree k in E with finite -
Holder estimates. Then, for each j = 1,...,k, Rl(f_"Y)X is min{ — ~,1 — jvy}-Hélder
continuous on the interval [0,b].

LEMMA 4.4. Let X be a multiplicative functional of degree k in E with finite 1-
Hélder estimates. Take v € (0,1/k). Then, for each j =2,...,k and r € (a,b),

j—1
RYVX(r) = D(XE .~ X2 ,)(r) = Y DYTN(XIT @ REVX)(r).  (45)
=1

The right-hand side of (4.5) is well-defined from Lemma 4.3. We omit the details of
the proofs of the lemmas since these are proved by rewriting the proofs of [6, Lemma 3.2
and Proposition 3.3] in the obvious way. In [6, Lemma 3.2 and Proposition 3.3], we
consider only the case where k is equal to N = [1/3]. It is straightforward to prove that
[6, Lemma 3.2 and Proposition 3.3] is generalized for any integer k and that Lemmas 4.3
and 4.4 follow from the generalizations with the parameters 3, and v, in [6, Lemma 3.2
and Proposition 3.3] chosen as /3, = min{n3, 1} and v,, = v, respectively, forn =1,... k;
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we leave the details to the reader. Let us introduce one more notation for the proof of
Proposition 4.2. Let X be a multiplicative functional of degree k in E. For j =1,...,k,
we set T(X)? € Co(E®) as follows: for each (s,t) € A, T(X)i, := X, and

j—1
T(X)g,t = Xg,t - Z T(X)i,t ® Xg? (4.6)

for j =2,...,k, inductively. Then, for each j =2,...,k and (s,t) € A, the identity

j—1 Jj—i
Y TX) Xl =) X, eT(X)i (4.7)
i=1 i=1

holds. This is proved by simple calculation and induction on j. By using (4.7) and
induction on j, we can show that, for each s,u,t € [0,T] with s < u < ¢, the identity

Xi,t = Xg,t ZT Xg tz Xg;f) (4-8)

holds for j = 2,... k. (4.8) is used in the proof of Proposition 4.2. Furthermore, we
remark the following identity for later use. Let f,g € C}(R) with 0 < A < 1. From
(2.11), for each o € (0, ) and t € (a,b),

D00~ DE A9 = s [ PO gy qa)

We now have all the tools to prove Proposition 4.2.

PROOF OF PROPOSITION 4.2. Fix [ with 0 < <k — 1. We prove (4.4) by induc-
tion on m. Using (4.3) and (2.15), we have

t
/ RY(X,Y)an dX}, = T (RY(X,Y))s

Hence, (4.4) holds for m = 0. Suppose that (4.4) holds form = M with0 < M < k—2-1.
Using (4.3), (2.4), and the induction hypothesis, we have

t t t

RN XY )eudXg, = | BM(X,Y)s0dX], — VMY [ XM @ dX]

l s 0,u 1 s 0,u s s,u 0,u
M+1

_ Z I;“L(,’Y Rif\inn+1(X Y)) Yg(l+N[+1)X%+2~

For the proof of (4.4) for m = M + 1, it then suffices to show the following identity:

M+1

Z T ’Y(Rl]\inn-‘rl(X Y) Rll\jlrzlln-i-l(X Y))

n=1

= I¥+27W(R?+M+1(X, Y))st + YS(HMH)XéVé“.
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By the definition of " (see (3.5)), for each n =1,..., M + 1, we have

I (R (GY) = RGN Y) )

l4+n—1 I4+n—1
t
= (1)t / DI (RMTHX,Y) — RMFT XL, Y)) ()R X (u) du.

We calculate the integrand as follows: for each u € (s,t),

D (R TTHXY) — RN, Y)) (w)

1 }/s(lJrI\/IJrl)XM_:,_l_n_;_l u Yv(l+M+1)XM+1_n+1
= g (et [ S @)
(from (4.3))
1 }/;(Z+M+1)X%+l—n+l 1—ny [“ Yv(HMH)(XSA,{LH_”H _ X;Y{}-H—n-'rl)
/S (u — v)d=n7)+1

dv

T w-s | T(my)
M+l-n_ ey /u YU(HMH)(T(X);U ® (X%+1fn+17i _ Xé\’/{)JrlfnJrlfi))
< T J, (u—v) 0T
(from (4.8))

1 Y;(Z+M+1)XM+1771+1

dv

i=

S T(ny) (u—s)tom

+ D;;n'y(Y(HNH*l)X;\’J.-i-l—n-&-l)(u) . D;;nvy(l+M+1)(u)X;\j{L+l—n+1

M+1—n ) )
o Z {D;;Tw(Y(Z+NI+1)T(X);.X;\7/{+1n+17‘)(u)

=1
_ D;_‘_Tw(Y(Z+M+1)T(X);_)(u)X%jl"Jrli} (from (4.9))

_ 7D1;"‘Y(Y.(Z+M+1) _ Y(lJrMJrl))(u)XMJrlfnJrl

M+1—n
+D;In7 <Y(l+M+1) <X¥+1_n+1 _ Z 7—()()197 ®X£\,J.+1—n+1—i>> (u)
=1

M+1—n
—n I+M+1 i —n+1—1
+ Y DI IEIT(XOL ) () x M
i=1
_ Di;m(Y.(HMH) _ Y(HMH))(U)X%H*"H

- s

+ DT ) (from (4.6))

M+1—-n ' 4
+ > DT RO ) @)X
=1

Therefore, for each n =1,..., M + 1, we obtain

T (R THXY) = RMFTTHX, YY)
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t
_(_1)1—(M+2)fy/ D;;(M+2)7(Y(Z+M+1)—YS(Z+M+1))(U)

% Dt(§4+1—n+1)’v(Xé\vl'+1fn+l ® RiT_L”Y)X)(u) du
(from (2.13), Lemma 4.3, and (2.14) with a = (M +1 —n+1)v)
+ AM+1—n+1

M+1—n

+ Z —(M+2— 1)7/ D —(M+2—i)y (Y(l+M+1)'T( ) )(u)

XDt(erl n+1— Z)’Y(Xé\f+1fn+1 7 R("»’Y )( )du

(from (2.13), Lemma 4.3, and (2.14) with a = (M +1—n+1—4)y) (4.10)

Here, AM+1=n+1 g defined by

n

t
- _ —n I+ M j n,
Al = (—1)! m/ DI (Y HMIDT(x0)1 ) ()R X () du
S
foreachn=1,.... M+1land j=1,...,M + 1. Also, we have

t
AV / YD T(X)MA gxE - (from (2.16))

¢
:/ y (4+M+1) XM+2 Z/ y (+M+1) T X): dXM” i
(from (4.6) and (2.2))
¢
- (_1)1—(M+2)7/ Di;(M+2)’Y(Y(l+M+1) _YS<1+M+1))(u)
S

x DMV (XMH2 X ME2 () du
+ Y(l+1VI+1)(XM+2 _ XM+2)

_Z 1 (M+2— z)’y/ D (M+2— 1)7(y(l+M+1)7—(X) )(’U,)
=1

x DIMFRTI (XM=t X MA2S0 () qu. (from (2.15) and (2.16)) (4.11)
Hence, by combining (4.10) and (4.11), we have
M+1

N TR RM XY - RMSUXLY))

n=1

t
— (_1)1—(M+2)v/ D;;(MH)W(Y(HMH) _ YS(1+M+1))(U)

x (DW T MA2 X M2y ()
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M+1
_ Z D(M+1 ﬂ+1)’Y(XJV[+1 n+1 ®R§7_W)X)(u)> du

+ YS(1+M+1)XSJ\7Jt+2

M+1

n=2

¢ ] ‘
,Z(il)lf(MJrQJ)v/ D;;(M+2_Z)7(Y.U+M+1)T(X);’,)(u)

=1

S

<D(1\/I+2 Z)’)’(XM+2 i X%—&-Q—Z)(u)

M+1—1
Z D(M+1 n+1— z)’y(XMJrl n+1— 1®R§T7)X)(u)> du

M+1
—IM+2 FY(RH—M-&-l(X Y))St+Y(l+M+1 XM+2 Z AM+1 n+1 ZAM+2—1‘

(from (4.5))
= IM+2’7(R1+M+1(X7 Y))s + K(HMH)X%Hv

as desired. Therefore, (4.4) holds for m = M + 1 and thus the claim of the proposition
holds by induction. O

PrROOF OF THEOREM 3.6. From (2.5) for I = 0 and ¥ = N and Proposition 4.2
forl=0and m=N —1,

S

t t
/ Yu(O)dX(%,u {Y(Z) / X ® dXO u} + / R(]J\[71<Xa Y)S,u dX(%,u
s

= Z YorUXE, + ZI?”(R,T_H”(X, Y))at

This is the claim of the theorem. O

PRrROOF OF PROPOSITION 3.13.  Under the assumptions of Proposition 3.13, we can
take Y = (YO yM  yE-1) e QL (L(E, E®*tD)) as in Example 2.4. Then, from
(2.10) for I =n — 1 and k = j and Proposition 4.2 for l =0 and m = j — 1,

t
ZI BRI (XY ))an = / Ry Y ) d X,

From (2.10) for I = 0 and k = j, we obtain the claim of the proposition. O
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