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Abstract. We investigate the contact types of a regular surface in the
Euclidean 3-space R? with right circular cylinders. We present the conditions
for existence of cylinders with Ay, A2, A3, A4, As, D4, and D5 contacts with
a given surface. We also investigate the kernel field of A>3-contact cylinders
on the surface. This is defined by a cubic binary differential equation and we
classify singularity types of its flow in the generic context.

1. Introduction.

In his celebrated book [18, p.96], R. Thom pointed out the similarities of the geo-
metric features of Dy singularities and umbilic points of regular surfaces in R3. Inspired in
this observation, Porteous ([15], [16]) showed that many differential geometric concepts
are rediscovered by looking the singularities of distance-squared functions. He introduced
a new notion called by ridge which corresponds to As-singularities. After Montaldi ([14])
defines the notion of contact between two submanifolds and established the relation to
K-equivalence, introduced by Mather ([13, Section 2]), in singularity theory, this is jus-
tified as an investigation of contact of a surface with spheres. The contact with planes is
also recognized as fundamental and the second fundamental form plays crucial role. See
[3], for example, for several relations of singularities of height functions and differential
geometric concepts.

A homogeneous surface in the Euclidean 3-space R3 is an orbit of a certain subgroup
of the Euclidean motion group O(3) x R®. They are planes, spheres or cylinders ([17]).

Investigating contacts of a surface with planes and spheres has produced a rich field
connecting differential geometry with singularity theory and this has been done by many
authors (see [8], [9] for typical research articles, [2] for a standard textbook, [6], [7] for
surveys, and their references). In this paper, we will investigate the contact of a surface
with cylinders, which has not been investigated in detail yet.

Our computation is based on Monge normal form and this is given in Section 2
with definitions of several concepts. In Section 3, we define the notion of contact due to
J. Montaldi and quickly recall the conditions that a surface has a sphere or plane with
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degenerate contact in the generic context. Then we state our main theorems in Section
4.1. The proofs of main theorems will be given in Section 4.2.

On a surface in R3, there are many articles discussing direction fields defined by
quadratic differential equations (see e.g. [4] and its references), like principal directions,
asymptotic directions and characteristic directions. As far as we know, there are no
literature concerning a natural direction field on a surface in R?® defined by a cubic
differential equation in a geometric context. The kernel field of As-contact with spheres
defines principal directions when the point is not umbilic. The kernel field of A; -contact
with planes defines asymptotic directions in the hyperbolic region. So it is natural to
investigate kernel fields of Az-contact with cylinders. We call them by cylindrical fields,
and we show that they are defined by a cubic differential equation.

The last section is dedicated to the analysis of the singularities of integral curves of
cylindrical fields in the generic context. We show that singularities of flows of cylindrical
fields are on the discriminant of Monge cubic or parabolic lines. To do this, we present
a formula for Monge normal form at a non-umbilical point in a surface given by Monge
normal form in Section 5.1. We discuss several explicit methods of determination of
singularity types of the flow.

2. Monge normal form.

Let (, ) denote the Euclidean inner product. For any regular surface S in the
Euclidean 3-space R? and for any point p on S, we can find an isometric coordinate
change T : (R3,p) — (R3,0) so that T'(S) is expressed by the image of the map

 : (R%,0) = (R%,0), (u,v) = (u,v, f(u,v)), (2.1)

at least locally, where f(u,v) = (kiu? + kav?)/2 + S seo + o(k), ¢ =
Zi+jzs(ai7j/i!j!)uivj. The expression (2.1) is called by the Monge normal form and
the coefficients k1, k2, a; ; are differential-geometric invariants of .S at p, at least when
one assume that k1 < kg. Remark that k; and ko are principal curvatures at (0,0). We
set v1 = 0,, and vy = J,. These are principal vectors at (0,0) with respect to k1 and ko
respectively.

For a regular surface S in R® defined by (2.1), the second fundamental form of this
surface at (0,0) is the bilinear form defined by

(w,w') = (w,w') = kywiw] + kawow)

where w = w10y, + w20, W = w0, + wh0,. We say w is asymptotic if II(w,w) = 0.

We say (0,0) is ridge with respect to vy (resp. v2), if azg = 0 (resp. aps = 0).
This condition is equivalent to v1k; = 0 (resp. vk = 0) at (0,0) where k; = &;(u,v)
is the principal curvature with x;(0,0) = k;. We say the ridge is of the first order if
v;#:(0,0) = 0, v2£;(0,0) # 0. More generally, we say that (0,0) is the k-th order ridge
with respect to v; if v/;(0,0) = 0 if j < k and v*1k;(0,0) # 0.

We say (0,0) is subparabolic with respect to v; if v;x;(0,0) = 0 ({7,j} = {1,2}).
This is equivalent that a;; = 0.
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When we assume that kiks # 0, we can define the conjugate directions. The con-
jugate direction of the direction generated by a vector w is the direction generated by
a non-zero vector w with II(w,w) = 0. So if w = w19, + w9, then the conjugate
direction is generated by kowsd,, — k1w10,.

We often refer to 6¢3 as the Monge cubic of S at (0,0). We call é3(w) = 6¢3(w) the
conjugate Monge cubic at (0,0), and the root(s) of this cubic ¢ cylindrical direction(s)
(or, generatrixz direction(s)).

For a function ¢(u,v), we set Vo(u,v) = @, (u, v)0y + @y (u, v)0y.

3. Contact.

3.1. Definition of contact type.

According to [14], we define the notion of contact type. Given two pairs of sub-
manifold germs at the origin in R", the pairs have the same contact type if there is a
diffeomorphism-germ of (R™,0) taking one pair to the other.

THEOREM 3.1 ([14]). Fori=1,2, let g; : (X;,x;) — (R™,0) be immersion-germs
and f; : (R™,0) — (RP,0) be submersion-germs with Y; = f;1(0). Then the pairs (X1,Y7)
and (X2,Ys) have the same contact type if and only if fiogr and fooge are K-equivalent.

Here we say that two map-germs f,g : (R™,0) — (RP,0) are K-equivalent if there
are a diffeomorphism ¢ : (R",0) — (R™,0) and a smooth map A : (R",0) — GL(R")
so that g(¢(z)) = A(x)f(x). In this paper, we consider the following contact types
corresponding to K-equivalence classes of (R?,0) — (IR, 0) represented by

A (or AL) 12 £y Dy, (or DE) : x(y? £ 2572), (k > 4).

We show below the zero set of these singularities. Remark that Aj singularities define
the kernel field of the Hessian when k > 2.

XS RK

3.2. Contact with spheres.

Since spheres in the Euclidean 3-space are determined by their centers and radii the
moduli space of spheres is four dimensional. So we expect that there are Ay, Ay, As, Ay,
D, -contact spheres for a generic surface.

In [15], [16], Porteous had investigated the singularities of distance squared functions
on the surface and these functions measure the contact with sphere. We quickly recall
some of his results here.

Let S, denote the sphere centred at (a,b,c) with radius va? 4+ b2 + 2. For a
regular surface S in R? defined by (2.1), we have the following.

1. The sphere Sq . is A>1-contact with S at (0,0,0) when (a,b, ¢) is on the normal
line.
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2. The sphere Sg pc is A>a-contact with S at (0,0,0) when (a, b, ¢) is on the focal set
of S on the normal line, (i.e., the distance between (a,b,c) and (0,0,0) is 1/k;).
This sphere is often referred as a curvature sphere with respect to k;.

3. If (0, 0) is ridge with respect to v; (i.e., v;x:(0,0) = 0), the surface S is A>3-contact
with the curvature sphere S, ;. with respect to k; at (0,0,0).

4. If (0,0) is at least second order ridge with respect to wv; (i.e., v;k;(0,0) =
v?mi(07 0) = 0), the surface S is A>4-contact with the curvature sphere Sy p . with
respect to k; at (0,0,0).

5. If (0,0) is an umbilic, the curvature sphere S, p . has D> 4-contact with S at (0,0, 0).

Remark that the kernel field of A>s-contact with spheres is defined except at umbilics
and it defines principal fields. Classification of singularity types of the curvature curves
at generic umbilics are known as Darboux classification ([5, Note VII]).

=
=

star monstar lemon

3.3. Contact with planes.

Since planes in the Euclidean 3-space are defined by ax + by + ¢z = d, the moduli
space of planes is three dimensional. So we expect that there are Ay, As, As-contact
planes for a generic surface.

To investigate height functions on the surface, we measure contact with planes. We
also recall it quickly. Let m,p . denote the plane defined by az + by + cz = 0 with
a?+b* 4+ =1

For a regular surface S in R? defined by (2.1), we have the following.

1. The plane mqp,c is A>i-contact with S at (0,0,0) when (a,b, c) is on the normal
line.
2. The plane 7, 3 is A>o-contact with S at (0,0,0) when (0,0,0) is parabolic.
3. If (0,0) is parabolic (i.e., k; = 0) and ridge with respect to v; (i.e., v;%;(0,0) = 0),
the surface S is A>3-contact with the plane 7, . at (0,0,0).
Remark that the kernel fields of A] -contact with plane are defined in the hyperbolic

region and it defines the asymptotic directions.
Classification of singularity types of asymptotic curves are given by [1] as follows.

W S =

folded saddle folded node folded focus

4. Contact with cylinders.

Now we consider the contact types of a regular surface with cylinders. Since cylinders
in the Euclidean 3-space are determined by their central axes and radii, and central axes
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are elements of Grassmannian, the moduli space of cylinders is five dimensional. So we
expect that there are Ay, As, Az, Ay, As, D4, Ds-contact cylinders for a generic surface.

It is clear that a regular surface S and a cylinder C' meet transversely at a point P
if they do not have the common normal line at P. So we consider the contact of S and
C with common normal line at P € SN C.

4.1. Main results.

For a unit vector w = w39, + w20,, we consider the orthogonal projection
Py : (RQ, 0) — (R270)a (u,v) = (w2u — v, f(ua 'U))

When (0, 0) is parabolic, the critical locus of P, has a local branch whose tangent is the
line generated by w. Let D, denote its image by P,.
The main results are stated as follows.

THEOREM 4.1. Let S be a regqular surface defined by (2.1). Let Cy x denote the
cylinder which contains (0,0,0) and whose central azxis is parallel to a unit vector w, and
contains a point (0,0,\), A # 0.

1. The cylinder Cy x has Aj-contact with S at (0,0,0) if and only if k1ko A # kn( W)
where kp(w) = II(w, w).

2. The cylinder Cy x has Aaz-contact with S at (0,0,0) if and only if one of the fol-
lowing conditions hold.

(Aza) (0,0) is not parabolic (i.e., kike # 0), w is not cylindrical, and 1/\ is the
cylindrical curvature with respect to w (i.e., A = kn(w)/(k1kz), see the defi-
nition at the beginning of subsection 4.2.1).

(Agb) (0,0) is parabolic but not umbilic (i.e., k; = 0, k; # 0, i # j), w; = 0,
A # 1/kj, and (0,0) is not ridge with respect to v;.

(Azc) (0,0) is a flat umbilic (i.e., k1 = ko = 0), and cz(w) # 0.
3. The cylinder Cy x has As-contact with S at (0,0,0) if and only if one of the fol-

lowing conditions hold.

(Asa) (0,0) is not parabolic (i.e., k1ke # 0), w is cylindrical, 1/X is the cylindrical
curvature with respect to w, and the critical value set of the orthogonal pro-
jection with respect to w is nonsingular and is the first order vertex (there is
a circle with 4-point contact).

(Asb) (0,0) is parabolic but not umbilic (i.e., k; =0, k; # 0, i # j), w is parallel to
the principal vector v; (i.e., w; = 0), 1/X is not a principal curvature (i.e.,
1/X # kj), (0,0) is ridge with respect to v;, and

o the line generated by w has 4-point contact with S, and 1/ is not the
limit of curvature D), at (0,0), or

o the line generated by w has at least 5-point contact with S, and (0,0) is
not v;-subparabolic.

(Asc) (0,0) is a flat umbilic (i.e., k1 = ko = 0), cz(w) = 0, and 2c4(w) +
MJw, Vez(w))? # 0 where Jw = wyd, — w10,.
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REMARK 4.2. It is worth to point out that there are no flat umbilics for general
surfaces. This means that flat umbilics disappear under small perturbation. In other
words, being a flat umbilic is not a generic condition.

THEOREM 4.3.  The cylinder Cy, » has Dy-contact with S at (0,0,0) if and only
if (0,0) is parabolic but not umbilic (i.e., k; =0, k;j # 0, ¢ # j), w is parallel to the
principal vector v; (i.e., wj = 0), 1/X is the other principal curvature (i.e., 1/\ = kj),
and c3 does not have multiple roots.

THEOREM 4.4.  The cylinder Cy x has Ds-contact with S at (0,0,0) if (0,0) is
parabolic but not umbilic (i.e., k; =0, k; # 0, i # j), w is parallel to the principal vector
v; (i.e., w; =0), 1/X is the other principal curvature (i.e., 1/\ = kj), c¢s has a double
root (po,qo), and 8cs(po,qo) # kips + k3qq.

THEOREM 4.5.  The cylinder Cy,x has Aq-contact with S at (0,0,0) if and only if
one of the following conditions hold.

(Aga) (0,0) is not parabolic (i.e., kike # 0), w is cylindrical, 1/\ is the cylindrical
curvature with respect to w, the critical value set of the orthogonal projection with
respect to w is nonsingular and the second order vertex (there is a circle with 5-point
contact) there.

(A4b) (0,0) is parabolic but not umbilic (i.e., k; =0, kj # 0, i # j), w is parallel to the
principal vector v; (i.e., w; = 0), 1/X is not a principal curvature (i.e., X # 1/k;),
(0,0) is ridge with respect to v;, and

e the line generated by w has 4-point contact with S, the branch D), has (2,5)
cusp and 1/\ is the limit of its curvature at (0,0), or

o the line generated by w has 5-point contact with S, and (0,0) is v;-
subparabolic.

(A4c) (0,0) is a flat umbilic (i.e., k1 = ko = 0), cz(w) =0,

2c4(w) + A Jw, Vez(w))? = 0, and
cs(w) + MJw, Vez(w)) (Jw, Veg(w)) + A (w, Vez (Jw)) (Jw, Vez(w))? # 0.

THEOREM 4.6.  The cylinder Cy,x has As-contact with S at (0,0,0) if and only if
one of the following conditions hold.

(Asa) (0,0) is not parabolic (i.e., kike # 0), w is cylindrical, 1/\ is the cylindrical
curvature with respect to w, the critical value set of the orthogonal projection with
respect to w is nonsingular and the third order vertex (there is a circle with 6-point
contact) there.

(Asb) k; =0, k; #0, i # j, w; =0, A# 1/k;, (0,0) is ridge with respect to v;.

e the line generated by w has 4-point contact with S, D., has (2,7) cusp or worse
at (0,0), 1/ is the limit of its curvature at (0,0) of D.,, and the derivative of
the curvature of DL, by the arc length parameter of D., does not tend to zero
at (0,0), or

o the line generated by w has at least 6-point contact with S, and
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* ago — 10a3, (ka2 — 1/A) #0, if ky =0,
* ags — 10a35(ky — 1/X) #0, if ko = 0.
(Asc) (0,0) is a flat umbilic (i.e., k1 = k2 = 0), cs(w) =0,
2c4(w) + A Jw, Vez(w))? = 0,
cs(w) + MJw, Veg(w)) (Jw, Veg(w)) + A2 (w, Ves(Jw)) (Jw, Ves(w))? = 0, and
2c6(w) + A({(Jw, Veg(w))? /2 + (Jw, Ves (w)) (Jw, Veg(w)))
+ A2 {(Jw, Vez(w)) (baz (Jw, Vez(w)) + (Jw, Ve (w)) (w, Ves
+ M (w, Vez (Jw)) 2 (2(w, Vez (Jw))? + ez(Jw)(w, Ves(Jw)
where bz = (w3/2)(c4)uwu(w) — wiws(ca)un(w) + (Wi /2)(ca)vo

REMARK 4.7. Similar to Remark 4.2, there are no A4, As-contact cylinder at a
point in a parabolic line on a generic surface.

4.2. Contact map with cylinders and its singularity type.
First we give the Monge normal form of cylinders C,, .

PROPOSITION 4.8.  The Monge normal form of the cylinder which contains (0,0, 0)
and whose central axis contains (0,0, \) is given by

(1, v) <u,v, i(—l)"‘l (17/12> W) (4.1)

n=1

where w denotes a unit vector parallel to the central axis of the cylinder.

PROOF.  Set z1 = wyv—wau, y1 = wiu+twev. Then (x1,y1, z) form an orthonormal
coordinate system, and the cylinder is defined by 12 + (2 — )% = A2. We thus have

e (-GN Zer () )

and we obtain the result. O

We investigate contact of a surface given by (2.1) with the cylinder (4.1). To do
this, we consider the difference of the third components of (2.1) and (4.1), namely, the
contact map defined by

> 1/2\ (wiv — wou)?"
Fun = J(us0) = 31 (/)(1A2n§>

Remark that the Hesse matrix of Fy, » at (0,0) is

A A . (4.2)
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Moreover, the k-jet of Fy x at (0,0) is

1 w% 2 wiwW2 wf 2
- 2 92 _ 1
> <<k1 3 >u + U + | k2 Y)Y

k 2n<k on
Qij i n(1/2) (—w2u + wiv)

PROPOSITION 4.9.  The following conditions are equivalent.
o The function Fy, » has a non-degenerate critical point at (0,0).
[ klkg/\ # /-cn('w).

PROOF. They are equivalent that the determinant of (4.2) is not zero. 0

COROLLARY 4.10.  The Hesse matriz (4.2) is 0, if and only if
o k1 =0, ko #0, w =20y, A\ =1/ks, or
L] kQZO, kl#O,w::tav, )\:1/]61
So the Hesse matrix is of rank 1 if one of the following conditions hold.
(a) k‘lkg # 0, A= I{n(’u))/(k'lkg)
(C) k‘l = k’g =0.
When the Hesse matrix is of rank 1, its kernel direction is the conjugate direction of

w10y, + wa0y, which is generated by kows0y — kiw10,, when (k1,k2) # (0,0). When
k1 = ko = 0, the kernel direction is generated by wsd,, — w10,.

PrOOF. Consequence of the expression (4.2). O

To show the results in Section 4.1, it is enough to investigate the conditions that the
contact maps F,, » have singularities of types Az, A3, A4, A5, Dy and Dj for cases (a),
(b) and (c). For convenience to refer, we remark that

(k1w u + kawov)? _ Kp(w)
2 kp(w) Fo2) | kike 70,2 = kiky )’

Fu A(u,v) = % <k2 - i) 402 (k=0,w=(1,0)),

—%(wgu —wiv)®* +0(2) (k1 =k2 =0).

4.2.1. Case (a): kika # 0, A = kp(w)/(k1k2).
When kiks # 0, we call A = k,(w)/(kike) cylindrical radius and 1/X\ cylindrical

curvature with respect to the direction w. The cylindrical radius A is given by
w3 uﬁ_ 1—cos29+1+c0529_ 1/ki+1/ky  1/ki —1/ky

>\ = —= —
k1 * ko 2k1 2ko 2 2

cos 20

where wy = cosf, wy = sinf. We thus have the following properties.
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e If (0,0) is not umbilic (i.e., k1 # k2) and is not parabolic point, then the principal
directions attain the maximum and the minimum of the cylindrical curvatures.

e If (0,0) is umbilic (i.e., k1 = k2) and not flat, then the cylindrical curvature does
not depend on the tangent vector w.

Assume that ki1ke # 0, k,(w) # 0 and A = K, (w)/(k1k2). Remark that &, (w) # 0
since A # 0. We have

k oo
(k1wiu + kawav)? (—1)n1 on
Fux = S () + ;:3 Cs — T?:Q Y= (w1v — wauw)™" + o(k).

PROPOSITION 4.11.  Fy, » has a singularity of type As at (0,0) if c3(w) # 0.

PROOF. Setting t = kywiu + kowov, and s = wiv — wou, we have

1
Kn(w)

(w1t — kowas), v =

Kn( w) (lUQt + k1wls).

Set ¢5(t, s) = cs((1/kn(w)) (w1t — kawas), (1/kn(w))(wat + k1w s)). We obtain that

+2
FwA

A= W + é3(t,8) + 0(3)

This singularity is of type As if é3(0,1) # 0. This condition is equivalent that
cs(kawa, —k1wy) # 0 and we conclude the proof. O

This shows that the contact map Fy, » has a singularity of type As or worse when
C3 (ﬁ)) =0.

Since k,,(w) is the normal curvature kjw;? + kows? with respect to the direction
w = w10y + w20y, the cylindrical curvature times the normal curvature &, (w) is Gauss
curvature k1ks. This implies the cylindrical curvature is the curvature of the critical
value locus of the orthogonal projection to the orthogonal plane to w by Koendrink’s
theorem ([11, Appendix], [12, p. 433]).

PROPOSITION 4.12.  Assume that £,(w) # 0. The critical value set has a circle
with (k + 1)-point contact (i.e., (k — 2)-th order vertex) if and only if Fyx has Ag
singularities at (0,0).

PrROOF. First we remark that the critical locus of the orthogonal projection
(u,v) = (w1v — wau, f(u,v)) is zero of

k
—det(zy, x, w) = wi fu + wafy, = krwiu + kawov + Z(w7 Ve;) + o(k).

Jj=3

Set £ = (w, Vf), n = w1v — wou. Since
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¢ 9¢
| ou ov| |t fuu + wa fuo Wi fuw +wafuu| o ,
= @@ ; —W2 w1 7w1fuu+2w1w2fuv+w2fvv
ou Ov

(&,m) form a local coordinate at (0,0), whenever Jy = k,(w) # 0. Since

9u u 0§ 08\ an ¢

85 877 — % % _ l % 7% _ l (wl _wlfuv - w2fvv>
v v 377 877 J 577 35 J \ws wlfuu +w2fuv ’
€ an du A “du du

we obtain 9t = (Ju/I€)0y + (0v/9€)0, = (w10, + w20,)/J. Setting f = (kju? +
kov?)/2+H, Hy = (w,VH), Hy = w? Hyy+2wiwyHyy+w3 Hyy, we obtain ¢ H = Hy /J,
65H1 = HQ/J, and J = Jo +H2.

Since £ = kiwyu + kawsv + Hy, we have

_ 2 o
Fw,)\ — % + H — Z(_l)n—l (]‘7//712),’72n7

n=2
and we obtain that

(6 — Hi)(1 - 0:Hy)

(€= H)(1 = Hy/J) i

8§Fw’)\ = -|—(9£H =

Jo Jo J
_E-H)(J-Hy) Hi §—H, Hi ¢
JoJ J J J J

Thus O¢Fw a|e=0 is zero. Now consider the Taylor expansion of F, » in the coordinate

(&m):
Fy\ = Z ci g€
5J

We have cog = 1/2Jp and ¢;,; = 0 for all j. So the singularity type of Fy, » at (0,0) is Ag
ifand only if co; = 0,7 =1,2,...,k, cor+1 # 0. This is equivalent that Fy, |¢=o is a unit

k+1

multiple of "t which means that the critical value set has a circle with (k 4 1)-points

contact. O

4.2.2. Case (b): k1 =0, kz # 0, w = 9,.
In this case, we have

1 1 = 1/2\ v
Fup =5 (k= )v* : —1)n B
wa =5 (k2 = 5 v—l—h(uv)—i—;( ) (n))@”l
where h(u,v) = f(u,v) — kov?/2.
Assume that A # 1/ky. We see the singularity type of Fy, » is Ag if agg # 0, since
the coefficient of u? of F, ) is azo/6. This shows the condition (A2b) of Theorem 4.1.
Replacing v by v — agu?/2(koXA — 1), the coefficients of u?v, u* become
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2
a40 as

0 55~ 8(ka — 1/A)’

respectively. We see the singularity type of Fy, » is A3 if aso(ka —1/X) # 3a3;. If the line
generated by w has at least 5-point contact with S (i.e., aso = 0), then this condition
becomes ag; # 0, that is, (0,0) is not ve-subparabolic. If the line generated by w has
4-point contact with S (i.e., asp # 0), then this becomes 1/\ # ka — 3a3; /a4 and the
right hand side is the limit of the curvature of D, at (0,0). This shows the condition
(Asb) of Theorem 4.1.

When ayo(kz — 1/X) = 3a3; and ag; # 0, the coefficient of u? is zero and we see the
coefficient of u® is

aso | aso(as0a12 — 2az1a21)
120 7243,

This shows the condition (A4b) of Theorem 4.5.
Replacing v by v — aqo(as0a12 — aziaz)u®/8a3,, the coefficients of u3v, u8 become

4 3 3 3 2 2 2 2 2 2
aeolg; — 45(141(140&21 - 5a40a21a03 - 30(140(112 - 30a40a31a21 -+ 45(1400,22(121 + 60(140(1310,21(112

6480a3, ’

0,

respectively. So the singularity type of Fy, » is As if the later number is non zero.

To complete the proof, we describe the branch D). A parametrization of the branch
of the critical set of P, whose tangent is generated by w is given by t — (/%6a21/asot +
o(1),4t?), and thus D), is parametrized by

2 2 2
Cl40]<12 — 3&21 4 |: 3&21 :| 1/2 3&210,50 + 5&12&40 — 10&21&31&40

t ( 2, t° 5)
= (F 2am 5 +0(5)

5
2ay,

whenever a4o # 0. This shows the limit of the curvature of D., is ko — 3a3; /a4 at (0,0)
and D!, has (2,5) cusp when 3a3,as50 + 5ai2a%, — 10az1az1a40 # 0, which shows Condi-
tion (A4b) in case ag; # 0. Remark that the coefficient of t% in the second component
is
-1 8aso(asoas — 45a41a40a41 — 30a40a3,a3; + 45a3pa22a3; + 60aipasiaziarz)
240a21a%, —15(3as0a3; + 5ajpaiz — 10aspasziaz1)(3as0a3; — 3ajpaiz — 2as0az1a1) |’

which shows Condition (Asb) in case a1 # 0.
When ago(kz2 — 1/)) = 3a3; and az; = 0, we have aqo = 0. Thus we have that

k= 1A 5

@us ago — 10@12;)1(1452 — 1/)\) 6
2 120 720

Fw,)\: u +’

and the singularity type of Fy, » is Ay (vesp. As) if asg # 0 (resp. asg = 0, ago—10a3; (ko —
1/A) #£0).

PROPOSITION 4.13.  Assume that A = 1/k,.

o If c3 does not have multiple roots, then Fy x has a singularity of type D4 at (0,0).
o Ifcs has a double root (po, o) and a single root (p1,q1), then Fy, » has a singularity

of type Ds at (0,0), whenever c4(po,qo) # (k3/8)qq.
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PrOOF. When A = 1/ky, observe that

n

k 0o
Fux = ch(u,v) _ Z(il)n <1/2> k22n—11}2n + O(k).
s=3

n=2

The first statement is well-known. In the second case we may assume that ¢z = (gou —
p1v)?(qru — p1v). Setting u = —p1z + poy, v = —q1& + goy, we have

k‘3
Fyy =022y + [04(1007(10) - ;qg} ytt

where § = poq1 — qop1. We thus conclude the proof. O

4.2.3. Case (c): k1 = k2 = 0.
In this case, we have

)277,

_ 2 e8] 9 _
Fa = gy Yoo () e

n=2

Setting u = wys — wat, v = was + wit. we have

t2 =
Fupx= “5x + f(wys — wat, was + wit) — ;::2(—1)”_1 <

1 /2) £2n

n \2n—1 :

i+j<k b

When we write f(wys — wat, was + wit) = th ;7817 + o(k), we conclude that

bso = c3(w), ba1 = (Jw, Vez(w)), biz = (w, Vez(Jw)), boz = cz(Jw), bao = ca(w),

w3 w?
b3 = (Jw, Veg(w)), by = 72(04)%(10) — wiwa(¢4)uo(w) + 71(04)%(’10)7 RN
bso = c5(w), by = (Jw,Ves(w)), ..., bgg = cg(w), ..., where Jw = wady — w10,.

The condition (Asc) of Theorem 4.1 follows to see the coefficient bsg.

Replacing ¢ by t + Aby;s2, the coefficient of st and s* become 0, byg + b3, /2,
respectively. The condition (Asc) follows from Theorem 4.1.

Observe the coefficient of s® is bsg + Abz1b21 + A2b12b3;, which shows the condition
(Agc) of Theorem 4.5.

Replacing ¢ by t + A(bs1 + b3;\)s®, we obtain that the coefficients of st and s°
become

0, beo -+ A(D31 /2 + barbar) + A%ba1 (bazbar + 2bs1b12) 4+ A°b3, (2635 + bosbar),
respectively. This concludes the condition (Asc) of Theorem 4.6.

5. Cylindrical directions.

In Theorem 4.1, we observe that the kernel field of A>s-contact with cylinders is
cylindrical directions whenever k1ko £ 0. These are also defined at nearby points, and we
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express it in terms of the Monge normal form. This field is defined by C(du, dv) = 0 where
C(du,dv) = C(kedv, —r1du), and this can be considered as a counterpart of principal
fields. Here C(p,q) denote the Monge cubic defined in Proposition 5.2. This section is
dedicated to the analysis of this field.

Let [p : ¢] denote the homogeneous coordinates of the real projective line Pt. Let M
denote the subset defined by C(p,q) = 0 in R? x P!, 7 : M — R? the natural projection,

and w = pridu + qradv.

THEOREM 5.1.  Assume that (0,0) is not an umbilic of « (i.e., k1 # ko). The flows
of C(du,dv) = 0 is obtained by the projection image of the flows of 1-form @|n; by the
natural projection M — R2. The 1-form @|ar is singular at (0,0) X [po,qo0] € M if and
only if one of the following conditions holds.

1. (po,qo) is a single root of C(p,q) =0 at (u,v) = (0,0), and

(a) £1(0,0) = 0, (0,0) is ridge with respect to vy, and (po,qo) represents the
principal direction vy (i.e., ago =0, go =0), or
(b) k2(0,0) = 0, (0,0) is ridge with respect to va, and (po,qo) represents the
principal direction v (i.e., agz =0, pg = 0).
2. (po,qo) is a multiple root of C(p,q) =0 at (u,v) = (0,0), that is, is in the discrim-
inant set D of C(p,q) =0 (i.e., Cp(po, q0) = Cq(po, qo) =0), and
(a) D is nonsingular at (0,0) and the tangent direction of D at (0,0) is conjugate
to (po,qo), or
(b) a =B =0 (in particular, D is singular at (0,0)) where

a = Cu(Po,90)|(uv)=(0,0), B = Cu(P0,q0)](w,v)=(0,0)-

We conclude that the position of singular points of @|s is determined by the 3-jet
(resp. 4-jet) of the Monge normal form (2.1) in Case 1 (resp. Case 2). In the generic
context, these singularity types are saddle, node or focus, which are determined by the
4-jet (resp. 5-jet) of the Monge normal form (2.1) in Case 1 (resp. Case 2). The phase
portraits of singularities of the flows of the equation C'(du, dv) = 0, in the generic context,
will be also given. See pictures after Propositions 5.7, 5.11, and Remark 5.9.

5.1. Monge normal form of a surface given by Monge normal form.
We consider the Monge normal form of the surface defined by (2.1) at the point

(u, v, f(u,v)).
PROPOSITION 5.2.  The Monge normal form of x at (u,v, f(u,v)) is given by
22 y? s
z = /117—1—,%25 + C(z,y) + o(z,y) (5.1)
where

2¢3 00 (u,v)2
k1 —ko

2

K1 = kl—i—c?,_,uu(u,v)—i—cz;,w(u,v)—(3k%u2+k§v2)+ +o(u,v)=,
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2¢3 0w (u,v)2
ki1—ko

+o0(u,v)?,

Ko = ko +C3 40 (U, V) +Cq.0 (v,0) — (kfu2 +3k§v2) -
c3,uv (U,U)

c
2(ky —ks) "

C(x,y) = c3(2,y) +cau(@,y)u+cap(z,y)v+

3 x2 2 3

T T
+ C5 uuu (U,'U) F + C5, uuv (’UQ’U) Ty +C5,uvv (’LL,U)% + C5 vvv (U,’U) %

Y; X+Y- k1x? + koy?
(Pu+Qu) 1 +Ys 127+ K2y

CS,uv (u,v) 11 _
T P

(k1 — k2)?

+o(u,v)?,

C1 = a212” + (2a12 — aso) x>y + (ao3 — 2a21)2y* — a12y°,

+ E2uz + k3vy)

P = ay1(4a12 —3azo)2® + (4a2y 4 2ap3a21 — Tas, — 6a12a30 +2a3) )2y
+ (2ap3a12 — 11ai2az1 — 2ag3a30 + 6az1a30)vy”
+(—2a3, — agsazy +2a3; +2a12a30)y°,

Q= (2a3,+2a03a21 — 203, — a12a30)x°+(6agsarz — 11aiza21 — 2ag3aso + 2a21a30) x>y
+ (2024 — Ta2y — 6agzas: +4a3; +2a12a30)ry* — ar12(3a03 —4az )y®,

X = [3agiaz1u® +2(2a01 a9 + ar12a31 )uv + (a13a21 +2a10a22 ) 0?2

(4agase +2a12a31 — az0a31 — 2021 a40)u?

+ +2(2a13a21 +4a12a22 — 22030 — az1a31 z’y
| —a12a40)uv + (6ai2a13 — arzaso — 2ai2az1 )v*

[ (2a13a21 +aosas1 — 6asiasi)u® +2(a12a13

+ | +aoaaz1 +aozaze —4aziass —2a12a31 )uv | vy’

| +(2a04a12 + agza13 — 2a13a91 — 4ai9a22)v>

+[(—2a21a22 — a12a31 )u® —2(a13a91 +2a12a92)uv — 3ai2a13v%]y?,

Y= 19a30k%u2x3 +3(3apski k2 +4a21k§)v2:102y
+3(4ayok? + 3asok ko )uzy® +19a93kv?y,

Yo = [—6ag1k?(3k1 — ko )uv + (—3a12k} — 3arokiks —asoki ki +asoks)v?]a?
+ [=3ag1 k1 (3kF — dk1 kg — k2)u? +6ka(3a12k? — 2a12k1 ko — azoks )uv]z’y
+ [—6k1 (ao3k? 4 2a91 k1 ko — 3ag1 k3 uv — 3a1oks (kT + 4k ko — 3k3)v?|xy?
+ [(—aosk3 4+ aosk? ko + 3az1 k1 k2 + 3az1 k3 )u? — 6a12 (k1 — 3ko)kauv]y®.

Remark that

e the 1 (resp. 2)-jet of k; is determined by the 3 (resp. 4)-jet of the Monge normal
form (2.1), and

e the 1 (resp. 2)-jet of C is determined by the 4 (resp. 5)-jet of the Monge normal
form (2.1).

We call the cubic form C(z,y) the Monge cubic. To show this proposition, we define an
orthonormal frame by
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Ty (u,v)
) = (w0
(1, v) = [T (u, ) X &y (u,v)] X @y (u, v)
’ l[zu(u, v) x @y (u,v)] X T (u,v)[|’
e5(u, v) = Ty (U, v) X Ty (U, V)

[ (, 0) X @y (u, v)]|
These can be written in the following explicit forms:

e1(u,v) = W(1707fu(u7v))7

(7fu(uvv)fv(uvv)’ 1+ fu(uvv)Qv f?)(u7v))

e = (0P T a0 & ol )
es(u,v) = (—fulw,v), —fo(wv), )
’ V1 fulu,v)2+ fo(u,v)?
Setting
z = (x( u,v+70) —x(u,v), e;(u,v)),
7= (x(u+a,v+0) —x(u,v), ex(u,v)),
z = <m( u ’U+'L_))* (U,U); eS(“a”))’
we obtain
__at[flutuvto) - fu v)]fu(%v)’ (5.2)
L+ fu(u,v)?
27 = _ﬂfu(uav)fv(uvv) + /l_][]- + fu(U’?U)Q] + [f(u +u, v+t T)) — f(’LL, 'U)]fv(u7v)’ (53)

V14 fuw,0)2/T+ fulu,0)? + fo(u, v)?
| —fu(uwv) = 0fy(w0) + [f(u+ 80 +0) — f(u,0)] (5.4)
\/1 + fu(ua ’1))2 + f”(u’v)Q

By inverse mapping theorem, (@, ) are determined by (Z, ) when |(@,7)| < e < 1.

LEMMA 5.3.  Setting f; j = fuivi(u,v), we have

_ /1+f1207+ \/fllofm o \/1f+flolz f”u’vj + o, o)k,

+5>2 ' !

_ \/1+f120+f311—)_’_ Jo1 Z fij
N e I+ I+ 15 + 13 52, 1!
10 10 i0 1t J01 i4j>2

PROOF. By (5.2) and (5.3), we have

a@'v? + o(a,v)".

4 fuwd a0 fulwn) ol 0) (= ful,0) + fulu+ 8,0 4 7))
b T+ fulu,v)? C T VU F Fulu, 02T fu(w,0)2 + fou,0)2
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fv(u +u,v+ ﬁ)fu(u,v) _ [1 + f’lt(u)v)2} + fv(u +u, v+ ﬁ)f,,(u,v)

Ty = ) v

1+ fu(u,v)?
and, for (i,7) with i 4+ j > 2,

_ - fuivf(u+ﬂvv+@)fu(uav) — ) fui'uj(u+ﬂ7v+l_))fv(uﬂv)

VU fu(w,0)23 /1 + fu(u,0)2 + fo(u,0)2

Tgig y 4t o
wr 1+ fulu,v)? “
These imply the lemma.

LEMMA 5.4. We have

0 1 - J10fo1 7
VIt VI+ o1+ o+ 13
- f1o <f11f2+ (1+f120)f11—f10f01f20jg
(L+ fR) (X + fio + fo) \ 2 VIt + A
B[ f20 = 2f10for (L + fio) fir + (1 + fE) for _
+f10f01f f2{1if120&0}§1) (1 + fio)f y2>—|—o(x,y)2,
5= V14 o

\/1+f120+f31y

Jor (f20$2+ —f10f01f20+(1+f120)f115cg
I+ fH) A+ o+ )\ 2 V1+ i+ 16
Siofif20 = 200+ fio) fu + (1 + f)? foz —2) o2
* 201+ ffo + fo1) v ) +ol@ o)

ProOOF. When we write

+

k' ,,L‘,J k ,i,j
_ u'v N _ u'v N
T=) @y o T o) 7= v o T o)’
i1 J? i1
k i k i
J 577
- - Y — \k - = LY — \k
u = Ui, j + O(U,’U) y v = Vij—a T O(U7U) ;
ilj! ilj!
i+j>1 +j>1
we obtain that
Yo1 —Y10
U= ——————, Vo= T,
T10Y01 — To1¥Y10 T10Y01 — To1Y10
. —Z01 . 10
Uy = ——————— Vo1 =

, _
Z10Y01 — To1Y10 T10Y01 — To1Y10

Moreover, we have

<$10]3 $0113> <U2> n (Az 0 ) (Xz) —0
y10d3 yorlz ) \Va 0 Ay) \ Vs

where

- \/1 +fu(u,v)2\/1+fu(u,v)2 —l—fv(u,v)Q.

O
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T20 Y20 U20 V20
Xo= |2 |, Ye= [y ], Ua=(|un|, Voa=|vn1|,
Zo2 Yo2 Uo2 Vo2
U%O 2U10U10 U%O
Ay = | w1001 U10v01 + U01V10 V10Vo1
u%l 2u01U01 U%l

Since v19g = y19 = 0, we obtain that

2
_ To1¥Y20 — T20¥01 _ —7Z10711%01 + To1Z20¥01 T To1710¥11 — Ti1Y20
U20 = 3 ) Uil = 3 92 )
Tip¥o1 T10Y01
2 2 2
e — ZT02TT0Y01 + 201 (2710711Y01 — To1T20Y01 + TipYo2 — 2T01T10Y11 + T51Y20)
02 — 3 3 )
T10Y01
_ _ 2 ) 2
_ —Y20 _ Tp1Y20 — T10Y11 __ T10Y02 Zo17T10¥11 + Zg1Y20
V20 = —3 ’ U111 = 2 92 ) Vo2 = — 2 3 .
TioYo1 T10Y01 T10Y01

These conclude the proof.

PRrROOF OF PROPOSITION 5.2. By Taylor’s theorem, we have

k
flu+a,v40) — f(u,v) = Z fis a'v’ + o(a,v)",

' 1
itz v

and thus, by (5.4),

_— Z f'w'u o + o(a, v)k
\/ 1+ f10 + I itgz2 v

By (5.6) and v1p = 0, we have

1 fa0uig =2 w2, fa0+2u01v01 fr1 4+, for 2
— 2 _ ( 202 1072 4 ulO(u01f20 + U01f11)$y 4 Mo 20 01 201 111451 02y
I+

+ ulo(f3,0u?0+3f620u20+3f111120) 73

+ fa.0u01usg+f2,1u50v01+ f20 (2ur0ui1 +uo1u20)+f11 (u20v01+2u10v11 +u01v20) +2fo2v01v20 :EQQ

fg,ouglulo + 2f2,1u01u10v01 + f1,2u101181
+f20(uo2u10 + 2uo1u11) + f11(2u11v01 + wi0vo2 + 2u01v11) + 4f02v01v11 i‘§2

+ 2
+ f3,0upy +3f2,1ud v01+3 f1,2u01v3; +f0,3v5; +3f20u01u02+3f11 (w0201 +u01v02)+6 fo2v01 V02 y3>
6

+ o(z,7)"

We take an orthonormal matrix

g o) ()0
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where ¢ = c3 0 (u,v)/(k1 — k2) + (ag1a1 2(u® —v?) + (a%1 - aiQ +as,0a1,2 — 42,100,3)UV)
/(k1—k2)? + (cauw(u,v) — k2ka) / (k1 — k2) + o(u,v)?. Composing the rotation

() -7()
Yy Yy
we obtain the result. O

5.2. Monge cubic.
We assume that k; # ko and that the Monge cubic is expressed in a neighbourhood
of (0,0) as follows:

C(z,y) = Agpa® + 3Az12°y + 341 2w y° + Ag3y°. (5.7)
Remember that D denotes the discriminant set of C, that is, the zero set of

Az 02421 Ao O

A As12A15 Ao O
0 Az 2451 A1’

0 Ay 2A12A03

Let (M) denote the singular set of M.

LEMMA 5.5.  The following conditions are equivalent.

e (0,0) X [po : qo] € Z(M).
e C,=C,=Cp,=Cy;=0 at (0,0) x [po : qo], that is, « = =0,
Az 005 + 24210040 + A1,245 = A21p5 + 24A12p000 + Aozgs =0 (5.9)
at (0,0).
PROOF. A consequence of the implicit function theorem. O

The second condition in the lemma holds for some [pg : qo] if and only if

O0uA3030,A2130,A12 0,A03 0O
OvAs,030,A21 30,412 0,Ap3 0
0 OuAs0 30, A2 1 30, A1 2 0uA03
0  0OyAszo 30,A21 30,412 0yA03
A3’0 2A2’1 ALQ 0 0
Ag’l 2A1’2 Ao,g 0 0
0 A370 2A271 ALQ 0
0 A271 2A172 A073 0
0 0 A3,0 2A271 A172
0 0 A1 2412 Aogs

<5 at(0,0), (5.10)

rank

because of the result of [10]. Let I denote the ideal generated by maximal minors of
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Yo Y1 y2 ys O
20 21 Z2 23 0
0 yo y1 ¥2 ¥3
0 29 21 29 23
To2x1 2 0 O
X1 2332 T3 0 0
0 o 231‘1 To 0
0 T 2372 T3 0
0 0 i) 2:L‘1 To
0 0 x1 22923

in the ring R = Rz;,y;, 254 = 0,1,2,3]. By computation using Singular, we see the
height of I is 3. This means that, for a generic choice of the coefficients in the Monge
normal form, we do not have (5.10).

We assume that the rank of the matrix in (5.10) is 5. To investigate the equation
C(du,dv) = 0, we consider the foliation defined by the restriction of the 1-form w =
gdu — pdv to M. The singularity of w|y is defined by pC, + ¢C, = 0, C, = C, = 0.
Thus the induced flow on M is singular at (0,0) X [po : qo] if and only if (5.9) holds, and

apo+ Bgo =0 at (0,0). (5.11)

Remember that D is the discriminant set of the cubic C' which is zero of A defined by
(5.8). We assume (0,0) € D. Then there is a non-zero (pg, qo) with (5.9), i.e.,

Po(PoAso + qAz2,1) = —podo(poAz,1 + qoAr2) = 5 (PoA12 + qoAo,3) (5.12)
at (0,0).
Let X(D) denote the singular set of D and let 3 denote the set defined by
Az A21 Ay 2>
rank ’ ’ < 2. 5.13
(A2,1 Ai2 Ao (5.13)

Remark that (5.13) holds if and only if (5.12) is zero for some non-zero (po, qo)-

LEMMA 5.6. e If(0,0) € D\ X(D), we have (o, B) # (0,0), and B0, — ad, is
tangent to D at (0,0).
e X(D) =%, Un(X(M)).
e Suppose that (0,0) € (D) \ n(X(M)). Then, the singularity type of (D) at (0,0)
s cusp if and only if

OuAs0 OyA21 OyA1 2 04403
OvAsz o OpyAz1 OyA12 OvAos
@ —2pogo P 0
0 @ —2poq0 P

+ 2082 A#0  at (0,0) (5.14)

where A = —0,A300,A0,3 + 0y A2 10y A12 — 0y A2 10, A1,2 + 04 A0 30,43 .

PROOF.  Since the linear terms of (5.8) is
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_M(au + Bv) (5.15)

we have the first assertion. (0,0) € (D) if and only if (5.13) or (a, 8) = (0,0) hold.
When (o, 8) = (0,0) holds, then we have (0,0) X [po : go] € X(M) by (5.9). This shows
the second result. We assume that (5.13) holds. Then the constant term of C is a
constant multiple of (godu — podv)®. We observe that the quadric part of (5.8) is

—(au + fv)?

and the kernel direction for the Hesse matrix is generated by 80, — ad,. If we evaluate
the cubic part of (5.8) over this vector, we obtain a constant multiple of the left hand
side of the cube of (5.14), which shows the last result. O

5.3. Conjugate Monge cubic.
Assume that k; # ks. Let C(p,q) denote the conjugate Monge cubic defined by

O(pa Q) = C(’£2Q7 _H/lp)7 i'e'a
C(p,q) = A3 0k2°¢® — 3A21k1K2°p ¢ + 3A1 2k17Kap®q — Ao 2k1°D .

We call C(du,dv) = 0 the cylindrical cubic differential equation. Let D denote the
discriminant of C, that is, the zero of

3 2 2
—A0’3I<;1 2A172H1 ) —A2’1/€1I<62 0
2 2 3

A _ A172I€1 K9 —2A2’1I€1K)2 Ag’olig 0 _ ( )GA
B 0 —A 324 2k —A 2| = Rz

0,3K1 1,2R17 K2 2,1K1K2

2 2 3

0 ALQK?l K9 —2A2,1I€11€2 A370KJ2

Then D = P, UP,U D where P; denote parabolic lines defined by x; = 0. We expect the
behavior of the flow could be very degenerate along P, and P, since the discriminant A
is divisible by (k1k2)°.

We assume that the rank of the matrix in (5.10) is 5. To investigate the equation
C(du,dv) = 0, we consider the foliation defined by the restriction of the 1-form @ =
pr1du + gradv to M. The image of a flow of @|y; by the projection 7 is a flow of
C(du,dv) = 0.

PROOF OF THEOREM 5.1.  We show the assertion at a point in M N{p # 0}. The
case at a point in MN{q # 0} is similar and we omit the details. The equation C'(1,1) =0
is an affine equation for M N {p # 0} where n = ¢/p, and this defines

e a function u of (v,n) by the implicit function theorem when C,(1,7n) # 0, and we
have

Cy(1,n) _ Cq(lan)

Uy = — Uy = — ==

Cu(1,m) Cu(l,m)

e a function v of (u,n) by the implicit function theorem when C,(1,7n) # 0, and we
have
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Cu(lan) _ _Cq(lvn)

C.Lm T TG
Since Cy (&, 1)du + Cy (&, 1)dv + Cp(€,1)d€ = 0, we have

Vy = —

= K1du + nKodv

S| €

ﬁ[(cu(l,n)nﬁ& - C’U(1777)K/1)d11 — Cq(l,n)ﬁjld’r]] Cu(17,'7) ;é 0

_ . N (5.16)
iy (Co(lmrn = Cu(l, mnrz)du — Cg(L,mnkzdn] - Cu(1,m) # 0.
w(1,7)
So if (po,qo) is a multiple root of C(p,q) = 0 at (u,v) = (0,0) (i.e., Cp(po,q) =
Cy(po,q0) = 0 at (u,v) = (0,0)), @|p is singular at (0,0) x (po,qo) if and only if
aqoks — Bpok1 = 0. So we obtain the condition 2. If (pg,qo) is not a multiple root
of C(p,q) =0, we have Cy(po,qo) # 0. Now it is easy to conclude the condition 1. O

Let us consider the case that (0,0) is parabolic (say k1 = 0). Then the tangent of
the flow tend to the direction generated by 0,. Remark that J, is not tangent to the
parabolic line P; whenever agzy # 0. If one writes the flow by ¢ — (t,ct?+- ), we obtain
that

azo(k3c® — 3k3as ¢ + 3kaaizasoc — agsza3y) = 0.
Observe that this has a multiple root when (0,0) € D.

PROPOSITION 5.7.  Consider the case ki = 0 and ko # 0. Assume that (0,0) is
ridge with respect to vy (i.e., azo = 0). We assume that (0,0) is not on the discriminant
(i.e., Ao = —a91%(3a12? — 4agzaz;) # 0). For a single root (po,qo) of c3(p,q) = 0, we
have the following.

o If3a21?% < koago, then @|nr has a saddle at (0,0) x [po : qo].

o If 3a21%2 > koago, and 2(koaso/2 — 3a3,)? < (kgaso)?, then @[y has a node at
(0,0) % [po : qo]-

o If 2(kgas/2 — 3a3;)? > (kaauo)?, then |y has a focus at (0,0) X [po : qo]-

PRrROOF.  Suppose that p # 0, Cy(po,qo) # 0. Then u,(0,0) = —f/«, u,(0,0) =
—Cy(1,n)/a. We then observe

a
Cu(1,m)nrz — Cu(1,n)k1 = ki;(?)azlalz — kaag)v + (k2aso — 3a3,)n + o(1)
—C,(1,m)k1 = —3a3,v + o(1).
The assertions are now concluded using the lemma below, remarking the following:

kaaao
2 b

k2 2 k 2 k 2
6 — 7'2 = 3&%1(30,51 — k2a40) — 2240 = ( 2;40 — 3@212> — % O

§ = 3a3,(3a3, — kaago), T =
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LEMMA 5.8.  Consider 1-form w = a(x,y)dx + b(z,y)dy on the xy plane. Assume
that a(0,0) = b(0,0) = 0. Set 6 = (azby — bay)(0,0) and 7 = ((ay — b;)/2)(0,0). Then
the singularity type of w at (0,0) is saddle (resp. node, focus) if § < 0 (resp. 0 < & < 72,
T2 < 9).

PROOF. It is enough to consider the singularity type of —b(z,y)0; +a(x,y)0,. We
just compute the eigenvalue of the matrix

and we have the result. O

We show below phase portraits of flows in the uv plane.

Ag >0

Ay <0

Wi
R
T 1

|

<o

\
k1:07a307§0 k1:07a30:0 k1:0,a30=0 k1:0,a30:0
0< 3&212 < koayg 0< 3&212 > koayg (k2a40/2 — 3&%1)2
(k2(140/2 — 304%1)2 > (k2a40)2/2

< (k2a40)2/2

REMARK 5.9. We need to look the intersection of the parabolic line with the
discriminant, since this can be considered as a degenerate point of cylindrical directions
on the surface. We assume that (0,0) € P, N D, that is, k; = 0 and

1 1
asp = CI(%Qh a1 = _gqo(pIQO + 2270(]1), a12 = gpo(poql + 21716]0)7 ap3 = —P%PL

Whenever C,,(1,m9) # 0, u is a function of (v,n) by C(1,1) = Asg + 34211 + 3A129% +
Agsn® = 0. By (5.16), we have

Cu(1,m)= = [Cu(1,m)nK2 — Cy(1,m)k1]dv — Cy(1,n)K1dn

= Cyu(1,n)nkadv + o(1).

w
p
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A solution curve tending (0,0) is expressed as

2
P1g9o” o
t— (t, — t ),
oy

or, setting € = sign ¢4, (Po, q0)/(Poq1 — P14o),

Cau (Po, fJo)
Poqr — P190

Podod1 44 2q1
ts | —et?, — s
( € %y 1 Bky

m...).

A phase portrait is given as follows.

y§

REMARK 5.10. Using Lemma 5.8, it should be possible to determine singularity
types of @|ps at points (0,0) X [po : go] where [pg : go] are multiple roots of C(p,q) = 0.
Consider the equation Cy(1,70) =0, 1o = qo/po. We have

Cu(L,m)nk2 — Cy(1,m)K1)

Cv Cy
< — Cuu(1,1) + Cup(1, 77)) nkz + Cu(1,m)n < 2,u+"12,v)

u

- ( C Cuv(1,m) + Cuu(1, )) k1 —Cy(1,m) (—C” Kl,u +’<1,v>

Q

a
= ( *C wu T Cuv) (17770)770k2 - Cu(17770)770 (_ 1;6 +a03>

o

— (- ZJB + va> (L,mo)k1 — B <—§G30 +a21) + 0(0),
On(Cu(1,mnk — Cy(1,n)K1)
Cy Cy
= Cu(1,m)k2 + —5Cu,u(1,n) + Cug(1,m) ) N2 — Cu(lm)ncfﬁz,u
C C
- (Czom(l,n) + czqu,n)) o1 = Colln) S

= aky + Cuq(la 770)7]0k2 + anoaps — qu(L nO)kl + 0(0)7

Cy
av(_cq(lan)’il) = - [_Ccuq(laW) + qu(laWO)} K1+ Cq(lano)av’fl

= — (iCuq + qu) (13770)k1 + 0(0)’
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C
an(_cq(lvn)’%l) = - <_C4qcuq + qu) (17770)"{1 + Cq(17ﬁ0)8n51

= —Clyq(1,m0)k1 + 0(0).

So we obtain that

)= — |:<—§Ouu + Ouv> (1a770)770k2 — Cu(l, 770)770 (6225 i (103)
C’U/'U/B ﬁ
“\T T a + Coo | (1,m0)k1 — B — 30 + a1 || Cyq(1,m0)k1 + Cog(1,m0)k1
: B
" _acuq + Cug ) (1, mo)k1aky + Cuq(1, mo)noks + anoaos T Cugs

7= (@t Cug(1 )z + ooy — 5 Cug(L )b

Now we can apply Lemma 5.8 to have a criterion for singularity types of @|ys. But writing
down the explicit conditions would be very complicated unfortunately. It could be better
to discuss the normal form of jet and we discuss this method in the next subsection,
which works in the generic context of cubic binary differential equations.

5.4. Reduction of jets of cubic differential equations.
Now we discuss the reduction of jets of the cubic binary differential equation
C(du,dv) = 0 where

C(p,q) = P(u,v)p* + 3Q(u, v)pq + 3R(u, v)pg” + S(u,v)q*
where P = Zi)j(pij/i!j!)ui’l]j7 Q = X, (i /iYuv?, R = 3, (ry/ili)u'v?, S =
> (833 /ilg)utv? . Set
P2QQ R 0
A Q2R S 0

0 P2QR|
0Q2RS

Ao = A(0,0),

ProposITION 5.11.

1. If Ag > 0 (resp. Ag < 0), then the equation a(du,dv) = 0 reduces to dx(dxz® +
3dy?) + 0(0) = 0 (resp. da(dx?® — 3dy?) + o(0) = 0).

2. When Ag = 0, then the constant term of C(du, dv) is (qodu — podv)2(qrdu — prdv).
Now we set

oo = apg + Bqo, o1 = ap1 + Bq, 02 = poq1 — P19o0,

where a = CA'u(pm QO)|(u,v):(0,0) and 8 = av(}?o, q0)|(u,v):(0,0)'
(a) When og #0, 01 #0, and oo # 0, the equation reduces to

[dx? + (z + y)dy?|dy + o(1) = 0. (5.17)
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(b) When o¢ #0, 01 =0, and o9 # 0, the equation reduces to
[d2? 4 (ax? + y)dy?|dy + o(2) = 0. (5.18)

When a # 0, the discriminant has the first order tangent to the foliation
corresponding to the single root of the cylindrical equation. The sign of a
coincides with the sign of (5.22) in the proof.

(¢c) When og =0, o1 #0, and o9 # 0, the equation reduces to
[dx? + (z + by?)dy*]dy + o(2) = 0. (5.19)

The equation (5.19) defines folded saddle (resp. folded node, folded focus) if
b <0 (resp. 0 <b<1/16, b > 1/16). Remark that b is given by (5.23).

3. If Ag = g2 = 0, then the equation reduces to
da® + 3(kx + ly)dz dy* + (az + by)dy® + o(1) = 0 (5.20)

and the singularity type of the discriminant is cusp if al — bk # 0, or equivalently

)

up (D0, Q0)
uq(pOa qO)

)

Clop (P, 00)
~ £0. (5.21)
Cuq(Po; 90)

As we will see in the proof, explicit formulas for @ in (5.18) and for b in (5.19) are
very complicate when we express them in terms of the coefficients of the Monge normal
form (2.1).

PROOF. By a suitable linear change of coordinates, the 0-jet of C reduces to
dz(dx® + 3dy?) (resp. dz(dz? — 3dy?)) when Ag > 0 (resp. Ag < 0). If this determinant
is 0, we can assume that the 0-jet of the equation is (godu — podv)?(q1du — pidv) and we
reduce the 0-jet to 3093t%t1d2z%dy by a coordinates change given by

u = tip1x + topoy + o(1), v = tiqrx + toqoy + o(1),

whenever oo # 0. Here tg, t; are non-zero constants. Multiplying the equation by
1/(3023t9t1), we reduce the constant term of the coefficient of dz?dy is 1. In this case,
by a suitable choice of quadratic parts of the coordinate change, we are able to reduce
the equation to

[d2? + (a12 + agy)dy?|dy + o(1) = 0

where a; = to%01/(3t103), as = to300/(3t1203). When g # 0, o1 # 0, we reduce this
equation to (5.17) setting (tg,t1) = (30005 /03)(1,0002%). Remark also that, if a; # 0,
then we reduce the coefficient of x dy® to 1 setting t1 = to?c1/(303).

When o¢ # 0, 01 = 0 (i.e., a3 = 0, ag # 0), we need to look the coefficients of z2dy?>
which is expressed as follows:
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2 [ 3(Cuulpo, 0)P? + 2Cuu(po, 0)P1a1 + Cou(Po, 0)a?) Q@
40% 12053

to (5.22)

where Q = >, Qigpo* a0’ pr* T an’, Qoo = 25pio,
Qo1 = 37po1p10 + 63progio, Qo2 = 12pg; + 30p10go1 + 57porqio + 9g50 + 42p10710,
Qo3 = 24po1go1 + 18go1q10 + 9Ip10701 + 36po1710 + 13p10si0,
Qoa = 9951 + 3po17o1 + 2p10s01 + 11po1si0, Q1o = 13po1pio + 87p1ogio,
Q11 = 13pa1 + 114p10go1 + 60po1gio + 171q3e + 42p10710,
Q12 = 87po1qo1 + 225qo1q10 + T5p10T01 + 48po1710 + 162¢10710 + 3P10S10,
Qi3 = 54!]81 + 81po17o1 + 63q10701 + 144g01710 + 14p10S01 + Spo1S10 + 39q10510,
Q14 = 45q01701 + 16p01So1 + 6¢10501 + 33qo1 510,
Q20 = 6p10go1 + 33po1qio + 45q?o + 66p10710,
Q21 = 39po1go1 + 207qo1q10 + 6010701 + 33po1710 + 243q10710 + 18p10510,
Q22 = 162(1(2)1 + 27po1701 + 324q10701 + 162q01710 + 1627"%0 + 18p10so1 + 18po1sio + 27q10510,
Q23 = 243qo1701 + 207701710 + 18po1501 + 60q10501 + 33901510 + 39710510,
Q24 = 4513, + 6601501 + 610501 + 33701510,
Q30 = 6p10ro1 + 33po1Ti0 + 45¢10710 + 16p10S10,
Q31 = 39po1701 + 63qi0T01 + 14401710 + 54770 + 14p10so1 + 5po1sio + 81qiosio,
Q32 = 162qo1701 + 225701710 + 3po1So1 + 75¢10S01 + 48qgo1510 + 87710510,
Q33 = 171751 + 42q01501 4+ 114710501 + 60701510 + 13570, Q34 = 87701501 + 13501510,
Qa0 = 9770 + 2p10s01 + 11po1s10 + 3q10810,
Qa1 = 18701710 + 13po1501 + 910501 + 36¢01510 + 24710510, Qaa = 2501,
Qa2 = 99y + 42g01501 + 30r10801 + 57r01510 + 12570, Qa3 = 63701501 + 37501510
By a suitable choice of cubic parts of the coordinate change we are able to reduce the
equation to (5.18). Remark that this coordinate change does not change the coefficient of
x?dy®. We also remark that the possible singularity of w|y over (0,0) is [po, go] = [0 : 1]
only if ag = 0.
We consider the case og = 0 and o7 # 0 (i.e., a1 # 0, ag = 0). We need to look the
coefficients of 32dy> which is expressed as follows:

. _ _
t0°\" | Cuu(Po, 90)P5 + 2Cuv (Po; 90)P0g0 + Cow(Po, 90)a5 R
t 603 409

%

where R = Z” Rij po® g0’ pi2 i,
Roo = 4pto, Ro1 = 3p10(7Tpo1 + q10), Roz = 17p31 + 28p10gor + 43po1gro — 247y — 4pioro,
Ro3 = 68po1qo1 + 30go1q10 + 7p1o7o1 + 37po1r10 — 63¢10710 + P10S10,

Ros = 3(18¢3, + 16poi7o1 — 9q10701 + 601710 — 12120 + 5porsio — 4gios10),
Ros = 54qo1r0o1 — 33r01710 4+ 14p01s01 — 14qi0s01 + 16¢o1810 — 13710810,

Ros = 3131 + 14401501 — 14710801 + 01510,
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Rio = —p1o(13po1 — 21q10), Ri1 = —13pg1 + 10p1ogor —20 Po1gio + 57¢30 + 14p1or1o,
Ri2 = —31po1go1 + 75go1q10 + 31p1o7or — 29po1710 + 81q10710 — 7P10510,

Rz = 2(9Q(2)1 — 6po17o1 + 63qi0T01 + 18qo1710 4+ 9770 + 4p10So1 — 11poisio — 6¢10510),

R4 = 81qo17m01 + 757101710 — Tpo1So1 + 31q10S01 — 29901510 — 31710510,

Ris = 57rgy + 14goiso1 + 10710801 — 20r01510 — 13519,  Ri6 = s01(21701 — 13s10),

R0 = —14p10go1 + po1qio + 3¢i0 + 14p10710,

R21 = —13po1qo1 — 33qo1q10 — 14p1oro1 + 16po1710 + 54q10710 + 14p10Si0,

Rao = —3(1211(2)1 + 4po1701 + 9q10m01 — 601710 — 18779 — Bpor1S10 — 16¢10510),

Ro3 = —63qo1701 + 30T01710 + Po1S01 + 710501 + 37qo1510 + 68710810,

Ras = 28r10801 + 43701510 4+ 17550 — 2418, — 4q01501, Ros = 3s01(r01 + 7510), R2s = 4s5;.

We assume that a; = 1, since we can choose (tg,t1) with t9?/t; = 303 /01. Then the
coefficient of y?dy® becomes

~

9 | 02*(Cuu(po, 90)P3 + 2Cuv(Po, 40)P0d0 + Cow (p0, 90)43) R (5.23)
— : :
g1 6 4

By a suitable choice of cubic parts of the coordinate change, we are able to reduce the
equation to (5.19). Remark that this coordinate change does not change the coefficient
of y2dy®. Now we can apply Lemma 5.8 to have a criterion for singularity types of the
restriction of 1-form pdu — gdv to the subset C(p, q) = 0 in (R2,0) x PL.

Remark that the linear term of A is (4/27)023(a1x + azy) and (0,0) € XD if and
only if 0o =0 or a; = as = 0.

In the case o9 = 0, the constant part of a(du, dv) is a constant multiple of (vodu —
updv)? and we are able to reduce the 0-jet of the equation to dx®. By a suitable choice
of quadratic parts of the coordinate change, we are able to reduce the equation to (5.19).
We remark that

k=—po 2t 'Coq(po,q0), 1 =—p0 >t 2[Cuq(posq0)po + Cuq(Po, 90)q0),

a=—po t72Cy(po, o), b=—po *t"*[Cu(po, 90)po + Cu(Po, 90) 0]
(OI' k= qoigtilauq(pOa qO)a = (JOigtiQ[auq(pOa QO)pO + qu(]?o, qO)qOL
a= QOf?’fQCA'u(po, ), b= QOfgfs[au(Pm qo)po + av(Pm 90)q0])

by a suitable change of coordinate
u=poy + o(1), v="tx+ qoy +o(1) (or u =tx + poy + o(1), v = qoy + o(1))

and the 3-jet of the discriminant is (ax + by)? + (kx + ly)3. So the singularity type of
the discriminant is cusp if al — bk # 0, which is equivalent to (5.21). O

The phase portraits of singularities of the flows are shown by the pictures below.
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2. (b) 2. (b) 2. (C) 2. (C) 2. (C)
a<0 a>0 b<0 0<b<1/16 1/16 < b
\/
RN
3. 3.

We can apply Proposition 5.11 to determine the singularity type of the equation

C(du,dv) =0,

whenever k1ko #£ 0.

(1]
(2]

(3]

(4]

(7]

(8]

References

T. Banchoff, T. Gaffney and C. McCrory, Cusps of Gauss mappings, Res. Notes Math., 55,
Pitman, 1982.

J. W. Bruce and P. J. Giblin, Curves and Singularities, Cambridge University Press, 1984, Second
Edition, 1992.

J. W. Bruce, P. J. Giblin and F. Tari, Families of surfaces: height functions, Gauss maps and
duals, In: Real and Complex Singularities, (ed. W. L. Marar), Pitman Res. Notes Math. Ser.,
333, Longman, Harlow, 1995.

J. W. Bruce and F. Tari, Dupin indicatrices and families of curve congruences, Trans. Amer.
Math. Soc., 357 (2005), 267-285.

G. Darboux, Legons sur la théorie générale des surfaces, IV, Gauthier-Villars, Paris, 1896.

S. Izumiya, Differential geometry from the viewpoint of Lagrangian or Legendrian singularity
theory, In: Singularity theory, Proceedings of the Singularity School and Conference, Marceille,
2005 (eds. D. Chéniot, N. Dutertre, C. Murolo, D. Trotman and A. Pichon), World Scientific Pub.
Co. Inc., 2007.

S. Izumiya, M. C. Romero Fuster, M. A. Ruas and F. Tari, Differential geometry from singularity
theory viewpoint, World Scientific Pub. Co. Inc., 2015.

D. K. H. Mochida, M. C. Romero Fuster and M. A. Ruas, The geometry of surfaces in 4-space
from a contact viewpoint, Geometriae Dedicata, 54 (1995), 323-332.


http://dx.doi.org/10.1090/S0002-9947-04-03497-X
http://dx.doi.org/10.1090/S0002-9947-04-03497-X
http://dx.doi.org/10.1007/BF01265348

Contact of a reqular surface in FEuclidean 3-space 847

R. A. Garcia, D. K. H. Mochida, M. C. Romero Fuster and M. A. Ruas, Inflection points and
topology of surfaces in 4-space, Trans. Amer. Math. Soc., 352 (2000), 3029-3043.

K. Kakié, The resultant of several homogeneous polynomials in two indeterminates, Proc. Amer.
Math. Soc., 54 (1976), 1-7.

J. J. Koenderink, What does the occluding contour tell us about solid shape?, Perception, 13
(1984), 321-330.

J. J. Koenderink, Solid shape, MIT Press Series in Artificial Intelligence, MIT Press, Cambridge,
MA, 1990.

J. Mather, Stability of mappings, III, Finitely determined map-germs, Publ. Math. I.H.E.S., 35
(1969), 127-156.

J. Montaldi, On contact between submanifolds, Michigan Math. J., 33 (1986), 195-199.

I. R. Porteous, The normal singularities of a submanifold, J. Differential Geometry, 5 (1971),
543-564.

I. R. Porteous, The normal singularities of surfaces in R3, Singularities, Part 2 (Arcata, Calif.,
1981), 379-393, Proc. Sympos. Pure Math., 40, Amer. Math. Soc., Providence, RI, 1983.

T. Takahashi, Homogeneous hypersurfaces in space of constant curvature, J. Math. Soc. Japan,
22 (1970), 395-410.

R. Thom, Stabilité structurelle et morphogenése, Benjamin Paris, 1972.

Toshizumi Fuku1 Masaru HASEGAWA

Department of Mathematics Department of Information Science
Faculty of Science Center for Liberal Arts and Sciences
Saitama University Iwate Medical University

Saitama 338-8570, Japan 2-1-1 Nishitokuda, Yahaba-cho, Shiwa-gun
E-mail: tfukui@rimath.saitama-u.ac.jp Iwate 028-3694, Japan

E-mail: mhase@iwate-med.ac.jp

Kouichi NAKAGAWA

Graduate School of Science and Engineering
Saitama University

Saitama 338-8570, Japan

E-mail: k-nakagawa@h6.dion.ne.jp


http://dx.doi.org/10.1090/S0002-9947-00-02404-1
http://dx.doi.org/10.2307/2040735
http://dx.doi.org/10.2307/2040735
http://dx.doi.org/10.1068/p130321
http://dx.doi.org/10.1068/p130321
http://dx.doi.org/10.1007/BF02698926
http://dx.doi.org/10.1007/BF02698926
http://dx.doi.org/10.1307/mmj/1029003348
http://dx.doi.org/10.4310/jdg/1214430015
http://dx.doi.org/10.4310/jdg/1214430015
http://dx.doi.org/10.2969/jmsj/02230395
http://dx.doi.org/10.2969/jmsj/02230395



