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Abstract. Constant mean curvature (CMC) surfaces in spheres are in-
vestigated under the extra condition of biharmonicity. From the work of
Miyata, especially in the flat case, we give a complete description of such im-
mersions and show that for any h € (0,1) there exist CMC proper-biharmonic

planes and cylinders in S® with |H| = h, while a necessary and sufficient
condition on h is found for the existence of CMC proper-biharmonic tori in
S5.

1. Introduction.

While the link between minimal submanifolds and harmonic Riemannian immersions
is by now a classical fact, the generalisation of harmonicity by biharmonic maps as critical
points of the bienergy

Bxo) =5 [ IR v,

for ¢ : (M,g) — (N, g), has many contact points with CMC submanifolds but their
relationship is a more complex one.
The Euler-Lagrange equation for biharmonic maps

2(¢) = —A7(¢) — trace R" (do, 7(¢))dd = 0,

certainly simplifies when considering Riemannian immersions, but not to the point of
revealing any specific geometric content, and therefore it remains worthwhile to combine
this variational problem with more classical conditions. By proper-biharmonic, we shall
designate maps which are biharmonic without being harmonic.

Submanifolds in spheres which, as submanifolds in the ambient Euclidean space,
admit a decomposition into a sum of one or two eigenfunctions of the Laplacian, according
to their type, were intensively studied.

By a result of Takahashi [17], it is well-known that a submanifold of the Euclidean
sphere S™ is of 1-type if and only if it is minimal in S” or in a small hypersphere of S™.
Further, the mass-symmetric 2-type surfaces, which must be CMC, were investigated for
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example in [8], [9], [11].

The condition of biharmonicity on CMC submanifolds in spheres implies this re-
markable decomposition of the immersion. We will always consider full immersions in
S™, i.e. their images do not lie in any totally geodesic sphere S* ¢ S™. From the work
of Miyata [11], the various parameters involved in this description of mass-symmetric
2-type flat surfaces in S? simplify in the biharmonic case into formulas given in Theorem
6 and the immersions merely depend on an angle p € [0, (1/2) arccos(h — 1)/(1 + h)].

Such formulas enable us to conclude that for any h € (0, 1), there exist CMC proper-
biharmonic planes and cylinders, of constant mean curvature A, in the unit Euclidean
5-dimensional sphere S°.

Moreover, double periodicity and therefore the existence of CMC proper-biharmonic
tori in S°, is dependent on h being in the range of a certain rational function on Q2.

CMC proper-biharmonic surfaces have also been studied in [7], [13], [15].

For Riemannian immersions in spheres, the condition of biharmonicity combined
with CMC forces the mean curvature to be less than one, with the extreme values zero
and one being characteristic of minimality, a trivial case for our study, and, for the
latter, a well-known construction of biharmonic maps from minimal immersions in a
45-th parallel hypersphere.

PROPOSITION 1 ([12]). Let ¢ : M™ — S™ be a CMC proper-biharmonic immer-
sion. Then |H| € (0,1] and |H| = 1 if and only if ¢ induces a minimal immersion of
M™ into a small hypersphere S*~1(1/4/2) C S™.

The next proposition illustrates how too strong a condition on the mean curvature
brings us back to a familiar case.

PROPOSITION 2 ([2]). Let ¢ : M? — S™ be a parallel mean curvature proper-
biharmonic surface. Then ¢ induces a minimal immersion of M2 into a small hypersphere

S"1(1/v2) c s,

The usual decomposition of smooth functions over eigenfunctions of the Laplacian,
admits a counterpart for Riemannian immersions, particularly relevant on compact man-
ifolds.

DEFINITION 1 ([5], [6]). A Riemannian immersion ¢ : (M™, g) — R™"! is called
of finite type if it can be expressed as a finite sum of R"*!-valued eigenmaps of the
Laplacian A of (M, g), i.e.

¢:¢O+wt1+"‘+¢tk’ (1)

where 19 € R"*! is a constant vector and v, : M — R""! are non-constant maps
satisfying Ay, = Ay, for ¢ = 1,... k. If, in particular, all eigenvalues \;, are mu-
tually distinct, the submanifold is said to be of k-type and (1) is called the spectral
decomposition of .

If M is compact, the Riemannian immersion 1 : (M™, g) — R"*! admits a unique
spectral decomposition
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+oo
Y=t + Y Pi, A= Aahi, Ai>0,

=1

where 1)y is called the centre of mass. Then, it is of k-type if and only if k terms of
{%}Lof do not vanish. The centre of mass is the harmonic component of the spectral
decomposition.

If M is not compact, the spectral decomposition

+oo
b=+ > i, AY = N,

i=1

is not guaranteed and the harmonic component is not necessarily constant. However, we
may agree that, if we have a decomposition (1) and there exists ¢;, such that A, =0,
then we redenote 1o + ¢, = v, . With this convention in mind, two decompositions
(1) must agree.

The starting point of this work is the correspondence between proper-biharmonic
immersions in spheres and maps of finite type, one or two according to the value of the
mean curvature, which by Proposition 1 must be less than one.

THEOREM 1 ([1], [2]). Let ¢: (M™,g) — S™ be a proper-biharmonic immersion.
Denote by ¢ =io¢: M — R the immersion of M in R™*1, where i : S — Rt s
the canonical inclusion map. Then

i) The map ¢ is of 1-type if and only if |H| = 1. In this case, ¥ = o + ¢y, with
Ay, = 2maby,, Yo is a constant vector. Moreover, (Yg,1:,) = 0 at any point,
[vo| = |, | = 1/V/2 and ¢y, : M — S*~1(1/y/2) is a minimal immersion.

il) The map ) is of 2-type if and only if |H| is constant, |H| € (0,1). In this case
U =Yy + Yy, with Ay, = m(L — [H ()Y, Athy, = m(1 + |H|)¥y, and

1 1 1 1

— gt H, = ) — ——H.
d)h 21/14' 2‘H| ) djtz 21[1 2|H|

MO?”(?O’UE?", <wt17wt2> = 07 |wt1‘ = |f¢)t2| = 1/\/5 and
o, 2 (M, g) S”( L > 1=1,2
P - ) - = = L4
ti g /2
are harmonic maps with constant density energy.

Harmonic maps are characterised as solutions to (a system of) second-order elliptic
equations of the same symbol as the Laplacian on functions, and a unique continuation
property for harmonic maps is to be expected. This was proved by J. H. Sampson in
1978.

THEOREM 2 ([14]). Let ¢1,¢2 : (M™,g) — (N™,g) be two harmonic maps. If
@1 and ¢o agree on an open subset of M, then they agree everywhere. In particular a
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harmonic map constant on an open subset is a constant map.
The last part of the theorem was generalised to biharmonic maps.

THEOREM 3 ([4]). Let ¢ : (M™,g9) — (N™,g) be a biharmonic map. If ¢ is
harmonic on an open subset then it is a harmonic map on the whole of M.

A deep difference between harmonic and biharmonic maps is that the latter are
solutions to (a system of) fourth-order elliptic equations for which no maximum principle
exists. Therefore, a biharmonic analogue of Sampson’s Theorem is out of reach but,
if combined with CMC, thanks to their type decomposition, we can prove a unique
continuation for Riemannian immersions into spheres.

THEOREM 4. Let ¢1,¢9 : (M™, g) — S™ be two CMC proper-biharmonic immer-
sions. If ¢1 and ¢o agree on an open subset of M, then they agree everywhere.

ProOF. Let U be an open subset of M such that ¢; and ¢5 agree on U. Then
the mean curvature vector fields H; and Hy agree on U and therefore |Hy| = |Hz| on M.
For the case |Hy| = |Hz2| = 1, we denote

Y1 =10+ Y1, Y2 =120+ V2,

where 1; =io¢; : M — R i =1,2. As 1) and 9y agree on U, we deduce that 11 ¢ =
Yoo and Y14 = Yoy, on U. Since Ay, = 2mapy, and Aoy, = 2mapay,, therefore
P14, = Yoy, on M and ¢1 = ¢ on the whole of M. The case |Hy| = |Hz| € (0,1) is
analogous. 0

The next result on CMC proper-biharmonic immersions follows directly from a well-
known property of harmonic maps.

PROPOSITION 3. Let ¢ : (M™,g) — S™ be a CMC proper-biharmonic immersion.
If an open subset of M is mapped into a totally geodesic S™, 0 < n' < n, then o(M) C
s

Minimal immersions into spheres can be summed up to produce new maps into
higher dimensional spheres and they will turn out to describe thoroughly one case of CMC
proper-biharmonic immersions, namely those with positive constant Gaussian curvature
(see Proposition 8).

Let ¢1 : (M™,g) — S™(r1) and ¢o : (M™, g) — S"2(r2) be two minimal immersions,
where 71 and ro are positive constants. Consider the map

QS M — Sn1+n2+1 3 ¢(p) = (a¢1(p)a/6¢2(p))7

where o and 3 are real numbers such that a?r? + 3%r3 = 1.
The map ¢ is a Riemannian immersion if and only if o2 + 3% = 1.
Assume that
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a?r? + B%r3 =1,
>+ 32 =1
It is not difficult to see that ¢ is also pseudo-umbilical, i.e.
2 2
Ap =|HPI = <a2 L2 1)1.
reooT

Straightforward computations yield easy conditions on the parameters so that the
resulting diagonal sum be indeed a Riemannian immersion into a sphere.

PROPOSITION 4. The Riemannian immersion
¢ M™ — SMHEg(p) = (adi(p), Boa(p)),

is proper-biharmonic if and only if

1 1
2 _ 2 _
@ o2 s 2r3’
1 1
T2+72:2’ TI#T2
1 2

In this case |H|?> =1 —1/(r3r3).

PROOF. By a straightforward computation we get:
1 1
or-afafo- oo 1))
2( 2 1 2 1
T2(¢) =m <a (1 - 2> + 0 <1 - 2>)(@¢17ﬂ¢2)
51 T2
2 2
+m2<a(1—12> ¢1,ﬁ(1—12> ¢2>. 0
1 T3

2. CMC proper-biharmonic surfaces in S™.

The case of CMC proper-biharmonic surfaces with mean curvature h € (0,1) in
unit Euclidean spheres S™ is, as expected, better understood than the general case of an
arbitrary dimension, and several rigidity phenomena can be observed.

We first show in Proposition 5 that if such a surface has constant Gaussian curvature,
it must be non-negative and, in case of compactness, less than one and previous work,
based on the stress-energy tensor of biharmonic maps, has led, for spheres and planes,
to even more stringent restrictions, cf. Propositions 6 and 7.

Moreover, results from Miyata [11] can be re-examined under the condition of bi-
harmonicity, to yield very precise descriptions of CMC proper-biharmonic immersions
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from a surface of positive Gaussian curvature (Proposition 8) or flat (Theorem 5), while
negative Gaussian curvature is ruled out by a result of Bryant [3], [11].

Since diagonal sums of Boruvka spheres give all the CMC proper-biharmonic surfaces
of positive Gaussian curvature in spheres, the really interesting case lies in flat surfaces.

When the target has dimension five, they are entirely described by parameters whose
inter-dependence is given in Lemma 1, Theorem 6 and Lemma 2.

An immediate consequence of these results is that for any h € (0,1), there exist
CMC (equal to h) proper-biharmonic immersions of a plane (Corollary 2) and, because
of the continuous range of the parameters, infinitely many will admit a periodicity and
therefore quotient to a cylinder in S° (Corollary 3).

Furthermore, a necessary and sufficient condition on the value of A is found in
Theorem 7, to the existence of a proper-biharmonic torus of CMC h in S°.

The first result is based on a classical inequality on the eigenvalues of the Laplacian
which constrains the geometry of CMC proper-biharmonic immersions.

PROPOSITION 5. Let ¢ : M? — S™ be a CMC proper-biharmonic immersion.
Assume M? has constant Gaussian curvature K™ and |H| € (0,1). Then K™ > 0.
Moreover, if M is compact then KM € [0,1).

PrROOF. Since |H| € (0,1), M is of type 2 and, according to a result of Miyata
[11, Theorem B], K™ > 0. Assume now that M is compact. Since ¥ = i0¢ = by, +y,,
Ay, = 2(1 —|H|)y,, we have Ay < 2(1 —|H|) < 2. But, by a result of Lichnerowicz, as
Ricci® = KMg, Ay > 2KM . Thus KM < 1. O

Using the special properties of the stress-energy tensor of biharmonic maps on CMC
surfaces, we can show parallelism of the shape operator when the Gaussian curvature is
non-negative.

PROPOSITION 6 ([10]). Let ¢ : S*(r) — S™ be a CMC proper-biharmonic immer-
sion. Then S?(r) is pseudo-umbilical in S™.

PROPOSITION 7 ([10]). Let ¢ : R? — S™ be a CMC proper-biharmonic immersion.
Then VAg = 0.

One effect of Miyata’s work on surfaces of positive Gaussian curvature is a description
in terms of diagonal sums of Boruvka spheres.

ProrPOSITION 8. A Riemannian immersion ¢ is a CMC proper-biharmonic map
from a surface with constant positive Gaussian curvature in S™ if and only if n is odd
and it is (the restriction to an open subset of) the diagonal sum ¢ = (ad1, Bd2), where

¢1: S (r) = §*™(r1), g2 S*(r) — §2"2 (1)
are Boruvka minimal immersions, n = 2ny + 2ng + 1, with parameters

a2 = q1 and 52: q2
Q1+ q2 1+ q2




CMC biharmonic surfaces 1003

Q1+ q2 Q1+ q2
ry = and ro =
2q1 V. 2¢2

1
5\/Q1 + q2,

ﬁ
|

with g1 = ni(ny + 1) and g2 = na(na + 1), and ny # ny. Moreover, |H|? = (q1 — q2)?/
(g1 + q2)? and ¢ is pseudo-umbilical.

PROOF. By [11, Theorem A], the only mass-symmetric 2-type immersions of pos-
itive Gaussian curvature in S™ are diagonal sums of two different standard minimal
immersions of two-spheres.

Let ¢1 : S%(r) — S$?"i(ry), r1 = ry/2/(n1(n1 +1)), n1 > 2, and ¢o : S?(r) —

S22 (rq), 19 = r+/2/(n2(n2 + 1)), nz > 2, be two Boruvka minimal immersions and
consider the diagonal map

¢ = (ag1, Bea) : Sz(r) N S2n1+2n2+17

under the conditions

a?+ B2 =1,
| .

a?r? + 3%r3 =1,
so that ¢ is a Riemannian immersion. The proof then follows from Proposition 4. ]

REMARK 1 (case of KM < 0). There can be no CMC proper-biharmonic surface
in a sphere with K™ < 0, by Bryant, cf. [11, Theorem B] and [3].

When the surface is actually flat, Miyata’s formula provides explicit description,
once extended to R?, in terms of four parameters.

THEOREM 5 ([11]). Let D be a small disk about the origin in the Euclidean plane
R? and ¢ : D — S™ be a CMC proper-biharmonic immersion with |H| € (0,1). Then

i) nis odd, n>5.
ii) ¢ extends uniquely to a CMC proper-biharmonic immersion of R? into S™.
iii) ¥ =io¢:R? — R can be written

1 «— _ s
Y(z) = 7 Z NI (e(ﬁﬂ)(ukz—uw)Zk + e(x/E/Q)(—uwﬂLw)Zk)
k=1

1 & . o
+ R (e(V22/2)(njz=m2) 17 4 o(VA2/2)(=n; 2+ 2) 7 , *
NG e ) o)

where
(a) Z}C:(EQkfl_iEzk)/2,k:].,...7m, 12:—1,
(b) W; = (E2(m+j)—1 - iEQ(m—i—j))/Qv i=1...,m,
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c) {E1,..., Esmyom} is an orthonormal basis of R n = 2m +2m/ — 1,
d) My =2(1—|H|), \a =2(1+ |H|), |H| constant, |H| € (0,1),

ZkRk =1, Z]R; =1, R, >0, R; >0,

(1= |H) Sy it Ba+ (L+ [H|) S, 2R, = 0,

) {Eu}P, are 2m distinct complex numbers of norm 1,

) {:I:r]j}g-”zll are 2m’ distinct complex numbers of norm 1.

REMARK 2 (symmetries of solutions). Let h = |H| and (h, R, R}, ux,7;) be a
solution of (e), (f), (g) and (h) then

e (h, Ry, R}, £, +n;) is also a solution of Conditions (e), (f), (g) and (h) (2mAm’
solutions).

e (h, Ry, R}, i, 7;) is also a solution of Conditions (e), (f), (g) and (h) (1 solution).
Everything is up to an isometry of S™ and of R2.

o (h, Ry, R}, auk,an;),a € C,|al =1 is also a solution of Conditions (e), (f), (g)

and (h).

While a restricted case, pseudo-umbilical maps on R? are, as for positive Gaussian
curvature, completely described by diagonal sums of minimal immersions.

PROPOSITION 9. Let ¢ : R2 — S™ be a CMC proper-biharmonic immersion with
mean curvature h € (0,1). Then it is pseudo-umbilical if and only if ¥ = i0 ¢ is a
diagonal map and ¢ = by, + ¥y, = (Vi,,Vs,), where ¢y, : RZ2 — S2"1(1//2), ¢y, :
R2 — §2™'~1(1/y/2) are harmonic maps, 2(m~+m') = n+1, and &i () = ((1=h)/2)(,),
o7, () = ((L+h)/2)(,).

Proor. By direct computation, we obtain:

9%
(Vi) (o, 02) = T2 1
1 - o (A
_ A1/2 22—z 1 — \2
-5 }k: , /Rk<e< 2) (i )<4(Mk )+ 1>Zk

NS _
+ e(m/Q)(—ukZ-&-ukZ) (41(_1% + ﬂk)g + 1) Zk)

1 SR (VR A2 o ‘
+ V2 - R <e o 4 (nj — ;)" +1)W;
N\ —
+ e(WVA2/2)(=n;z+0;2) (Z(nj + ﬁj)2 + 1) Wj),
and

0%
(Vdo)(0y,dy) = B +¢
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1 Y
:ﬁz ﬁRk(ewmz)( . um( 2+ ? ‘|‘1>Zk

k

4

Ao
\[Z /R/<e(\/7/2 njz—i; )( 1 (T’J+nj) +1)Wj

)\ —_
+€(\/E/2)( "71Z+’772)( 1 (77] +77]) 1>Wj>.

=) _
AT/ (i) < (e + i) + 1) Zk)

So
off — % SO VR (VD) (9 \ ) 7 4 (VNTD st (3 — ) Z,)
n % 3 \/pT; (WA (2 _ AW, + VR 02) (3 \)TT)
J
= (2= A)Y1 + (2= A2)
= 2|H ¢y — 2|H|t)s.

To find when ¢ : R? — S” is pseudo-umbilical we need only consider the direction of the
mean curvature.

((Vde)(0x,0x), H)

H A H s [ A2 N2
:|2;Rk(41( +1> ‘ |ZR <4 '_nj) +1>
= % <>\1 %:Rk(/«tk — [ir)* = Ao %:R}(ﬂj - 77;‘)2>,

and

((Vdg)(0y,0y), H)

H A H
—2|2Rk<—41(uk fik) +1) | |ZR’< 22 (n; + 1) +1)
k:

_ |H]|
3 AlZRkuk+uk +>\QZR (nj +1;)* )

The requirement for pseudo-umbilic is:

Alszuk—Mk —AzzR Z—)qZRkMk-i-/ik +)\22R (nj + ;)%

J
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or equivalently

At Z Ry (i + %) — X Z RY(n} +173) (3)
k

The last term 1is

9%

(Vde)(0x, y)

_ 1A1 Z\ﬁ (VA wz=iw2) (12 _ 2) 7 4 VAR R (12 [2) 7,)

1A2 Z [R (V2002019 (42— 2) W7, 4 R/ 07) (2 g2)TT)
SO

(V)0 00).1) = (s S (o = i) <2 SR 2 )

and, if ¢ is pseudo-umbilic, then
D Rl ) 2 SR ) = (4)
k
From Equations (3) and (4), we obtain
MY Ripi — A2y it =
k J
but
MY Ripi +Aa )y Ryt =
k J

SO

AlZRkuk—)\QZ —0

J

Furthermore, it is not difficult to check that the conditions A1 Y, Rip? = Ao > j R;njz» =
0 are equivalent with ¢, : R? — S?™~1(1/y/2), ¢y, : R? — §2™'~1(1/4/2) are harmonic
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maps and @7, (,) = ((1 = 1)/2)(,), ¢, (;) = (1 +h)/2)(,). U

In low dimension, the condition of pseudo-umbilical forbids some combinations of
the parameters.

COROLLARY 1. Let ¢ : R? — S7 be a CMC proper-biharmonic immersion. Then
¢ is pseudo-umbilical if and only if m = m’ = 2, Ry = Ry = 1/2, pu3 = —u? and
Ry =Ry =1/2, n3 = —ni.

2.1. CMC proper-biharmonic flat surfaces in S°.
In dimension five, one can obtain formulas linking the different parameters together,
highlighting the structure of the set of flat proper-biharmonic CMC surfaces in S°.

THEOREM 6 (Structure theorem). For a given h € (0,1) there is a one-parameter
family of CMC' proper-biharmonic surfaces ¢p , = ¢, : R? — S° with mean curvature h,
p €10,(1/2)arccos(h — 1) /(1 + h)], such that 1, =io ¢, : R* — RS can be written as

1

Dp(2) = = (eWR/DED) 7, 4 (VR4 7))

Sl

2
1 _ o
+ % E /R;- (e(\/Az/Q)(sz—mZ)[/Vj + e(\/)\2/2)(—7112'*'77jZ)[/Vj)7
=1

where

a) Zl = (E1 — 1E2)/2,

b) Wj = (Ey(14j)-1 — iFa145))/2, j=1,2,

¢) {E1,...,Es} is an orthonormal basis of RS,
d) Ay =2(1—h), A2 =2(1+h),

and R}, R, m1 = €* and no = € are given by

2 2
(1=t (1=t
htl 1 htl P ﬁ—arctan( >
1—h T 1—h e "~ htanp) |’
211 2 211 2
(—&—thlcos p) (+h+1COS p)

if p € (0,(1/2) arccos(h — 1)/(1 + h)], and
h 1 0. T
<1+h7 1+h ’_2)7
if p=0.

Conversely, assume that ¢ : R? — S® is a CMC proper-biharmonic surface with
mean curvature h € (0,1). Then, up to linear orthogonal transformations of R? and RS,
W =10¢:R?>— RE is one of the above maps.
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PROOF. Let a map ¢ : R? — S® be given by Formula (*), take m = 1, m’ = 2,
Ry =1and put Rf =sand R, =1—s (s € (0,1)) (the case m = 2 and m’ = 1 can be
eliminated by computations similar to those in the proof of Lemma 1).

LEMMA 1. Let n1 = €* with, because of symmetries of solutions, p € [0,7/2] and
n=¢€?, pel—n/2,7/2), then

—m/2, if p=0,
0, if p= 7T/2’

-1
arctan , otherwise.
htan p

In particular, p € [—m/2,0].
Proor. Consider p; = cosw; +isinw; and z = x 4 iy, then
e(mﬂ)(mzfﬂﬁ)zl + e(m/m(*ﬂlzﬂili)zl
= cos (\/Al(ycoswl + xsinwl))El + sin (\/ A1 (ycoswy + xsinwl))Eg.

We consider now, for a given h € (0, 1),

(17 Rll? R/27:u’17"717772)

a solution of (e)—(h) and 9 : R? — RS the corresponding CMC proper-biharmonic im-
mersion. Let T, : R?> — R? be the rotation of angle .. Since the first component of
(T (z)) is given by

cos (v/ A1 (sin(a + wi)z + cos(a + wi)y)),

for o = —wjy, the composition ¢y o T_,, is the CMC proper-biharmonic immersion corre-
sponding to

(L R/17 R/27 17Mf1n1’ﬂf17l2) = (17R;.7 R/27 1aﬂ1n1a /J1772>‘

We re-denote fi;n; and ji1m2 by 71 = € and 1y = € and we can assume that p,p €
[-7/2,37/2).

If we consider the isometry of RS, T(E;) = E; for j = 1,...,6 except T(Ey) = —Exy,
then T o) corresponds to the data

(LR}, Ry, 1, =, 12) = (1, Ry, Ry, 1, 07H) 7).
Therefore we re-denote —r; with 1, and can assume that p € [—7/2,7/2) and, similarly,

pe[-n/2,m/2).
Furthermore, composition of ¢ with the symmetry with respect to the Oy-axis yields
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a CMC proper-biharmonic immersion corresponding to the data
(LR/la 27177717772) (1 R17 /271’e—ip,e—iﬁ)’

so we can restrict the angles to p € [0,7/2] and p € [-7/2,7/2).
Since

(1—h)+ 1 +h)sn?+1+h)(1-s)n:=0, (5)

we have

3
9
|

1 (h-1
2 2
_1—s<h+1 5“)'

Since 72 is a unit complex number

1—h
‘h—i—l +s| = ‘h+1+scos2p+issin2p‘.
Equivalently
(1-5)*= Bl 2+52+281_hc032
“\h+1 ht1
hence
_(L=hY
5= h+1 _ 2h
a 1—h - - :
2(1+h+1C082p> (I1+h)(14+h+(1—h)cos2p)

Then, from Equation (5), the real part of 03 is

h? — 1 — cos2p(1 + h?)
14+ h%2+(1—h?)cos2p

cos2p =

and its imaginary part is

—2h
1+h2+(1—h3)cos2p

sin2p = sin 2p. (7)

Assume that the real part of 73 is zero then

h? —1 2h
cos2p = Pl and sin2p = R

therefore
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1+ h?

(h+1)%

and, using (5), we have:
cos2p+i(1 +sin2p) =0,

thus p = —m/4. Note that cosp = h/vh? + 1 and sinp = 1/v/h? + 1, so tanp = 1/h and
—1/(htanp) = —1 = tan p.

Assume now that the imaginary part of 73 vanishes, i.e. sin2p = sin2p = 0. Then
either cos2p = 1 and then n? =1, 93 = —1l and s = h/(h+ 1), 50 p=0and p = —7/2,
whilst if cos2p = —1 then n? = —1, 73 = 1 with s = 1/(h + 1), so p = 7/2 and j = 0.

Finally, if neither the real nor imaginary part of 73 vanishes, as

2tanp
tan2p = %»
1 —tan“p
S0
_ cos2p+1 _ —cos2p+1
tanp=———7———— or tanp=-——-—,
sin 2p sin 2p
therefore, by Equations (6) and (7):
1-— 2
tanp =h——— 8Lp _ htan p,
sin 2p
or
- 14 cos2p -1
tanp = — =

hsin2p  htanp’

We can eliminate the first possibility by checking Equations (6) and (7). If tanp =
htan p then, since cos2p = (1 — tan? p)/(1 + tan? p),

1—h%tan?p

082p = ——————,
OSEP =T + h2tan? p
but Equation (6) implies

(h? —1)(1 +tan? p) — (h? + 1)(1 — tan? p)
(h? +1)(1+ tan? p) + (1 — h2)(1 — tan’ p)’

cos2p =

which forces tan p = 1/h, hence tan g = 1. From the imaginary part we have, on the one
hand:
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while, with sin 2p = 2tan p/(1 + tan? p), Equation (7) shows that

—2h(2tan p/(1 + tan? p)) I
L+ 12+ (1= 2)((1 = tan? p)/(1 + tan? p)) —

sin 2 =

so we have a contradiction, which does not happen for the second solution tanp =
—1/(htanp).
Let 7 : R2 — RS be the CMC proper-biharmonic immersion corresponding to

(laRII?R,2717T)17n2) = (17R1’ /2717€ip)eiﬁ)’

where p € [0,7/2] and p € [-7/2,0]. We compose 1) with the symmetry of RS defined
by

T(Ey) = E1, T(E2) = Es, T(E3) = Es, T(Es) = Eg, T(Es) = E3, T(Eg) = Exy,

and the isometry of R?, t(x,y) = (—x,%), so that the resulting immersion corresponds
to the data

(17R/27 11’1777_2’77_1):(1’]%/23 /blaeiiﬁaeiip)'
Therefore, we can assume that 0 < R} < 1/2 and p € [0,(1/2) arccos (h —1)/(h +1)]. O

The proof of Theorem 6 then easily follows from Lemma 1. O

REMARK 3. If p = (1/2)arccos (h — 1)/(1 + h) then the solution

( Il’ /17 p? p)

of (5) is

1 1 1 h—1 1 h—1
~, =, = arccos —— arccos —— |.
272" 2 1+h 2 1+h

A useful result which will be used further on is the following lemma.

LEMMA 2. Lett =tanp/2, p € [0,7/2], then m1 = €'” and 12 = € are solutions

of
(1—=h)+A+h)sn?+1+h)(1-s)n2=0,

if and only if s € [h/(1+h),1/(1+ h)],

tanp = -1 when s € LL
pihtanp 1+h'14+h)’
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p=—-m/2 fors=h/(h+1) and p=0 for s=1/(h+1), and

_ h
0 LA
1 a1
. i S = 1 T h, (8)
— h2) — - S —
\/8(1 h?) \/h(l s — hs) otherwise.
S — (1 - S)h

ProorF. From Lemma 1 we know that

2h
ST U+t h+ (1-h)cos2p)’ ©)

with p € [0,7/2]. The function s = s(p) is strictly increasing on [0,7/2] and since
s(0) = h/(h + 1), when (p, p) = (0, —7/2), and s(7/2) = 1/(h + 1), for (p,p) = (7/2,0),
we have s € [h/(h+1),1/(h +1)].

Assume s € (h/(h+1),1/(h+ 1)) then, working with the variable t = tan p/2, so
that ¢ € (0,1), and

5, 1— 6t + ¢4
cos2p = —————
=+
we obtain the equation

tt —2at> +1 =0,

where a = (s + h — hs — 2sh?)/(s — (1 — s)h) is strictly greater than 1. The only admis-
sible solution is t2 = a — Va2 — 1, i.e.

V/s(L = h2) — \/h(1 — s — hs) 0

t= .
s—(1—-s)h

An immediate consequence of Theorem 6 is the existence, for any h € (0,1) of
proper-biharmonic planes in S® with CMC equal to h.

CoROLLARY 2 (Existence on R?). Let h € (0,1), then there exist proper-
biharmonic immersions of R? into S® with CMC' equal to h.

In order to quotient a CMC proper-biharmonic immersion ¢, , = ¢ : R? — S5 to
a cylinder or a torus, we start with some remarks. We observe first that if we denote
(VA2/2)(n;z — n;z) = i0;, 8; = 0;(x,y) real number, then 6; = (iv/A21;, z), where (,)
denotes the usual inner product on R%Z. We have

V220V (VAT = cos 0, By 1)1 +sinb; Ear ),



CMC biharmonic surfaces 1013
and from here we get that ¢)(z1) = ¢(22) is equivalent to ¥ (z; — 22) = ¥(0). We define

Ay ={z e R*: ¢(z) = (0)}
={z€R2:<i\/)T1,z>E<i\/)T2n’1,> <\/>n2, >_0 mod27r)}

We observe that Ay is a discrete lattice and the map i quotients to an injective
map, also denoted by v, 1 : R/A,;, — RS or ¢ : R?/A,;, — S°. In the following, as we
are interested in a existence result, we will assume that p € [0,7/2).

ProrosiTioN 10.  Let ¢p,, = ¢ : R2 — S® be a CMC proper-biharmonic immer-
sion with |H| = h € (0,1) and p € [0,7/2). We have

i) Ifv=Ky(21/VX2,0), Ky € Z, then ¢o(0) = ¢o(v).
i) If v = ((2r/sin p)(K1/vVA2 — (Ko /A1) cos p), (27 /v/ A1) Ko), where Ko, K1 € Z such
that | K1 — v/ A2/ M Ko| >0 and p € (0,7/2) such that

inp [A [A
S%np (K1 - —2K0 cosp> + —QKO cosp € Z,
sin p A1 A1

then ¢,(0) = ¢,(v).
PrROOF. We know that ¢,(0) = ¢,(v) if and only if

<i\/)\71,fu>z<i\/)\72n_1, )= <\F772, )=0 (mod 27),

and, if v = (T, V)

(VA1) = 27Ky & V = 27k,

VA
) _ Ky Ko )
ivXom,v) =21K, < Tsinp =21 —— — ——= cos 10
< 271,V > 1 P (\/E \/x P ( )
K.
<i\/A2772, > =21Ky & Tsinp = 277(\/1 f cosp) (11)

Case i): Assume now that p = 0, and therefore p = —x/2, so (10) becomes K; =
Ko/ A2/A and (11) is T = =271 K3/+/A2. If Ko = 0 then K7 = 0 and v can be chosen
to be

27TK2
=( - ,0), KyelZ.
! ( VA2 ) ?

Case ii): Assume that p € (0,7/2). Then Condition (10) becomes

o2 (KK
~ sinpg \W o \ﬁCOSp’
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and Condition (11) yields

Ky = smp( Ko cosp) KO cos p.
sin p V VA

From tanp = —1/(htanp), we get that p goes to 0 if and only if p goes to —7w/2 and p
goes to m/2 if and only if 5 goes to 0. Let

in p [A [
F(p) = S?np (Kl - iKo cos p) + iKg Cos .
sin p A1 M

Assume that Ky and K satisfy ’Kl — \/)\2/)\1K0| > 0. We have

Ao
lim F(p) = —oosgn <K1 /X K0>
1

p—0
A2
lim F —K
Jim Fp) = /37 Ko
Therefore, there exists an infinite number of p € (0,7/2) such that F(p) € Z. O

A mere examination of the condition required for periodicity of solutions, Proposition
10, shows that it will always be possible to find cylinders of CMC h in S°, for any value
of hin (0,1).

COROLLARY 3 (Existence on cylinders). Let h € (0,1), then there exist proper-
biharmonic cylinders in S® with CMC' equal to h.

Let

Oho R%2 - S°

be the map given by Formula (*) with p = 0 and p = —n/2. Then the lattice Ay, , =
{z € R?: ¢ 0(2) = ¥n0(0)} on which v, ¢ is constant, is equal to the lattice

A
{mvg—l—m}l:m,neZ s.t. m )\262}
1

where v; = (=27/4/A2,0) and ve = (0, 27/v/A1).
If \/A2/A1 € R\ Q, then the rank of Ay, , is one and the quotient map ¢ o from
the cylinder R? /Ay, , into S? is injective. If \/Az/A1 = a/b then
Ay, o = {m(bva) +nvy : m,n € Z},

has rank two.
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PROPOSITION 11.  The CMC proper-biharmonic immersion ¢po : R* — S5 quo-
tients to a cylinder for any value of h € (0,1). Moreover, ¢p o is an injective map from a
cylinder to S if and only if \/Aa/M\1 is irrational and it quotients to a torus if and only

if \/A2/ A1 is rational.

REMARK 4. It is easy to see that /A2/\; is rational if and only if h =
(¢> —1)/(¢®> + 1), where ¢ is a rational number strictly greater than 1, and the set
{(®>-1)/(¢>+1):q€Q,q > 1} is dense in (0,1).

Though double periodicity, and therefore quotients to tori, is not automatic, as for
cylinders, we exhibit a condition on the value of h, in terms of a pair of rational numbers,
which is equivalent to the existence of proper-biharmonic tori of CMC h in S°. Note that
this formula rules out the possibility of proper-biharmonic tori with irrational CMC. In
particular, the set of admissible values of h is infinite countable, without any gap.

PROPOSITION 12.  The CMC proper-biharmonic immersion ¢p, , : R? — S, p €
(0,7/2), quotients to a torus if and only if

1— (a—b)?

h= 1+ (a—b)2+2(a+b)

where a = p?/q® and b = r?/t2 with p,q,r,t € N*, under the condition 0 < (b—a)? < 1.
Moreover, in this case

q qr
Ay, , = {mvg +nvy :m,n € Z s.t. m; — nﬁ € Z},
where
m/(a—=b2+a+b
U1 = 70 )
Va
and

I b/a(l—(a—b))7T (a—b)2+2(a+b)+1
"\ V@02 rath (a=b2+atb )

PROOF. Let v = (T,V) be a (non-zero) vector of R%. Then ¢ is periodic in the
direction of v if, as in the previous corollary:

21Ky 2 [Aa )
V = s T = —— K — 7K B
VA1 VA2 sinp( ! A1 0eosp

and

VAT sinp 4/ A2V cos p = 27 K>,
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with Ko, K1, K5 € 7Z.
Similarly if & = (T, V) is another (non-zero) vector of R?, then ¢ is periodic in the
direction of v if, as in the previous corollary:

‘7: 27TKO ,Zf;

.

\/}\QTSiHﬁ+ \/)\QVCOS[) = 27rI~(2,

and

with ]?0,[?1,[?2 e 7.
If t = tanp/2 then ¢t € (0,1) and cosp = (1 —#2)/(1 +t?) and sinp = 2t/(1 + t3).
Then

5, 1— 6t2 + t*
COS = ———5
P T+
and
=14+ (2+4R?)t2 -4
cos 2p ,
1+( 2+ 4h2)t2 + 14
SO
- 2ht
Cosp =
VAR + (1 —12)2
and
. t2 -1
sinp =

VAR + (1 —12)2
Then the system becomes

AKy + BK, = K>,
AKy + BK, = K,

with KO,Kl,K%[}(),[?l,I?Q S Z, where

42\2
A= [ ! ((1 ) +2ht>7
A AR+ (1— 22\ 2

and
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tr—1
B= ,
2t\/Ah2E% + (1 — 12)2

with A > 0 and B < 0.
Observe that v = A\v is equivalent to

Ko = \Ko,
K, = MK,

and if A and B are in Q, we can find integers K, K1, Ko, f(o, f(l,l?g, with K3+ K% > 0,
K2+ K? >0, (Ko, K1) # R(Kp, K1), such that Equation (12) is satisfied. Conversely, if

(12) is satisfied with (Ko, K1) # R(Ko, K1) then the determinant of (12) is non-zero and

. KKy — K\ K,
KoK, — K\ Ko

B— —[?0](2 + KO[A(/Q
KoK, - K1Ko

So A and B are in Q.
Since A\; = 2(1 — h) and Ay = 2(1 + h) and using Lemma 2 we have that

h
A\/(1_s)(s—(1—s)h)’

_ s(1—s—hs)
B= \/(15)(5(15)/1)’

and A and B are in Q if and only if 1/4 € Q and —B/A € Q that is

(1-s)(s—(1—sh) p?
h

) (13a)

QM"U

s(1 —s—sh r2
ooty 1 190

with p,q,r,t e N* and h/(h+1) <s<1/(h+1).
Then both A and B are in Q if and only if there exists s € (h/(h+1),1/(h+1))
solution to

{ (1+h)s®> — (2h +1)s +h(14+a) =0, (14a)

(1+h)s* —s+hb=0, (14b)

where we put a = p*/q¢? and b = r2/t? (p,q,r,t € N*). Assume s is a common solution
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to Equations (14a) and (14b), by taking the difference between them we obtain that it
must be

1
s:§(1+a—b).

Conversely, replacing s by the expression (1/2)(14+a—b) in Equation (14a) and Equation
(14Db) yields the same condition:

 1—(a—b)?
S 4b+(1+a—0b)%

Moreover, the condition h € (0,1) is equivalent to 0 < (b — a)? < 1 and it automatically
ensures that s € (h/(h+1),1/(h +1)).
Therefore, the only obstruction to solving System (14) is h = (1 — (a — b)?)/
(4b+ (14 a — b)?), where a = p?/¢? and b = 72 /t? (p,q,r,t € N*), with 0 < (b—a)? < 1.
From ¢y, ,(0) = 9p,,(v), we know that

v—( 2rK,  2mKgcosp 27rK0>
N VAgsinp \/Alsinp7 VA1
2 2wcosp 27
=Ki|——, 0] +Ky| - —m, —
1(\/)\2Sinﬂ > O( VArsinp \/)\1>
= Kiv1 + Kove,

where v1 = (27/(v/A2sinp),0) and vy = (=27 cos p/(v/A1 sin p), 27 /v/A1), and Ky and
K7 must satisfy

;Y - -
2<cos,5— Smp)Ko+ s?npKl SYA
an sin p

ie. AKy+ BK, € 7.
As 1/A? = p?/q*> = a and B?/A? = r?/t?> = b, and redenoting Ky = m and K; = n,
we obtain

Ay, , = {mvg +nv:m,n € Zs.t. md - nL e Z}.

p pt

Further, as

Vs(1 = h2) — \/h(1 — s — sh)
s—(1—s)h

t=

)

and s = (1/2)(1+a—0b), h=(1— (a—b)?)/(4b+ (1 + a — b)?), we obtain
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2 VIta+by/(a—b)2+ (a+b)—Vb(l—a+b)
Vit at+by/(@a—b2+ (a+b) +Vb(1—a+b)

a(l+ (a—b)?+2(a+1b))

I = At b= + @)’

2 b(1 —a+ b)?
T A ratt)((a—b2+ (atd)’
9. b(l4(a—b)*+2(a+b))
T e ) (@02 + (a+b)
cos? j = a(l+a—b)?

(14+a+b)((a—>b)2+ (a+1b))’

—b)? b
U1:<Tr (a ) +a+ ,O),

Vva
and
I b/a(lf(afb))7T (a—b)2+2(a+b)+1 O
"\ V@b ratd (@a=bZ+atb )

REMARK 5. e We have
{m’ (pva) +n'(ptvy) : m',n’ € Z} C Ay, ,,

and the vectors pvy and ptvy are linearly independent.

e If we consider a = b = 1/16 and then ¢?> = 9 (see Remark 4), we obtain that the maps
®4/5,p and @45 ¢ determine two CMC proper-biharmonic embeddings in S® with mean
curvature 4/5 from non-isometric tori. Similarly, choosing a = b = 1/576 and then
q> = (17)%, yield two CMC proper-biharmonic embeddings in S® with mean curvature
144/145 from non-isometric tori.

From Proposition 11 and Proposition 12 we get

THEOREM 7. Let h € (0,1). Then there exists a CMC proper-biharmonic im-
mersion from a torus T2 into S°, ¢ : T? — S with mean curvature h if and only if
either

. 2_1
i) PR ’
?+1
q€Q, qg>1,
or
i) . 1— (a—0)?

1+ (a—0b)2+2(a+b)’
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where a = p*/q* and b = r?/t* with p,q,r,t € N*, with the condition 0 < (b—a)? < 1.

PrROOF. Let ¢:T? — S® a CMC proper-biharmonic immersion with mean curva-
ture h € (0,1). We consider the universal cover of T2 and denote also with ¢ the CMC
proper-biharmonic immersion ¢ = ¢ o : R? — S®. After composing with isometries of
R? and RS, if necessary, the map ¢ = i o1 : R? — RS coincides with a map vy, ,, with
p € [0,7/2). Now the result follows from Proposition 11 and Proposition 12. O

EXAMPLE 1. As an example one can take the valuesm =1, m’ =2, n =5, Ry =1,
R} = R,y =1/2, 1 =1 and letting |H| = h € (0,1) be free. Then

2(h — 1)
2, 2 _
771+772*7h+1 .

As s = Ry = 1/2, choose n1 = Vh/vVh+1+i(1/vVh+1) and 72 = Vh/Vh+1 —
i(1/+/h + 1) then {£n;, £n2} has 4 distinct elements. Then 11z — 712 = 2i(z/vVh + 1+
(Vh/Vh+1)y), so

e(WA2/2)(mz—mz) _ i(z+Vhy)V2

and

%2%(\/3*/15@/2)@1%%2)%) -

and similarly 1z — 722 = 2i(—(x/vVh + 1) + (Vh/Vh + 1)y),

(0,0, cos((z + vVhy)v2),sin((z + Vhy)V2),0,0)

DN | =

L SRR _ L et vRy)vE
7 e 5€

and

1 [ —
ﬁ2%( Rée(m/2)(n2z—n22)wg>

(07 0,0,0, COS((_x + \/Ey) \/i)’ sin((—m + \/ﬁy)\/ﬁ)) :

N |

From these we get

1

i — 1 i T 1 i —x
- ﬁ(ev%1 My.0,0) +§(O,eﬂ( VI o) + 5(0,0,6‘/5( VY)Y

(4

From
<i\/x,v> = <i\/gn’1,v> = <i\/gn’2,v> =0 (mod 27)

we get
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[ h
Ay = {m)l +mug :m,n € Z s.t. 2m % GZ},

where

h 1
v = \/577(1,0), and Vo = \/577( — m, m)

Clearly rank Ay, = 2 if and only if h = 1/(4b + 1), where b = 72 /t?, r,t € N*,
If b=1/4, then h =1/2 and

Aw = {’I’L’Ul +muvg : m,n € Z},
where vy = v/27m(—1, ﬁ), and therefore
Ay = {\/iﬂ(n, V2m) :m,n € Z}.

This is the CMC proper-biharmonic embedding found by Sasahara in [16].

2.2. CMC proper-biharmonic flat surfaces in S™, n > 7.
PROPOSITION 13. Let h € (0,1). Then there exists a CMC proper-biharmonic
immersion ¢ : R2 — S", n > 7, n odd, with mean curvature h.

PROOF. Let ¢ € (0,7/2). From Lemma 1 and Lemma 2 we know that there exist
s and 72 such that

st + (1= s)is = — -

Then, we can see that
hs(im)® + h(1 — s)(in2)? + (1 — h)i®

= —h(sn; + (1= s)3) + (1 - h)i* = ——

and {=in;, £iny, +i} are six distinct complex numbers of norm one. Therefore, we have
defined a CMC proper-biharmonic immersion from R? to S7 with |H| = h.

Now, let ¢ : R? — S™ be a CMC proper-biharmonic immersion with |H| = h given
by the parameters

’
m

1-h
j: /02 — /
j=1

By continuity, using again Lemma 1 and Lemma 2, we can take 7,/ 41, fm/+2 and s such
that
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57772n’+1 +(1— 5)7772n/+2 = *%7
and
Mgt # ENjy N2 7 05, Vi=1,...,m"
Then

. 1—s 4 1—-nh
z:: + nm +1+ 2 nm’+2:_m7

and (1/2) Zm R +5/2 4 (1 —5)/2 = 1 while {£n;, £0m 11, 042} are 2(m’ 4 2)
distinct complex numbers of norm one. Therefore, we have defined a CMC proper-
biharmonic immersion from R? to S"** with |H| = h. Now, as we have constructed, for
any h € (0,1), CMC proper-biharmonic immersions from R? to S® and S7 with mean
curvature equal to h, the proposition follows. O

In the following we will change the point of view and, given a torus, ask if there is
a CMC proper-biharmonic immersion from that torus to S™.
Let T2 = R?/A, where A is a discrete lattice of rank 2. We denote

A ={weR?: (w,2) =0 (mod 27),Vz € A}
and
c(A,7) = {w?:w e A* and |w| = r}.

Let ¢, : R? — S" be a CMC proper-biharmonic immersion, h € (0,1). This map
quotients to ¢y, : T? = R?/A — S" if and only if iv/Ajix € A*, Vk = 1,...,m, and
i\/Eﬁj € A*, V5 =1,...,m'. In this case A is an abelian subgroup of Ay, and, if
A = Ay, , ¢p is an embedding from T2

If we denote oy, = (£ivA1jix)? = —Aijiy, and v; = (£ivA27;)? = —Ae7?, we have
that {ax}, are m distinct complex numbers, |ai| = A1 and {VJ}"L 1, are m’ distinct

complex numbers with |y;| = Ag. Thus {ag}72; C c(A, VA1) and {v;}' j:l C (A, V).
We can see that the relation (f) of Theorem 5 can be re-written equivalently as

Z ai Ry, + Z’YjR;- =0.
k=1 j=1

Now we can state

THEOREM 8. Let A C R? be a discrete lattice of rank 2. Let h € (0,1) be a fized
constant. Then the flat torus T = R?/A admits a CMC' proper-biharmonic immersion
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with mean curvature h in S™ if and only if there exist m distinct complex numbers
{a}y C (A, VA1) and m/ distinct complex numbers {'yj}}”:/l C (A, VA2), n=2m+
2m/ — 1, such that

m’

m
> arRi+ Y R, =0,
k=1 j=1

where A\ =2(1—h), Ao =21+ h), Yp Re =1, X7 R, =1, Ry > 0, R}, > 0.
The following non-existence result follows easily.

PROPOSITION 14.  Let A be a given lattice of rank 2 and A* its dual. Let h € (0,1)
be a fized constant. If A* NS'(\/2(1 —h)) =0 or A*NSY(y/2(1 + h)) = 0, then there is
no proper-biharmonic immersion ¢ : R?/A — S™ with |H| = h, for any n > 7.

COROLLARY 4. Let A be a given lattice of rank 2 and A* its dual. Assume that
A =01 Z + voZ, where 0 < |v1| < ||, Yo € A*\ {(0,0)}. If |v1| > /2 then there is no
CMC proper-biharmonic immersion ¢ : R?/A — S™ with |H| € (0,1), for anyn > 1.

PROPOSITION 15.  Let A be a given lattice of rank 2 and A* its dual. Let h € (0,1)
be a fived constant. Assume that A* NS'(\/2(1 — h)) # 0 and A* NSY(y/2(1+ h)) # 0.
Denote by H(A,r) the convex hull of ¢c(A,r). We have

i) If (0,0) € H(A,v/2(1 —h)) and (0,0) € H(A,\/2(1+h)) then there exists ¢ :
R%/A — S™ a proper-biharmonic immersion with |H| = h and, moreover, it is pseudo-

umbilical.

ii) If (0,0) does not belong to the convex hull of ¢(A, 1/2(1 — h))Uc(A,/2(1 + h)) then

there is no proper-biharmonic immersion ¢ : R? /A — S™ with |H| = h, for anyn > 7.

The authors would like to thank the referee for his valuable comments.
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