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Abstract. We study special Lagrangian submanifolds of the cotangent
bundle T*S™ of the sphere in the tangent space of Riemannian symmetric
space of rank two. We show that the special Lagrangian submanifolds corre-
spond to the solution of a differential equation on R2? under the assumption
that the submanifold is of cohomogeneity one. Our result is the generalization
of the former work of Sakai and the first author [5]. We study the qualitative
properties of the solution for the special Lagrangian submanifolds and give
some examples.

1. Introduction.

The notion of calibration, which was defined by Harvey and Lawson, plays an im-
portant role in the study of minimal submanifolds. As an example, special Lagrangian
calibration was given in [4]. Let (z1,..., z,) be the canonical coordinate of C"™ and 6 be
a real constant. We put

g = Re(e\/jwdzl ARERWA dzn).

The differential n-form ay on C" is called the special Lagrangian n-form of phase 6. Since
the n-form ay is invariant under the action of SU(n), it is extended to the calibration
on a Riemannian manifold M if the holonomy group of M is a subgroup of SU(n).

A Riemannian manifold M is called a Calabi—Yau manifold if the holonomy group
is a subgroup of SU(n). The calibration on Calabi—Yau manifold, which is obtained as
the parallel extension of ay defined on the tangent space at some point, is called the
special Lagrangian calibration of phase 6 and is denoted by €2y. A submanifold N of a
Calabi—Yau manifolds is called a special Lagrangian submanifold of phase 0 if and only if

Q(T,N)=1 (z€N). (1.1)

The study of special Lagrangian submanifolds of Calabi-Yau manifolds attracted many
mathematicians interest.

In 1993, Stenzel [11] gave a complete Ricci-flat Kéhler metric, called the Stenzel
metric, on the cotangent bundle of a compact Riemannian symmetric space of rank one.
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We review some results concerning the special Lagrangian submanifolds of the cotangent
bundle with the Stenzel metric of a Riemannian symmetric space of rank one.

Karigiannis and Min-Oo [9] proved that the conormal bundle of a submanifold M of
the sphere S™ is a special Lagrangian submanifold in 7*S™ if and only if M is an austere
submanifold. Anciaux [1] constructed special Lagrangian submanifolds of some phase 6
in 7*S™ invariant under the natural action of SO(n). Ionel and Min-Oo [7] obtained
special Lagrangian submanifolds (with respect to some phase) in 7%S® invariant under
the action of SO(2) x SO(2) and SO(3). Note that, in [1], [7], the value 6 are not
arbitrary. With the aid of moment map, they reduced the partial differential equation
(1.1) to an ordinary differential equation.

Sakai and the first author [5] generalized the results by Ionel and Min-Oo to the
study of special Lagrangian submanifolds in 7%5™ which are invariant under the natural
action of SO(p) x SO(q) (p+q=n+1).

We briefly review the method in [5]. Let SPT9=1 be the unit sphere of RP*4 centered
at the origin and T*SP+9~! be its cotangent bundle. The action of SO(p) x SO(q) on
SP+4=1 is naturally extended to the action on T*SP+9~1. We can take a cone V in a
subspace C? C CP*? as the orbit space of the action. Let N be the special Lagrangian
submanifold of phase @ of T*SP+4~1, Since the codimension of the regular orbit of the ac-
tion of SO(p) x SO(q) on T*SPT9~1 is p+q—1, we can assume that the intersection VNN
is generically a regular curve. The condition that N is a special Lagrangian submanifold
of phase 6 is equivalent to that N is an isotropic submanifold and Im(eV~1Q)(T,N) = 0
holds at any point z € N. From the first condition, there exists a two dimensional real
subspace which contains ¥V N N, and the second condition induces an ordinary differen-
tial equation. The action used in [5] is the isotropy action of a reducible Riemannian
symmetric space of rank two.

The aim of this paper is to generalize the results in [5] to an arbitrary isotropy action
of Riemannian symmetric spaces of rank two. Our main result in this paper is Theorem
5.2, in which we give ordinary differential equations by using a method similar to [5]. We
also investigate the behaviour of solutions to the ordinary differential equations around
a singular point (Theorem 6.5) and their asymptotic lines (Theorem 7.1).

ACKNOWLEDGMENTS. The authors would like to thank Professors Hideya
Hashimoto and Yoshihiro Ohnita for the continuing interest and encouragement. Our
special thanks are due to Professors Takashi Sakai, Nobutaka Boumuki and Shin Jong
Son for their valuable suggestions.

2. Preliminaries.

2.1. Calabi—Yau manifolds and special Lagrangian submanifolds.

We shall review some definitions and basic notions of Calabi—Yau manifolds and
special Lagrangian submanifolds. See [8] for details.

There are several different definitions of Calabi—Yau manifolds. In this paper, we
use the following definition.

DEFINITION 2.1. Let n > 2. An almost Calabi—Yau manifold is a quadruple
(M, J,w, ) such that (M, J,w) is a Kahler manifold of complex dimension n with a
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complex structure J and a Kéhler form w, and € is a non-vanishing holomorphic (n, 0)-
form on M. In addition, if w and €2 satisfy

n!

then we call (M, J,w, Q) a Calabi—Yau manifold.

If w and Q satisfy (2.1), then the K&hler metric g of (M, J,w) is Ricci-flat. The
condition that the Kéhler metric g of (M, J,w) is Ricci-flat is equivalent to the condition
that the holonomy group Hol(g) is a subgroup of SU(n).

A closed p-form ¢ on an oriented Riemannian manifold (M, g) is called a calibration
if

V)y=1

VCTlv]\I/[I}acfi(mV:p QP( )

holds for each x € M. An oriented p-dimensional submanifold N of M is said to be
calibrated by the calibration ¢ if ¢|7, y = vol|r, ;v holds for all € N.

REMARK 2.2. The constant factor in (2.1) is chosen so that the comass of
Re(e\/jleﬂ) is equal to one for any 6 € R.

DEFINITION 2.3. Let (M, J,w,Q) be a Calabi—Yau manifold and L be a real n-
dimensional submanifold of M. Then, for § € R, L is called a special Lagrangian sub-
manifold of phase 0 if it is calibrated by the calibration Re(e‘/ij).

Harvey and Lawson gave the following alternative characterization of special La-
grangian submanifolds.

PROPOSITION 2.4 (Harvey-Lawson [4]). Let (M, J,w,Q) be a Calabi—Yau mani-
fold and L be a real n-dimensional submanifold of M. Then L is a special Lagrangian
submanifold of phase 0 if and only if w|r, =0 and Im(e\/ij)|L =0.

2.2. Stenzel metric on the cotangent bundle of the sphere.

In [11], Stenzel constructed complete Ricci-flat Kéhler metrics on the cotangent
bundles of rank one symmetric spaces of compact type. We shall recall the Stenzel
metric on the cotangent bundle of the sphere.

We identify the cotangent bundle T*S™ and the tangent bundle T'S™ of the unit
sphere in R**1;

75" = {(2,€) e R"! x R"™ ! : |z =1, (z,€) = 0}.

We denote by Q" the complex quadric;

n+1
Qn = {Z = (Zl,...,2n+1) (S (Cn+1 : ZZLQ = 1}

=1
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The mapping ® : T%S5™ — Q" defined by

®(x,§) = xcosh(|¢]) + FE sinh([¢])

is an SO(n + 1)-equivalent diffeomorphism (Szdke [12]).

We introduce the complex structure on 7*S™ by pulling back the complex structure
on the complex quadric Q™. With respect to the complex structure, Stenzel [11] gave a
complete Ricci-flat Kahler metric on Q™ = T*S™. Let U be the solution of the ordinary
differential equation

d / n __ : n—1
pm (U'(t))" = cn(sinht) (¢ >0). (2.2)

If we denote by wg;, the Kéahler potential of the Kéler metric given by Stenzel, then we
have

n+1
_ 92
Wep, = V—190u(r?) = v/~ E 5. 8’ r3)dz; A dz;
ig=1""

where r? = |2]? = Zn+1 z;Z; and u is the function with U(t) = u(cosht).
We denote by Q the standard holomorphic (n + 1,0)-form dzg A dz; A -+ A dzpi1
on C™*! and define the holomorphic (n,0)-form Qg;. on Q™ by

Qstz(v1, ..., 0n) = Qolz,01, ..., 0n), v1,...,0, € T,Q", z € Q™. (2.3)

Then we can show that there exists a constant A € R such that

u)n n(n— \/jl n —
Stz _ (_1) (n—1)/2 (2) /\QQStZ /\QStZ

n!

holds. Namely the complex (n,0)-form = Qg satisfies (2.1) for w = wg¢,. Hence
(T*S™ =2 Q", J,wst, Ast,) is a Calabi—Yau manifold.

The Lie group SO(n + 1) acts transitively on S™ and the isotropy subgroup at a
point of S™ acts transitively on the unit tangent sphere. The action of SO(n + 1) on
T*S™ is of cohomogeneity one. It is easily verified that the action of SO(n+ 1) on T*S™
preserves J, wge, and Qg;,.

3. Moment map and Lagrangian submanifolds.

Let (M, w) be a symplectic manifold. For any smooth function H on M, the vector
field Xy, called the Hamiltonian vector field with Hamiltonian function H, is defined by

dH = (X p)w.

LEMMA 3.1.  The one-parameter subgroup generated by Hamiltonian vector field
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X preserves H and w.

Let G be a Lie group acting on M. We denote by g the Lie algebra of G and by exp
the exponential map exp : g — G. Each element X € g induces a vector field;

X*e=—=| exp(tX) -z (x € M).
t=0

If w is a G-invariant form on M, the 1-form ¢(X™*)(w) is a closed form for each X € g,
for (L(X™))(w) = d(u(X™)(w)) + 1(X7)(dw) = d((X™)(w)) = 0.

An action of G on the symplectic manifold (M, w) is said to be a Hamiltonian action
if o(X™*)(w) is an exact form for each X € g. If the action of G on (M, w) is a Hamiltonian
action, there exists some function px such that X* is Hamiltonian vector field of px for
each X € g. A moment map, for the Hamiltonian action of G on the symplectic manifold
(M,w), is a G-equivariant map

peM— g

such that the vector field X* is the Hamiltonian vector field of the function ux : = —
(1(z), X) for each X € g. We denote by (,) the pairing of g and its dual space g*. For
a moment map we have

dux (V) = (du(Y), X) = w(X",Y)  (ie, d(p, X) = o(X7)(w))

forevery z € M, Y € T,M and X € g.
We denote by Ad the adjoint representation of G on its Lie algebra g. The Lie group
G acts on g* by the coadjoint action;

(Ad*(9)(),Y) = (2, Ad(g7")(Y)) (9€G, aecg’ Y eq).
Since the moment map p is a G-equivariant map, we have

(u(g - ), X) = (Ad"(g)u(x), X) = (u(2), Ad(g7")(X)) (9 €G).

The center of g* is, by definition, Z(g*) = {X € g* : Ad"(¢g)X = X for all g € G}.
The following propositions, obtained by Sakai and the first author in [5], plays an
essential role also in our discussion.

PROPOSITION 3.2 (Hashimoto-Sakai [5]). Let G be a compact Lie group acting on
a symplectic manifold (M,w). Assume that the action of G on (M,w) is a Hamiltonian
action.

(1) The image p(L) of each G-orbit L = G - x is a contained in Z(g*).
(2) If the orbit L = G - x is a connected isotropic submanifold of M, i.e., w|r, = 0 holds,
then the moment map p is constant on L.
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ProoF. (1) Forevery X,Y € g, we have

0= 2| (uep(tx) 2, ¥) = 5| (AL @p(X)a(), ¥) = (6(2),[X, V),
t=0 t=0

Since G is connected, we have u(G - x) € Z(g*).
(2) ForY eT,L at xz € L, we have

Y puy =dpx(Y)=w(X*,Y)=0.

Since L is connected, this implies that px is constant on L for all X € g, hence p is also
constant on L. 0

PROPOSITION 3.3 (Hashimoto—Sakai [5]). Let L be a connected submanifold of M
invariant under the action of G. Suppose the action of G on L is of cohomogeneity one.
Then L is an isotropic submanifold, if and only if L C p~1(c) for some c € Z(g*).

4. Stenzel metric and moment map.
Let G be a Lie subgroup of SO(n+ 1) and g be its Lie algebra. The action of G on
Q" is a Hamiltonian action. The moment map u : Q™ — g* of the action of G on Q" is
given by
(1(2))(X) = px(2) =/ (r*)(J2, Xz) (2 € Q" X € g). (4.1)
For each (x,€&) € T*S™, we put

2(2,€) = weosh((€]) + V=T sinh(Je]).

€]

After Szoke [12], we identify T*S™ with Q™ by the diffeomorphism
TS QN 6)  2(,€)

where we put ®(z,0) = gliH(l) z(x,€) = x. For z = z(z, &), we have

_ sinh [¢]

Jz = 5 ¢ ++v/—1(cosh|¢]) =, (4.2)
Xz = (cosh [¢]) Xa + v/—1 SiT;l'g' X¢ (4.3)

and the right hand side of (4.1) is evaluated as follows;
(1) (X) = () = (%) (72, x2) = —SCED ooy xa )

€l
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since we have (Xz,7) = (X¢,€) = 0. It is easy to see that the inverse image u~!(c) of
¢ € g* is G-invariant if and only if ¢ € Z(g*).

5. Special Lagrangian submanifolds of the cotangent bundle of the
sphere.

Let G/K be a Riemannian symmetric space of rank two and m be the tangent space
of G/K. The Lie group G acts naturally on the cotangent bundle 7*S; of the unit sphere
S1 in m centered at the origin. Let L be a submanifold of T*S; of cohomogeneity one.
In this section, we study the conditions that L is a special Lagrangian submanifold of
phase 6, namely the conditions in Proposition 3.2 and 3.3.

5.1. Root system and the Weyl group.
Let u be a compact simple Lie algebra and ¢ be an involutive automorphism of u.
We put

g={Xeu:0X)=X}, m={Xeu:0(X)=-X}

The Lie subgroup G of U = Int(u) generated by g acts on m by the restriction to g of the
adjoint action of U on u. We denote by x the Killing form of u and define the G-invariant
inner product on m by (u,v) = —k(u,v).

Let a be the maximal abelian subspace of m. If we denote by b the centralizer
{X €g:[X,a ={0}} of ain g, a + b is a maximal abelian subalgebra of u. For a
non-zero element A\ of a we put

o={Xeg:[H[HX]|=-\H?X ("Hea),
my={Xecm:[H[HX]=-\H?X (YHca)}.

By its definition, we have gy = g_x, my = m_y. The element A is called a root of (u,g)
with respect to a if and only if gy # {0} holds. We denote by X(u, g) the set of roots
of (u,g) with respect to a. An element H € a is called a regular element if it satisfies
(A, H) #0 for all A € X(u,g).

Take a regular element Hy € a and fix it once for all. We denote by X7 (u, g) the set
of all root A of (u,g) with respect to a which satisfies (A, Hyp) > 0. We have orthogonal
direct sum decomposition;

g=b@( b gu), mza@( P mA). (5.1)

AEXT (u,g) AEX T (u,g)

If the dimension of the maximal abelian subspace of m is equal to two, then the
G-orbit through a unit regular element of a is a hypersurface of the unit sphere of m
centered at the origin.

If H is an element of a, we have adg(my) C gx, adg(gy) C my for any X € X(u, g).
Let Hy € a be a regular element. Since (adg,)? = —(k(A, Hp))? id. holds on gy and mj,
adgs, is an isomorphism of gy to my.
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We put XF(u,g) = {A1,..., A} and denote by m; the multiplicity of A;. For each
Aj, we can take an orthonormal basis Xi(j), Yi(j) (1<i<my)of [PV and my, such that

H XD = H)YY, 1YY= xH)XY, ("Hea)

([10, p. 62, Lemma 1.5])0 We put Ng(a) = {g € G : Ad(g)(a) C a} and Zg(a) = {g € G :
Ad(g)|a = id.}. The quotient group Ng(a)/Zg(a) is called the Weyl group of (u,g) and
we denote it by W (u, g). The restriction to m of Ady (@) induces an injective isomorphism
Ad: W(u,g) — O(a). For an element A € a we denote by S\ the reflection with respect
to the hyperplane orthogonal to A. The subgroup Ad(W(u,g)) of O(a) coincides with
the subgroup generated by all the reflections corresponding to A € X% (u,g) (Takeuchi
[13])0

5.2. Group action.

Let C be one of the connected component of a\ {H : (A, H) =0 (?°) € X (u,g))}.
We denote by S; the unit sphere of m centered at the origin and put S; NC = Oy. Each
orbit of the action of G on m intersects with the closure Oy of @y. The G-orbit through
the boundary point of Oy is a singular orbit.

PROPOSITION 5.1.  Assume that the root system Y(u,g) is irreducible and of rank
two.

(1) Let uu be the moment map of the action of G on T*Sy. If x is an element of Oy, then
(x,8) € T*S, satisfies p(®(x,£)) € Z(g*) if and only if

fe(aﬂxL)EB( @ m,\>.

(X\,z)=0

(2) Let x be a regular element. The element u(®(x,€)) is contained in Z(g*) if and only
if ¢ €anat. If € is an element of a with pu(®(x,€)) = 0, then the G-orbit through
O(z, &) does not contain ®(x,—E).

PrOOF. (1) If u(z) is an element of Z(g*), we have
(1(2),Y) = (Ad"(exp(tX))p(2),Y) = (1(2), Ad(exp(—tX))(Y))

for any element X, Y of g. Differentiating both sides of the above equation with respect
to t at t = 0, we obtain

(1(2), [X. Y]) = n(=)([X, Y]) = 0.

Since G is connected, p(z) € Z(g*) holds if and only if u(2)([g, g]) = {0}.
Each element z € @ is of the form z = cosh(|§|) x + v/—1 (sinh(|¢]) / [£]) € where x
is an element of Oy and ¢ is an element of m with (x,£) = 0. Thus u(z) € Z(g*) is

equivalent to ([z, [g,9]],£) = {0}.
The center 3(g) of g is a subspace of b. Since g is a compact Lie algebra, we have
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[9,9] = 3(g)*. Thus, from (4.2), (4.3) and (5.1), we have

_sinh(2[¢]) ,

SB(2IE]) ye 2y o o _ SBCED
) (X,

u(z)(X) = T (r*) ([, X1, 6).

Since b is the centralizer of a, [x,b] = {0} holds. The restriction ad, : gx — my of
ad; to gy is a zero map if (A,2) =0, and is an isomorphism if (A, z) # 0. Thus we have

[z, (8,8l = €D ma-

(X)) 7#0

Since (5.1) is an orthogonal direct sum decomposition, we obtain the conclusion.

(2) The number of elements £ € Oy satisfying p(z(z,€)) € Z(g*), is at most two;
¢ and —¢&. If there exists an element g € G which satisfy ¢ - (z,£) = (x,—§), then g
is an element of Ng(a). And the element s = [Ad(g)] of the Weyl group W (u,g) is
the reflection with respect to the line perpendicular to the regular element x. We get a
contradiction, for there does not exist any such element in any Weyl group of irreducible
root system of rank two. O

5.3. Differential equation.

Let X(u, g) be an irreducible root system of rank two. Let A1, A2 be the simple roots
of X(u,g) with |A1| > |A\2]. The multiplicity p, ¢ and r of the root A\;, Ay and 2\, are
given in Table 1.

Table 1. multiplicity.

Type | (u,9) (p,q;7)

Ay (su(3),50(3)) (1,1,0)
(su(3) 4+ su(3),su(3)) (2,2,0)
(su(6),sp(6)) (4,4,0)
(¢6, fa) (8,8,0)

By (s0(5) + s0(5),s0(5)) (2,2,0)
(s0(2+m),s0(2) + so(m)) (m > 3) (1,m —2,0)

" BCy | (su(2+m),su(2) +su(m) +R) (m>3) | (2,2(m—2),1)
(sp(2 4+ m),sp(2) + sp(m)) (m=2) | (4,4(m —2),3)
(s0(10),u(5)) (4,4,1)
(e6,50(10) + R) (6,8,1)

Gs (g2,50(4)) (1,1,0)

(g2 + g2, 92) (2,2,0)

If we define the subset X of the cotangent bundle TS of the unit sphere S; by
E:{(m,g)EOoxa:f#O, xJ—E}CT*Sh

then G - ¥ is an open submanifold of T%S;. For any smooth curve C : ¢(s) =
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(z(s),£(s)) (s € I) in ¥, the submanifold J,.; G - ¢(s) is an isotropic submanifold of
T*S; by Proposition 5.1.

If we take an orthonormal basis eq, e of a, then each element (z, &) of X is expressed
as follows:

(z,€) = (cosper +sinpes, p(—singe; +cospes)) (p #0).

Let 7(t) be a regular curve in C and ¢(t) [resp. p(t)] be the real [resp. imaginary]
part of 7(t);

7(t) = @(t) + V—=1p(t).
Define a pair of curves in a by
x(t) = cosp(t) er +sinp(t) ea, v(t) = —sinp(t) er + cos p(t) ea

which are mutually orthogonal to each other. If we denote by c,(t) the regular curve
cr(t) = (z(t), p(t) v(t)) in X C T*S1, then we have

D(c (1)) = cos(7(t)) z(t) + sin(7(t)) v(¢).
We put n = dimm — 1 and define a mapping d of C \ {0} to Q™ by

</I5(g0 +V—=1p) = cosh(p)(cos p ey +sinpey) +v/—1 sinh(p)(—sinp ey + cos pez).

We have
B(7(t)) = cos(7(t)) e1 + sin(r(t)) ea, (5.2)
d(/I\)(T/(t)) = ( — 7/(t) sin(7(t)) + V—1¢'(t) cos(7(t)))el
+ (7/(t) cos(7(t)) — V=1¢'(t) sin(7(t))) e2. (5.3)
If we put eg = Yl(l), ey By = Yé@?, then ey, ..., e, is an orthonormal basis of m.

Define the complex valued function z; on m® by Zi(Z?ﬂ cj ej) = ¢;. If we extend
the G-invariant inner product (,) on m to the Hermitian inner product on m® and denote
it also by (,), then we have

2(X) = (e, X) (X em®).
By (5.2) and (5.3) we have
dz A dze(P(cy),d®(c))) = 7'.

The tangent space of the G-orbit through = € S; coincides with
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3

k

0.2)= >3 [, 4]

j=1i=1

If, furthermore, x is a regular element, from
V), 2] = x(@) X,
it coincides with a* N'm. Thus if 2(¢) is a regular element we have

dzs N+~ Ndzp(es, ..., en) = H (A, @(c(t)))

AESH (u,0)
and, by (2.3), we have
Qs (dD(c), €3, ..., 0) =T (Aezl:{w A(@(c(t)))). (5.4)
From (5.4) and
(e1,2(c(t))) = cos(7(t), (e2, ®(c(t))) = sin(r(¢)) (5.5)

we can obtain the explicit expressions of Q..
Let (p,q,r) be those in Table 1.

Case 1: Assume that X(u, g) is of type As.
Take an orthonormal basis ey, e of a, so that the elements of X (u, g) are as follows

1 1
] = 5(\/661 — \/562), Qg = \/5627 a1 +ag = 5(\/661 + \/562). (56)
Since the multiplicities of oy, as, ay + as are p (= q), we have
Q12 (dD(), €3, ..., e) = K eV 717" (sin7 (3cos? 7 — sin? 7))”

for some positive constant K from (5.4) and (5.5).

Case 2: Assume that X (u, g) is of type By or BC.
Take an orthonormal basis ey, e of a, so that the elements of ¥ (u, g) are as follows

ap =e1 —ea, a1 +2a3=e;+e (mult. =p),
a1 +ag =e1, ap=ey (mult. = q), (5.7)
2(a1 + ag) = 2e1, 209 = 2eq (mult. = r).

There exists a positive constant K such that
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Qg (dB(), €3, ... en) = K eV 7107 in%"(27) cos? (27)

holds.

Case 3: Assume that 3(u, g) is of type Ga.
Take an orthonormal basis e1, e of a, so that the elements of X7 (u, g) are as follows

1
201 + 3ag = Vber, a = 5(\/661 — 3\@62)7

1
a1 + 3ag = 5(\/661 + 3\/562) (mult. = p),
1 (5.8)
ar =V2e, a1 +2az= 5(\/661 + \/562),

1
o+ ag = 5(\/661 - \/562) (mult. = g).
There exists a positive constant K such that
Qs (dD(), €3, ..., e) = K eV 7107 (5in(27) (3cos® 7 — sin® 1) (cos® 7 — 3sin? 7))”.

Then we obtain the following.

THEOREM 5.2. Let Ad : G — SO(m) be an isotropy representation of an irreducible
Riemannian symmetric space of rank two, and a be the mazimal abelian subspace of m.
Let ey, ey be the orthonormal basis of a satisfying (5.6), (5.7) or (5.8) according to the
type of root system. Let 7(s) be a regular curve in C.

Let F(7) be the holomorphic function given in Table 2, where p, q and r be the
integers given in Table 1. The image of the mapping

R x G — Q;(t,g) — Ad(g)(cosT(t) ey +sinT(t) ez)
is a special Lagrangian submanifold of phase 0 of T*S if and only if
Im(F(r)7) = 0 (5.9)
holds.

Table 2. F(r).

Type F(r)
Ay eV—1o (sinT (3 — 4sin® T))p
By eV~ sin?(27) cos?(27)
BCy eV=10 in9t" (27) cos? (27)
Gy | eV (sin(27) (3 cos® 7 — sin® 7) (cos® T — 3sin’ T))p
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5.4. The action of the Weyl group.

Let 7(t), ¢(t), p(t) etc. be those defined in the previous subsection. We denote by
Sa, [resp. Sa,] the reflection with respect to the line perpendicular to ay [resp. S,

Assume that the restricted root system X(u,g) is of type As. Since the images of
x(t) and v(t) by S,, are

Say (2(t)) = cos (2; - go) e1 + sin (2; - <p> ez,

Se, (v(t)) = —sin (2; - go) e1 + cos <2;- - go) €9

thus we have

s (B(er () = cosn(p(0) (3 — ) + VT sitpte (5 ).

Since there exists an element g € Ng(a) C G such that S, coincides with the restriction
of Ad(g) on a the orbit through the point ®(p 4+ +/—1p) coincides with the orbit through

the point ®((27/3 — @) + v/—1p).
Similarly we have

Sy (®(c7)(t)) = cosh(—p) z(—¢) + /=1 sinh(—p)v(—¢)

and the orbit through the point </15(g0 ++/—1p) coincides with the orbit through the point

~(p+ V1))

PROPOSITION 5.3.  If we define S1(7) and Sa2(7) as follows for T = p++/—1p e C
(¢, p € R), then G-orbits through ®(7), ®(S1(7)) and ®(S2(7)) coincides with each other.

(1) If the oot system % (u,g) is of type As, then

510 = (5 —0) + V7T 520 = (o + VT

(2) If the root system X(u,g) is of type By or BCs, then

Si(r) = (—¢>+ﬁp, So(1) = — (@ +vV—1p).

(3) If the root system X(u,g) is of type Ga, then

$i) = (5 -¢) + VLo Sir) = o+ V7T
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6. Behaviour of solutions.

We study the behaviour of solutions to the differential equation (5.9). In this section,
the behaviour around the singular point, and in the following section the asymptotic lines
will be investigated.

Let 6 be a real number. Let F(7) be the complex valued function given in Table 2
of Theorem 5.2. If we denote by u(ep, p) [resp. v(ep, p)] the real [resp. imaginary] part of
F(7). Since F(7) is a holomorphic function, (5.9) is expressed as an exact differential
equation on R? = C

v(p, p) de + u(ep, p) dp = 0. (6.1)

The condition that (¢, p) is the singular point of the differential equation (6.1) is equiv-
alent to that 7 = ¢ + v/—1p is the zero of F(7).

Let F(7) be a primitive function of F(7). If we denote the real part and the imagi-
nary part of F(7) by U(p, p) and V (¢, p), then we have

u=U,=V,, v=-U,=V,.

The solution of (6.1) is obtained as the implicit function define by U(y, p) = 0.
We consider the autonomous system of differential equation

de _ dp _
= = u(¢p, p), i v(ep,p) (6.2)

corresponding to (6.1).
The following is known about the behaviour of the solution around the singularity
of autonomous differential equation.

LEMMA 6.1 (Yamaguchi [14]). Let (¢(t),p(t)) be the solution of (6.2). If
tlim o(t) = vo, tlim p(t) = po hold, then we have
u(po, po) = v(o, po) = 0.

On the other hand, if there exists a real number ty, such that

lim o(t) = o,  lim p(t) = po,

tho

where (o, po) is the singular point of the differential equation (6.2), namely u(po, po) =
v(po, po) = 0 holds, then tg is equal to 0o or —o0.

PROPOSITION 6.2.  The autonomous system of differential equations (6.2) does not
have any periodic solution.

Proor. Let
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C:t=7(t)=0t)+V-1pt) (a<t<b)

be a simply closed curve, where ¢ and p are real valued functions. If we assume that
T =7(t) is a solution of (6.2), we have

/ eV dr = em‘g(/ (udp —vdp) + V-1 / (udp + vd@))
c c c
:e\/jw/ (u? +v?)dt =0
c
and the holomorphic function F(7) is identically zero on C. Thus F(7) is identically zero

on the interior region bounded by C, which is a contradiction. (]

Let 70 = w0 + vV—1p0 (¢0,p0 € R) be a zero of ( = F(7). The point (pq, po) is a
singular point of the differential equation (6.1). We consider the behaviour of solution of
(6.1) around the singular point (¢g, po) using the following theorem.

THEOREM 6.3 (Hartman [3, p.220]). Consider the autonomous system

dr_ P(z,y) + p(z,y), W _ Q(x,y) +q(z,y), (6.3)

dt dt
where P, QQ are homogeneous polynomials of degree m and

P(@,y) + () = o(r®™) as 1? =2 +y* 0, (6.4)

(P+p)?+(Q+q)*>>0 according as 2>+ y* > 0. (6.5)
In terms of polar coordinate x = rcosa and y = rsin «, we put
S(a) =r~"™(Qcosa — Psina).

Assume that (6.4), (6.5) and S(a) Z 0 hold. If (x(t),y(t)) is a solution of (6.3) for large
t >0 [or —t > 0] satisfying

0<2?(t) +v*(t) =0 as t—oo [ort— —o0,

then a continuous determination of a(t) = tan=1 y(t)/z(t) satisfies either ag = tlim a(t)

— 00

[or ap = . lim «(t)] exists (and is finite) and
——00

S(Oéo) =0
or

la(t)] 00 as t— o0 [ort— —o0]. (6.6)
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The above theorem was proved originally by Bendixon [2]. From the proof of the
above theorem we can conclude the following:

REMARK 6.4 (Yamaguchi [14]). If the function S(ag) takes both positive and
negative values, then (6.6) does not occur.

THEOREM 6.5. Let F(7) be one of the holomorphic function in Table 2. Let 19 =
w0 +vV—1po (vo,po € R) be a zero of F(1) and m (> 0) be the order of 1.

(1) There exists exactly 2(m + 1) solutions of (6.1) such that

lim 7(t) =79 [or lm 7(t) = 7] (6.7)

t—o0 t——o0

holds.
(2) Let (¢(t),p(t)) be a solution of (6.1) defined for t < L ort < —L, where L is a
sufficiently large number, satisfying

0 < (¢(t) = 90) + (p(t) = po)* =0 as t—o0 [ort— —oo].

If we define a continuous function 0(t) by tan0(t) = (p(t) — po)/(p(t) — o), then it
converges as t — oo [ort — —oo]. The limit ag = lim «(t) satisfies

arg(cm) + (m+1)0p = 0 (mod (7 Z)),

m

where ¢y, is the coefficient of (T — 10)™ of the Taylor expansion of F(7) around 7.

PROOF. We denote by ¢; the coefficient of the Taylor expansion of F(7) around
To and put

Z +1 (1 — 7o) 1. (6.8)
J

j=m

The solution of the equation (5.9) is given by F(r) = s (s € R). We denote by F1 the
principal term ¢, (7 — 7)™+ /(m + 1) of (6.8) and by F, the remainder part F — F.

We denote by B,.(19) the open disk of radius r around 7y. Take a posmve number
R so small that the right hand side of the (6.8) is convergent and |F2( )/Fi(7)] <
1/2 holds for all |7 — 70| < R. We put R’ the radius of the circle Fy(r + Rert)
(t € R). For a real number r with 0 < 2r < R’ = |¢,,,|[R™ " /(m + 1), take r’ so that
lem | (r )m“/(m—i- 1) = 2r. If 7 runs through the circle 7 = 79 + ' eV~ 1t (t € - R), we
have |Fy(7)| = 2r and |Fy(7) — r| > r, and from |Fy(7)/Fi ()| < 1/2 we have |Fy| < r.
Thus we have

B (7) =7 > [Fa(r), | —mol =7,

By the theorem of Rouché there exists m + 1 points in B, (7o) satisfying F/(7) =
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Let 71 be one of the solution F(r;) = r with |1, — 70| < /. The coefficient F(ry) of
the first order term of the taylor expansion of F'(7) is not zero, since 1y is the only zero
of F(7) in Bg,/(19). Thus 71 is a zero of order 1 which imply that there exists exactly
m~+ 1 points in |7 — 79| <’ satisfying F(7) = r. Similarly we can show that there exists
exactly m + 1 points in |7 — 70| < 7/ satisfying F() = —r.

Let r be a real number with 0 < 2r < R’ and 7 (|7 — 79| < ') be a solution of the
equation F(7) = r. Let 7 = G,(¢) be the inverse function of ¢ = F(7) defined around
¢ = r. Let G¢({) be the holomorphic function defined around ¢ which is the analytic
continuation of G,({) along the curve ( =t (0 <t < 7). If we put 7(¢t) = G¢(t), 7¢ is a
solution of (6.1).

Take a real constant 71 with 0 < 2r; < R’. There exists mutually different complex
numbers 70 (1 < j < m+ 1) with |[7@ — 75| < (r1)’ and F(r@) = r;. We denote by
7U)(t) (0 < t < r1) the curve obtained by the discussion above (analytic continuation of
the inverse function of F).

We denote by n(r) the number of j’s with the property |70)(r) — 70| < 7. Tt is
obvious that n(r) < m+ 1 and n(r1) = m + 1. We put r2 the infimum of the set of r’s
such that n(t) = m+1 holds for all r with r < ¢ < 7. If ro = 0 then we have th_% Tt(j) =0
(1<j<m+1).

If we assume that 0 < 7 holds, then we have n(ry) < m + 1. There exists at least
one 7 which is the solution of the equation F(7(9) =7y and 7 ¢ {7() : 1<j < m+1}.
There exists a solution 7 = 70(¢) of (5.9) which satisfy F(r(®)(¢)) = ¢. But this imply
n(t) > m+ 1 in some interval ro <t < ry + &, which is a contradiction.

If we express the curve 7 = 7U)(t) as a solution of (5.9), by Lemma 6.1 we have
(6.7).

Let 7; be a regular curve with F(r) = t or F(ry) = —t. We put 74 and a(t) the
absolute value and the argument of 7, — 79 respectively. We shall show the existence of
tlgglo o(t)-

If we put = ¢ — 9o, y = p —po, T = ¢ +V—1p, 70 = o +V—1pg and

P(m,y) = Re(cm(T - TO)m)> p(x,y) = Re(F(T) - Cm(T - TO)m)a
Q(x,y) = —Im(Cm(T - T(])m)v q(x,y) = _Im(F(T) - Cm(T - To)m)'

The autonomous differential equation (6.2) is of the form (6.3). It is obvious that P and
@ are homogeneous polynomials of degree m and (6.4) and (6.5) hold. From

Qr— Py=r(Q cosa— P sina) = —Im(ep, (7 — TO)m+1)

we conclude that S(«) takes both positive and negative values. Thus by Theorem 6.3
and Remark 6.4, the limit

lim a(t) [or lim «(t)]

t—o00 t——o0

exists, which we denote ag.
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If we substitute the Taylor expansion of F(7) to (6.8), divide the both sides by
(r(t))™*! and take the limits as t — +0, we obtain Im(c,, eV~ ("*+D%0) = 0 namely

arg(em) + (m+ 1)ag € 7Z
for lim r(t) =0. O
t—+0

7. Asymptotic lines.

Let (t) be a real part and p(t) be a imaginary part for the solution 7 = 7(s) of
(5.9). We assume that 7 = ¢ is the asymptotic line of 7 = 7(¢), that is

lim p(t) = £o0, lim ¢(t) = ¢q

t—o0 t—o0

hold. If we put the additional condition

im 42 /P _
t—oo dt / dt

we have

im sinT(t) — 4/ 1e V1% lim cos7(t) — 4o V-Tleo
t—oo cosh p(t) " t—oo cosh p(t)

If the restricted root system is of type As, divide the both sides of (5.9) by
(cosh p(t))3P dp/dt, we have

dt 1

S 35 Teosh pyye ™ (F () ') = Im((v=T)P e/ 10FP20)) =

as t — o0.

Similarly, if the restricted root system is of type By or BCy, we have

Im((\/fl)q+r2p+q+Tem(9—2(p+q+r)wo)) =0

)

and if the restricted root system is of type Go, we have
Im((s /_1)p25pe¢71(9—6psao)) =0.

We obtain the following results.

THEOREM 7.1.  Let ©(t) be a real part and p(t) be an imaginary part of the solution
7(t) of (5.9) defined on an open set (a,00). If there is po satisfying

. . . dyp /dp
1 t) = 0o, 1 t) = g, 1 — / —=0,
Jim p(t) = oo, lim o(t) = o, lim = /o
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then, @qo is one in Table 3.

Table 3.
Type )
0 — km
Ay po == 3 (p=1)
20 — 2k + 1)m
=4 = 7 =24, 8
©Yo 6p (p y Xy )
0 — krm
B BC. =4 — :odd
2 or 2 | %o 2p+qtr) (g +7:o0dd)
20— (2k+ )7 (q+r: even)
T g T
60—k
G2 po == 6 (p=1)
20 — 2k + 1)
‘PO::‘:% (p:2)

8. Examples.

Let Ad : G — SO(m) be the isotropy representation of an irreducible Riemannian
symmetric space of rank two and a be the maximal abelian subspace of m. Let e1, es be
the orthonormal basis of a satisfying (5.6), (5.7) or (5.8) according to the type of root
system.

EXAMPLE 8.1 ((u,g) = (su(3),50(3))). In this case the equation (5.9) is
Im (V=17 sin(7)(3 — 4sin® 7)) = éIm(e\/jw(cos(ZS 7)) =0. (8.1)
Most general solution is given by the relation
sin(f — 3¢) €* +sin(f + 3p) e 3 = 2C (8.2)

where C' is an arbitrary constant. After dividing both sides of (8.2) by €*’, we take the

limit as p — oo. Then we have lim sin(6—3¢) = 0. Similarly we have lim sin(6+3y) =
p—00 p——00

0. Thus we have the following conclusion;

let (¢(t), p(t)) be a solution curve of (8.2) with tlim |p(t)] = oo [or , lim |p(t)] = 0.
—00 [— — 00

o If tlim p(t) = oo [or . lim p(t) = oo], then the solution curve (¢(t), p(t)) is asymp-

totic to the line ¢ = (0 — km)/3 (k € Z) for t — oo [or t — —o0].
o If tlim p(t) = —o0 [or . lim p(t) = —oc], then the solution curve (p(t), p(t)) is

asymptotic to the line ¢ = (0 + kn)/3 (k € Z) for t — oo [or t — —o0].
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From (8.2), we easily obtain the explicit expression of the solution for (8.1);

1 o C +/C? —sin(0 — 3p) sin(0 + 3¢p)
pP=37%8 sin(6 — 3¢) )

In Figures 1, 2 and 3, the solution curves of equation (8.2) are given, for § = 0, 7/4
and 7/2 respectively.

For each singular point 7y of (8.1), there exists exactly 4 solutions of 7(¢) satisfying
(6.7) from Theorem 6.5. Actually Figures 1, 2 and 3 illustrates the phenomena.

EXAMPLE 8.2 ((u,g) = (s0(2 + 3),50(2) +s0(3))). In this case the equation (5.9)
is

Im(eV =17 sin(27) cos(27)) = }llm(e\/jw(singﬂﬂ)') =0. (8.3)
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Most general solution is given by the relation
sin(f — 4¢) e*” — 2 sin +sin(0 + 4p) e = C (8.4)

where C' is an arbitrary constant. By similar argument to that in Example 8.1, we have
the following conclusion;
let (¢(t), p(t)) be a solution curve of (5.9) with 1tlim lp(t)] = [or hrn lp(t)] = o0].

o If ilim p(t) = oo [or . lim p(t) = oo, then the solution curve ((t), p(t)) is asymp-
[— OO [— — OO

totic to the line ¢ = (0 — km)/4 (k € Z) for t — oo [or t — —0).
o If tlim p(t) = —oo [or \ lim p(t) = —oc], then the solution curve (¢(t),p(t)) is

asymptotic to the line ¢ = (0 + kn)/4 (k € Z) for t — oo [or t — —o0].

From (8.4), we easily obtain the explicit expression of the solution for (8.1);

1 C +sin 0 £+ \/(C +sin )2 — sin(f — 4¢p) sin(6 + 4¢p)
p=log
4 sin(f — 4¢p)

In Figures 4, 5 and 6, the solution curves of equation (8.4) are given, for § = 0,7/4
and 7/2 respectively.

For each singular point 7y of (8.1), there exists exactly 4 solutions of 7(t) satisfying
(6.7) from Theorem 6.5. Actually Figures 4, 5 and 6 illustrates the phenomena.

EXAMPLE 8.3 ((u,g) = (g2,50(4))). In this case, the equation (5.9) reduces to
%Im(e‘/jw(cos(fi 7)) = 0. (8.5)
Most general solution is given by the relation
sin(f — 6¢) €% 4 sin(0 + 6p) e = 2C (8.6)

0.2

0.0

WA\
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Figure 5. 6 =n/4. Figure 6. 6 =7/2.

where C' is an arbitrary constant. By similar argument to that in Example 8.1, we have
the following conclusion;
let (¢(t), p(t)) be a solution curve of (5.9) with tlim |p(t)] = oo [or , lim |p(t)] = oo
—00 ——00

o If tlim p(t) = oo [or , lim p(t) = o], then the solution curve (p(t), p(t)) is asymp-
— 00 ——00

totic to the line ¢ = (8 — km)/6 (k € Z) for t — oo [or t — —ox].
o If tlim p(t) = —oo [or , lim p(t) = —oc], then the solution curve (¢(t),p(t)) is

asymptotic to the line ¢ = (0 4 k) /6 (k € Z) for t — oo [or t — —o0].

From (8.6), we easily obtain the explicit expression of the solution for (8.5);

2 ain(f — X
. 1 log (C’:I: V/C2% —sin(f — 6y) sin(0 + 6(,0)).

6 sin(f — 6¢p)

In Figures 7, 8 and 9, the solution curves of equation (8.2) are given, for § = 0,7/4
and 7/2 respectively.

For each singular point 7 of (8.1), there exists exactly 4 solutions of 7(t) satisfying
(6.7) from Theorem 6.5. Actually Figures 7, 8 and 9 illustrates the phenomena.
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