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Abstract. There are exactly nine reduced discriminants D of indefinite
quaternion algebras over Q for which the Shimura curve Xp attached to D
has genus 3. We present equations for these nine curves and, moreover, for
each D we determine a subgroup c(D) of cuspidal divisors of degree zero
of Jac(Xo(D))™*" such that the abelian variety Jac(Xo(D))2*% /c(D) is the
jacobian of the curve Xp.

1. Introduction.

Let D be the reduced discriminant of an indefinite quaternion algebra over Q. Let
us denote by Xp/Q the Shimura curve attached to D. In [16], K. Ribet established
the existence of an isogeny defined over Q between Jac(Xy(D))™V and Jac(Xp) by
proving that both abelian varieties have the same L-series, but it is not known an explicit
description of such an isogeny. A. P. Ogg studied the problem of determining the kernel
of an isogeny of minimal degree and conjectured that it may be a subgroup of the group
of cuspidal divisors of degree zero of the curve Xo(D). Moreover, for some particular
cases that D is the product of two primes, he predicted which subgroup should be this
kernel (cf. [15]).

When the genus g of Xp is 1, there are exactly five discriminants D = 14,15, 21, 33
and 34. In all these cases, two elliptic curves defined over Q of conductor D are isomorphic
over Q if and only if both have the same type of reduction at every prime dividing D .
Therefore, the elliptic curve Jac(Xp) can be determined among the isomorphism classes
of elliptic curves over Q of conductor D in Cremona’s tables by using the theory of
Cérednik—Drinfeld. For the subgroup ¢(D) of cuspidal divisors of degree zero displayed
in the next table

D 14 15 21 33 34
c(D) | (3(0) = 3(c0)) | {0} | (2(0) = 2(0)) | {0} | {(0) — (o0))
(D)) 2 1 2 1 3

one has that Jac(Xo(D))*" /e(D) ~ Jac(Xp). This result can be obtained by checking
that Jac(Xo (D))" /c(D) and Jac(Xp) have the same type of reduction at every prime
dividing D or checking that the lattice of Jac(X(D))™*"™ /c(D) corresponds to the elliptic
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curve Jac(Xp).
For g = 2, there are exactly three curves Xp and a kernel ¢(D) for these three cases
is presented in Theorem 3.1 of [5]:

D 26 38 58
(D) | (3(0) = 3(c0)) | (3(0) = 3(00)) | {(0) — (c0))
le(D)| 7 5 5

In this case, once an equation for Xp is determined, the proof is based on the fact that
Xp is bielliptic and the lattices of Jac(Xo(D))"*" and Jac(Xp) can be handled through
their elliptic quotients.

The aim of this paper is double. The first goal is determining equations for all
curves Xp of genus three; although these nine curves have a hyperelliptic involution
defined over QQ, uniquely seven of them are hyperelliptic over Q. The second goal is
checking the existence of a subgroup of Jac(Xy (D))" (Q) formed by cuspidal divisors
of Xo(D) to be the kernel of an isogeny between Jac(Xo(D))**" and Jac(Xp) for each
of these values of D.

In [12], it is given a method to compute equations for Atkin—Lehner quotients of
Shimura curves attached to an odd discriminant D which are hyperelliptic over Q and
some equations are computed. This method has a computational limitation since it ex-
ploits the MAGMA instruction IndexFormEquation that only applies for general number
fields of degree at most four. For this reason, we show in Section 3 how to obtain equa-
tions for all Shimura curves of genus three from certain particular equations of their
Atkin-Lehner quotients, where the number fields involved are of degree smaller or equal
than four. In the beginning of Section 4 we determine equations of the Atkin—Lehner
quotients when D is even, which is more laborious than the odd case; next, in Theorem
4.5 we present a list of all genus three equations, together with the projections onto their
Atkin—Lehner quotients presented in Proposition 4.4. Finally, for each of the the nine
curves of genus 3, we present in Theorem 5.1 of Section 5 a subgroup of cuspidal divisors
of degree zero of Xo(D) which provides in Jac(Xo(D))"%(Q) the kernel of a Ribet’s
isogeny.

2. Genus three Shimura curves and their Atkin—Lehner quotients.

We recall that a curve X defined over a field K of genus g > 1 is said to be hyperlliptic
over K if there exists an involution w defined over K such that the quotient curve X/w
has genus zero and K-rational points. If the characteristic of K is greater than 2, then
this definition amounts to saying that X admits an affine equation of the form y? = P(x)
for some polynomial P(z) € K|z].

Let Xp/Q be the Shimura curve and, for a divisor m|D, let us denote by wy, the
corresponding Atkin—Lehner involution of Xp.

PRrOPOSITION 2.1.  The curve Xp has genus 3 exactly for the following values of
D:
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2-31,2-41,2-47,3-13,3-17,3-19,3-23,5-7,5-11.

In all these cases, Xp is hyperelliptic over Q and the hyperelliptic involution w is the
Atkin—Lehner involution wp except for the values D = 57 and 82, for which w is w19 and
wq1 respectively. Moreover, Xp is hyperelliptic over Q if and only if w = wp.

PRrROOF. Let g be the genus of Xp. From the genus formula for X p, we can deduce
that, if the number of primes dividing D is greater than 2, then g > 3 . Moreover, if
g = 3 and D is the product of two primes, we obtain that (D) < 52, where ¢ is the
Euler function. Checking the genus for these possible values of D, we obtain the first
part of the statement. The other claims can be found in Theorem 7 of [14]. O

From now on, D is one of these nine values of the above proposition. By [8], we
know that the group of the automorphisms of the Shimura curve Xp is the group of the
Atkin-Lehner involutions {w, : m|D} and, thus, we have that Aut(Xp) = Autg(Xp) ~
(Z/27)*. We denote by w the hyperelliptic involution of Xp and by u the unique Atkin-
Lehner involution such that the quotient curve X (%) := X, /(u) has genus one. It follows
that Aut(Xp) = {1,u,w,v}, where v = u - w, and the quotient curves X () := Xp /(w)
and X() := Xp/(v) have genus 0 and 2 respectively. The Atkin-lehner involutions
W = U, Wy, = v and w,, = w are displayed in the following table:

2-31 2-41 2-47 3-13 3-17 3-19 3-23 5-7 5-11

C%) ws2 w2 w13 w3 Ws7 w3 wr Ws

w31 w2 Wyt w3 w17 w3 w23 Ws w11

g ¢ 2|J

we2 w41 Wo4 w39 Ws1 w19 we9 w35 Ws5

Given a nontrivial involution ¢ € Aut(Xp), let us denote by 7, : Xp — X ) the
natural projection and F, denotes the set of fixed points under ¢. Hence, F, = 0, |F,| = 4
and |F,| = 8. For ¢ # v, the number field generated by the coordinates of the projection
m,(P) of a point P € F, can be found in [6]. For instance, if U € F,, we have

Table 1.

D QW) Q(my (U)) = Q7w (U))
-31| Q(v=1) or Q(v-2) Q
41| Q(v-3+4V-2) QV-2)
47| Q=) or Q(V=2) Q
13| Q(vV-13,V13) Q(v-1)
17 Q(v/~-3) Q
19| Q(V3,vV/-3) Q(v=3)
-23 Q(v/-3) Q
5-7 Q(v/~=T7) Q
5-11 Q(v=5,v5) Q(v-1)

WIW | Wl W (N[N
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where for D = 62,94, i.e. u = wy, there are two fixed points whose coordinates generate
Q(v/—1), while the coordinates of the other two fixed points generate Q(v/—2).

The involution w induces involutions on the curves X(*) and X that will be also
denoted by w. For the genus two curve X (*), w is the hyperelliptic involution and, thus,
the curve X() admits a hyperelliptic model over Q.

For the curve X since w is defined over Q, it has an equation of the form y? =
F(z) with F(z) € Qz] of degree 3 or 4 and for which the involution w acts sending
(z,y) to (z,—y). Any equation for X of the form y?> = G(x) with G(z) € Q[z] of
degree 3 or 4 for which the action of w is given by (z,y) — (x, —y) is equivalent over Q
to y? = F(x), namely, there exist

(3‘ ?) € GL(2,Q) and AeQ*

such that

5 (oszrﬂ

G(z) = \°F 7UE_HS)(WI—I—(S)‘L.

3. Equations for Xp from its Atkin—Lehner quotients.

In [12], the second author gives a method to compute equations for Atkin-Lehner
quotients of Shimura curves attached to an odd discriminant D which are hyperelliptic
over Q. For the particular case that Xp has genus 3, he provides in Table 2 of [12]
equations for Xp when D = 39,55 and for X(*) when D = 35,51,57,69. In this section
we show how one can obtain an equation for Xp, even if Xp is not hyperelliptic over Q,
from certain particular equations for X () and X®).

We recall that, if a curve Y defined over a field K of genus g is hyperelliptic over
K, then for a point P € Y (K) there exists a basis {\;}1<i<y of HO(Y, Q') such that for
all 4:

27— 2 if P is a Weierstrass point,
ord p\; =

i—1 otherwise.

For such a basis, the functions @ = A\;_1/Xy, ¥ = dx/\; generate the function field
of Y and provide a hyperelliptic model for Y, that is y*> = F(z) for some polynomial
F(x) € K|x] without double roots, of degree 2g + 1 or 2 g according to whether P is
a Weierstrass point or not. If the hyperelliptic involution w is defined over K and P
projects to a K-rational point of Y/(w), then we can take \; € HO(Y, Q%,/K) for all 4
and, thus, F(z) € K[x] (see for instance Lemma 2.5 of [1]).

In our particular setting, we point out the following facts:

(a) The curve Xp has a hyperelliptic model over Q if and only if X (*)(Q) ~ P}(Q), i.e.
D # 57,82. Since Xp(R) = () (cf. [18]), a point Q lies in 7' (X(“)(Q)) if and only
if there is an integer e < 0 such that Q@ € Xp(Q(v/e)) with w(Q) = Q°, where o is
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the nontrivial automorphism in Gal(Q(v/e)/Q). In this case, Xp admits an affine
equation of the form:

y* =eF(z), F(z)e€Qll, (1)

where F' is monic without double roots, x € Q(Xp) and divz + (Q) + (w(Q)) > 0.
The curve Xp does not have any real point and, thus, does not have any rational
Weierstrass point. Therefore, deg F' = 8.

(b) From the equality

HO(XDa Q%(D/Q) = W: (HO(X(M)’ Qﬁ((u)/(@)) ©® Wz (HO(X(U)7 Qﬁ(@)/@))’

we can take a basis {vy,vs,v3} of HO(XD,QkD/@) such that 1; lies in

o (HO(X (), Qﬁc(u)/Q)) and vy, 3 are in 7 (HO(X ), Qﬁc(?,)/(@)). Since the hyperel-

liptic involution w acts on H(Xp, Q&D/Q) as the multiplication by —1 and w = u-v,
the action of u,v on this basis is the following:

4! Vo V3

V1T —lV2 —Us
v| =l 120} V3

It is clear that divyy = > oz (U).
(c) The set of Weierstrass points of XI(:;J) consists of the four points of the set m,(F,)
and the two points of 7, (F,).

Now, we split our nine cases in three types and we present for each of them a
particular class of equations. The first two types correspond to the case Xp hyperelliptic
over Q.

3.1. Type 1: D € {35,51,62,69,94}.
PROPOSITION 3.1.  Assume D € {35,51,62,69,94}. Then, the curve X admits
an equation of the form

Y2=eX(X*+aX?+bX?+cX +d)
for some a,b,c,d,e € Q, where w,(F,) is the set of Weierstrass points corresponding

to X = 0,00 and Q(v/e) is the field of definition of a point U € F,. For any such an
equation,

(i) if D € {35,51,69}, then
v =e(x®+axb +bat +ca?+d)

is an equation for Xp and y*> = e (X* +a X® +b X% +cX +d) is an equation for
X for which w(X,y) = (X, —y).
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(ii) if D € {62,94} and, additionally, y*> = e (X*+a X3+b X% +c X +d) is an equation
for X with w(X,y) = (X, —y), then

> =e(@® +ax® +bat 4 ca? +d)

s an equation for Xp.

Proor. Every Q € F, is defined over an imaginary quadratic field (cf. Table 1)
and w(@Q) is the Galois conjugate of ). We fix one of such @ € F,,. Since the Weierstrass

point ,(Q) of X*) is rational, we can choose v € 75 (H(X®), Qk(v)/@)) such that

divey = 2(Q) + 2(w(Q)).

Set x = v1/ve and y = dx/vy. By scaling y by a suitable rational if necessary, x
and y satisfies a relationship as in (1), where Q(y/e) is the field of definition of Q. The
involutions v and v act by sending (z,y) to (—z,y) and (—x, —y) respectively. Therefore,
there is a polynomial G(x) = 2* + a2® + bx? + cx + d € Q[z] such that

Xp :y? =eG(z?),
X® g2 = eG(X),
XW.y?=eXG(X),

where X = 2% and Y = y .

It is clear that w acts on X by sending (X,y) to (X, —y). Since diva = (Q') +
(w(@")) — (Q) — (w(Q)) for Q" € F,\{Q,w(Q)}, we have that F, coincides with the set
of points in Xp with coordinates x = 0,00. Thus, the expressions X = 0 and X = oo
yield the set m,(F,) on the curve Xg)). Since Q(v/ed) is the field of definition of @', one
has d € Q?, for D # 62,94, and 2d € Q?, otherwise.

Let T? = ¢ Z F(Z) be any equation of X () with F(Z) € Q[Z] monic of degree 4 and
such that , (F,) is the set of points in X @) corresponding to Z = 0, co. Since the group
Aut(X ™) is commutative (cf. Proposition 1.5 of [8]), the set of fixed points of u in X (%)
is stable under the action of all automorphisms of the curve. Hence, any isomorphism
between T2 = e Z F(Z) and Y? = ¢ X G(X) must send the points Z = 0 and Z = oo to
the points X = 0 and X = co. Therefore, it must be of the form (X,Y) = (e Z,AT) or
(X,Y) = (a/Z,\T/Z3) for some a, X € Q*. Observe that if d € Q?, by changing in the
equation 32 = e G(22) the variables (x,y) by (1/x,Vdy/z*) if necessary, we can assume
that the isomorphism sends Z = 0 to X = 0 and, thus, (X,Y) = (a« Z,\T).

If (X,Y)=(aZ,\T), it is easy to check that a® = A? and, thus, (a, \) = (32, 3°)
for some 3 € Q*. The changes of variables (z,y) = (B2, 3*) and (X,y) = (3° Z, p*t)
provide isomorphisms between the genus three curves y? = e G(z?) and t? = e F(22) and
the genus one curves y? = e G(X) and t? = e F(Z) respectively.

If (X,Y) = (a/Z,\T/Z?), then da = 2. If, moreover, the equation
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e e
t*=-G(—- )z*
is equivalent to the equation y?> = e G(X), then d must be a rational square and, thus,

the result follows. O

REMARK 3.1. According to Table 1, the values e, up to rational square factors, for
each of the three cases of the above proposition are:

D|3-17|3-23|5-7
e| —3 -3 | =7

and for D = 62,94 we will choose e = —1.

3.2. Type 2: D € {39,55}.

PROPOSITION 3.2.  Assume D € {39,55}. Let e < 0 be an integer for which there
is a point Q defined over Q(/e) such that 7,(Q) € X™)(Q). Then, X) admits an
equation of the form

Y2=e(X*"+aX?+bX%+cX +d)(X*+4)

for some a,b, c,d € Q, where m,(F,,) is the set of Weierstrass points corresponding to the
roots of X2 + 4 and

Vi=e(X*+aX]+bX%+cX +d)

is an equation for X with w(X,V) = (X, =V). For any such an equation for X,
the curve Xp is defined by the equation

v’ =e(@®+ar" + B2’ +Ca® + Fa* —Ca® + Ba? —ax + 1),

where B=b—4,C=c—3a, E=d—2b+6.

PROOF. In this case, for any choice of @ in 7, (X ) (Q)) we have Q ¢ F,,. Since

u is defined over Q, also u(Q) € Xp(Q(ve)) and v(Q) = uw(w(Q)) = u(Q)°.

We can choose \i, A2 € HY(Xp, QkD/Q) such that:

divar = (@) + (w(@)) + (v(Q)) + (u(Q)),  divrz =2(Q) + 2(w(Q)).

Set x = A1/A2 and y = dx/A2 = xdx/A;. Then, we have a relationship as in (1) by
escaling y by a suitable rational if necessary. Due to the fact that

divu®(z) = divu* (A1) — dive*(A2) = div g — div A = —dive,

it is clear that u*(z) = &/x for some ¢ € Q*. The divisor of A; is invariant under u
and A1 ¢ (v1) since div vy = ) ;o7 (U). Therefore, \; must satisfy u*(A\1) = —Ai.



616 J. GONZALEZ and S. MOLINA

Hence, u*(y) = y&?/2* and u sends (x,9) to (¢/x,ye%/z*). Note that ¢ ¢ Q2, otherwise
7w(Fy) € X(®)(Q). By scaling 2 by a suitable rational, we can assume that ¢ is square-
free. Since Q(v2) C Q(m,(U)) for all U € F,, it follows that ¢ = —1 (see Table 1).
Hence,

Xp:yP=e@®+A2" +BaS+Ca® + Ea* —Ca® + Ba? — Az +1),
XW V2 =e(X*+ AX3+ (B4+4)X?+(C+34)X+E+2b+2), (2)
X0 y? = (X + AX® + (B4+4) X2+ (C+3A)X + E+2B +2)(X? +4),

for some A, B,C, E € Q and where
X=x—1/z, V=y/z? and Y =V(z+1/z)=y(z®+1)/2>.

Writinga = A, b=B+4,c=C+3Aand d= E + 2 B + 2, we recover the notation as
in the statement. Since the points of F,, correspond to the points whose z-coordinates
satisfy 22 = —1, it follows that their projections to X (*) satisfy X2 = —4. Moreover, w
acts on X by sending (X, V) to (X, V).

Set g(z) :==e(2®+ A2"+ BaS+C2®+ Ex*—Ca3+ Ba? — Az +1) and G(X) =
X*+aX?+bX?+cX +d Let T? = e(Z% + 4)F(Z) be any equation of X®) with
F(Z) € Q[Z] monic of degree 4 and such that m, (F,) is the set of points corresponding to
7Z? = —4 and S? = ¢ F(Z) is an equation of X (") equivalent to V2 = ¢ G(X). Changing
(z,y) by (—z,y) in the equation given in (2) for Xp if necessary, we can assume that
an isomorphism defined over Q between T? = e (Z% +4)F(Z) and Y2 = ¢(X? + 4)G(X)
sends Z = 27 and Z = —27 to X = 24 and X = —21i respectively. Therefore, this
isomorphism must be of the form

B 4 T (7 -4y T
(X’Y)_<_Z’AZ3> or (X’Y)_(WZ+1’A(WZ+1)3)

for some v, A € Q.
If (X,Y)=(-4/Z,\T/Z?), we consider the equation t?> = f(z) obtained from the
equation y? = g(z) by means of the change of variables

(z,y) = ((z—1)/(z+1),A2t/(z + 1)%).

It is easy to prove that

2
t 1 1 t 22 +1
(z4> - (‘)’Z:Z‘zv =z T=t—0 3)

Hence, t? = f(z) is the equation of the genus three curve obtained from the equation
T? = e(Z% + 4)F(Z) after applying the rule given in the statement.

For the isomorphism (X,Y) = ((Z — 4y)/(vZ + 1),AT/(vZ + 1)3), we get that
Y1 +4~%)(a+v+by+cy? +dvy?) = A2. Moreover, since the equation
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Z — 4y
S2 — e F(7) = © G 7+ 1)4,
cF(2) Y(a+y+by+cy?+dy3) (WZH)(7 )

is equivalent to V2 = e G(X), the expression y(a+~+b~y+cy?+d~?) must be a rational
square and, thus, also 1 + 442 € Q2. Let v be any root of the polynomial v 2 + 2 — 7,
which is a rational number different from +1. The change of variables

( ) = z—V _\ 241 t
Ty = vz+1’ ¥2-1)3 (vz+1)*

provides an equation > = f(z) for Xp satisfying all conditions in (3). Hence, the
statement is proved. O

REMARK 3.2. By the theory of Heegner points, we can choose e of the previous
proposition to be —7 for D = 39 and —3 for D = 55, up to rational square factors.

3.3. Type 3: D =57,82.

PROPOSITION 3.3.  Assume D = 57,82. Let e < 0 be a square-free integer for which
there exists a point P € Xp(Q(y/e)) such that m,(P) € X"(Q) and let a be either 3 or
2 depending on whether D is equal to 57 or 82. Then, X admits an equation of the
form

Y? = e(z? 4+ a)F (),

where F(x) € Q[z] is a monic polynomial of degree 4, m,(F,) is the set of Weierstrass
points corresponding to v = +v/—a and y*> = F(z) is an equation for X with w(zx,y) =
(z, —y). For such an equation,

is an equation for Xp.

PROOF. Since for D = 57,82 we have that | X" (Q) |= oo, we can
choose two points P,Q in 7, '(X)(Q)) such that the sets {P,u(P),v(P),w(P)} and
{Q,u(Q),v(Q),w(Q)} are disjoint. It is clear that both sets are stable by Galois con-
jugations and each of them has all its points defined in the same imaginary quadratic
field.

With the same argument used for A\; in the above proposition, we choose vo,v3 in

T (HO(X™, QL ) /o)) such that

divey = (Q) + (u(Q)) + (w(Q)) + (v(Q)),  diveg = (P) + (u(P)) + (w(P)) + (v(P)).

Set x = vy /v3 and y = dz/vy. The functions z and y?, viewed as functions on Xp/{u,v),
have a unique pole of multiplicity 1 and 4 respectively at the projection of P. Therefore,
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QX™/(w)) = XM /(w)) =Q(x), QX™)=Q(z,y) and y*=F(x),

where F(z) € Q[z] has degree 4 and w acts by sending (z,y) to (x, —y). Observe that
the leading coefficient of F' and F'(0) are rational squares since the projections of P and
Q into X are rational.

Set t = vy /v3 € Q(Xp). Of course, u*(t) = v*(t) = —t and w*(¢) = ¢. In particular
t ¢ QX™) and t? € Q(Xp/(u,v)). Since t?, viewed as a function on Xp/(u,v), has
a unique pole of multiplicity 2 at the projection of P, t? is a polynomial of degree 2 in
x with rational coefficients. The function ¢2, now viewed as a function on X (¥, has its
zeros at the points of m,(F,), defined over Q(v/—a) (see Table 1), and has its poles at
the points of m,({ P, u(P)}, defined over Q(y/e). Therefore, after changing the variables
t by at and x by bx + ¢ for a suitable a,b,c € Q, we get t? = e(x? + a). Now, by scaling
y by a suitable rational, F' can be chosen to be monic. Taking ¥ = ty, we obtain the
following equation for X p:

Xp:y?=F(z) and t*=e(2?+ ),
XW 2 = F(x), (4)
X v? = e(z? 4 a)F(z).
Set F(z) = 2* +ax® +ba? + cx +d. Let T? = d(2 + a)G(z) be any equation for
X @) /Q such that 7, (F,) corresponds to the set of points with z = +v/—a and t* = G(z)
is an equation equivalent to 3> = F(x). We can assume that the isomorphism between

both equations for X(*) sends z = v/—a and z = —v/—a to z = /—a and z = —/—a

respectively. So, the isomorphism must be of the form

a T zZ—ay T
Y= ——, A= Y)= A .
3= (=305) = e - (5 ger)

If (z,Y) = (—a/z,\T/z3), the condition that the equation

is equivalent to y? = F(z) leads to the contradiction that o should be a rational square.
If (2,Y)=((z—ay)/(yz+1),A\T/(yz + 1)3), then

(1+ay®)(1+by*+ ey +dyh) = A2

Moreover, since

1 o
t?=G(z) = F(-=)z*
) 1+b92+cy3+dry? ( z)z

is equivalent to y? = F(x), we have that 1+ b~2 + c¢y3 + d~* is a rational square and,
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thus, 1 4+ a2 = 82 for some 3 € Q. Hence, the change of variables

zZ— vy T
Y)t) = A

provides an isomorphism between the equation for Xp given in (4) and the equation
T? = G(2) and W2 = ¢(22 + ). O

REMARK 3.3. By the theory of Heegner points, we can choose e = —1 and e = —3
for D =59 and D = 82 respectively.

4. Equations for Atkin—Lehner quotients and Xp.

4.1. Genus one quotients.

Here, we focus our attention on the curve X (. The Jacobian of the curve X (%) has
conductor D because it is a quotient of the new part of the Jacobian of X(D) defined
over Q and its Q-isomorphism class can be determined by using the Cérednik—Drinfeld
description of the fibers of Xp at primes p | D (cf. [17] and the footnote in page 938 of
[6]). Next, we show the set X(*)(Q), given as group when X is elliptic over Q, and
Cremona’s label of the elliptic curve Jac(X ():

D 2-31 2-41 247 3-13 3-17 3-19 3-23 5.7 5-11
XWQ | 0 zZxz/p2Z 0 0 {0} Z 0 Z/3Z 0
Jac(X(W) | A3 Al A2 A1 A2 A1 A2 A1 Al

ProroSITION 4.1.  The following table shows equations for X(“)/Q of the form
72 = F(X), for which the involution w acts sending (X, Z) to (X,—Z) :

Table 2.
D X(u)
35| 22 = —(TX +1)(X®+197X? +51 X +7)
39122 = —(TX?2+23X +19)(X?+ X +1)
51 Z% = —(X +3)(243 X3 +235 X2 - 31X +1)
55| Z% = —(3X2 —4 X +16)(X% +4X +48)

57| Z2 = (X +4)(X3 +20 X? + 48 X + 32)

62| 2% = —(64X*+99 X3 +90 X2 +43 X +8)
69| 2% = —(3X* +28 X3 + 74 X2 — 1268 X + 2187)
82| 22 =16X* — 32 X3 + 1032 X2 + 1576 X + 1549
94| 7% = —(8 X* — 69 X3 + 234 X2 — 381 X + 256)

In particular, any equation for X of the form Z% = G(X) with deg G(X) = 3 or 4 for
which the action of w is given by (X, Z) — (X, —Z2) is equivalent over Q to the equation
given in Table 2.
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ProOF. When X (Q) = 0, i.e. for D # 35,51,57 and 82, see Theorem 4.2 of
[6]. For D = 51,57 and 82, we proceed as in [6]. We take a subset {P;,...,P,} C
Jac(X™)(Q) of representative elements of the group Jac(X()(Q)/2 Jac(X™)(Q) and
for each P; we attach an equation y? = Fj(z) as in Subsection 2.1 of [6]. The equation
in the statement corresponds to the unique equivalence class such that the number field
generated by the roots of F;(x) agrees with the number field generated by the coordinates
of the points in 7, (F,). Since for D = 35 this procedure gives two equivalence classes
satisfying the previous condition, we use another argument in this case. Indeed, from
[12] we know that

v =29z +4)(dz+1)(1722° + 176 2> + 60z + 7)

is an equation for X () and, moreover, it can be checked that the z-coordinates of the
Weierstrass points coming from F,, are 0 and —4/9. Since the change

4X 4Y
r= ———- = —
—ox+1 YT (—ox 1)}
provides an isomorphism with the curve Y? = —X(7X + 1)(X3 + 197X? + 51X + 7)
sending x = 0,—4/9 to X = 0, 00, the equation in Table 2 is obtained by applying part
(1) of Proposition 3.1. O

4.2. Genus two quotients.

Now, we deal with the curve X(*). Equations for D = 35,51,57,69 can be found in
[12]. Moreover, the procedure used in this paper allows us to determine which Weierstrass
points come from fixed points of u. For D = 39,55 we can determine equations for
X @) either following the same procedure used for the before mentioned cases or finding
the explicit action of the automorphism v in the equations presented for Xp in [12]
and determining equations por the corresponding quotients. We omit details of these
computations. Equations for all these cases, namely for D odd, are presented in Table 4
of Proposition 4.4.

For D even, i.e. D = 62,82,94, it is harder to find equations for X () than for the
odd case. We do not have a description of the thicknesses of the singular points in terms
of the valuation of the difference of the roots of the polynomials involved in a suitable
model of the form Y2 = R(X) at p = 2 (see Theorem 2.3 of [12]). This is basically due
to the fact that a model of the form Y2 = R(X) is not a good model at p = 2.

Let W be a model for X () over Z of the form:

WYL QX)Y = P(X), P(X),Q(X) € Z[X]. (5)
For such a model, its discriminant is defined as follows:

)

N 27 12Disc(4P(X) + Q(X)?)  if deg(4P(X)+ Q(X)?) =6
)= {21202Disc(4P(X) +Q(X)?) if deg(4P(X)+Q(X)?) =5

)
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where c is the leading coefficient of 4P(X) + Q(X)?. Let Wy be the model with minimal
discriminant. The following result due to Q. Liu [10, Théorémes 1, 2 and Proposition
1] describes the valuation of the discriminant A(Wp) in terms of the canonical model
of X its minimal regular model and the exponent of the conductor attached to the
Galois representation on the Tate module of its Jacobian. Since the Jacobian of X ()
is isogenous over Q to an abelian subvariety of Jac(Xo(D))™", we know by H. Carayol
(cf. [2]) that its conductor is D raised to its dimension. Thus the result provides the
valuations of the discriminant A(W).

THEOREM 4.2. Let C be a smooth projective geometrically connected curve of genus
2 defined over a finite extension K of Q,, with integer ring Ox. Let Ccan/Ok and
Ciin/ Ok be its canonical and minimal regular models, respectively. Let us denote by
o the extension of the hyperelliptic involution of C to €.an. Let n be the number of
irreducible components of the special fiber of €nin and let d be the number of connected
components of the special fiber of the minimal desingularization of €ean/o. Then, the
exponent of the conductor f of C/K can be expressed as:

FCIK) = o(AW)) — 11 - % "

where v is the normalized valuation of K.

Since the conductor of the Jacobian of X®) is D raised to its dimension, we have
f(X(”)/Qp) = 2 at every prime p | D. Moreover, the Cérednik—Drinfeld special fiber
of Xp at p | D can be computed using MAGMA, together with the action of u, v and
w on its irreducible components and singular points (see [8]). Hence, we are able to
compute the special fiber of a semistable model for X(*) and the action of the hyperel-
liptic involution w on it. Contracting exceptional divisors and next blowing-down and
blowing-up singularities, we obtain the special fibers of %‘(f{% and %gi)n, the canonical and
minimal regular models of X (*) respectively, together with the action of the hyperelliptic
involution on both of them. Thus, we determine n, d and, thus, v,(A(Wy)) at every

prime p | D. Using this procedure we obtain the following result

PROPOSITION 4.3.  The absolute values of the discriminants A(Wy) of the minimal
hyperelliptic models Wy /Z of X®) are given by the following table:

D 2.31 [ 2.41 | 2.47
IAWo)| | 215 - 314 [ 215 . 417 [ 219 . 472

PrOOF. We compute the valuation of A(Wy) at every prime of bad reduction
using the above theorem and the procedure, described in the previous paragraph, to
compute the special fibers of 365}321 and %l(fl)i)n together with the action of the hyperelliptic
involution on both of them. We show this procedure for the three even values of D and

p=2.
Case 4.1. For D = 94 and p = 2, we compute the special fiber of Xp using Cérednik—



622 J. GONZALEZ and S. MOLINA

Drinfeld theory. We describe graphically the quotients, contractions of exceptional divi-
sors, blown-ups and blow-downs we have apply to obtain the special fibers of xél;%l and
x(”) .

min*

X, modulo 2 X® modulo 2

contracting exceptional divisors

12 9 5 blow-down
Puththuiihahhts

Stable and canonical model (X)),

l blow-up

—_ e e
[y

(L) w

Minimal regular model (X)),

min:

We obtain that the number of irreducible components of the special fiber of the min-
imal regular model is n = 18 and, moreover, the number of connected components of
the special fiber of the minimal desingularization of 352;’21 /wis d = 1. Thus, we get
UQ(A(W())) =19.

Case 4.2. The case D = 62 and p = 2 is similar to the previous case. We obtain that
the number of irreducible components of the special fiber of the minimal regular model
is n = 14. Moreover, the number of connected components of the special fiber of the
minimal desingularization of x) Jw is also d = 1. Thus, we get v2(A(Wp)) = 15.

Case 4.3. For D = 82 and p = 2, we have the following special fibers:

We obtain that the number of irreducible components of the special fiber of the minimal
regular model is n = 3 and, moreover, the number of connected components of the special
fiber of the minimal desingularization of .’fég%/w is d = 3. Thus, we get v2(A(W))) = 15.

The computation of the valuations v,(A(W)) provides A(Wp) up to sign, namely,
the absolute value |[A(Wp)]. O

From Wy, we obtain a model W) of the form Y? = R(X) = 4P(X) + Q*(X). Note
that A(W)p) provides the discriminant of R(X). The roots of R(X) are the X-coordinates
of the Weierstrass points of X(*), i.e. m,(F,)Um,(F,). In Table 1, it is given the field
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X, modulo 2 X® modulo 2
contracting exceptional divisors l
e
X e
2 \1 blow-down 1 1
. D <_
Stable and canonical model (X)), Minimal regular model (X)),

l
2/ blow-up B\/

(x©),/w desingularization of (X)),

can.

of definition L,, of the coordinates of any U € m,(F,). Again by using [6], the fields of
definition L,, of the coordinates of any W € =, (F,,) are:

Table 3.
D L, =Q(W)
2-31 | QX]/(X*+ X3 +4X% —2X +4)
2-41 | Q[X]/(X* +2X3 — X2 -2X +2)
2. 47 Q[X]/(X*+5X2 +18)

Note that L, and L., are the fields involved in the factorization of R(X) = [, pi(X).
The above analysis of the special fibers provides

Disc(R) = H Disc(p;) H Res(pi, p;)?

By using specialization of Heegner points we can determine the valuations of Disc(p;) and
Res(pi,pj) at every odd prime (see Section 4 of [12]). Since we know the 2-valuation of
Disc(R), we have a finite number of possible 2-valuations for Disc(p;). Moreover, its sign
is determined by the field of definition of p;. A suitable choice of the points at infinity
(they are going to be also Heegner points) provides the leading coefficients of the p;.
Once we know the leading coefficient ¢;, we proceed to determine the corresponding
monic polynomial ¢;(X) = 287~ 'p,(X/¢;) € Z[X], whose discriminant is Discq; =
cgdegpi_l)(degm_m Discp;. By [7], there are only finitely many monic polynomials with
integer coefficients, up to translation by integers, with the same discriminant and field
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of definition as ¢g;. Let L; is the field of definition of p; and let Oy, be its integer ring,
let o; € O, be a root of g;. Since the discriminant of g; provide the index of the order
Z[a;] in Oy, by means of the instruction IndexFormEquation of MAGMA, we determine
a finite number of candidates for a; and p; up to translation by integers. For any of these
choices for all ¢, we determine R(x) by using that Res(p;, p;) is known. Next, we will
use properties of Shimura curves to discard fake equations in case that our procedure
produces more than one candidate.

4.2.1. Computing equations.

The cases D = 62 and 94 are similar and correspond to type 1 introduced in Section
3. In both cases the pair of Weierstrass points coming from the fixed points of u are
rational. We choose one of these rational Weierstrass points to be the point of infinity.
Therefore the model W) is given by

Wy Y2 =R(X) =4pi1(X) - p2(X),

where p; is the polynomial of degree 1 corresponding to the other rational point and ps is
the irreducible polynomial corresponding the Galois orbit m,(F,,) with field of definition
L. Recall that A(Wy) = 272¢2 Disc(R) is given, where c is the leading coefficient of
R. For the case D = 62, we have A(W,) = 21531* while for D = 94, A(W,) = 219472
By the results on the reduction of Heegner points (cf. [13], [12]), we can compute the
valuation of Disc(pz) at every odd prime. Set vy(Disc(pz)) = ¢, we computed

2t314, if D = 62,

Disc =
(r2) {2t472, if D = 94.

Since Disc(R) = Disc(p2) Res(p1, p2)?, we obtain that ¢ and Res(py,ps) are powers of 2.
Therefore,

p1(X)=2*X + b,
po(X) =29 X4 +dX3 +eX3 + fX?% + g,

2279720=27314 if D = 62,

. 2 __9l2 -2 —
Disc(pz) Res(p1, pa)” = 2% “AM) = {2312—2(1—27472 if D =94,

a+v<
15 if D = 94.

12 A 13 if D =62,
FurAW) L {
2
First we compute the polynomial p;. Notice that

12 (AOWY)) — 2 ) 27T —2a—2v if D =62, @®)
t < + v —2a — =
B ? 0 v 31 —2a—2v if D=094.

Instead of determining the polynomial py(X), we determine the corresponding monic
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polynomial with integer coefficients
(X)) = 237py(X/27) = X* +dX3 +27eX3 22 X2 4 2%y

with Disc(gz) = 267 Disc(p2). We do not know explicitly vz(Disc(gz2)), but we can bound
it thanks to (7) and (8):

va(Disc(q2)) =t + 6y < 12 + va(A(Wp)) + 4y < 36 + 3ua(A(W)).

Since ¢ is monic and defines the field L, given in Table 2, we have Disc(g2) =
N2 Disc(Ly,), where N € Z is the index. It is known that there are finitely many
possible ¢» for a given N and L,,, up to translation by integers. In our case, N = 2™
and, moreover, m is bounded since vs(Disc(gz2)) < 36 4+ 3va(A(Wh)).

By means of the instruction IndexFormEquation of MAGMA, we compute all the
possible values of m which provide candidates for g;. We obtain

D |m
62 |3,9,12,15,18,21,24
94 3,6,9,12,15,18, 21,24, 27

Notice that 2m + vy (Disc(L)) = va(Disc(ge)) = ¢ + 6+ and, thus,

< 2m + vy (Disc(L))
7= 6 .

This inequality provides a finite number of possibilities for the leading coefficient 27 for
a fixed g2. Among all possibilities for the pairs (go, ), we select those for which there
is an integer s in a set of representatives modulo 27 such that pa(z) = 2737¢o (27 + 5)
has integer coefficients and, moreover, vy (Disc(pz)) < 12 + va(A(Wp)) — 2. Finally, we
obtain 17 possibilities for ps if D = 62 and 68 if D = 94.

Recall that

Res(p1, p2)? = 2%“pa(—b/2%)? = 212272727 Disc(py) "L AWp).

Thus, a < (12— 2v—wva(Disc(p2)) +v2(A(Wy)))/2 := r. Now, for a given ps and a in the
range [0, ..., 7], we select the pairs (p2, @) such that the equation ps(z) = £2"~°* admits
the rational solution —b/2%. For each of such pairs, we have two possible equations for
X®: Y2 = £(2°X + b)pe(X).

In the case D = 62, we obtain 6 possible solutions up to Q-isomorphisms:

Y2 = (X +6)(X*+6X>+27X% + 116X + 236), (ch)

V2= (X +6)(X*+6X3+27X% + 116X + 236), cy)
V2= (X +3)(4X* +12X3 + 27X2% 4+ 58X + 59), ()
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V2= (X +3)(4X* +12X° 4+ 27X? + 58X +59), (Cy)
Y2 = X(64X* +99X3 +90X? + 43X +8), ch)
Y2 =X (64X"* +99X> +90X? + 43X +8). (C3)

By using the instruction genus2reduction of SAGE, we determine the type of reduction
modulo p = 2 of these curves. We obtain that (C;7), (C7), (C5) and (C5 ) have stable
reduction of type V, while (C5") and (Cj ) have stable reduction of type IV with the Liu
notation (cf. [11]). Since X () have stable reduction of type I'V at p = 2, our candidates
are now (Cy ) and (Cy).

Since Jac(Xgz) is isogenous over Q to Jac(Xo(62))™™ and this abelian variety is
isogenous over QQ to the product of an elliptic curve and a simple abelian surface, there
is a normalized newform f = ¢+ _, anq" € S2(I'0(62)) such that the abelian surface
Ay attached to f by Shimura is isogenous over Q to Jac(X ). One has that Q({a,}) =
Q(v/3) and, moreover, az = 1+ +/3. Applying the Eichler-Shimura congruence, we know
that the trace of the Frobenius automorphism Frobs acting on the f-adic (¢ # 3) Tate
module of the reduction of Jac(X () mod 3 is equal to as plus its Galois conjugate, i.e.
2. An easy computation allows us to discard the equation C’gr and we obtain that X ()
has the following equation

X Y2 = —X(64X* +99X3 + 90X % + 43X + 8).
In the case D = 94, we only obtain two possibilities up to Q-isomorphisms:

Y2 = (X +3)(8X* +27X3 + 45X?% 4 24X + 4), (ch)
Y2 = (X +3)(8X* +27X3 +45X?% 4+ 24X + 4). (cy)

Now, the corresponding normalized newform f of level 94 attached to Jac(X () is f =
q—q*+---+(=2—-2v2)q" +--- and, thus, the trace of Frob; is —4. We conclude that
X®) has the following equation

X® 1 ¥2 = (X 4 3)(8X* +27X3 +45X? + 24X + 4).

The case D = 82 corresponds to type 3 and, thus, is slightly different to the above
cases. In this case, X(*) does not have any rational Weierstrass point. Let {Py, Py} be
the image, under m,, of the set of Heegner points with CM by Z[(1 + v/—11)/2]. Since
such order has class number 1, by [6] we know that P, and P, lie in X (Q(y/—11))
and the hyperelliptic involution acts on these points as the complex conjugation mapping
P, to Ps,. We choose P, P, to be our infinity points in the hyperelliptic model.

Let ¢ be the leading coefficient of the equation Y2 = R(X) of W), once we have
chosen the infinity points to be Ps, and Ps. It is clear that ¢ = —11N? for some N € Z.
In Section 6 of [12], it is computed the valuation of ¢ at every p { D in terms of the moduli
interpretation of X p/Q and its Morita’s integral model Xp /Z[1/D] as spaces that classify
abelian surfaces with quaternionic multiplication. Since W] has good reduction outside
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D, it is isomorphic to Xp locally at p 4 D. This provides an interpretation of the valuation
of ¢ at every p { D in terms of the CM abelian surfaces attached to Ps, and P.,. Applying
formulas of Theorem 6.4 in [12], we obtain that v,(c) = 0 for all p{ 11- D and v11(c) = 1.

To analyze the case p | D, we return to the integer model Wy: Y2 +Q(X)Y = P(X),
where R(X) = Q(X)? + 4P(X). Note that P, lives in the affine open defined by
v2 4+ Q1(u)v = Py(u), where Q1(u) = u3Q(1/u) and P;(u) = u®P(1/u). More precisely,
P, and P, corresponds to the points (u,v) = (0, £+/¢). Thus, if p | ¢ then both infinity
points specialize to a single Weierstrass point. Using the results of [13], we determine
that all Weierstrass points have singular specialization at every p | D. Thus, if p | D and
p | ¢ then Py specializes to a singular point in W.

Any model W) as in (5) satisfies that Wy /w is smooth. Moreover one can see that,
locally at p, such a model Wy with minimal discriminant can be obtained by normalizing
in X any of the irreducible components of (36.(;;21 Jw)p. Thus if we show that P, lies
in a non-singular point of any of the irreducible components of (xé;%l)p, we will conclude
that there exists a model W, such that P, has good reduction in it.

By Theorem 1.1 of [13], we know that the elements of the set 7 ! ( Py UPs, ) have non-
singular specialization in the Cérednik—Drinfeld special fiber and we have a description
of the irreducible components were these points lie. Using this computation we check
that, even contracting exceptional divisors and blowing-down singularities (see Case 4.3),
P, and P, have non-singular specialization in (f{gg%)p where p | D. Thus, if we choose
a suitable model Wy, the infinity point P, has good reduction at p | D, which implies
that ¢ = —11.

Recall that, since the set of Weierstrass points consists of the pair of Galois orbits
7o(Fw) and m,(F,), an equation for W) is of the form Y? = R(X) = p,(X)pw(X),
where p,, determines L, and p,, determines L,,. By means of the results of [13] and
[12] on the supersingular specialization of Heegner points, we can determine which
Weierstrass points reduce to the specialization of P,, at p = 11. We obtain that the
only Weierstrass point that reduces to the specialization of Py, is in m,(F,). This fact
implies that the leading coefficients of p, and p, are —11 and 1 respectively. Thus,
Pu(X) = X+ X3 +dX? +eX + f, pu(X) = —11X? + aX + b and, moreover,
Disc(R) = Disc(py) Disc(pw) Res(pu, pw)? = 417 - 227, As in the previous cases, we
computed that Disc(p,) = 41 - 2%« where t,, < 24 because Disc(L,) = 23. Since p,,
determines L,,, we computed by means of the instruction IndexFormFEquation that the
only possibilities for ¢,, are 4,6,10 and 12, and we have 8 possible monic polynomials
Pw, Up to translation. By a similar computation we obtain 6 possibilities for p, with
Disc(py) = 2%. On the other hand, we know that

Res(py (X + ), pu (X)) = £413 . 27 tw—t)/2
for some a € Z. Selecting all pairs (py,pw) for which the above equality admits an
integer solution a, we obtain 4 possibilities and, hence, 4 equations for the curve X (),

that turn to be isomorphic. Thus, we obtain the following equation for X (*):

XW 1 y? = —(11X? — 40X 4 48)(X* — 6X° +13X% — 8X 4 4).
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Observe that for the equations presented for Xp when D = 62,82 and 94, the
Weierstrass points coming from fixed points of the involution u are those whose X-
coordinates are rational or oo for D = 62 and 94, or lie in Q(v/—2) for D = 82.

PROPOSITION 4.4.  Equations for the genus two curves X V) together with the co-
ordinates of the two points of m,(F,) are given in the following table:

Table 4.

D X @ o (Fu)
3BIY?2=-XTX+1)(X>+197X2+51X +7) X =0,
51 Y2 = —-X(X +3)(243 X% +235X% —31X +1) X =0,00
62|Y?=—-X(64X*+99X3+90X%+43X +38) X =0,00
69|Y?2=—-X(3X*+28X3+74X%—1268 X + 2187) X =0,00
94 Y2 =—-X(8X*—-69X>+234X% - 381X +256) X =0,00
39| Y2=—(7TX?+23X +19)(X?+ X +1)(X?+4) X =421
55| Y2 = —(3X% —4X +16)(X? +4X +48)(X? + 4) X =42y/-1
57| Y2 = —(X2+3)(X +4)(X®+20 X% +48 X +32) X =4+y-3
82| V2= —-3(X2+2)(16X*—32X3+ 1032 X2 + 1576 X + 1549) | X = £/—2

where, moreover, Z* = F(X)/X, Z? = F(X)/(X? +4), Z? = —F(X)/(X? + 3) and
72 = —(1/3)F(X)/(X? 4 2) is an equation for X equivalent to the equation given in
Table 2 for D € {35,51,62,69,94}, D € {39,55}, D = 57 and D = 82 respectively.

4.3. Genus three Shimura curves.
As a consequence of Propositions 3.1, 3.2 and 3.3, the equations in Proposition 4.4
determine equations for Xp.

THEOREM 4.5. The following table shows equations for the genus three Shimura
curves:

Table 5.

D Xp
35 y —(7T2? 4+ 1) (2% +1972* + 5122 +7)
51| y% = — (2% +3)(2432° +2352% — 3122 +1)
62 y2: —(642% +992°% + 902 + 43 22 + 8)
69 |y = — (333 + 2825 + 74 2% — 1268 22 + 2187)
94 | y* = —(82® — 692° + 234 2* — 381 22 4 256)
39|yl =—(2*+2®—2? —z+1)(Ta* +2323 + 522 — 2324+ 7)
55 | y? = —(2* — ¥ + 22+ 2+ 1)Bat + 23 —52%2 — 2+ 3)
57 | y* = (z+ 4)(2® + 2022 + 48z + 32),

t2 = —(2% +3)
82 | y? = 162* — 3223 + 10322 + 1576 = — 1549,

t? = —3(2? +2)
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REMARK 4.1. In Table 1 of [9], Kurihara conjectured equations for all Shimura
curves Xp with D < 65 and genus > 1. The six equations in Table 5 with D < 62 are
according to the presented in [9].

5. The kernel of Ribet’s isogeny.

We recall that an abelian variety B is said to be an optimal quotient of an abelian
variety A over a field K if there is a surjective morphism 7 : A — B defined over K with
connected kernel. In such a case, if K is a subfield of C, B is determined by the K-vector
space w*(Q}B/K) and a complex torus for B is obtained by fixing a basis wy,...,w, of
T (Qp k) and taking the lattice {([ wi,..., [,wn) : v € Hi(A,Z)}. Note that the
property of being optimal quotient over K has the transitive property.

In the modular case, the assignation h(q) — h(q)dq/q, where ¢ = €27 yields a
bijection between the C-vector spaces Se(T'g(NV)) and Q;’o(N)/C and, moreover, Qﬁ(o(N)/Q
corresponds to the Q-vector space of cuspidal newforms in S3(T'o(N)) with ratio-
nal g-expansion, ie. S3(T'o(N)) N Q[[g]]. The abelian variety Jac(Xo(N))™V de-
notes the optimal quotient of Jac(Xo(N)) over Q corresponding to the Q-vector space
S2(To(N))™™ N Q|[g]] and for a normalized newform f of level N, Ay shall denote the
optimal quotient of Jac(Xo(N))*" over Q determined by the Q-vector space of cusp-
idal newforms with rational g-expansion in the C-vector space generated by all Galois
conjugates of f .

Assume that the Shimura curve Xp has genus three and set A := Jac(Xo(D))™V.
Since Jac(Xp) is isogenous over Q to As, there are exactly three normalized newforms
f1, f2 and f3 in S(To(D))"*™. Let f1 be such that A; := Ay, is isogenous over Q to
Jac(X (™). Let Ay be the optimal quotient of Az such that it is isogenous over Q to
Jac(X™)). For D # 57, Ay = Ay, and f3 is the Galois conjugate of fo. For D = 57,
Ay is isogenous over Q to the product Ay, x Ay, where Ay, and Ay, are non-isogenous
elliptic curves over Q of conductor 57.

Due to the fact that D is the product of two primes p; and ps, Xo(D) has exactly 4
cusps: 0, 1/p1, 1/pa and oo. Since D is square-free, all of them are rational points and
the following cuspidal divisors

Doo = (0) = (00), Dy, = (0) = (1/p1),  Dp, = (0) = (1/p2)

are torsion points in Jac(Xo(D))(Q) because a multiple of each of them is the divisor
of a function in Q(Xy(D)) obtained as product of integer powers of n-functions (for
instance, see [3]). Hence, they generate a finite subgroup G of Jac(Xo(D))(Q) and each
element of G provides a rational torsion point in any quotient of Jac(Xo(D)) defined
over Q that will be denoted using the same notation. Let G3, Go and G; be the groups
generated by all these divisors in Az, A; and A; respectively. We can view G; as a finite
subgroup of Hy(A;,Z) ® Q/H1(A;,Z). By fixing a basis of regulars differentials of A;,
we can determine the groups Gs, Go and G;. In Table 6 of the Appendix, we present a
description of all of them.

In our strategy to determine a subgroup ¢(D) of Gz such that Jac(Xy(D))V /c(D)
is Jac(Xp), an important ingredient is finding a subgroup G’ of Gs such that A5/G’ is
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the jacobian of a genus two curve defined over Q. To do that, we will need to have a
polarization on Ay defined over Q to apply the procedure used in [4]. In order to get
such a polarization, we will proceed as follows. We will determine the abelian subvariety
Al of Jac(Xo(D)) isogenous over Q to Az and stable under Hecke operators. Hence,
m(AL) = Ag, where 7 : Jac(Xo(N)) — Ay is the natural projection. The action of the
Riemann form corresponding to the canonical polarization on Jac(Xo(D)) restricted to
H; (A}, Z) provides a polarization on A defined over Q. Determining 7, !(H;(A2,Z)) as
a subgroup of H;(4%,7Z) ® Q, we will obtain a polarization on A, defined over Q.

THEOREM 5.1.  With the above notation, there is a subgroup ¢(D) of Gs which is
the kernel of an isogeny ® : Jac(Xo(D))**V — Jac(Xp) defined over Q. The following
table shows ¢(D) for each of these values D:

D 2-31 [ 2-41(2-47| 3-13 | 3-17 |3-19|3-23 5.7 5-11
D) | 8 7 4 7 3 20 | 8 2 1

c

lc

PRrROOF. Let {hq, ha, hs} be a basis of S2(T'y(D))"*™ with rational g-expansion such
that hy = f1 and {ho, h3} is a basis of the vector space generated by f> and f3. Let Q.(p)
be a period matrix for Jac(Xo (D))" /c(D) corresponding to this basis and a basis of the
Z-module Hq(As,Z) + Zc(D) C H1(A3,Z) @ Q, where ¢(D) is as in the statement. For
a fixed basis of Qﬁ(p/t@’ let us denote by €4, a period matrix for Jac(Xp) with respect
this basis. The statement amounts to prove that there are two matrices C € GL3(Q)
and M € GLg(Z) satistying

Qepy M =C - Qgp. 9)

For Xp, we take the equation 2> = f(x) given in Table 5 of Theorem 4.5. Let
Z? = F(X) and Y? = H(X) be the corresponding equations presented for X () and
X @) respectively in Table 4 of Proposition 4.4. For any subgroup G’ of Gs, let us denote
by G4 and Gf its projections in Go and G; respectively.

Since the proof will be done computationally, we have to take care with mistakes
coming from numerical approximations. For this reason, our procedure is based on the
two following facts. On the one hand, we shall determine a quotient of As by a subgroup
of Go which is the jacobian of a genus two curve C defined over Q. This fact allows us to
find the explicit isogeny between Jac(C) and Jac(X (). On the other hand, to compute
Qsn we shall choose the following basis of QkD /0"

{wi,wa, w3} = {m;(dX/Z),m;(dX/)Y), 7 (X dX/Y)}.

In thus way, the matrix C as in (9) should be of the following form

€ GL;(Q).

Q
Il
=

¥ *x O

0
*
*
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We sketch the proof by splitting the procedure used in the following steeps:

Compute period matrices 3, Q9 and € for Az, As and A; with respect the
bases {h1(q)d/q, h2(q)dq/q, h3(q)dq/q}, {h2(q)da/q, h3(q)dq/q} and hi(q)dq/q re-
spectively.

For every ¢ < 3, determine the coordinates of D, Dy, and D), with respect the
bases of the homologies H;(A4;,Z) used for computing the period matrices €,
1< <3,

Find a subgroup G’ of G, such that A’ = A5/G’ has an irreducible principal polar-
ization over Q. Take a basis for G’ + H;(As,Z) and let ), be a period matrix with
respect this basis and the same basis of regular differentials used to compute the
matrix . Following the procedure used in 4.6 of [4], compute a genus two curve
C : y? = r(z) such that Jac(C) = A’ (if possible, take G’ such that C is isomorphic
over Q to X)), Observe that using this procedure, the matrix € is a matrix
period for Jac(C) with respect the basis {dz/y, z dx/y}. For instance,

D g C
231 {0} y? = (2+2)(10 — z + 2422 — 21 2° 4+ 82?)
2-41 (Do) | 9% = —3(2+ 22)(1549 + 1576 = + 103222 — 3223 + 16 2%)
247 {0} y? = —x(-1+32)(8 — 27z +452% — 2423 + 42%)
3-13 {0} v’ =(1+22)3+22)3+5z+2?)(1+ 3z + 32?)
3-17| (2Dy) |y*=(1+22)(5b+7x)(7T+102)(51 + 2552 + 421 22 + 229 23)
3:19| (5D, D1g) |y* =2(—4+2)(-1+2)(4 +52)(—-2 — 22 + 23)
3-23 (Ds) v’ =—(1+4z+2?)(1+ 14z +432% + 62° + 9a?)

57| (2Dw) |y¥?*=-(1+22)3+22)(1+32)(5+25z+432% + 1923)
5-11 {0} y?=—2(-1+32)(8 — 27Tz + 4522 — 24 2% + 42%)

Compute a period matrix Qg2 for X with respect the basis dX /Y, XdX]Y
and determine a matrix A = (¢4) € GLy(Q) for which there exists a matrix
My € M4(Z) such that

Q- My=A-Qupo.

In order to do that, we can use the instruction IslsogenousPeriodMatrices of the
program MAGMA to determine these matrices. When C is isomorphic to X, the
explicit isomorphism between both curves provides the matrices A and M.

Let G4 be a subgroup of Gs such that G, = G'. Let Q] be a period matrix of
A1 /G} with respect the basis h;(q)dq/q. Compute a period matrix g, for X
with respect dX/Z and determine a rational m for which there exists a matrix
M, € M5(Z) such that

Qll 'M1 :m-QShl.
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Compute a period matrix Qg with respect to the basis w3 = 7 (dX/Z),ws =
i (dX/Y),ws = mH(X dX/Y) of Q' (Xp). Observe that for D # 57,82, one has
that

(2zdx )y, 2dx [y, 22%dx |y) if D € {35,51,62,69,94},

(u)17w27W3) = 9 2 .
((x* 4+ 1)dz/y, zdzx [y, (x* — 1)dx/y) if D € {39,55}.

For D = 57,82, we have that H(X) = e(X? + a)F(X) and Y = Zt. Setting

u=1t/(X + v/—a), with the change

2 2_ 37y
X:*\/jauz—i—ea Z:(u 6) ,
— €

u u

we obtain the hyperelliptic model defined over Q(v/—a) for X ()

z2:f(u):MH<_¢_—auz+e>’

us —e

which allows us to compute a matrix period for this equation with respect the basis
of regular differentials {du/z,udu/z,u? du/z}. In this case

2 2
(w1, ws,w3) = <862auzdu, 46\/—a<u du —edzu), 4eo¢<u Zdu —|—edu)>.

z z

Determine an integer A for which there is a matrix M’ € Mg(Z) such that

m 0 0
QC(D)~M/:)\~A/~QS}“ where A = 0 a b
0 ¢ d

By using the Hermite decomposition of the matrix M’ and the action of
Endg(As/c(D)) on Q. p), we can find an endomorphism ¢ € Endg(Asz/c(D))
whose action on the basis {h1, ha, hg} is given by a matrix B € GLy(Q) and for
which

B'Qc(D) - M = Qc(D) -M/,

for some M € GLg(Z). Finally, putting C = X\ - B~ - A’ we obtain that

Qc(D) M=C- Qsh-

In Table 7 of the Appendix, we show the cusp forms hs and h3 used in our computation, by
giving the first terms of their g-expansions, and the matrix C obtained. The matrix M is
omitted, since it depends on the chosen bases for the homologies of Jac(Xo (D))" /c(D)
and Jac(Xp). O
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Table 6.
D |G Go g1

2-31|7Z/247 7./6Z 7.]4AZ
24D, = 8Dy =3D31 =0 |6Dy =2Dy =3D31 =0 4Dy = D31 =0
8Dy + D31 =0 2Dy + D31 =0 Do = Do
9D — D2 =0 3D + D=0

2-41 | ZJ)7Z Z/77 {0}
TDo =TDy =Dy =0 TDoo =TDy = Dy1 =0
Do = Do Do = Do

2-47 | Z/AZ 7/27 7/27
4Dy = 4Dy = Dy7 =0 2D =0 2D =0
Do = Do Do = Do Dy, =D,

3-13|Z/28Z x 7./2Z 7./147 7.)27
28Dy =14D3 =4D13=0|14Dy, = 7Dy =2D135=0 2D, =0
12Dy +2D35 =0 6Do + D3 =10 D;=0
14D, —2D13=0 TDoo — D13 =0 Do = Ds3

3-17 | Z/12Z x Z]2Z Z7/47 x 7./27 7/37
12D, =6D3 =4D17 =0 |4Dy =4D17 =2D3 =0 3Dy =0
3Dy +3D3+ D17 =0 Do +D3— D17 =0 Dy, = D3
4Dy +2D3 =0 2D +2D17 =0 D7 =0

3-19|Z/10Z x Z)2Z Z/10Z x Z./27Z {0}
10D, = 10D3 =2D19 =0 | 10Dy, = 10D3 =2D19g =0
Do — D3 —D1g=0 Do — D3 —D1g=0

3-23|Z/AZ X Z]2Z 7/27 x 7./27Z 7/27
4Dy, =4D3 = Do3 =0 2D, =2D3 =0 2D, =0
2D +2D3 =0 Do = D3

5.7 | Z/247 x Z./27Z Z7/87 x 1./2Z 7/37
24D, =8D5 =6D7 =0 8Ds =8D5 =2D7 =0 3Dy =0
6Ds +2D5 =0 2Dy —2D5 =0 Dy = D7
16Dy +2D7 =0 Doy —Ds+D7=0 Dy =

5-11|ZJAZ x Z]2Z 7]27 7/37
4Dy, =4D5 =2D1; =0 2D = D11 =0 2D = D11 =0
Dy —Ds — D11 =0 Dy = Ds Dy = D5

633
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Table 7.

D hy hs C
) 1 0 0
2.31 e+ g—@P+¢+--- Z 0 —1 —1
200 1 41
L3 0 0
241 g+ ¢ +q" +--- e+ G| 0 6 8
0 15 22
) 1 0 0
247 q—>+q* +--- 2 —® + - 1 0 1 0
0 3 -2
1 0 0
3-Blg—F+@+ | F—2¢"+-- 0 —1 —1
0 1 0
(1 0 0
3-17| q—¢*+-+- =gttt 710 -7 10
0 1 2
(3 0 0
319 q+ P+ 4 [ g—2¢+ P+ sl 0o o 3
0 4 —4
L[ 8 0 0
3-23| q—¢*+-- i s 0 131
0 5 —1
(L 00
5.7 a—¢*+-- ¢+ 70 -3 -2
0 1 2
1 0 0
5-11| ¢ —2¢°+--- q+2¢3+--- 0 1 -2
0 1 -3
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