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Abstract. We compute the norm of some bilinear forms on products
of weighted Besov spaces in terms of the norm of their symbol in a space of
pointwise multipliers related to a space of Carleson measures.

1. Introduction.

The object of this paper is the study of some bilinear forms on products of weighted
holomorphic Besov spaces on the unit disk D, and their relationship with Hankel opera-
tors and weak products.

In order to introduce our main results, we recall a classical theorem for small Hankel
operators on the Hardy space H2.

Let do = dry/2m be the surface measure on T and denote by C the Cauchy projection
from L? to H2. For b € H', let by(f) := C(bf) be the small Hankel operator associated
to C, defined on the space of holomorphic functions on D, H(D). The duality (H?)' = H?

with respect to the pairing

27
(f,h)o := lim f(rew)h(re”)g—;:

r—1= Jo

shows that b, (f) is bounded from H? to H? if and only if the bilinear form Ay(f,g) :=
{fg,b)o is bounded on H? x H?. Since the strong product H% - H? is H' and (H')' =
BMOA (with respect to the pairing (-,-)p), we obtain that b, extends to a bounded
operator from H? to H? if and only if b € BMOA, that is, if and only if the measure
du(z) = |V (2)]2(1 — |2|?)dv(z) is a Carleson measure for H2?. Here dv denotes the
normalized Lebesgue measure on D). Recall that a positive measure p is a Carleson
measure for H? if and only if H? C L?(u) and that it can be characterized in geometric
terms as follows: p is a Carleson measure for H? if and only if there exists a constant
C,, > 0 such that u(S, ) < C,r for any sector S, :={z =pe:r < p<1,|y—n| <r}

The study of the boundedness of bilinear forms on other classical spaces, such as
Hardy spaces H? or Besov spaces B?, and its connection to the boundedness of Hankel
operators have been studied by several authors (see for instance [12], [14], [15], [8], [1],
[2], [7] and the references therein). Even for the unweighted case, there is not a complete
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characterization for all the possible situations, as we will detail when stating our main
results.

Our interest is to extend some of these results to the context of holomorphic weighted
Besov spaces with weights in the Békollé class, which will be defined below. It is proved
in [6, Proposition 3.9] that such weighted Besov spaces can be represented as weighted
Besov spaces with weights in the Muckenhoupt classes. These last classes of weights
are very useful when studying boundedness of some operators (even for the unweighted
case), since the powerful extrapolation theorems reduce the general problem to a weighted
problem for the case p = 2.

In order to state our main theorems and to detail some of the well-known results
in this context, we introduce the following pairings. For ¢ > 0, we write dvs(z) =
t(1 —|2*)!"tdv(z). In order to unify the statement of our results we define dvg := do.

If ¢ and v are measurable functions on I (on T if ¢ = 0) such that ¢y € L'(dvy),
let

otei= [ doan (Kewdi= [ oao). (11)

We also consider the pairings

(h,b); := lm ((h(rz),b(rz)))s, (1.2)

r—1-

whose domain is the subset of H x H for which the limit exists. In particular, if either
be B, .= HNLY(dv),t>0,orbe H' t =0, then we have that for any h € H(D),
(B, b, = {(h, b))

If 1 < p < ooandt >0, the Békollé class B, ; consists of non-negative functions
0 € L'(dv;) such that the pair of measures dp, := 0dv; and du, := 077" /Pdu, satisfy the
following condition

B0 =y () (M) <o

where p’ is the conjugate exponent of p,
T.:={web: |l —wz/|z|| <2(1—|2]*)}, 2#0, and Tp:=D.

Ifl1<p<oo,seR,leB,, and du; = 0dv, then the Besov space BP(u;) consists
of holomorphic functions f on D satisfying

152 () = /D (14 R)ksf(z)‘P (1 — |22)*a=9)P qp, (2) < 0.

Here, ks := min{k € N: k > s} and R denotes the radial derivative.
As it happens for the unweighted case, if we replace ks by another non-negative
integer k > s we obtain equivalent norms (see for instance [6, Section 3]). In particular,
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if s <0, then we can take k = 0, and thus we have that BP(u;) = H N LP(p4—sp). More
properties of these spaces will be stated in Section 2.

The classical unweighted Besov space B? corresponds to BF(ug), where dug(z) =
dv(z)/(1 — |z|?). Observe that this space is already included in the scale of weighted
Besov spaces that we have considered, simply because for any ¢ > 0

BE(NJO) = Bert/p(Vt)' (13)

In order to recover some well-known results for the unweighted case and the pairing (-, -)o,
we define B, ¢ := {1}.

The pairing (-,-); can be used to identify the dual of BP(u;) with BY (1)) (see
Proposition 2.11).

Now we introduce a space of holomorphic functions related to the space of Carleson
measures for weighted Besov spaces, which plays an analogous role to the space BMOA
for the classical problem on H2.

The space CB?(u) consists of the functions g € BE(yu,) for which

If(1+ R)*g

lglcpr(u) =  sup
) e B () 1]

Bffks (Ht)

BY (pt)

is finite.

When ¢ = 0, that is for the unweighted case, we simply denote the space C'BP(u)
by CB?.

The space CBP(u:) can be described either in terms of Carleson measures or in
terms of pointwise multipliers. Indeed,

(i) be CB?(u) if and only if the measure
dpp(2) = |(1+ R)*b(2)[P (1 = |21*)* =P duy (=),

is a Carleson measure for B?(du;), that is, if and only if the embedding B (p:) C
LP(dup) is continuous.

(ii) b € OBE(u) if and only if (1 4+ R)*b € Mult(B?(u) — BY_, (u)), where
Mult(BE(p) — BY_,. (1)) denotes the space of pointwise multipliers from B? (ju;)
to BY_;. ()

The spaces CB? appear naturally when dealing with some problems on operators
on BP. For instance, it is well known that Mult(B?) = H>*NCBP?. In some special cases
it is not difficult to give a full description of the space CB?. For example, if s > 1/p,
the space B? is a multiplicative algebra and consequently CB? = BP?. For s = 0 and
p =2 we have CB3 = BMOA and if s < 0, then it is easy to check that C'B? coincides
with the Bloch space B§°. For 0 < s < 1/p there exist characterizations of these spaces
given in terms of capacities associated to the space. All these results can be found in
[13], [14], [16] and the references therein.

One of the main results of this paper is the following theorem.
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THEOREM 1.1. Letl<p<oo,0<s<1,t>0andf € B,;. Forbe H(D) the
following assertions are equivalent:
(i) be OB ().
[({fgl, [(X + R)bJ)) 41|

(ii) I'y(b) :==  sup < 00
0#f,ge H (D) s (ue) “g”Bi(ui)
(iii) To(b) :=  sup |79, bl < 00.

07$fg€H Ilf”Bp (pe) ||g||BP (M)

Moreover, ||b|lcgr(.,y = T'1(b) = Ta(b).

5 (pe)

The symbol ~ means here that each term is bounded by constant times the other
term, with constants which do not depend on the function b.
If b € L' (dv;), then the small Hankel operator !, ¢ > 0, is defined on H(D) by

Do [t M 0 e = [ D9

1—wz)1+t’ T 1—-(z

Notice that, by Fubini’s theorem, if f,g € H(D), then <g, [)Z(f)>t = (fg,b);. Thus,

we have I'y(b) =~ HbiHL(BE(M)Hm)'

For the unweighted case, the equivalence between (i) and (iii) in Theorem 1.1 has
been stated in other reformulations by different authors. See for instance [12], [15], [4]
and the references therein.

In [12], the authors study the small Hankel operators associated to the inner product
(14 R)f,(1 + R)b)a_a, in the Besov space B2, a < 1. For p = 2 the study of the
boundedness of such operator is equivalent to the study of the boundedness of the bilinear
form (fg, (1 + R)b)a_24 in B2 x B2 ;. If a < 1/2 it is easy to check (see Lemma 2.10
below) that this is equivalent to the boundedness of (fg,b)1_2, in B2 x B2_;. Since
B2 = B%/2(V1_2a) and B2_| = B£1/2(l/1_2a) (see (1.3)), Theorem 1.1 for p =2, s =1/2
and t = 1 — 2« coincides with the one given in [12] and [14]. The case a > 1/2 follows
directly from duality. Indeed, since B2 is a multiplicative algebra included in H®®, it is
easy to check that B - B = Bj for any 3 < a. Thus (fg,b); is bounded on B2 x B
if and only if b is in the dual of Bg with respect to the pairing (-, -}, that is if and only
if b € B2 5—¢- This situation does not translate to the weighted case, because it is not
clear when B?(j;) is a multiplicative algebra.

The generalization of these results for small Hankel operators on B?, o < 1/p, can
be found in [4]. This corresponds to the case s = o+ (1 — 2a)/p and t = 1 — 2« in
Theorem 1.1.

The fact that Theorem 1.1 involves two parameters, s and ¢, permits to obtain new
results, even for the unweighted case. For instance it extends to p # 2 some results in
[15], where it is studied the boundedness of the bilinear form (f,g9) — ((1+R)(fg), (1+
R)b)2—a-pon B x B3, 3 <a<1/2. If a+ 3 <0, then B x B} = B(Qafﬁ)/Q(u,a,ﬁ) X
B(Qﬁ_a)p(y_a_g), which corresponds to the case s = (o — §)/2 and t = —a — [ in
Theorem 1.1, provided s < 1.

The techniques used in [15] are different to the ones used in [12] and [4]. Both
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techniques do not seem to work when studying the above problem for the case 0 < a =
B < 1/2. The only result that we know for this situation corresponds to the Dirichlet
case, that is a = 8 = 1/2 (see [1] and [7]).

In Theorem 1.1, we compute the norm of the bilinear forms on the product B?(p;) X
B? /S (11,). However, analogously to the unweighted case, using that the operator (1+ R)*’
is a bijection from B?(p;) to BY__,(j1t), that By C Bp 44y, to > 0 and

B;g(:u’t) - B§+t0/p(:ut+to), (14)

we can use Theorem 1.1 to compute norms of bilinear forms on products BE (i) X
Bg’ll (uz,) for some particular choices of the indexes sg, s1, to and t;. For instance, we

have:

COROLLARY 1.2. Letl < p < oo, to,t1 >0, 8 € By, and so € R. Fors; € R
satisfying so + s1 < 0 and 0 < (so/p") — (s1/p) < 1, let t = tg — sp — s1.
Then we have

fg,b
o ~ sup |(fg,b)¢,]

IR S bllor
so/p' — 0#£f,gcH (D) ”fHBfU(utO)”g”Bgi (,ugo)’

s1/p

where R{} is a fractional differential operator of order t — ty (see (2.6) below).
For sg, s1 < 0, we have the following result:
THEOREM 1.3. Ifl<p<oo,t>0,60¢€B,; and sp,s1 <0, then

b
||b||33°50751 ~ sup |<fg7 >t‘ '
0#f,9€ H(D) ||f||B§0(ﬂt)||g||Bfi »

Here, BS® := (1+R)™*Bg§°. In particular, if s > 0, BS® is the holomorphic Lipschitz-
Zygmund space H N As.

As it happens in the unweighted case (see for instance [14], [8] and [2] for p = 2),
Theorems 1.1 and 1.3 give the following duality result for weak products.

Recall that the weak product F' ® G of two Banach spaces of functions F' and G
consists of the completion of finite sums h =) f;g; using the norm

Ihllroc = int { S 155l elasle s 3 fio; =n).

THEOREM 1.4. Letl <p <oo,t >0 and 0 € B,;. If we consider the pairing
(-, )¢, we then have:

(i) If0 < s <1, then (BE(u) © BY,(1})) = CBE ().
(ii) If so,s1 < 0, then (BE () ® Bg’; (,u;))/ = B%,, _,,, and consequently, we have
B§O (14t ®B§1 (py) = leo+sl—t'
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The same arguments used to prove Corollary 1.2 from Theorem 1.1, combining the
above theorem with (1.4), give a description of the dual of BE (j1,) © Bgi (py,) for sg, s1
and tq satisfying the conditions in Corollary 1.2. This description covers some results
stated in [14] and in Section 5 in [8] for the unweighted case.

The paper is organized as follows. In Section 2 we give some definitions and we
state some properties of the class of weights in B, and its corresponding weighted
Besov spaces. In Section 3 we obtain estimates of [|b||cgr(,,) which in particular give the
proof of Theorem 1.3. Section 4 is devoted to the proof of Theorem 1.1 and Corollary
1.2. In Section 5, we use our previous results to prove Theorem 1.4.

2. Notations and preliminaries.

Throughout this paper, the expression F' < G means that there exists a positive
constant C' independent of the essential variables and such that F' < CG. If F' < G and
G < F we will write F' =~ G.

2.1. Differential and integral operators.

We denote the partial derivatives of first order by 0 := /92 and 9 := /0% respec-
tively . Let R := z0 be the radial derivative.

For s,t € R, t > 0 and k a non-negative integer, we consider the differential operator
RE of order k defined by

R R

If we need to specify the variable of differentiation, then we write d,, R, and Rf’z,
respectively.
The operators RF satisfy the following formula:

1 1
Rl e 25)

DEFINITION 2.1. For N > 0 and M > 0, we consider the following integral opera-
tors:

(1= )~

PN’M(@)(Z) = /Dcp(w)PN’M(z,w)dV(w), where PN’M(z,w) = NW.

PNM (0)(2) = / o(w)PYM (2, w)dv(w), where PNM(z w) = |PNM (2 w)].
D
We extend the definition to the case N = 0 by writing

0,M 5) = ©(C) o 0,M 2) = »(C) o
POM () () /T(l_zowd Q) PUM(p)(2) /Tu_quwd (©).

If N = M, then we denote PNV and PNV by PN and PV, respectively.
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For N > 0, we also define

L—|w®) 1
(1—-zw)N w—2z"

KN (9) (= /&P VKN (w, 2)dv(w),  where KN (w,z):=

The weighted Cauchy-Pompeiu representation formula is given by:
THEOREM 2.2.  Let N >0 and ¢ € C*(D). Then ¢o(z) = PN (p)(2) + KN (9p)(2).

Since RY, \f = R, yPN(f) = PYNTR(f), it is natural to extend the definition of
RF for a non-integer order by considering

Ry nfi=PNNEE(f), s, N>0. (2.6)
Note that by Theorem 2.2 we have
/ PNTEN (g, 2)PNNTS (4, w)dv(w) = PN (u, 2).
D
Therefore, for s > 0 we can define the inverse of R} y by Ry yf = PVTN(f).

Let us recall the following estimate.

LEMMA 2.3. Ifq<2, N>0, M #N —q and z € D, then

[ ) < (14 (- Y,
D

|w — 2|7

PROOF. The case ¢ = 0 is well known (see for instance [17, Lemma 4.2.2]). The
case ¢ # 0 can be reduced to ¢ = 0 using the change of variables w = @, (u) := (z —
u)/(1 — uZ). Indeed, we have

/PN7M(waZ> ( ) ( |Z| N—-M-— q/ ‘Ul N_l dV( )
D |1 UZ|1+2N M—q ‘u|‘1 )

w — ]9

which ends the proof. O

2.2. Békollé weights.

In this section we recall some properties of the Békollé weights B, ;. We refer to [3]
for more details. Recall that if ¢ > 0 and 6 € B, , then du; = 0dv, and dy} = 9_p//pd1/t.

Since, for any w € T}, 1 — |w|? < 4(1 — |z/|?), we have:

LEMMA 24. Ifl<p<oo,0<ty <t and 0 € B,y,, then By, (8) S Bpty(6).
Thus, B}’%to C Bp,t1 .

The next result was proved in [3, Theorem 1 and Propositions 3, 5]

THEOREM 2.5. Let 1 < p < oo, t > 0 and let 6 be a positive locally integrable
function 8 on D. Then, the following assertions are equivalent:
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(i) 0 €Bps.
(ii) The integral operator Pt is bounded on LP(duy).
(iii) The integral operator P* is bounded on LP(dp).

It is well known that any weight in the Muckenhoupt class A, satisfies a doubling
condition. Similarly to what happens for these classes of weights, any weight in B, +
satisfies a doubling type condition with respect to tents. We also have a characterization
of weights in B, ; in terms of the kernels P*“ | which is analogous to the one satisfied for
the weights in A, (see [11], [5]). This is the content of the following proposition.

PROPOSITION 2.6. Letl <p<oo,t>0 and 8 € B,;. We then have:

(i) The measure p; satisfies the following doubling type condition:
if0<ri <ryg<1land(eT, then

W)p

_ (1+t)p
— "< By p( ! Tl) )
Mt (TrzC) Vt(TTzC)

1—7‘2

~ Bp(0)” <
(ii) If M > (1 + ¢t)(max{p,p'} — 1), the following equivalence holds:

Byi(0) < 325(1 _ |Z|2)M(Pt,t+M(9)(z))1/p(Pt,t+M(9—p’/p)(z))1/p' < Bp,t(9)2.

PRrROOF. Part (i) follows easily from Hélder’s inequality and the fact that 6 € B, ;.
Indeed, the embedding 7', C T, ¢ gives

1/p 1/p’ B (9) v (T )
U (Tosc) < / d ) (/ d,) < (T, )/ Eet?) ildinie),
t( C) ( TTZ( Mt Trlc 122 Mt( C) (,U/t (Trlg))l/p

Since v¢(Ty¢) = (1 — r)!**, we conclude the proof.
In order to prove (ii) it is enough to prove the following estimates, valid for z € D:

:ut (Tz) 2 t,t p Mt(TZ)

(T2 < (1= |2P)YMPEHM (9)(2) < B, (6) (T’ (2.7)
i (T) i '/ o o (1)

(T2 < (1= |2PYMPUHM (9P 1P (2) < B,y (677 P) AL (2.8)

Observe that (2.8) follows from (2.7) since 6 € B, if and only if §7'/? € B, ;.
The estimate on the left hand side of (2.7) is valid for any M > 0 and ¢ > 0, and
follows from

ut(Tz)_;/ <(1- QM/LUJ)
w(Tl.)  w(l.) Jr, Odvy < (1 — [2%) - |1_w2|1+t+Mth(w)

= (1= [P (0)(2).
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Let us prove the estimate on the right hand side of (2.7). If z = 0 then Ty = D
and thus the result is clear. If z # 0 then let { = z/|z| and J, the integer part of
—logy(1 — |z|). Consider the sequence {z;} C D defined by
Ze=1-2A - |2)¢Cifk=0,1,...,J., and 2z, =0 if k> J,.

Observe that 2o = z and that 1 — |2;|? ~ |1 — wZ| for w € T}, \ T, _,. Therefore,

(1= P)MB P (0)(2) = (1 [2P) Ji R
T\, 1 — wz|t M
Jo+1
S (1= )M
N Z (2F(1 — |Z|2))1+t+M'ut(Tzk')'
k=0

By the doubling property (i), we have

< p (1= |25, ]) 0P pok(1+t)p
pe(T%,) S Bpe(0)” W#t(T 2) A Byt (0)P2 pe(T%).

Since M > (1+1t)(p— 1) and v4(T,) ~ (1 — |2|*)*** we obtain

(1~ [2)MBM(0)(2) 5 By o(0) 2T

which concludes the proof of the right hand side estimate in (2.7). O

As a consequence of the above proposition and the estimate 1 — |w|? < 2|1 — 2],
we obtain:

COROLLARY 2.7. Ifl<p<oo,t>0, N>0, M > (14+t+ N)(max{p,p'} — 1)
and § € By, then

sup(1 — |Z‘2)M (Pt+N7t+N+M(9)(z))1/p (Pt+N,t+N+M(9—p//p)(z))1/P' < prt(G)Q.
zeD

2.3. Weighted Besov spaces.

In this section we recall some properties of the weighted Besov spaces B? () intro-
duced in Section 1.

The next result is well known for the unweighted case (see for instance [18, Chapters
2, 6]). The proof for the weighted Besov spaces can be done following the same arguments
used to prove Theorem 3.1 in [6].

ProPOSITION 2.8. Letl <p < oo, s €R, t>0and 0 € Byy. If k> sisa
non-negative integer, then
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[P P 22 dpz) - and Z / O FAP(L = o) = dpu(2)
D

provide equivalent norms on BP(u;), where D¥ is either (1+ R)* or RE.
The next embedding relates weighted and unweighted Besov spaces.
LEMMA 2.9. Ifl<p<oo,s€R,t>0 and 0 € By, then BP(u) C BL_,

PROOF.  Since for any positive integer k we have BE(y;) = (14+R)"*B?_, (j11) and
Bl ,=(1+R)"*Bl , ., it is sufficient to prove the above embedding for s < 0.
In this case, Holder’s inequality gives

1/p 1/p’
1fls < ( / |f|pdutsp) ( / dﬂg> ,
D D

which proves the result. O

In order to state a duality relation between weighted Besov spaces, we need the next
lemma.

LEMMA 2.10.  The pairing (-,-)s defined in (1.2) satisfies that for f,g € H(D):

(1) <fa g>5 = <f7 R§+1g>5+k = <R§+1f7 g>6+k~
(ii) If 7 € R then we have (f,g)s = (1 + R)"f,(1+ R) "g)s.

PROOF. Let us prove (i) for k = 1, that is

(f,9)s = <f, <1 + 51) >5+1 <<1 + 6+1>f, >5+1'

Observe that the second equality can be deduced from the first one by conjugation.
If § = 0, then Stokes’ theorem gives

(f,9% = —— lim / FrOF0 e = Tim / (2 (r2)g(r2)) dv(2)

27t r—1-

= lim [ f(rz)((1 + R)g)(rz) dv(z) = (f, (1 + R)g)1.

r—1- Jp
The case § > 0 follows from the identity
51— o)t = (6 + 1)(1 — [2*)° = B(z(1 — |2*)°),
and integration by parts.

A simple iteration of these identities gives (i).
Assertion (ii) follows from the facts that (1 + R)"2™ = (1 + m)72™ and that
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(F 2™ =0, k #m. O

The next result extends the well known duality (B?) = B? /5 for the case t = 0 (see

[9]).

ProproSITION 2.11. Let1l <p<oo,t >0 and € By;. If s € R, then, the dual
of BP (i) with respect to the pairing (-,); is the Besov space BY  (u}).

PROOF. As in the unweighted case, from the duality (LP(u)) = LP (u}), with
respect to the pairing ((-,-));+1, Theorem 2.5 and the Hahn-Banach theorem, we obtain

(B? (1)) = (H N L)) = HO LY () = B, (1),

with respect to the pairing ((-,-))¢+1, and consequently with respect to the pairing

(s et
Next, we use the above result and Lemma 2.10 to prove the general case.

It g € BY (1)) and f € BP(u), then
1006l = 1R 9)ea] < Mol VR Eou ) = 160 173200

Thus, the map g — (-, )¢ is an injective map from B” (u}) to (BP (1))’

Let us prove that this map is surjective. If A is a linear form on BP(u;), then
/

Ao (14 R)=*~/7 is also a linear form on B’il/p(,ut). Thus, there exists g € Bf/l/p, (p})
such that for any h € Bfl/p(,ut),

Ao (L+R)*7VP(h) = (b, g)ie1 = (L + R) ™ V/Ph, (1L + R)* /Pg) 1y
= ((1+R)™""Ph, R}, (1+ R)**/Pg),,

where in the second identity we have used (ii) in Lemma 2.10 and in the last one (i) in
the same lemma.
Since for any f € BP(u;), we have that h = (14 R)*t/P(f) € B’:l/p(ut), we deduce

that A(f) = (f,G), with G := R7},(1+ R)*t'/2g € B (u}). O

COROLLARY 2.12. Let1 < p < oo, t' >t >0 and 0 € B,;. If s € R, then
(BP (1)) = B . (py) with respect to the pairing (-,-)¢ .

S

In particular, if t =0, then (BP) = B’i/s_t,, with respect to the pairing (-, )o.
ProoFr. By the above proposition, we have

’ ’

(Bg(ﬂt))/ = (Bf.:,.(t/_t)/p(ﬂt/))/ = (Bz_)s_(t/_t)/p(#;')) = (BZ_)SH—t/(U;))

which ends the proof. O
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3. Estimates of ||b||cpr(,,) and proof of Theorem 1.3.

We introduce a variation in the definition of the constants I';(b) and I'y(b) in The-
orem 1.1, which allow us to cover some general situations.

DEFINITION 3.1. If 1 <p < o0, 50,51 €ER, ¢ >0, 0 € B, and b € H, then

fg,b
T5(b) = T'(b, p, S0, S1,t) := sup 7l ( T >r| .
0#f.9eH(B) I IBL, (o) 1911 52" (1)

We will start proving the following theorem.

THEOREM 3.2. Letl <p < o0, 59,51 €R, t>0 and @ € By. Then Hb”Bich

T3 (b).

If sp,s1 < 0, then the converse inequality holds.

The proof of this result will be a consequence of Lemmas 3.4 and 3.6.

LEMMA 3.3. Letl <p< o0, 50,51 €R, t >0 and § € By;. Let
7> X:=(1+t)(max{p,p'} — 1) + max{0, —sop, —s1p’}.

For z € D, we consider the functions

1 1

—s1

fw) = G marrn md 9:(w) =
Then

/=]

500 1951 7 ) S Bt B)3(1 = [2f2) 775051,

ProoOF. If m > sp is a non-negative integer, then

1 — |w|?)tH(m=so)p—1
P ~ [
BEU (;U't) ~ /D |1 _ ZE|1+t+T+mP e(w)dl/(’u}>

I1f=

Analogously, if m > s1, then

p [ A= |w|2)t+(m_sl)p/_1 -p'/p
-1 0~ [ e 0 whdv(w).

(1 — wz)A+t+n)/p"”

<

~

Therefore, if N, M satisfy 0 < N < min{(m — so)p,(m — s1)p'} and (1 +¢ +
N)(max{p,p'} —1) < M < min{kT+ sop, 7+ s1p'}, then the estimate 1 —|2|? < 2|1 —wZz|
and Corollary 2.7 give
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1=

Bfo(/l.t)”ngBg’; )
(1 o |Z|2)M77780751 (Pt+N,t+N+M(6)(Z))1/p (Pt+N,t+N+M(9,p'/p)(z>) 1/p’

<
< Ba(0)(1 — [#f2) o0,

which ends the proof. O
LEMMA 34. Letl < p < oo, sg,51 € R, t > 0,0 € B,; and b € H. Then
[bll 5=, . < Ts(b).

PrROOF. We want to prove that for some positive integer k, we have

bl _,, =~ Slelg(l = [2%)FF 0t RY,b(2)] S Ts(b).

By Cauchy formula, we have

RE b(z) =t lim R¥ /b(rw)(l—wﬁ)t_ldy(w)
+ r—1- T (1 —rzw)l+t
o (1 —fw*)™
= trgr?_ A b(rw) 0 = rom)iet dv(w).

Assume that k is a positive integer satisfying (3.9), and let

1 1
L) = g mmrmnn @ =) = g Sarmny

Since |RY ,9(2)| = [(f.9:,b):|, Lemma 3.3 gives
R b(2)| < Ta®)lIf:ll B2, oy 9zl g ) S Ta(B)(1 = [2f?) F 720,
o] s1 (Ht)

which concludes the proof. O

COROLLARY 3.5. Letl <p < oo and 0 < s < 1. If b satisfies condition (iii) in
Theorem 1.1, that is T'3(b,p, s, —s,t) < oo, then b € BP(uy) N B§e.

PROOF. The above lemma gives b € Bg°. The fact that b € B?(u,) follows from
the estimate |(g,b)¢| < Cyl[1]| gz (L) HQHBP’ (1) and the duality result in Proposition 2.11.
—s t

O

LEMMA 3.6. If1<p< oo and sg,s1 <0, then I's(b) < [|b]| g

—sp—s1 :

PRrROOF. Let k be a positive integer such that k > —sg — s1. Then
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[(fg.b)e|l = 1{fg, i ib)ern| < [Ibll 5=

—s0—s1

ngLl(dl’t—so—sl)

< Wellos,, ., 1 lzooasn o Il ot oo
||b||BiC§0 51 ||f‘ BE, (1) HgHBgi (1)
which ends the proof. O

PROOF OF THEOREM 1.3. The proof is an immediate consequence of Lemmas 3.4
and 3.6. 0

THEOREM 3.7. Letl <p <oo,s<1,t>0and @ € By;. Then, CBE(u;) C
BP(uy) N Bg°. If s <0, then CB?(u) = Bg°.

PRrROOF. The first inclusion follows from the same arguments used to prove Lemma
3.4. For a non-negative integer k > s which we precise later, we have

|R]f+t+(1—s)p(1 + R)b(z)| = |R1+t+ 1— s)pPH(lis)p((I + R)b)(2)]
= [P (1 4 R (2)

(1 — |w‘2)(1—s)p+t—1‘(1 + R)b(w)|p 1/p
: </]D> |1 — wz| Ht+A—s)p+k O(w)dv(w)

(1- |w|2)(1—3)p+t—1 ) 1/p’
. ( b |1 — wz\1+t+<1—s)p+k9 7P (w)dy (w)

].—|’U)| (1fs)p+t71 1/p
S R )

_ 2\(1—s)p+t—1 , 1/p’
( (1 = wl®) 9_p/p(w)du(w))

p |1 — wz|HHt+A=s)ptk

1/p
< Illomsun(1 ~ o) (PO-smest-omsio) o))
. (thr(l*S)p,tJr(l*S)erk(gfp’/p)(z))1/1’/.
Ifk > (14+t+(1—s)p)(max{p,p'} —1), then Corollary 2.7 with N = (1—s)p and M = k,
gives |R1+t+(1 apd + R S [bllepr ) (1 — |2]2)~1=* which proves that b € BS°.

Next, if s < 0, then we have ks = 1 and the inequality [|b|lcpr(,,) < [|0]lpge follows
from

/le(Z)\pl(lJrR)b(Z)\p(lf |2 dpaa (2) S 100 e 1 1,

which concludes the proof. O
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REMARK 3.8. Observe that if 0 < s <1,0<e <1—sand ||g|p=

s+e—1

< 00, then

lg.f]

B () S N9lls. B2 ) S N9lls, 111l B2 ()

Therefore, g € Mult(B?(u) — BY_(ut)). In particular,
Bg® € BX .oy © Mult(B{ (1) — BY_y (1))-

This gives that ¢ € CBP(u) if and only if for some (any) I > 0, (I + R)g €
Mult(BE () — By (1e))-

4. Proof of Theorem 1.1 and Corollary 1.2.

4.1. Proof of (i) = (ii) = (iii) in Theorem 1.1.
The fact that (i) = (ii) is a consequence of Holder’s inequality. Indeed, since
0 < s <1, we have

(gl 1L+ RO o1 < N9llew o-rrpaw, I (LA BBl Lo 0 )

<19l gy 17118y 1052

Clearly (ii) = (ili) is a consequence of Lemma 2.10 (i). Indeed, if [({[fg],|(1 +

R)b|))t41] < oo for any f, g € H(D), then by Corollary 3.5 (see also Remark 3.8) we have
1| fgl, |Rt1+1b‘>>t+1| < 00. Thus

[(fg.0)el = [(fg, Riy1bhesa] < (I fal, | Re1b]))e41]-

which concludes the proof.
Observe that if b € CBP(u,), the above estimates give

‘<fgvb>t| < ||b||CB§(M)HfHBf(ltt)”9”31_7'5(/%)' (410)

Thus we have T's(b) < T'1(b) < ||b||CB§(M).

4.2. Proof of (iii) = (i) in Theorem 1.1 for the unweighted case t = 0.

In the next proposition we use Corollary 3.5 and the weighted Cauchy-Pompeiu’s
formula, to give a simple proof of (iii) = (i) in Theorem 1.1 for the unweighted case
t = 0. This last case has been proved using different methods in [12] for p = 2 and in [4]
for any p > 1. Our approach follows the techniques in [15].

PROPOSITION 4.1. Letl <p < oo and 0 < s < 1. Assume that b € H satisfies

[(f9,0)ol < Cullfllpzllgll o for any f.g € H(D). Then b e CBE.

By

PROOF. By Lemma 2.9 we have b € B? C B}. Therefore, for f € H(D), the
weighted Cauchy-Pompeiu’s representation formula in Theorem 2.2 gives
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(14 R)b(2)f = P*((1 + R)bf) + K ((1 + R)bOS). (4.11)

In order to prove this proposition it is enough to show that the LP(dv(;_g),)-norms of
the two terms in the right hand side in (4.11) are bounded by a constant times || f||gr.
The first term b = P1((1+ R)bf) is a holomorphic function on D. Thus, by Corollary

2.12, it suffices to prove that |(h, g)1| < C|[/f||pzllgll 5o for any g € H(D).

By Lemma 2.10, this follows from (h,g)1 = (1 + R)b, fg)1 = (b, fg)o and the
hypotheses.

In order to estimate the LP(dv(1_s),)-norm of K*((1+R)bOf), note that by Corollary
3.5 we have b € B§°. This fact, Holder’s inequality and the estimates of Lemma 2.3, with
€ > 0 small enough to be chosen later on, we have

K1+ R < bl ([ i)

p |1 — 2W||w — z|

WP (1 = |w|2)—e)p-1 _ |lwl|2)er’ -t p/p’
S ||b||pg°/D|af( )| (1 ‘ | ) dV(U))( (1 | | ) |dl/(’LU)>

11— zw|(1-29)p|w — 2] b |1 = 2w [w— z

[0f (w)P(1 — |w]?) (=P

11— zw|(1=20)P|w — 2|

S 1ol 5 dy(w)(1 — [[*) .

Therefore, if 0 < & < min{s, 1 — s}, then the above estimate, Fubini’s theorem and
Lemma 2.3 give

I (L + RIS o (avs ) S W0 e 10F | Loavis .y, S I8ll5e 11 F L2

which ends the proof. O

4.3. Proof of (iii) = (i) in Theorem 1.1 for the general case.

Observe that if we use the same arguments of the above section to prove the un-
weighted case, then in the estimate of K!*1((1 + R)bOf) we will end up with integrals
of the type

(1 - w2y
/D [1 — 2| M |w — 2| blw)dv(w),

which are difficult to estimate because we do not have precise information on € near the
diagonal z = w. One method to avoid this difficulty is based in the use of the following
modification of the Cauchy-Pompeiu’s formula, which on one hand avoid the singularity
on the diagonal and in other hand increases the power of (1 — |w|?).

LEMMA 4.2.  Lett >0, b€ B and f € H(D). For any integer m > 2, we have

KA (1 + R)bOSf) = K™ (L + R 2 f) + K H((1 + R)bOf)
m—1

+ 3 Q1+ RIBR),

j=1
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where

(1 + RO F) (w) w2

A—zwpn w0

mm4m+mwma:a+m4«lﬁ%ﬁyﬁg@

K™ (1 + R)BEF)(2) = — /

th+m (w),

Q' ((1+ R)bRS)(2) == /D((l + R)bl%f)(w)m-

PROOF. Recall that

1—|wp)* 1
(1—-2w)t w—2z

K (w, z) =

Since 1 = (1 — |w|?)/(1 — 2w) + (W(w — 2))/(1 — zw), we have
KN+ RpOS)(2) = K2((1+ R)BOS)(2) + QH((1 + R)DRF)(2).

Iterating this formula, we obtain

K1+ RDOF)(2) = K™ (1 + R)BIF)(2) + i Q" ((1+ RDRF)(2).

j=1
An easy computation shows that
(1— w1
(1—zw)Ht™ w—z

— (1= |w)Hmw—=2 1—|w)+mt(w—=z2
= aw(((l _|21L))t+m w— z) + (t+m)( (|1 |_)Zw)t+rr5+1 )

K™ (w, 2) =

Fixed zeDand 0 <e<1—|z|,1let Q.. :=D\{weD:|w—z| <e}. If we apply
Stokes’ theorem to the region €2, . and let ¢ — 0, we obtain

LI+ R)pOS)(2) = —/((1 + R () L ) T w2

D (1—zw)t™ w—z

serm) [ (@ mip S ),

dv(w)

which concludes the proof. O

PROPOSITION 4.3. Let1<p<o00,0<s<1,t>0,bec B, f € HD) and

pr(w) = 0% f(w)|(1 = [w]*)*~* + [0f (w)|(1 — [w]*)' .
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Then we have
K1+ RIS (2)] < [1bll 3 P (04) (2). (4.12)
Therefore, if 0 € By, 1, then
11 = =) (@ + RIS (2w () S I0llge 1182 (10 (4.13)

PROOF. The pointwise estimate (4.12) follows from Lemma 4.2. Since 1 — |w|? <
2|1 — zw| and |z — w| < |1 — zw|, then for m > 3, we have

(1 + R)bIF)(2)]

m—1
5 ||b||Bg° <Pt+m2+s,t+m1((pf)(z) + Z Pt+]+sfl,t+J (¢f)(z)>
j=1

< bllsge P (0p) (2).

In order to prove the LP(u;)-norm estimate (4.13), from (4.12) we have

(1= ) K1+ R)BOF)(2)] < [Ibll sge P (e04)(2)

and thus [P (o) | e (uy) S N0l Lr(ue) S Il 2 (1), which is a consequence of Theorem
2.5 and Proposition 2.8. g

Now we can prove (iii) = (i) in Theorem 1.1.
PROPOSITION 4.4.  If b satisfies condition (iii) in Theorem 1.1, then b € CBP ().

ProOOF. We want to prove that

/D FEPIRL P — =) dp(2) S Coll I, -
To do so, by the Cauchy-Pompeiu’s formula in Theorem 2.2,
R b(2)f = PRy bf) + K (R 100 ), (4.14)

we will show that the two terms in the right hand side in (4.14) are both in
LP(0dv (1 —g)p4¢) and that these norms are bounded up to a constant by || f||zr(.,)-
Since h = P*1(f R}, 1b) is a holomorphic function on D, the norm estimate of h is

similar to the one for the unweighted case. Indeed, for g € H(D) Lemma 2.10 gives

{7y ghes1] = [(Rig1bs f9)era] = (b, fg)el < T2(b)] ]

BY (ue) ”LGHBS’S(M)

which, by Corollary 2.12, proves that Hh||Lp(9dl,(1fs>p+t) < Fg(b)||f||B§(M).
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Using the LP(0dy(;_)p1¢)-norm estimate of K1 (R}b3f) given in Proposition 4.3,
we conclude the proof. O

4.4. Proof of Corollary 1.2.

Using B?(us) = B§+T/p(,u5+T), for 7 > 0, we will deduce the result from Theorem
1.1.

Let 1 <p < o0, sg,51 €ER, tp > 0and 0 € Byy,. Then, for t =ty —s9 — 51 > tp we
have

By, (1110) = Bfo+(*50751)/17(/it) = BSU/P/*Sl/p(Mt)7 and
BE () = BY, g0y (H2)-

Moreover, since <fga b>t1 = <Pt(fg)a b>t1 = <fgvtptl’tb>t7 we have

|<fg7b>t1| — |<fg77)thtb>t|
||f| B, (ktg) ”g”Bg’i (t4,) Hf||Bfo/p,751/p(ut) ”g”BZi/pst/p’(“;)

Thus, Theorem 1.1, with 0 < s := so/p’ — s1/p < 1, gives

t1,t - |<f9,b>t |
A PRy - et o
o/p=el 04 f,gc HD) BE, (1) 1911 BE! (114

)

which concludes the proof.

5. Proof of Theorem 1.4.

We will determine the predual of CBP(u:) generalizing some results for the un-
weighted case (see for instance [12], [2], [8] and the references therein).

5.1. Weak products and the predual of CBP ().

DEFINITION 5.1.  Given two Banach spaces X and Y of holomorphic functions on
D, let X ®Y be the completion of finite sums h = Zj\il fig5, f € X, g; €Y, using the
norm

N N
Inllxer = int { 3 1ullxlanly + 3 fuge =1 .
k=1 k=1

The following well-known proposition will be used to prove our duality results.

PROPOSITION 5.2.  The norm of a lineaf form A on X ®Y coincides with the norm
of the bilinear form on X xY on defined by A(f,g) = A(fg).

5.2. Proof of Theorem 1.4.
PRrROOF. The embedding i : BY (1)) — BP(u:) © BY (11}), shows that any linear
form A € (B?(u) ® B’_’ls(,u;))’ produces a linear form A; = Aoi on B” (u}), which by
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Proposition 2.11 can be expressed as A;(f) = (f, b)+, for some b € BP(u).

Consequently, A(h) = (h,b); for h € H(D). Since H(D) is dense in both spaces
B?(pu;) and B’i/s(u;), then it is also dense in BP(u;) ® B’i,s(u;), and thus the norm of
A coincides with the norm of the bilinear form (f,g) — (fg,b); on BP(us) x B (11}).
Therefore, the equivalence between (i) and (iii) in Theorem 1.1 concludes the proof.

The same arguments used in the first part show that the norm of a linear form A on
B? (p) © Bg’ll (uy) is equivalent to the norm of the bilinear form (f,g) — (fg,b);, where
b e B”, (n). By Theorem 3.2 this norm is equivalent to ||b|\33-;0_51 which proves the
first statement.

The second statement follows from the computation by duality of the norms

Hh||3510+5171 and Hh||B£,O(M)®B§,£ (i) Indeed, if h € H(D), then

[(, b)s|

1elles,., - osven,  Tolla=, ~ Wz, o 52,
—s0—s1 —sg—s
Since h € H(D) is dense in both spaces, we obtain the result. O

5.3. Further remarks.

Combining Theorem 1.4 with (1.4) we can obtain characterizations of weak products
of type BY (1) © Bg’i (u¢) which generalize some of the results stated in Section 5 in [8].

For instance, if 0 < s < p, then

’

(B8 (1) © Bgs(ut))/ = (Bg/p(MtJrs) © Bgs/p(MtJrs))/ = CBf/p(MtJrs) = CB{ (),

with respect to the pairing (-, -)¢1s.

Observe that in the particular case p = 2 and t = 0, we have CB3 = BMOA =
(H,), with respect to the pairing (-,-)s. Therefore, the above duality result and the
fact that B2 = H? give H2 ® H?, = H! _.

This unweighted weak factorization result can be generalized to the case 1 < p <
2. In this case B C HP, and we have that CBf = F;~", where F;~” denotes the
Triebel-Lizorkin space of holomorphic functions on I such that the measure dygy(z) =
|0g(2)[P(1 — |2]?)P~! is a Carleson measure for HP, that is u,(T,) < (1 — |2]?) for any
z € D (see [10], p.178). Since F>*P = (Fif/)’, with respect to the pairing (-, )5, we have
BY ® B? 's = Fi’spl. Here, F'? " is the Triebel-Lizorkin space of holomorphic functions g
on D satisfying

/T (/1—<w<1—|w2 lg(w)|”' (1 - |w|2)spl_2dl/(’w)>1/p/dg(g) < 0.
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