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Abstract. Let X be a metric space with doubling measure and L be
an operator which satisfies Davies—Gaffney heat kernel estimates and has a
bounded Hs, functional calculus on L2(X). In this paper, we develop a the-
ory of Musielak—Orlicz Hardy spaces associated to L, including a molecular de-
composition, square function characterization and duality of Musielak—Orlicz
Hardy spaces Hp, ., (X). Finally, we show that L has a bounded holomor-
phic functional calculus on Hy, ,(X) and the Riesz transform is bounded from
Hry, ,(X) to L (w).

1. Introduction.

The introduction and study of classical real-variable Hardy and BMO spaces on the
Euclidean space R™ began in the 1960s with the initial paper of Stein and Weiss [34].
This theory was developed further by Fefferman and Stein [19] and studied extensively
in [10], [33] as well as many others. Since then these function spaces have played an
important role in modern harmonic analysis and partial differential equations, especially
in the study of boundedness of singular integrals. It is well known that there are various
equivalent characterizations of functions in the classical Hardy space. For instance, the
Hardy space H'(R™) can be viewed as the set of functions f € L!'(R") such that the
Riesz transform VA2 f belongs to L' (R™). We also have alternative characterizations
of H*(R™) via the atomic decomposition or by the square function and the non-tangential
maximal function associated to the Poisson semigroup generated by the Laplacian. The
standard theory of Hardy spaces is intimately connected with the Laplacian and harmonic
functions. However, in the study of boundedness of singular integrals, there are cases in
which the classical Hardy spaces are not the most appropriate spaces. For example, one
considers a general elliptic operator in divergence form with complex bounded measurable
coefficients. Let A be an n X n matrix with entries

ajr: L°R") —=C, j=1,...,n, k=1,...,n,

satisfying the elliptic condition
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AE? <RALE and |AL.C| < AJEC], V¢, ¢eC™,

for some constants 0 < A < A < co. Then the second order divergence form operator is
given by

Lf:=—div(AVf), (1.1)

interpreted in the weak sense via a sesquilinear form. It is well known that the Riesz
transform VL~1/2 is bounded on L?(R™) but could be unbounded from H*(R™) to L' (R™)
(see for example [21]). The need for investigating new Hardy spaces other than the Hardy
space H'(R™) thus naturally arises for the study of singular integrals.

In recent years, function spaces, especially Hardy spaces and BMO spaces, associated
with operators have been studied extensively; see, for example, [4], [6], [7], [15], [17],
[18], [20], [21], [37] and references therein. Here we shall only recall a number of works
in this topic.

Auscher, Duong and McIntosh [4] first introduced the Hardy space H}(R™) asso-
ciated with an operator L whose heat kernel satisfies a pointwise Poisson type upper
bound by using the area integrals, and established its molecular characterization.

Duong and Yan [17], [18] introduced its dual space BMOL(R™) and established
the dual relation between Hj (R™) and BMO(R"). Yan [37] further generalized these
results to the Hardy spaces HY (R™) with certain p < 1 and their dual spaces.

Auscher and Russ [7] studied the Hardy space H} on strongly Lipschitz domains
associated with a divergence form elliptic operator L with an appropriate heat kernel
bound. Recently, Auscher, McIntosh and Russ [6] treated the Hardy space H? with
p € [1,00] associated to Hodge Laplacian on a Riemannian manifold with doubling
measure.

Hofmann and Mayboroda [21] further studied the Hardy space H} (R™) and its dual
space adapted to a second order divergence form elliptic operator L on R™ with bounded
complex coefficients (such an operator L may not have the pointwise heat kernel bounds).
Hofmann et al. [20] introduced the new Hardy spaces HY, 1 < p < oo, on a metric
space X associated to a non-negative self-adjoint operator L satisfying Davies—Gaffney
estimates.

As a generalization of Hardy spaces HP(R™), the class of Orlicz—Hardy spaces on
R"™ and their dual spaces have received considerable attention as well. In particular,
Stromberg [35] and Janson [24] introduced generalized Hardy spaces H,(R™), via re-
placing the norm || - [|z»gny by the Orlicz-norm | - ||z() in the definition of HP(R"),
where w is an Orlicz function on [0, c0) satisfying some control conditions. Viviani [36]
further characterized these spaces H, on spaces of homogeneous type via atoms. The
dual spaces of these spaces were also investigated in [35], [24], [36], [23]. More re-
cently, Jiang and Yang [25], [26] introduced the new Orlicz—Hardy spaces associated to
divergence form elliptic operators and to non-negative self-adjoint operators satisfying
Davies—Gaffney estimates.

In this article, we study a generalized form of Orlicz-Hardy spaces, the so-called
Musielak—Orlicz Hardy spaces Hp, ,(X) associated to operators and their dual spaces,
under the assumptions that the operators have bounded H, functional calculi and satisfy
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Davies—Gaflney estimates. We remark that our assumption that the operator having a
bounded H, functional calculus is much weaker than the usual assumption that L being
non-negative self adjoint which played an important role in a number of the previous
works, see for example [20], [25], [26]. For example, a non-negative self-adjoint operator
L with Davies—Gaffney estimates would satisfy the finite speed propagation property for
solutions of the corresponding wave equation, see [32] (see also [20]), and allows us to
construct the Hardy space via (w, M)-atoms, see [20], [25], [26].

There are two key generalizations in this article.

First, we replace the assumption that L is a non-negative self adjoint operator by
the weaker assumption that L has a bounded H,, functional calculus on L?(X). This
would allow a much larger class of applicable operators L. For example, it is well known
that in general the second order divergence form operator L defined by (1.1) is not a
self-adjoint operator, but L has a bounded H,, functional calculus on L?(X), see for
example [8]. For another example, one considers the operator L = b(z)A, a special
case of a second order elliptic operator in non-divergence form with bounded measurable
complex coefficients, where A denotes the Laplacian in R™ and b denotes an w-accretive
function on R™, w € [0,7/2), with bounded reciprocal, meaning that b and % belong to
L>(R™,C) and |argb(x)| < w for almost all x € R™. The operator L = b(x)A is clearly
not self-adjoint in general and it has a bounded H,, functional calculus on L?(X), see
[29, Proposition 1.1]. Furthermore, if Rb(x) > § > 0 for almost all € R™, then the
semigroup {e~*F};~ satisfies the Davies-Gaffney estimate (2.5), see [14].

Second, the Orlicz functions ¢(t) appearing in many of previous works are replaced
by more general functions w(z, t), the so-called Musielak—Orlicz functions (cf. [30], [12]),
that may vary in the spatial variables and possess some control conditions. In the par-
ticular case when w = ¢, p € (0, 1], our results are in line with those in [13]. In another
special case, if w is an Orlicz function on R with p,, € (0, 1], which is continuous, strictly
increasing and concave then by Jensen’s inequality it can be verified that Assumption
(C) on the function w holds (see Section 2). In this sense, this paper is an extension to
[1].

Recently, the authors in [38] investigated the Musielak—Orlicz Hardy spaces associ-
ated with operators. However, our approach, which is strongly motivated by [21] and
[25], differs from the approach in [38]. More precisely, we use the weaker assumption on
the operator L that the operator L has a bounded H, functional calculus on L?(X), in-
stead of L being non-negative self adjoint in [38]. In addition, Musielak—Orlicz functions
w considered in [38] are assumed to be growth functions and satisfy the uniformly reverse
Holder condition. We do not make such assumptions but assume different conditions on
w. (See Subsection 2.4).

The paper is organized as follows. In Section 2, we shall give some preliminaries on
a metric space X with a doubling measure and give some assumptions on the operator
L and the Musielak—Orlicz function w. In Sections 3, we shall introduce Musielak—Orlicz
Hardy spaces Hr ., (X). We show that each function in Hy ,(X) can be represented
as a decomposition of (w, e, M)-molecules and more importantly, the space of all finite
linear combinations of (w, €, M)-molecule is dense in Hy, ,,(X). Then the dual spaces of
Hy, ., (X) are investigated. In the last section, we consider applications of the holomorphic
functional calculus of the operator L and certain Riesz transforms associated to L. By



4 X. T. DuoNG and T. D. TRAN

using the molecular decomposition associated to the operator L and the Musielak—Orlicz
function, we shall show that L has a bounded holomorphic functional calculus on the
Musielak-Orlicz Hardy spaces Hp ., (X) and the Riesz transforms are bounded from
Hp o (X) to L(w).

Throughout the paper, the letters C, ¢ will denote (possibly different) constants that
are independent of the essential variables. The symbol X <Y means that there exists a
positive constant C such that X < CY.

2. Preliminaries.

In this section, we first recall some notions and notations on metric spaces and then
describe some basic assumptions on the operator L studied in this paper; finally we
present some basic properties on Musielak—Orlicz functions.

2.1. Doubling measures on metric spaces.

Let X be a metric space, with a distance d and p is a nonnegative, Borel, doubling
measure on X. Throughout this paper, we assume that u(X) = co.

Denote by B(z,r) the open ball of radius r» > 0 and center z € X, and by V(z,r)
its measure p(B(z,r)). The doubling property of x means that there exists a constant
C > 0 so that

V(z,2r) < CV(z,r) (2.1)

forall z € X and r > 0.
Notice that the doubling property (2.1) implies the following property that

V(z, Ar) < CXN"V(x,r), (2.2)

for some positive constant n uniformly for all A > 1, x € X and r > 0. There also exists
a constant 0 < N < n such that

Viz,r) < 0(1 n d(a;’y))NV(y, ), (2.3)

uniformly for all z,y € X and r > 0.

To simplify notation, we will often use B for B(xp,rg). Also given A > 0, we will
write AB for the A-dilated ball, which is the ball with the same center as B and with
radius rxg = Arp. For each ball B C X we set

So(B) := B and S;(B):=2'B\22"'B for j€N.

2.2. Holomorphic functional calculus.

We now recall some notions on holomorphic functional calculi as introduced by
McIntosh [28].

Let 0 < 0 < v < w. We define the closed sector in the complex plane C
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Sy :={z€C:|argz| <0}

and denote the interior of Sy by S§.
We present the following subspaces of the space H(SY) of all holomorphic functions
on SY:

Hoo(8y) = {b € H(S)) : [Ibl|o < 00},
where ||b]|s := sup{|b(z)| : z € S%}, and
U(Sy) = {v € H(S)): 35 >0, [9(2)] < c|2|*(1 + |2**) 71}

Recall that a closed operator L in L?(X) is said to be of type 6 if o(L) C Sp, and for
each v > 6 there exists a constant ¢, such that

IZ=ADT < elA™ XS,

If L is of type 6 and ¢ € ¥(SY), for f € L*(X), we define (L) € L(L?(X), L*(X)) by
putting

B(IL)f = / (L~ D)™ fp(A)dA,

~ omi

where T is the contour {z = re* : r > 0} parametrized clockwise around Sy, and

0 < & < wv. Since

H [ =antruay

< / L = AD) ™ |20 [N I
L2(X) 0

& 01(32|/\|3
< ——————d|\| < o0,
<Ileco | ot

the integral above is absolutely convergent and defines ¢)(L) as a bounded operator from
L?*(X) into L?(X). It is straightforward to show, using Cauchy’s theorem, that the
definition is independent of the choice of £ € (6,v). If, in addition, L is one-one and has
dense range and if b € H,,(SY), then b(L) can be defined by

b(L) = [ (L)) (b)) (L),
where 1(2) = 2(1 4+ 2)72. It can be shown that b(L) is a well-defined linear operator
in L?(X), see [28]. We say that L has a bounded H,, calculus in L?(X) if there exists
cu2 > 0 such that b(L) € L(L*(X), L*(X)), and for b € H(SY),

(L) < ev2bllso-
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In [28] it was proved that L has a bounded H..-calculus in L?(X) if and only if for any
non-zero function ¢ € W(SY), L satisfies the square function estimate and its reverse

>0 dt\/?
alalls < ([ @) < el (24
for some 0 < ¢; < ¢a < 00, where ¢;(x) = ¢(tx). As noted in [28], positive self-adjoint
operators satisfy the quadratic estimate (2.4). So do normal operators with spectra in a
sector, and maximal accretive operators. We refer the reader to [39] for precise definitions
of these classes of operators. For detailed study on operators which have holomorphic
functional calculi, see the work of [28].

2.3. Assumptions on operators L.

Let L be a linear operator of type § on L?(X) with § < 7/2, hence L generates a
holomorphic semigroup e*”, | arg(z)| < 7/2 — 6. Throughout the whole paper, we always
suppose that the operator L satisfies the following assumptions.

(i) The operator L has a bounded H.-calculus on L?(X).

(ii) The operator L generates an analytic semigroup {e~};~q which satisfies the
Davies—Gaffney estimates, i.e., there exist positive constants Co and C3 such that
for all closed sets E and F in X,t € (0,00) and f € L?(X) supported in E,

d(E, F)*

le " fllz2(ry < Co exp{ T T Out

}||f|Lz<E), (2.5)

where d(E, F) is the distance between E and F in X.

REMARK 2.1.  'We now give a list of examples of differential operators which satisfy
assumptions (i) and (ii):

(a) Second order elliptic divergence form operators defined by (1.1) in the introduction,
acting on the Euclidean space R™. Note that these operators in general are neither
self adjoint nor having Gaussian heat kernel bounds. See [8] and Section 2 of [5].

(6) The operators L = b(x)A as described in Section 1, page 3 of this article.

(v) Schrodinger operators with non-negative potentials and magnetic Schrodinger oper-
ators. These operators are self adjoint and possess Gaussian upper bounds on heat
kernels. See for example Section 1 and 3 of [16].

(6) Laplace—Beltrami operators on all complete Riemannian manifolds. These operators
are self adjoint and satisfy the Davies—Gaffney estimates (but not Gaussian heat
kernel bounds) in general setting. See [3, Section 3.1].

LEMMA 2.1 ([22]). Assume that the families of operators {St}iso and {Ti}i=o
satisfy Davies—Gaffney estimates (2.5). Then there exist two constants C > 0 and ¢ > 0
such that, for every t > 0, every closed subsets E and F of X and every function f
supported in E, one has
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d(E, F)?

S.T, <C ISy
1S5 fll L2y < exp{ cmax{s,t}

}IIsz(E).

LEMMA 2.2.  Let L satisfy assumptions (1) and (ii). Then for any fized k € N, the
following family of operators {(tL)*e*},~ satisfies Davies—Gaffney estimates (2.5).

PROOF. The proof of this lemma is similar to one in [20] and hence we omit the
details here. O

2.4. Musielak—Orlicz type functions.

Let us first present here some notions on Musielak—Orlicz type functions.

A function w : [0,00) — [0,00) is called an Orlicz function if it is nondecreasing,
w(0) =0, w(t) > 0 for ¢ > 0 and lim;_, o w(t) = co.

A function w : X X [0,00) — [0,00) is called a Musielak—Orlicz function if the
function w(z,-) : [0,00) — [0,00) is an Orlicz function for each € X and the function
w(-,t) is a measurable function for each ¢ € [0, 00).

Let w be a Musielak—Orlicz function. The function w is said to be of uniformly upper
type p (resp. uniformly lower type p) for certain p € [0, 00), if there exists a positive
constant C' such that for all z € X, ¢t > 1 (resp. ¢ € (0,1]) and s € (0, c0),

w(z, st) < CtPw(z, s). (2.6)

If w is of both uniformly upper type p; and lower type pg, then w is said to be of type
(po, p1)- A typical example of such w is

w(z,t) := f(x)g(t)

for x € X and ¢ € [0,00), where f is a positive measurable function on X and g is
an Orlicz function on [0, 00) of upper type p; and lower type pp. Another example of
Musielak—Orlicz function w of uniformly upper type p € (0,1] is, for instance,

P
f(x) + [log(e + )]

w(z,t) =

where « € [0,1] and f is a positive measurable function on X. It is also interesting to
observe that if

tP

R OEY0)

where f is a positive measurable function on X and ¢ is a decreasing positive function
on [0,00) then w is a Musielak—Orlicz function of uniformly lower type p.
Let

pl =inf{p > 0: 3C > 0 such that (2.6) holds for all z € X, t € [1,00), s € (0,00)},

and
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p, =sup{p > 0: IC > 0 such that (2.6) holds for all z € X, ¢t € (0,1], s € (0,00)}.

The function w is said to be of strictly uniformly lower type p if for all z € X, ¢ € (0,1)
and s € (0,00), w(z, st) < tPw(x,s). One then defines

pw =sup{p > 0: w(z, st) < tPw(x, s) holds for all x € X, s € (0,00) and ¢t € (0,1)}.

It is easy to see that p, < p; < pJ for all w. In what follows, p,,, p; and p} are called
the strictly critical lower type index, the critical lower type index and the critical upper
type index of w, respectively.

In the sequel, we assume that w satisfies the following assumptions.

ASSUMPTION (A). Suppose that w is a Musielak—Orlicz function which is of uni-
formly upper type 1 and with p, € (0,1]. In addition, for every x € X, w(x,-) is
continuous, strictly increasing on R.

Note that if w satisfies Assumption (A) then it has the following properties; see [27,
Lemma 4.1] for its proof.

LEMMA 2.3. (1) w is uniformly o-quasi-subadditive on X x [0, 00), namely, there
exists a positive constant C' such that for all (x,t;) € X x [0,00) with j € Z,
W(IZJl )<CZ—1W($75)

(ii) Let &(z,t) fo (x,8)/s)ds for all (x,t) € X x [0,00). Then @ is equivalent to
w; moreover, @ also satisfies Assumption (A).

CONVENTION (B). From Assumption (A), it follows that 0 < p,, < pw <p! <1
In what follows, if (2.6) holds for p} with ¢ € [1,00), then we choose p,, = p]; otherwise
pl < 1 and we choose p,, € (pf,1) to be close enough to p.

Let w satisfy Assumption (A). A measurable function f on X is said to be in the
Lebesgue type space L(w) if

[ vt f@D dute) < .
X

Moreover, for any f € L(w), define

1l = inf{A S0 /Xw<x |f()\$)|>du(:v) < 1}.

The function p defined below plays an important role in this paper.

DEFINITION 2.1.  For each 2 € X, we define the function w=!(z,-) and p(z,-) on
R, as follows

w iz, t) =sup{s > 0: w(x,s) <t} (2.7)
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and

t_l

TP (2.8)

p(z,t) =

Then it is easy to see that w™!(z,-) is continuous, strictly increasing and for every
re X,

w iz, w(z,t) =t
and
w(z,w (z,t)) =t
Moreover, the types of w and w™! have the following relation.
LEMMA 2.4. Let0 <p <q<1. If wis of type (p, q) thenw ™ is of type (g%, p~1).

PROOF. By the symmetry, it suffices to show that if w is of uniformly lower type

p then w™! is of uniformly upper type p~!. Suppose that there exists a constant C' > 1
such that for allz € X, s > 0,t <1,

w(z, st) < CtPw(z, s). (2.9)

Then for any € X, s >0, t > 1 and w > 0 such that w(z,u) < st, it follows from (2.9)
that

W(IU) < Gulmy) o
ti/p t

This implies that
u < tY/Pwt(z, Cs)
and hence
w™(z, st) < tYPw ™ (x,Cs). (2.10)
On the other hand, observe that

w_l(amC's) = sup {)\ >0: w(g)\) < s}

and, by (2.9), for any A > 0,

A <w(:17,)\)
“\eown )= o
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then we deduce that
wHz,Cs) < C¥Pw=(x, s), (2.11)

which together with (2.10) completes the proof of Lemma 2.4. O
Hereafter, we shall assume the following condition on the function w.

ASsSUMPTION (C). Let w satisfy Assumption (A) and the following conditions:

(1) there exist positive constants Cy, Cy such that for any z € X, C1 < w(x,1) < Co;
(ii) there exists a positive constant C' such that for any locally integrable positive
function f on X, for any ball B in X,

ﬁ/}gw(x,f(z))du(x) SCéggw(z,é/Bf(y)dﬂ(y))

REMARK 2.2. A typical example of Musielak—Orlicz function w that satisfies As-
sumption (C) is w(z,t) = h(z)p(t) for all x € X and t € [0, 00), where h is a measurable
function on X so that there exist positive constants Cy, Cy such that for any x € X,
Cy < h(z) < Cs and ¢ is an increasing, continuous and concave Orlicz function on [0, 0o)
with p, € (0,1].

3. Musielak—Orlicz Hardy spaces associated to operators.

3.1. Tent spaces on spaces of homogeneous type.
Given x € X and « > 0, the cone of aperture o and vertex x is the set

I'“(z) :={(y,t) € X x (0,00) : d(y,x) < at}.

For any closed subset F' C X, define a saw-tooth region R*(F) = |J,cpI'*(x). For
simplicity, we will often write R(F) instead of R'(F). If O is an open subset of X, and

we denote by E°¢ the complement of a set E, then the tent over O, denoted by (3, is
defined as

O :=[R(O)]¢ := {(z,t) € X x (0,00) : d(x,0°) > t}.

For each measurable function g on X x (0,00) and = € X, define

1/2
A= ([ oorg )

When X = R" Coifman, Meyer and Stein [10] introduced the tent spaces 75 (R} 1)
for p € (0,00). The tent spaces T4 (X) on spaces of homogeneous type were studied
by Russ [31]. The function g is said to belong to the space T4 (X) with p € (0,00) if
gllzrxy = [A(g)[[L» < co. Then, Harbourne, Salinas and Viviani [23] introduced the
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tent spaces 7., (R ") associated to w. Now let w satisfy Assumption (A). Then we define
T.,(X) as the space of all measurable functions g on X X (0, 00) such that A(g) € L(w),
and for any g € T,,(X), one defines

||9||Tw(x) = HA(Q)”L(w)'

DEFINITION 3.1.  Let w satisfy Assumption (C) and p be the function defined by
(2.8) in Definition (2.1). A function a on X x (0, 00) is called a T, (X)-atom if

(1) there exists a ball B C X such that supp a C E;
(i) llallzzx) < V(B)] 72 inf [p(a, V(B))] 7.
REMARK 3.1. (i) It is not difficult to verify that for a function w satisfying
Assumption (C), there exist positive constants Ky, Ko such that for any « € X,
K; <w ™ Y(z,1) < Ky and hence in}fg[p(m, V(B))]~! is strictly positive.
EAS

(ii) In addition, for all T;,(X)-atoms a, we have ||a| 1, x) < 1.
For the functions in the space T,,(X), we have the following atomic decomposition.

PROPOSITION 3.1.  Let w satisfy Assumption (C). Then for any f € T, (X), there
exist T, (X)-atoms {a;}532, and {\;}52, C C such that for almost every (z,t) € X X
(0,00)

flz,t) = Z/\jaj(x,t). (3.1)

Moreover, there exists a positive constant C' such that for all f € T, (X),

. T~ . 1A
A({);}) = inf {/\ >0: ZV(Bj)Ilg‘(w (m, N (B, sup oy, V(B,)) < 1)}
J=1 yEB;
< Cllfllz ), (3.2)

where E; appears as the support of a;.

PROOF. The proof of Proposition 3.1 is similar to those of [10, Theorem 1], [31,
Theorem 1.1}, [25, Theorem 3.1] and [26, Theorem 3.1] with minor modifications, thus
we omit the details. O

The following proposition on the convergence of (3.1) plays a significant role in the
remaining part of this paper. The proof of it is analogous to that of [25, Proposition 3.1]
and we omit the details.

PROPOSITION 3.2.  Let w satisfy Assumption (C). If f € T,,(X)NT3(X), then the
decomposition (3.1) holds in both T, (X) and T(X).
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3.2. Musielak—Orlicz Hardy spaces associated to L.
For all functions f € L?(X), the Lusin-area function Sz,(f) is defined by setting,

Sy f(zx (//Fw 2 Le —t? Lf(y)P2 d/(i; t))it>1/2’ ex

The Musielak—Orlicz Hardy space Hp, ., (X) is defined as the completion of

{f e L*(X) : ISLfllL(w) < oo}
with the norm
Il ) = 1S FllLw)-

Noting that if w(t) = ¢,¢ € (0,00) then the space Hy, ,(X) turns to be the space H} (X)
n [20]. Furthermore, if w(t) =P, t € (0,00) and p € (0, 1], the space Hy, ,(X) is just
the space H? (X)) considered in [13]. We now introduce the notions of (w, M, €)-molecule
as follows.

Let us denote by D(T) the domain of an unbounded operator 7" and by T = T'--- T
the k-fold composition of T with itself.

DEFINITION 3.2. A function m € L?(X) is called an (w, M, €)-molecule associated
to the operator L if there exist a function b € D(L™) and a ball B such that
(i) m = LMp;
(ii) for every k=0,1,...,M, and j € Z

IrBL) bl L2 s, (m)) S T%MT"C[V(?J'B)]*”QQQE[ (z,V(2'B))] ™!

THEOREM 3.1.  Let L satisfy assumptions (i) and (ii), w satisfy Assumption (C),
M > (n/2)(1/p, —1/2) and 0 < € < 2M —n(1/p, — 1/2). Then for all f € Hy, ,(X) N
L?(X), there exist (w, e, M)-molecules {o;}32, and {\;}52, C C such that

F=Y Moy
j=1

in both Hy, ,(X) and L*(X). Moreover, there exists a positive constant C' such that for
all f € Hy, ,(X) N L*(X),

;]
AAja}5) = mf{A>0 ;V éélf‘“( " AV (By) sup p(y, V(B; ))§1>}
yEB;
<Ol .0

where Bj is the ball associated with (w, e, M)-molecule ;.
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Before giving a proof of Theorem 3.1, we consider the following operator

LM (F)(x) = /Ooo(tZLe_tzL)M(F(nt))(w)dt

t )
for all F € L*(X x (0,00)) with bounded support. The bound
|7r,0 (F)ll2(x) < CllF|lr2x), VM >1 (3-3)

follows readily by duality and the L? quadratic estimate (2.4). Moreover, we have the
following proposition.

PROPOSITION 3.3. Let a be a T,,(X)-atom associated to a ball B C X and M >
(n/2)(1/p, —1/2). Then, wp pma is an (w, e, M)-molecule (up to a harmless constant);
moreover, wr, pya € Hp, o, (X).

PROOF. Setting

o dt
b= [ e a0 T,
O t
Since a is a T,, (X )-atom associated to a ball B C X, suppa C B = {(z,t) € X x (0,00) :
d(z,B) >t} C B x [0,rp]. Thus, the integral b = [~ £2M (e~ LYM g (. )(dt/t) is well
defined and 7y, pra = LMb.
For any h € L*(S;(B)) with norm 1 and k € {0,1,..., M}, one has

\ [ e idnta)

=| [ [T et e i aute)

<| [ [ kate, e )RR Y duo)

1/2

2y _ — odt
<7‘QBM||0,|T22(X)(//§|(€ t“L )M k(tQL*e—tQL )’“h(x)‘ tdﬂ($)>

< B V(B2 inf [o(e, V(B))]

y <//§’(e‘tzL*)M_k(ﬂL*e—tzL*)kh(x)Fdtdu(x))1/2.

t

If 7 > 3 then we have
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r 1/2
< O(/ Bed<B,sj<B>>2/ct2dt) /
N 0 t

rB 4aM 1/2
<o([ () 7)

- 0 2‘]TB t

< 0272]\/[]'.

dt 1/2
|(e—t2L )M k(t2L* —*L*Ykp (g |2fd/i )

o

If  =0,1,2, it is simple to see that

(// (et L* MK (2 e e L7 )y (z |2dt ) < C22Mi

All in all, one has

< Crge MV (B)) 72 inf [p(a, V(B)] !

[ o3 s

which implies

(5L bl 22 (s, 8y < CrET27 QMJ[V(B)]_”Q;QE[ p(x, V(B)) ™.

Since w is of uniformly lower type p,,, p is of uniformly upper type 1/p, — 1 by Lemma
2.4. Then we have

(B L) bl L2(s, (B))

< M2 BV (B)] Y it [p(, V(B))]

j 1/pw—1 . j
VR VB v )

< CT]ZBM2_2Mj2(n/2)j (
r€B

< CTZBJVIQ(fQAH»n/QJrn/pu7n+e)j27j5[V(2jB)] 1/2 inf [ (l’, V(2jB))]71

r€EB

< Crfalm2tmnzin/nat Algmiev (27 B) 712 inf [p(x, V(2 B))]
Due to (—2M —n/2 +n/p, + €) < 0, we obtain that

(L)l 2 (s, (my) < CrEM277[V(2/B)) 1/ inf [p(x, V(2'B))]

reB

Therefore, 7z, pra is an (w, €, M)-molecule.
It remains to show that o = 7w apra € Hr ,(X). Write
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/Xw(x,SL()\a)(x))du(:E) = Z/X w(z, Sp(Aaxs,(p))(x))du(z) = ZAJ’

for all j € N.
By Assumption (C) and the Holder inequality, for each j € N, one obtains

E%g

D [y 25 S0 ) )i
Sk(QJB)

IN

. Al S, 218 1Sz (axs, () (W)]du(y)
k+j . Sk(QJB) J
V(2 B) infw ("”” V(2" B) >

IN

Me I 1

: AllISL(exs, () lz2(s, @
ki) ; | @)z s, 2i8)
V(2 B)mlg;w (w, V(24 B)L )

ol
Il
<]

For kK = 0,1, 2, one has

[SL(exs; )2 (s, 2iBy) < CllallLz(s;(s))

< C279€V(2'B)| Y2 inf [p(z, V(2'B))]~*

zeB

For k > 3, write

HSL(QXSJ(B))||2L2(Sk(21B))

d(z,xp)/4 S d dt
:/ (/ +/ >/ |t2Le*t2La|2ﬁ—du(x)
se21B) \Jo d(zep)/d ) Jdey)<t V(x,t) t

1)
= I; + I1;.

To estimate I;, we set Uy;(B) := {y € X : d(z,y) < d(x,zp)/4 for certain z € S(2B)}.

Then, for each z € S;(B) and y € Uy;(B), we have d(y, z) > 28+7=2rg. It follows from
the fact that

/ V(w,t) tdu(z) < C
d(z,y)<t

and o = LMb that

"B dt
I»' < L M+1 7t L
i<c /Sj(B)I(t ) bs, (59 () Pdiy) congey

oktitl,

iU (B), S, BIF _i
SOy [ o (- SSENN
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ok+itl, g k4j—2 2
9 (2 rB) dt
< Clbll72(s, By /o exp (‘ o2 ) AN
oktitly AM+4
t dt
2
< CHbHLZ(Sj(B))/O (2k+jrB) FAM+1
—4(k+j)M . ) ) )
< CIb)2ag. 2 < 0o~ k+)IMo=2¢j1/ (97 )71 inf [p(x V(2'B))] 2
> L2(S;(B)) (TB)4M = 2EB )

Finally, for the term I1; we obtain

- d
I; <C LML Iy 2d
v [ IR i oy ()

> dt
< C||b||L2(S (B))/ t4M+1

< 02_4(k+j)M2‘2€7[V(QJB)] inf [ (z,V(2B))] 2

reB

It therefore, from the estimates for I;, II; above, the uniformly lower type p, of w
together with the fact that —2Mp,, + n(1 — p,/2) < 0, implies that

/ w(z, S1.(0)(@))du(z)
5;(B)

<C Z 2(*2(k+j)M*j6)pwv(2k+jB)

k=0
x inf w( x A
R e [V(2k+j3)]1/2[V(QJB)}l/qupp(y V(27B))
yeB

o N , Al
< 0N 22kt M=je)okn(1-pu/2)pw\/ (27 BY inf - | - :
=02 8 N\ VB supp(y. VI B))

= yeEB

Note that we can choose p, as in Convention (B) such that n(1/p, — 1/p,) < e. It
therefore, together with the uniformly lower type 1/p,, — 1 of p by Lemma 2.4, yields

Z /S (i, S1.(0) (@) du(z)

B ) . V(B) Do /Pw )
< Pwit/ (97 :
70;2 V(2 B)<V(ZJB)) inf w

o0
<Y 2= PeigU—pu/b)niy (B infw(x, )
2 B I\ ™V B)suply, V(B))
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, Al
< CV(B) mfw (“” V(B)supp(y, V(B))>’

which completes the proof of Proposition 3.3. O

PROOF OF THEOREM 3.1. Since f € L?(X) and T has a bounded holomorphic
functional calculus on L?(X), there exists a constant Cys 1, such that

f = CM,L/ (t2L€_t2L)M+1f%.
0

By definition of Hr, .,(X) and the quadratic estimate (2.4), t2Le "Lf €T, (X)NTZ(X).
Thanks to Proposition 3.2 and Proposition 3.3, we easily deduce

f=Curman(t®Le L f) = Cary Z ANjmr(ag)
=0

in both L*(X) and Hp .,(X) and A({)\;a;};) < C||f|l#, . (x), which completes the proof
of Theorem 3.1. O

By density of Hy, ,(X) N L*(X) in Hp, ,(X), we conclude the following corollaries.

COROLLARY 3.1.  Let the operator L satisfy Assumptions (1) and (ii), w satisfy
Assumption (C) and M > (n/2)(1/p, — 1/2). Then for all f € Hy, ,,(X) there exist a
sequence of (w, e, M)-molecules {a;}32, and {)\;}32, € C such that f = 3772, N\jey; in
Hyp o (X). Moreover, there exists a positive constant C' independent of f such that

A{Xja5}5) < Cllflla 0

COROLLARY 3.2.  Let the operator L satisfy Assumptions (1) and (ii), w satisfy
Assumption (C) and M > (n/2)(1/p, —1/2). Then for all0 < e < 2M —n(1/p, —1/2),

Le,M . Le,M .
o tinare dense in Hr, ,(X) where H'¢;"™" denote the spaces of finite

the spaces H

w, fin
linear combinations of (w, e, M).

3.3. Dual spaces of Musielak—Orlicz Hardy spaces.

In this subsection, we study the dual space of the Musielak—Orlicz Hardy spaces
Hp . (X). Let ¢ = LMv be a function in L?(X), where v € D(L™). Following [21], [20]
for e > 0, M € N and fixed zyp € X we introduce the norm

M
@l pgpre(ry = sup {QJE[V(%,QJ)]IN sup P(%V(xo,?))z |Lkv|L2(Sj(B(a:U,1)))}
JELy r€B(x0,29) 5—0

where

MG(L) i= {p = LMv € LX(X) : [|0]| pyare 1y < 00}
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Let (MM<(L))* be the dual of MM<(L) and denote either (I 4 t2L)~ or e=*"L by
A;. Then for any f € (MM<(L))*, (I — A})™ f belongs to L? (X) in the sense of
distributions, see [21], [20].

For any M € N, one defines

M- (X) = N (MG (L))"

e>n(1/po—1/pd)

DEFINITION 3.3. Let the operator L satisfy Assumptions (i) and (ii), w satisfy
Assumption (C) and M > (n/2)(1/p, —1/2). A functional f € M2, .(X) is said to be
in BMOM, (X) if

1/2

1 r 2
lsssog, 0 = sup o s [ 1= B9 foPdu(a)] - <,

zeB

where the supremum is taken over all balls B in X.
We have the following characterizations of the spaces BM O%L (X).

PROPOSITION 3.4.  Let the operator L satisfy Assumptions (i) and (ii), w satisfy
Assumption (C) and M > (n/2)(1/p, — 1/2). Then f € BMO%L(X) if and only if
fe MM .(X) and

1/2
reB
Moreowver,
1 1/2
Flsssog, o0~ sup o |t [ 1= 0+ 307 f(@)Pauta)|
rz€B

PROPOSITION 3.5.  Let the operator L satisfy Assumptions (i) and (ii), w satisfy
Assumption (C) and € > n(1/py, — 1/p7). Then there exists a positive constant C such
that for all f € BMO[]XIL(X),

X » dp(z)dt]?
[ / (2L)Met Lf@;)ﬁ% < Cllflarom, (x)-

sup
BCX SHPP(ﬂlj V(B

The proofs of two above propositions are similar to Lemmas 8.1 and 8.3 in [21] and
hence we omit the details.
We are now in position to obtain the main result in this subsection.
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THEOREM 3.2.  Let the operator L satisfy Assumptions (1) and (ii), w satisfy As-
sumption (C). Then (Hr, ., (X))*, the dual space of Hy, ,(X), coincides with BMO;V’[L* (X)
in the following sense:

(i) For any functional f € BMO% (X)) and M > max{(n/2)(1/p, — 1) + 1,n/4},
the linear functional given by

tg) = (f,9),

which is initially defined on HmOZEQM with M > M + (N/2)(1/p, — 1/2) and M —

(n/2)(1/py — 1) > € > (N/2)(1/pw —1/2) (N is a constant appearing in (2.3)), has a
unique extension to Hr, ,(X) with

ooy < ClfllBarom, . x)s

where C' is a positive constant independent of f.
(ii) Conversely, for any £ € (Hp (X))* and M > (n/2)(1/p, — 1/2) there exists a
function f € BMO)',.(X) such that

t(g) = (f,9)

forallg € H:)";l”iw “and || f|l prrom Moo S Cllell (s, (x))~» where C is a positive constant

independent of €.
Before coming to the proof of Theorem 3.2, we need the following results.

LEMMA 3.1.  There exists a collection of open sets {QX C X : k € Z,a € I}, where

I denotes certain (possibly finite) index set depending on k, and constants § € (0,1),
ap € (0,1) and Cy € (0,00) such that

(i) p(X\ Ua QF) =0 for all k € Z;

(ii) if i > k, then either Q°, C Qﬁ or Q°, OQ,B = 0;

(iii) for (k,a) and each i < k, there exists a unique 3 such QX C Qﬂ,
(iv) the diameter of QX < C16*;

(v)

v) each QF contains certain ball B(zk, agd*).

PROOF. The proof of this lemma can be found in [9]. O

THEOREM 3.3. Let M > max{(n/2)(1/p, —1/2) + 1,n/4} and 0 < ¢ < 2M —
n(1/p, — 1/2). Suppose that f = 22:1 Nia; where {a;}:_, is a family of (w,e,2M)-
molecules and 22:1 |A\i| < 0o. Then there exists a representation f = Zfil wim;, where
the mls are (w, e, M)-molecules and

K
Z il < Cllfllag.x)s

i=1

with C = C(e, M).
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PrOOF. Indeed, we can adapt the ideas in the proof of Theorem 5.3 in [20] with
minor modifications to obtain the proof of Theorem 3.3. Instead of dealing with atoms
as in [20], we work on molecules by decomposing the underline space X into annuli
according to the balls associated with the molecules. We therefore omit the details. 0O

PROOF OF THEOREM 3.2. Let m be an (w, e, M)—molecule associated with a ball
B C X. Then there exists a function b such that the conditions (i) and (ii) in Definition
3.2 hold. Then we have,

riMm = (rL)Mb = (I — (I +r3L) )M (I + 73 LM (k3 L)M My

M —_—
=> Oy — (I +r5L) "M (rpL)M .
k=0

Therefore,
[ m)| = @”7 I(f, (PR L))

(I +75L7) "M f (@) (rB L) M —b()dp(w)

—2M 2 r\—1\M 2 12
<orp ZZ( [, ) 10710 ) )

k=0 j=0

< | (rBL)M R L2 s, ()

<C22 [V (2 B)~Y2sup|p(x, V(2 B))|~*
r€B

X |(I = (I +rEL*) )M f(2) | du( 1/2. (3.4)
S;(B)

With notations as in Lemma 3.1 we choose an integer k;, for each j € Z, such that
Clék-f < 2jT’B < 016’“-7‘*1. Set

M; ={B €I : QY NB(xp,C16"71) # 0}.
Then, for each j € Z,

S](B) C B(.Z’B,Cl(skj U Q Cc B $3,2015k 71)
BEM;

From (ii) in Lemma 3.1 we can assume that the sets QZO for all 5 € M; are pairwise
disjoint. Furthermore, it follows from (iv) and (v) that there exists zlgo € QZO such that
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k k k k k k k ko—1
B(z3°,a00™) C Qf C B(z5°,C16™) C B(z5°,rp) C B(2”,C16™ 7). (3.5)

Therefore, from (2.3), Proposition 3.4 together with the fact that p is of type (1/p], — 1,
1/p; — 1) and p,, < p;, < pd, we have

</Sf<B> = TZBL*)_l)Mf(x)!Qdu(x))1/2

1/2
J— 7,2 *\—1\M T 2 .

1/2
< Cllfllswroy,.on (3 VBErm) s e VG

BEM; zEB(zZO,rB)

< 02N1/po—1) ||fHBMO/],WL* (X)V(B(SCB7 ZCldkjfl))l/Zsugp(m, V(B(zp,rB)))
’ €

< CONP | fll g om0V (2T B) 2supp(a, V(B). (3.6)
s z€B

Combination of two estimates (3.4) and (3.6) gives

[e'e) 1/pw
(f,m)] < ©3 2 eagivpa-n ( VIB) 1 llsaron

) = - V(2]B) BMOp,L* (X)
Jj=0

oo
<C Z 9 (—e+N(1/p.—1)) ||f||BMo;‘{L* (X)

Jj=0

< Cllfllparom, . x)- (3.7)

Now for any g € H[ ;l"j 2 hen by Theorem 3.3, there exists a representation g =

ZiK:l wim;, where the m}s are (w, e, M)-molecules and

K
Z lil < Cllglla, . x)- (3.8)

As a result, it follows from (3.7) and (3.8) that

K
9>=Z\Mi|<f7mi>

K
< C’Z |Mz‘H|f||BMogfL*(X)

i=1

< C”g”HL,w(X)||fHBMO/JJV”L*(X)‘
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The proof of part (i) of Theorem 3.2 is complete.
Conversely, we will adapt the ideas in [21] to give the proof of part (ii) of Theorem
3.2. Observe that for each (w, e, M)-molecule m,

[e(m)| < Cllell . (x))=-

Since each element in MX€(L) is also an (w,e, M)-molecule associated to the ball
B(wg,1) which implies that ¢ defines a linear function on M-<(L) for every ¢ > 0,
M > (n/2)(1/p, — 1/2). Therefore, (I — (I + t>L*))M¢ is well defined and belongs to
L}, for all ¢ > 0. Fix a ball B and let ¢ € L?(B) such that ||¢||2(p) < 1. Then one can
check that

m=(I—+rpL)~"HM¢

is an (w, €, M)-molecule for every ¢ > 0 and hence ||m|#, ,(x) < C. Consequently, we
have

I = (I +r5L*) HMe, )| = (6, (T — (I +r5L) ") o)
= |(¢,m)| < Clel|(m, ., x))~

which further implies that

1
supp(z, V
z€EB

1/2
(B))(V(IB) / |(I(I+rQBL*)1)M5($)I2dM($)> < Ol

for all balls B. Thus, £ € BMO)",.(X) and ”EHBMO,’YL*(X) < Cllll(a,.., (x))=» which
completes the proof of part (ii). O

4. Riesz transform and holomorphic functional calculus.

4.1. Holomorphic functional calculus.

LEMMA 4.1. Let the operator L satisfy Assumptions (i) and (ii), w satisfy As-
sumption (C) and M > (n/2)(1/p, — 1/2). Suppose that T is linear (resp. nonnegative
sublinear) operator which maps L*(X) continuous into weak-L*(X). If there exists a
positive constant C' such that for any (w, €, M')-molecule «

/X (2, T (@) dp(z) < CV(B) inf w Al

zeX (x V<B>§ggf’<ya V(B)))’ 1)

then T extends to a bounded linear (resp. sublinear) operator from Hjp ,(x) to L(w);
moreover, there exists a positive constant C' such that

ITfllow) < C'flae.x)s
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for all f € Hp ,(X).

The proof is similar to one of Lemma 5.2 in [26] with minor modifications, thus we
omit it here.

THEOREM 4.1.  Let L be of type 6 on L*(X) with 0 < 6 < /2 and satisfy (i)
and (ii), w satisfy (C) and < v < w. Then, for any f € Hoo(S0), f(L) is bounded on
Hy (X)), that is, for any g € Hp, ,(X)

1f(L)gmr, 0 x) < Cllifllsollglia, ox)- (4.2)

PrROOF. Choose M > (n/2)(1/p, — 1/2) and p,, > p, close enough to p, (as in
Convention (B)) so that there exists € satisfying

With any (w, €, M )-molecule m associated to a ball B C X, we will claim that

/. w(xasL(Af(L)m)(x))du(m)§C|f||ooV(B)xig)f(W<$7 v<B>supZ<|y,v<B>>>‘ (43)
yeB

Once (4.3) is proved, (4.2) follows by Lemma 4.1.
Let us prove (4.3). Write

o

/X w(@, SLOF(L)m - s, 5)(@)du(z) = 3 4
y .

j=0

/X w(, SL (M (Lym) (@) du(x) <

Jj=

for all j € N.
Since w satisfies Assumption (C), by the Holder inequality, for each j € N, one
obtains

A < Z /S oy B SLOTEIM s, ) ()2

IN

A g, a0 1S2(F(L)m - ij<B>><y>|du<y>)

i)
V2TV B) inf (x V(2" B)

IN

e 11

V(2" BY inf w (x IAISL(f(L)ym - XSj(B))|L2(Sk(2jB))>
rzeX ’ ’

V (2k+i B)1/2

E
I

0

For £k =0,1,2,
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ISL(f(L)m - xs,(B)) | L2(54 (2 BY)
< CIf(L)m - xs,B)lL2(x)

< CllfllooHmllsj<B>2_j5[V(2jB)]“”;gf[ (z,V(2'B)) ™

For k£ > 3, write

ISL(F(L)m - xs;8) 72 (s, (2 )

d(z,xp)/4 00
S L )
Sk (27 B) 0 d(z,xp)/4

x / 2Le~ L F(Lym - xs, )
d(z,y)<

=1+ 11;.

du(y) dt
Viz,t) t Hiw)

Let us estimate I;. It can be verified that there exists a positive constant C' such that
for all closed sets F and F in X,t € (0,00) and g € L?(X) supported in E,

M+1_—tL t M
IGL)= e (Lgllezer = C\ g e 191l () (4.4)

Setting Uy, (B) y € X : d(x,y) < d(x,zp)/4 for certain x € Sk(2/B)}, then

= {
for each z € S( ) and y € Uy;j(B), we have d(y,z) > 28=2rp.  Combining
Saey<r V(@)™ Ydu(z) < ¢, m = LMb and (4.4), one gets

L<cC /
0
ok titly

ct? M2 gy
< CFIZIZ 2 s, ) (d(Ukj(B),Sj(B))Q) pryyany

< O||f||32~ 0+~ 2”[V(?J’B)] inf [p(2, V(2 B))]

r€B

Qk+itl,

2 dt
/ oy JELP X0 )P0 i

For the term I1;, we have

- » dt
1L < C/ / (LM e™ HF (L) xs, ) (W) Pdy) v
2k+i-1pp JS (B

e dt
< Ul s, on [, govrer

< C\IfllioQ*“(k“)M?*z”[V(QJB)] inf [p(z, V(2 B))]

r€EB

Further going, from the estimates for I;, I1;, the strictly lower type p. of w together
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with the fact that —2Mp,, + n(1 — p,,/2) < 0, we obtain
[ wtesulfLm)a)du)
S;(B)

)
S C”fHoo Z 2(_2(k+j)M—j5)Pwv(2k+jB)

k=0
x infw|z . W -
eeX \" 7 [V(2RHIB)]V/2[V(29B)|/2supp(y, V(27 B))
yeB
<O flloe 2020k ANM=je) gkn(1=pe/2)pwy/ (27 B 1nfw< : | : >
71 2 BB e\ W oI B) [supp(y, V@ B))
= s
Since p is of uniformly lower type 1/p, — 1, we further have
S [ wlw Su O Lm)@)dutz)
S;(B)
N vt og [V (B) NP A
< o 2mereiy(2iB : f
< Ol 2,277V (vom) (> vEmmpeE)
- s
< Cllfll S 2-erigi=e /iy (B )mfw( A )
veX V(B)bupp(y,V(B))

j=0 yeB

Noting that since n(1/p, — 1/p.) < € and M > (n/2)(1/p, — 1/2), we learn that

. [Al
Z [ gy ST EIMG() < OISV () s (3 V(B)Supp(y’V(B)))-

yeB
(]
4.2. Riesz transforms.
Assume that D is a densely defined linear operator on L?(X) which possesses the
following properties:

(i) DL~'/? is bounded on L?*(X).
(ii) The family of operators {v/tDe~*F},~ ¢ satisfies the Davies-Gaffney estimate (2.5).

Noting that operators D satisfying assumptions (i) and (ii) above include gradient opera-
tors in divergence form and Riemannian gradients on all complete Riemannian manifolds,
see for example [2], [3], [11].

THEOREM 4.2.  For any f € Hy, ,(X),

IDL™2 ()L < ClFllas o0
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Before giving the proof of Theorem 4.2, we state the following lemma.

LEMMA 4.2.  For every M € N, all closed sets E, F in X with d(E,F) > 0 and
every f € L*(X) supported in E, one has

M
_ _ t

||DL 1/2(1—6 tL)MfHLZ(F) SC(W) ||f||L2(E), Vt>0, (45)

and
" M

IDL Y2 (L )M | o < C(d(EF)> oy, VE>0.  (46)

ProoOF. The proof of Lemma 4.2 is completely analogous to one of Lemma 2.2 in

[22] and we omit it here. 0

PROOF OF THEOREM 4.2.  Choose M > (n/2)(1/p,—1/2). Let m is an (w, €, M)-
molecule associated to a ball B, ¢ < 2M 4+ n/2 —n/p,. Then there exists a function b
such that m = LMb. Setting T = DL~'/? and write

[ wtaTOm)@)du() < [ wle NI - )M im(z) duta)
X X
+ /X (. WL = (I = B 2) M () du(a)

<3 / w(@ T = eBEYM (- x5, (5))(2)) dpa(z)

#3 [wlaNT(E = (0= B9 M) m - xs ) () (o)

We estimate the term I; first. By the Holder inequality, we obtain

oo

I < ,; /S oy A AT = BN s, 1) )2

<> ver B e (v gt [ T s )00

o0
A -
Z V(2" B) mfw( [V(QHJ»'B)]UQHT((I—e BL)M)(m'ij(B))||L2(sk(2a'B))>~
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For k = 0,1, 2, it follows from Lemma 4.2 that

IT((I — e"25)M)(m - xs,(8))|lL2(50(27 B))
< CllmllL2(s,(m)) < C29[V(2'B)] 71/ inf [p(x, V(2'B))] ™

rz€B

and for & > 3 that
2
IT((1 = e™=5)M)(m - Xs,; (B L2(s. (27 B))
< C272ME) Im)| L2, (my)

< 2 MDYy (I B it [p(a, V(2 B))]
e
At this stage, by the same argument used in the proof of Theorem 4.1, we obtain

o A
> 1 ;él%“( V(B)supo(y. V(B) )

7=0

We now proceed with terms 17;,j = 0,1,... Also, by the Holder inequality, we obtain

11, <Z / £ T — (I — B ) m - s, () () dp()

(29 B)

X in)f(w (x, V(2|’“)\+|JB) /S @) (I — (I~ erzBL)M)(m : XSj(B))(y)dﬂ(y))

k=0
. |/\\ r3L\M
X zlg)f(w (JS, WHT( — (I —e"™2) ) (m - xs,8)) | 254 (2 BY)
<> 11,
k=0

Next we have

M
2 2
I— (I— erBL)M _ § Ck;e_kTBL,
k=1

where ¢, := (—=1)TY(M!/(M — k)'k!). Therefore,

27
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Uf <C sup |Te BLm'ij(B)HLz(sk(sz))
1<k<M

i M
<C sup HT(T%LG(’“/M)TQBL> (rg*L=HMm . XS, (B)
1<k<M M

L2(54(20 B))

At this point, repeating the argument used to estimate I, we also obtain that

c- : A >

E 1I; < CV(B) inf w| z, .

= 5 s OV )xex ( V(B)sugp(y,V(B))
ye

Combining obtained estimates gives

: By
/X w(z, T(Om(z)))du(z) < CV(B)xlg)f(w <x, V(B)Slelgp(y, V(B)))

This, together with Lemma 4.1, therefore completes our proof. O
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