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Abstract. Let Q@ C R™ be a domain with uniform C® boundary and
assume that the Helmholtz decomposition exists in L9(Q) := LI(Q)™ for
some g € (1,00). We show that a suitable translate of the Stokes operator
admits a bounded H>-calculus in IL5 (Q) for p € (min{q, ¢'}, max{q, ¢'}). For
the proof we use a recent maximal regularity result for the Stokes operator
on such domains (|[GHHS12]) and an abstract result for the H°-calculus in
complemented subspaces ((KKWO06|,  KW13]).

1. Introduction and main result.

Given an open set @ C R", it is well known that the Stokes operator A, is a
selfadjoint and semibounded operator in IL2(2). In particular, Ay admits a bounded
H>®-calculus on IL2(S2), where IL2(Q) denotes the space of solenoidal vector fields in
L*(Q) := L*(Q)".

In this paper, we address the question whether these results can be generalized
to corresponding results in ILL(2) for ¢ # 2. An affirmative answer for bounded and
exterior domains with sufficiently smooth boundary was given in [NS03] and [Abe05b].
Whereas the proof of the results given in [NS03] is based on a localization technique
and the corresponding result in the halfspace and the bent halfspace, pseudo differential
operator techniques for the reduced stokes operator were used in the latter reference. The
same aproach was also used to treat layers, layer-like domains, and aperture domains,
see [Abe05c] and [Abe05a]. Furthermore, in [FRO7] the authors considered the case of
an unbounded domain with several cylindrical exits at infinity. However, corresponding
results for general unbounded domains seem to be unknown in general, unless ¢ = 2. A
key problem in the study of the Stokes problem in such general unbounded domains is
that the Helmholtz decomposition of ILY(€) into ILL ()& G(Q) is not possible for g # 2,
in general. Here, G4(Q2) C IL?(Q2) denotes the space of gradient fields. Indeed, Bogovskil
gave in [Bog86| examples of unbounded domains Q with smooth boundaries for which
the Helmholtz decomposition of IL(Q) exists only for a restricted range of g.

One way to overcome the difficulties for unbounded domains described above was
shown in [FKS05], [FKS09] by Farwig, Kozono and Sohr who replaced the usual IL(Q)-
space by
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for domains 2 C R™ with uniform C''-boundaries. In particular, they showed that the
Stokes operator in foj (Q) is R-sectorial. Using this and an abstract result by Kalton,
Kunstmann and Weis ([KKWO06]), the second author proved in [Kun08] that the Stokes
operator admits a bounded H*-calculus in ng (), see Remark 1.2 for details.

For the usual space ILY(Q2), such a general result does not exist in the literature.
However, there are results of the type “Existence of the Helmholtz decomposition implies
H°-calculus of the Stokes operator”. Indeed, under the additional assumption that the
homogeneous Sobolev space Wl’q(ﬂ) admits a certain decomposition such a result was
proved in [AT09] and [AbelO] for general domains with a sufficiently smooth bound-
ary. The proof is again based on pseudo differential operator theory and the reduced
Stokes operator. In this paper we prove a similar result without the latter additional
assumption on ﬁ/\l’q(Q). However, we need to impose higher regularity on the boundary
of © than [Abel0]. Similar to the results shown in [Kun08], our proof is based on an
abstract result by Kalton, Kunstmann and Weis ([KKWO06], [KW13]) and R-
sectoriality of the Stokes operator proved in [GHHS12|. A similar approach was also
exploited in [KKWO06], [KW13] for the Stokes operator on bounded domains.

In order to state our main result, let us recall the definition of the Helmholtz de-
composition. Given a domain 2 C R™ and ¢ € (1, 00), we set

GU(Q) == {u € LIY(Q) : u= Vr for some 7 € W,;9(Q)},

L(Q) = Tuc Co(Q) rdiva=0m Q) .

We say that the Helmholtz projection exists for ILY(Q2) whenever IL7(§2) can be decom-
posed into

L1(Q) = L3(Q) © GY(Q),

where @ denotes the topological direct sum. In this case, there exists a unique projection
operator P, from IL(Q2) onto LZ(Q) having G7(Q) as its null space. Let ¢’ denote the
Holder conjugate exponent, i.e. ¢ = ¢/(q¢ —1). It is well known (see, e.g., [Gal94,
Lemma I11.1.2]) that the Helmholtz projection exists for IL9() if and only if, for every
f € IL(Q), there exists a function u € ﬁ/\l*q(Q) ={ve Ll (Q):Vve LY Q)}, unique
up to constants, satisfying

(Vu, V) = (f, V), e Wb (). (1)

Problem (1) is called the weak Neumann problem.

Now, let us assume that Q C R™, n > 2, is a domain with a uniform C'!-boundary
(cf. Section 2 below for the precise definition) and that the Helmholtz projection P,
exists on IL7(Q) for some ¢ € (1,00). We define the Stokes operator A, in ILL(Q) as
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D(Ay) :== W29(Q)" N W 4(Q)" N LL(Q),

2

Aqu = P,Au  for u € D(A,). @

In this situation, Proposition 2.1 and 2.2 below show that, for p € [min{q, ¢}, max{q, ¢'}]

where ¢’ denotes the Holder conjugate exponent, the Helmholtz projection exists in

ILP(Q) and that —A, generates an analytic semigroup in L (2). These semigroups

are consistent, hence also resolvent operators R(\, Ap,) are consistent for large Re A and
p € [min{q, ¢'}, max{q, ¢'}]. Finally, we are able to state the main result of this paper.

THEOREM 1.1. Letn > 2, q € (1,00). Assume that Q@ C R™ is a domain with
uniform C3-boundary and that the Helmholtz projection P, exists for IL9(Y). Then,
there exists Ao > 0 such that Stokes operator A\g — A, admits a bounded H*-calculus in
L2 (), where p € (min{q, ¢'}, max{q,¢'}) and ¢’ denotes the Hélder conjugate exponent.
These functional calculi are consistent.

We make a few comments on our method of proof and the regularity assumptions
for Q.

REMARK 1.2.  (a) As pointed out above, we use the abstract result from [KK'WO06],
[KW13], and thus need information on the Stokes operator and its domain. The assump-
tion of a uniform C3-boundary is the same as in [GHHS12] and is needed here to have
the Stokes semigroup and R-sectoriality of Ao — A4, in L2 ().

(b) In [Kun08, Theorem 1.1, Corollary 1.2],  had been assumed to have a uni-
form CYl-boundary. The proof of [Kun08, Theorem 1.1] given there contains a gap,
since application of [KKWO06, Theorem 8.2] has to be replaced by application of
[KW13, Theorem 1.3], cited as Theorem 2.3 below. This means that, compared to
[KKWO06, Theorem 8.2], one has to check an additional property. Below we shall see
that this is possible under the assumption that €2 has a uniform C?*#-boundary for some
u € (0,1). The additional property for the application of Theorem 2.3 is checked by the
proof of (8) below. Actually, this will be the main work in the proof of Theorem 1.1.

(c) The same correction (9 has to be assumed uniformly C?*# for some u € (0,1)
instead of uniformly C''!) has to be applied to the assumptions of [Kun10, Theorem
1.1, Theorem 1.5, Theorem 1.6], since the proofs of these results used the assertion of
[Kun08, Corollary 1.2].

This paper is organized as follows. In the next section we discuss some basic facts
of the Helmholtz decomposition and the Stokes operator. Moreover, we recall the abstract
result from [KKWO06] and [KW13]. Finally, we present in the last section the proof of
our main result.

2. Preliminaries.

We start with some comments on existence and consistency of the Helmholtz projec-
tion for domains Q C R™ with a uniform C'-boundary. We recall that € is said to have
uniform F-boundary, where F € {Ct, C%1 C?+# (O3}, if there are constants «, 3, K > 0
such that, for each zy € 99, there is a Cartesian coordinate system with origin at zq
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and coordinates y = (v, yn), ¥ = (Y1,.-.,Yn—1) and a function h € F, defined on
{y : |¥/| < a} and with ||h|| < K, such that, for the neighborhood

Uapn(zo) ={y = (', yn) € R" : Jyn — h(y")] < B, |¥/| < o}

of zg we have Uy g, (x0) N0 = {(v, h(¥)) : |¥'| < a} and

Ua,ﬁ,h(x()) nQ = {(y/a yn) : h(yl) - 6 <Yn < h(y/)v |y/| < a}'

In order to simplify notation, we assume that the Helmholtz decomposition in IL7(2)
exists for some ¢ > 2 (the case ¢ < 2 can be treated similarly or by dualization) and
denote its Holder conjugate exponent by ¢’. Then the Helmholtz decomposition exists
for p € [¢/, q], and the family of Helmholtz projections (P,),c|q,q) is consistent, i.e.

P,f=Pf, peld.ql, feCT()". (3)

This easily follows from [FKS07]. Indeed, for f € C2°(Q)" there exists f, € L2(Q) N
IL2(Q) and g € WH2(Q2) N WP(Q) such that

f=1fs+Vg.

Since the decomposition is unique by assumption, we see that P> and P, are consistent.
Hence, the claim follows for p € [2, ¢] from interpolation theory. By [GHHS12, Lemma
5.1], the Helmholtz decomposition exists for the Holder conjugate exponent ¢’ as well.
Since consistency of P, and P, follows from a duality argument, (3) holds. Summing
up, we proved the following proposition.

PROPOSITION 2.1. Letn > 2, ¢ € (1,00). Assume that Q@ C R™ is a domain
with uniform C-boundary and that the Helmholtz projection P, exists for ILY(Y). Then,
the Helmholtz projection P, exists for p € min{q, ¢'}, max{q,q'}], where ¢’ denotes the
Hélder conjugate exponent. Moreover, the family (Pp)peimin{q,q'},max{q.q’}] 5 consistent.

Finally, combining [GHHS12, Proof of Theorem 2.1] and Proposition 2.1, we obtain
the following result.

PROPOSITION 2.2. Letn > 2, g € (1,00). Assume that Q C R™ is a domain with
uniform C3-boundary and that the Helmholtz projection P, exists for ILY(Q). Then, there
exists Ao > 0 such that Ao — A, is R-sectorial in ILE () for p € [min{q, ¢'}, max{q,q'}],
where ¢' denotes the Hélder conjugate exponent of q. Moreover, the resolvents of A, are
consistent.

The rest of this preliminary section is devoted to the abstract result from [KK'WO06],
[KW13| where we change notation a little.

Let B be a sectorial operator in a Banach space X, in particular, B has dense
domain and range and is injective. For a € R we define homogeneous fractional spaces
by completion:
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Xo,p = (D(BY),||B*-|)™.
Then X N XQ,B = D(B%). If 0 € p(A) then XQ,B coincides with X, p, given by

{D(Ba), a >0,
a,B ‘= o o
X N@+B)*- )™, a<O.

For the abstract result we assume that (X, X7) is an interpolation couple, the spaces
Xo := [Xo, X1]o, 0 € (0,1), are obtained by complex interpolation, and there is family
(Bo)oe[o,1] of sectorial operators By in Xy satisfying the consistency condition

(1+Bg) 'z =(1+By) 'a, z€XgnXy 0,0€][0,1].

We assume that (Yp,Y7) is another interpolation couple with scale Yy = [Yp, Yi]o of
complex interpolation spaces and a family (Ag)gejo,1) of sectorial operators satisfying
a similar consistency condition. We shall use the following corrected version ([KW13,
Theorem 1.3]) of [ KKWO06, Theorem 8.2]. Recall that a R-sectorial operator A : D(A) —
X is almost R-sectorial, where the latter means that {NAR(), 4)? : A € ¥} is R-bounded
for a sector 3.

PROPOSITION 2.3 (cf. [KW13, Theorem 1.3]). Let, in the situation described
above, (Xo, X1) be an interpolation couple of reflexive and B-convex spaces and assume
that, for j = 0,1, P; : X; — Y} are compatible surjections with compatible right inverses
Jj Y, — X;. Assume, for j = 0,1, that B; has an H*-calculus on X; and that A; is
almost R-sectorial on Y;. Assume moreover that there are oo < 0 < 3 such that

Po((X0)a.,) = (Y0)a,a,  Pr(X1)5.8,) = Y1), (4)

and
JO : (%).Q,Ao - (XO);)(,B(ﬂ Jl : (Yl)ﬁ,Al - (Xl).ﬁ,Bl' (5)

Then, for 6 € (0,1), the operator Ag has an H*-calculus on the complex interpolation
space Yy = [Yo, Y1]s.

Here the equality P(X% B) = Y7 4 1s meant in the following sense: the prOJectlon
P: X — Y, restricted to XDX%B = D(B7), has a continuous extension P X B — Yw A
which is surjective. This also implies that P is compatible with the interpolation couples
(X, X,,B) and (Y, Y, 4).

Similarly, the embedding J : Y, 4 < X, p is meant to indicate that the right inverse
J:Y — X, restricted to YI’WYV A= (A”*) has a continuous extension .J : Y A X
As a consequence, Jis a right inverse of P.

In the application below we shall use X; = L*(Q), Xo = L9(Q) and Y} = L2(Q),
Yo = L%(Q). The operator B will be a translate of the Laplace operator with Dirichlet
boundary conditions and A will be the corresponding translate of the Stokes operator.
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We shall not use 6 as an explicit parameter, but p € [min{q, ¢'}, max{q, ¢'}], and we shall
rather index operators, i.e. Ay, B, than spaces and simply write X and Y.

3. Proof of the main result.

Let Q C R" be a domain with uniform C3-boundary, and assume that q € (1, 00)
is such that the Helmholtz projection P, exists in IL?(£2). By Proposition 2.1 these
assumptions hold also for the conjugate exponent ¢’. Hence we may assume ¢ > 2, and
it suffices to show the assertion for p € (2,¢q). We fix A\g > 0 according to Proposition
2.2 and such that 0 € p(Ag — Ap) for p € [2,¢].

We denote by B := A\g — A the Laplace operator with Dirichlet boundary conditions
in IL?(Q) which has domain

D(B) = W32(Q)" n W, ().

Denote by P the Helmholtz projection in IL?(2) onto IL2(2). By abuse of notation we
shall write A := \g — PA with domain

D(A) = D(B) N LA () = W22(Q)" n W2 ()" N L2(Q).

Then B and A are self-adjoint operators in IL?(Q) and IL2(Q) ([FKS09]), respectively,
and generate exponentially stable semigroups.

For Xy := L) and Yy := LZ(Q), the Helmholtz projection P, : X; — Y7 has a
continuous and surjective extension E : X 1,8, — Y_1,4,. This can be shown by the
argument given in [KKWO06], which we recall here for completeness. By [GHHS12],

we have
D(Ay) = D(By) N ILL(Q) = W>9(Q)" N Wy 9(Q)" N LK), (6)

and for the dual operators: (A44)* = Ay, (By)* = By, and (Py)* = 1y where ¢y : ]Lg’(Q)
— IL7 () denotes the inclusion. By [KKWO06, Proposition 5.5] we thus have to show
D(A,) C D(By ), which is clear from (6), and

C(_1||Aq’9||q’ < HBq’qu’ < C”Aq’QHq’v g€ D(Aq’)a (7)

for some constant C. Since Ay = Py By, the first estimate in (7) is clear. For the second
estimate in (7), we use 0 € p(Ay) N p(By) and (6) again:

1Byglly < C'llgllwza < C"Agglly-

Hence the assumption (4) holds for P, in place of P.

A right inverse of P, is given by J, := BquA(;l. Here, (6) is used again. Since
B, : X — X_1p, and Ay 1Y — Y_1,4, act as isomorphisms, J; : ¥ — X has a
continuous extension Y_; 4, — X_1 p,. This means that the assumption (5) of Theorem

2.3 is satisfied in Xo = LY(R), Yo = L1(Q) for a = —1.
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Now we turn to the other endpoint for the interpolation procedure, namely to the
situation in X, := L*(R), Y; := L2(R). For reasons explained in Remark 1.2 (b), we
only assume that  has a uniform C!-boundary for the moment. For s € (0,1/4) the
proof of [Kun08, Lemma 4.3] shows that

D(A®) = D(B®) N IL2(Q) = W2*2(Q)" N L2(Q) = PW22(Q)".

This means that the assumption (4) on P; := P in Theorem 2.3 is satisfied for any
B € (0,1/4). Tt rests to verify the assumption (5) on Ji, i.e.

BLA™': D(AP) — D(BP) for some 8 € (0,1/4). (8)

This means we have to show

D(AST) ¢ D(B**)  for some small s > 0. (9)

We shall proceed in several steps.
CrAM 1. For s € (0,1/4) one has D(B*t') N IL2(Q) c D(A**).

PRrOOF OF CLAIM 1. For the proof we use that D(A*T!) = {u € D(A) : Au €
D(A®)}. Let u € D(B*t')NIL2(Q). Then Bu € D(B?*) and u € D(B)NIL2(2) = D(A).
This implies Au = PBu € PD(B?®) = D(A?®), and we have shown u € D(A*"!). Claim
1 is proved. (]

Now we note that the additional assumption “Q has a uniform C?**#-boundary”
implies that

D(B*Y) = W22 a W2 ()", 0 < s < min{1/4, u/2}.
Hence it suffices to show, for small s > 0:

For any f € D(A®) = W?*2(Q)" N IL2(Q)
there exists u € D(B*t1) N IL2 () = W2(+):2(Q)» 0 W, *(Q)" N L2 (Q) (10)
such that Au = f.

Of course, it is clear that the solution of Au = f is unique, namely u = A~1f. If f runs
through D(A®) then u runs through D(A™!), and the desired inclusion (9) would be
proved.

We rewrite (10): Au = f means A\ou — PAu = f or
Au—Au+Vp=f
where Vp = (I — P)Au. Hence we have to study the problem

Ao — Au+ Vp = f, divu =0, uloq = 0,
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and should prove the following regularity property:
feW?2(Q)" = Vp e W?2(Q), ue W21+s)2(qQ)n, (11)

Observe that, under the assumption f € W?2%2(2)", one has equivalence of the two
properties on the right hand side of (11). Formulated in this way, we face an elliptic
regularity problem similar to those studied in [Soh01, III.1.5].

So let u € W2(Q)™ N Wy*(Q2)™ and Vp € IL*() be a solution to the equation
Aot —Au+Vp=f inQ,
divu =0 1in Q,
ulaq = 0.
Assume now that f € W22(Q)" and that Q has a uniform C?*#-boundary.

CrAamm 2. u € W20+):2(Q) and Vp € W22(Q)", if s € (0, min{1/4,1/2}) is
small.

PRrROOF OF CLAIM 2. Fix a partition of unity (¢;); subordinated to a family of
balls (Bj) of fixed radius r and with the properties of [FKS07, pp.242/243]. As in
[FKS07, Section 2.2] we let U; = B; N Q. We have >, ¢; =1 on .

Let u; := ¢pju and f; := ¢;f. Then

Aouj — @iAu+ @;Vp = fj, divu; = Vo, - u, ujlou; = 0.
Moreover,

Auj = A(pju) = (Apj)u+ 2V, - Vu+ g;Au,
Vipj(p— M;)) = (Vi) (p — Mj) + ¢;Vp,

where M; := ijpdm. Hence
Aoy — Ay + V(p;(p — Mj)) = fj — (Apj)u—2Vp; - Vu+ (Vi;)(p — M;).

Here, f; € W2*2(Uy)", (Apj)u € WH(U;)", 2Vp; - Vu € WH2(U;)", and (Vi;)(p —
M;) € WH2(U;)™. For the boundary conditions, we have u;|sy, = 0 and

/ divujdr = / vy, - (pju)do =0,
Uj aU;

since u|aanay;, = 0 and ¢; = 0 on a neighborhood of 9U; \ 09.
Claim 2 will follow from

CramM 3. For g € W252(U)" and h € W'22(U) with [, hdz = 0 there is a
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unique solution (v, Vq) € W2+25:2(U)" x W?2%2(U)" of the problem

Av—Av+Vqg=g inU,
divv=~h inU,

U|3U =0
and, for some C' > 0, we have the estimate

||1)||W2+2s,2(U)n —+ ||Vq||W25,2(U)n < C(HgHW2s,2(U)n + Hh||W1+2512(U))~
Of course, we need this for U = U; with a constant C' which is uniform in j.

Claim 3 will be proved below. We apply Claim 3 to U = Uj;, v = u,, ¢ = ¢;(p—M;),
and

9="[f;i = (Apj)u—2Vyp; - Vu—(Vy;j)(p—M;),  h=Vyg;-u,
and obtain
lujllweszs2wyn < C (Il fillweez@ym + 1A ullwzszw,)m + 1Ve; - Vullwsez @,y
+ 1[(Vey)(p — My)llwes2w,ym + IV - ullwivzs2u,)).-

We study the terms involving v and p on the right hand side:

[(Ag;)ullwzs2;)n < Cllullwzs2 ;) < Cllullwzew;)n,

||V<,Oj . Vu||WQS,2(Uj)n S C||VU||W25,2(UJ.)7LX7L S OHVUHWLQ(Uj)”X" S C||UHW2,2(U],)7L,

[Ve; - ullwirzs 2,y < Cllullwives2w,n < Cllullw22w,)n,

(Vo) (p — Mj)lwes2wn < Cllp = Mjllwizw,) < ClIVpllr2(o),

where we used Poincaré’s inequality in U; in the last step. Here, constants C' do not
depend on j.
By finite intersection of the U; and the properties of the ¢; we thus obtain

lullwarzs2iyn < llugllweres2w,n < C(Ifllwesz @y + lulwze@)r + [VPlz2()-
J

By [FKS09] we have
[ullwzz2@ye + VDl L2@) < Cllfllz @),
and Claim 2 is proved. O

Proor orF CraiM 3. Claim 3 can certainly be proved directly. One can, however,
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also use the extrapolation argument below. Then one only needs

CLAM 4. For g € I*(U) and h € W'2(U) with Jiy hidz = 0 there is a unique
solution (v, Vq) € W22(U)"™ x IL>(U) of the problem

Mv—Av+Vg=g inU,
divv=~h inU,

’U|3U =0
and, for some C' > 0, we have the estimate

vllw22wy + IVallr2@y < Cllgl2@) + [hllwrzw))-
Again, we need this for U = U; with a constant C' which is uniform in j.

The assertion of Claim 4 holds as a close inspection of the proof of [FS94, Theorem
3.1(i), p. 624] shows.

For the extrapolation argument (which uses the same idea as in [KW13]) we consider
the map

((v5): (7)) = (Aov; — Av; + Vg5, divvy)

which is bounded as a map

12— @ (W2+2s,2(Uj)n n Wol’z(Uj)”) % W1+2S’2(UJ—)
J
N 12 o @WZS,Q(Uj)n ~ W1+25,2(Uj) (12)
J

for small |s|. Here, for a sequence of Banach spaces (X;) the Banach space I* — ;X
is defined by

1/2
12—@Xj =: {(mj)jGN:xj EXJ' and (Z”.’Eﬂ@g) <OO}.
J

JEN
Moreover, we note that, under our assumptions,
W2s2(17,) = {h e Wit22(U;) . /U hdx = o}
j

for small |s|. The spaces on the left and on the right of (12) form complex interpolation
scales, respectively. By Claim 4 the map is an isomorphism for s = 0. By [KM98,
Theorem 2.7] this also holds for small s > 0, and Claim 3 is proved for small s > 0. O
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