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Abstract. We study the Gottlieb group of a wedge sum of suspension
spaces. We give necessary and sufficient conditions, in terms of Hopf invariants,
for an element of a homotopy group to be in the Gottlieb group. We apply
our results to wedge sums of spheres and to Moore spaces.

1. Introduction.

Let X be a connected, based space with nth homotopy group m,(X). The n-th
Gottlieb group G,(X) C m,(X) is defined as follows: a = [f] € G,(X) if and only if
there is a map f’ : S™ x X — X such that the following diagram

(f;id)
S"VX ——= X

|

S"x X

is homotopy-commutative, where j is the inclusion, id = idx is the identity map of X
and (f,id) is the map determined by f and id. This group was introduced and studied
by Gottlieb in [Go] and has been shown to have many topological applications. There
have been recent results on the Gottlieb group of rational spaces [FHT, pp.377-380]
and on the Gottlieb group of spheres [GM].

It is well-known and easily proved that there is an isomorphism

Gn(X X Y) 2 Gr(X) B Gn(Y).

However, there appears to be no such simple result for a wedge sum which would express
Gn(X VY) in terms of G,,(X) and G,,(Y) (see Example 3.7 (2)). In this paper we study
Gr(EX1VEXoV---VEXy), where XX is the suspension of the space X;, with particular
attention to the case k = 2 and X; a sphere. We give necessary and sufficient conditions
for an element of 7, (XX VEXs V- - VEXy) to bein G,(XX; VEXo V-V EX).

2. Preliminaries.

In this paper we do not usually distinguish notationally between a map and its
homotopy class. We begin by recalling the generalized Whitehead product. Let
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a€[XX,Z] and § € [XY, Z].

Then a map k(a,8) : 2(X AY) — Z is defined in [Ar| whose homotopy class is the
generalized Whitehead product

[, ] = [k(ev, B)] € [B(X AY), Z].

In particular, if j; : ¥X — XX VXY and j, : ¥Y — XX V XY are inclusions and
k= k(j1,72) : B(X ANY) — XX VXY, then k is called the generalized Whitehead
product map.

PropPOSITION 2.1 ([Ar, Corollary 4.3]). Ifk : (X AY) — X VXY is the
generalized Whitehead product map and Cy is the mapping cone of k, then there is a
homotopy equivalence u : Cp — XX x XY such that ypoi = j, where i and j are the
inclusions of XX VXY into Cy and XX x XY respectively.

This gives the following criterion for an element to be in the Gottlieb group.

PROPOSITION 2.2. Ifa € m(EX VXY), then o € G,(2X V XY) if and only if
[e,id] = 0.

PrROOF. We set W = XX V XY and identify the homeomorphic spaces W and
(X VY). Let 41 € [£S"1, 38" v W] and £y € [W, £S"~1 vV W] be the inclusions.
By Proposition 2.1, we regard ¥.5"~! x W as the mapping cone of k(¢1,¢3). From the
diagram

n—1 k(£1,02) _ (a,id)
(S"TIA(XVY)) = w5 v W ——= W

|

2SSl x

it follows that an extension of («, id) to £.8" 1 x W exists if and only if («, id)o[¢1, £3] = 0.
Proposition 2.2 now follows from the equality

(a, Zd) o [61,62] = [a,id]. O

Next let i1 : X — X VY and is : Y — X VY be inclusions and identify W = XX vV XY
with (X VY). Then the inclusions j; and js correspond to ¥i; and 3is under this
identification. There is a homeomorphism

VES"TEAX)VESTIAY) 2SS A (X VY))
which induces an isomorphism

p:[2S"TTIAX VYY), W] = (S AX), W@ [2(S"TAY), W],
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defined by
p(B) = (X(id N i)™ (8), X(id A i2)"(8))-
Then if a € 7, (W),
B(id Nia) e, id] = [(3id)™ (@), (Xi1)* (id)] = [a, jal,

and similarly, X(id Aig)*[ev, id] = [, j2]. Thus [«, id] corresponds to ([e, j1], [, j2]) under
the isomorphism p.
Therefore by Proposition 2.2 we have the following result.

PROPOSITION 2.3.  Let o € m(BX VEY). Then a € Go(2X VEY) if and only if
[a,j1] = 0= [a, ja].

A straightforward extension of the previous argument to k suspensions then yields the
following generalization of Proposition 2.3.

PROPOSITION 2.4. Let T be the wedge sum X1V -V XX with js € [XX,, T
the class of the inclusion map, s = 1,2,... k. Then o € m,(T) is in G, (T) if and only
if [, 4s] =0 for s =1,2,... k.

3. Wedge sums of spheres.

In this section we comsider the wedge sum W = S™ Vv S! of spheres such that
2 <m <. We first state the result of Hilton [Hi] regarding the homotopy groups of W.
Let ¢j € m,, (W) be the class of the inclusion maps, j = 1,2 (n1 = m, ng = [), and recall
the basic (Whitehead) products in the homotopy groups of W:

(1) Weight 1: ¢q, to

(2) Weight 2: [t1,t2]

(3) Weight 3: [[’la [L1> LQ]]a [L2> [Llﬂ LQH

(4) Weight 4: [Llﬂ [le [le L2mﬂ [L27 [le [Lh L2]]]7 [LQv [L27 [Lh LQ]”

and so on. These products are ordered as displayed and we write them in order as an
infinite sequence w,ws,ws, .... Then w, € m,, (W) for some integer n,, where n, = |wy|,
the degree of wy.

Hilton’s Theorem asserts that for every positive integer k, there is an isomorphism
o0
0: Pm(sm) — m(W).
p=1
which is defined by

0|1k (S™?) = wps : T (S™?) — m(W).
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The direct sum is finite for each k since n, — oo.
Thus for © € m, (W),

T = E Wp © O,
P

for unique «;, € 7, (S™7).

Now let m =1 =mn,so W = §™V S", and let ¢ : S™ — S™ VvV S™ be the standard
comultiplication. Then as in [Hi], [Wh] the Hopf-Hilton invariant H, : mp(S") —
7 (S™r+3) is defined by

Hy = gpi3c 0 0" o .,

where p > 0 and g; is the projection onto the ith summand. For example, Hy : 7 (S™) —
e (9?1, Hy, Hy @ m(S™) — mp(S93772), etc. We call H, the Hopf-Hilton invariant
corresponding to wp43.

The following result on the Hopf-Hilton invariants appears to be well-known, but
we include it for completeness.

LEMMA 3.1. If H, : m;(S™) — mp(S™+3) is the pth Hopf-Hilton invariant and
a € mp(S™) is a suspension, then H,(o) =0

PROOF. The comultiplication ¢ = ¢1 4 t2. Then, since « is a suspension, ¢, («) =
tioa+izoa. But f(a, ,0,0,...) = t0a+130a. Therefore 0~ top,(a) = (a, ,0,0,...),
and so Hy,(a) = gpi3. 0071 0 p.(a) = 0.

We will need a result by Barcus and Barratt, and for this we recall some notation
in [BB]. For elements 7,0 in the homotopy groups of a space X, we inductively define
00(7,6) = [7,0], ..., 0p41(7,9) = [v,0p(7,0)]. In the case when X =W = 5" Vv S™ and
7,0 are t1, Lo respectively, then the o, (¢1, t2) are basic products (but not all of them). Let
B, be the Hopf-Hilton invariant corresponding to op(¢1,t2) so that By = Hy, By = Hj,
By = Hj, and so on. Thus B, : m,,(S") — mp(S®+H27=P=1) for p > 0. To obtain a
compact formula below, we define B_; = id : 7, (S™) — 7, (S™).

LeMMA 3.2 ([BB, Corollary 7.4]). Ify € m(S™), a € mp(X), 8 € mp(X) and
m,n > 2, then

o0

oy, 8= (=P e (@, 8) 0 T By(y).

p=—1

We will consider conditions involving the suspension functor and Hopf-Hilton in-
variants under which an element of the homotopy group of a wedge sum belongs to the
Gottlieb group.

PROPOSITION 3.3. Let 11 € m,,(S™ V SY) and 1o € m(S™ Vv S') be the classes of
the inclusion maps. If v € mx(S™) is an arbitrary element, then 110y € Gy (S™ Vv SY) if
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and only if v € Gn(S™) and X'"1B,(y) = 0, for p > —1. Similarly, if v € mnx(S'), then
120y € GN(S™V SY) if and only if v € Gn(SY) and S™1B,(y) =0, forp > —1.

PrOOF. By Proposition 2.3, 11 0y € Gn(S™ V S) if and only if
[tro7,u] =0=[11 07,

But t14[y,id] = [t1 0 v, 1], and so [t 0 y,¢1] = 0 is equivalent to v € Gn(S™) by
Proposition 2.2. By Lemma 3.2,

[0y, 1] = D Hopp1(i1,02) 0 7By (7).
p=—1

Since the o, (i1, t2) are basic products, [t1 07, t2] = 0 if and only if X!=1B,(y) = 0, for
p > —1. The second assertion of the proposition is similarly proved. O

Let ay € mn(S™) and ay € 7n(S!), let m <1 and let m, N > 2. Then Proposition
3.3 gives necessary and sufficient conditions for any element of the form ¢; oy or 1o 0 g
in mx(S™V SY) to be in G (S™ Vv SY). However, a typical element 6 € mx(S™ Vv S') has
the form

0=t10a;+io0ar+ E wp © Qp,
p=3

where «a, € WN(S“"P‘) and w,, are basic products (as are (1 = w; and to = wy). Then
0 € Gy(S™ Vv SY) if and only if [w, 0 ap, 1] = 0 = [w, © ayp, 2] for all p. We express
each of these bracket products (except p = 1 in the first and p = 2 in the second) as
a sum by Lemma 3.2. In general, this would yield a very large number of conditions
for # € Gn(S™ Vv S'). But we can reduce the number by assuming N is less than some
linear expression in m such as N < am — a + 1 for some integer a > 2 (and hence
N <aym + asl —a+ 1 for a; + az = a). We illustrate this next in the case of a = 4.
If 0 € 7 (S™V SY) with m <1 and N < 4m — 3, then

5
0= g Wp © Oy
p=1

with a1 € WN(Sm), Qg € WN(SZ), a3 € WN(Serl*l), oy € WN(SQm+l72) and a5 €
7T'N(Sm+2l_2).

THEOREM 3.4.  With the notation and conditions of the previous sentence, 6 €
Gn(S™V S & a1 € GN(S™), as € GN(SY), B Hag) =0, ¥ Hag) =0, By(ai) =
0, forp=0,1andi=1,2, and ag = ay = a5 = 0.

PROOF. We obtain conditions for [f,¢1] = 0 = [, t2]. Now
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[0, 12] = [t1 0 a1, 2] + [t2 0 a2, ta] + [w3 0 A, L2] + [wg 0 Ay, ta] + [ws 0 s, L2)
and we examine these five terms separately using Lemma 3.2.

[t10ar,te) =wsoX! " ay) + Z +0,11(11,12) 0 2By (ay) (3.1)
p=0,1

since By (ay) € Ty (SPTIm=Pr=1) = 0 if p > 2.

[LQ o (g, LQ] =120 [Oég, Zd] (32)

[w3 0 as, ta] = [ws, 2] 0 B (a3) (3.3)
since By (a3) € mn(SPTAmH=1=p=1) = () if p > 0.

[wa 0 g, ta] = [wa, t2] 0 71 (ay) (3.4)
since By (ay) € mn (SPFDEmH=2)=p=1) —  if p > (.

[ws © a5, 2] = [ws, L2] 0 B (as) (3.5)
since By (as) € my(SPTm+2=2)=p=1) — ( if p > (. Therefore

[0,12] = w3 0 =7 ay) £wy 0 BBy () + we 0 BBy (o)
+ 13 0 [ag, id] + [ws, 1] 0 B (a3)
+ [wa, t2] 0 B () + [ws, 12] 0 B (as).
Each of the Whitehead products which appears on the right side of this expression is

either a basic product or, using anticommutativity, the negative of a basic product. Thus
we have the following equivalence.

[0,02] =0& ay € GN(SI); El_lap =0,p=1,3,4,5; El_pr(al) =0,p=0,1,

since 1o 0 [ag,id] = 0 < [ag,id] = 0 & az € Gn(S!). Now we consider the suspension
S (8™ — iy 1(S™F272). By the Freudenthal theorem, X!~! is an
isomorphism since N < 2(m + 1 — 1) — 1. Thus X'"!'az = 0 if and only if a3 = 0.
Similarly ¥"1a, = 0 if and only if a, = 0 for p = 4,5 and "1 B, (1) = 0 if and only
if Bp(a1) =0 for p =0, 1. Hence [f, 2] = 0 if and only if

as € Gn(SY); N ay) =0; By(ay) =0, p=0,1; a; =0, i = 3,4,5.

A similar calculation can be made for [0, ¢1]. If we assume that [0, t2] = 0, so that a; = 0,
i=3,4,5, then
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[0,01] = t1 0 [o1,id] + [t2,11] 0 & Lag + Z opt1(t2,01) o X B, ().
p=0,1

The Whitehead products on the right are + basic products. Thus [f, 1] = 0 (together
with [0, 15] = 0 and the Freudenthal theorem) implies oy € Gn(S™), ¥ lay = 0 and
By(az) = 0 for p = 0,1. This proves one of the implications in the theorem, namely,
“=". Conversely, the hypotheses of the theorem easily imply that [6,¢1] = 0 = [0, t2],
and so § € Gn(S™ Vv S'). This completes the proof. O

REMARK 3.5. If we replace the hypothesis By(a;) = 0, for p = 0,1 and ¢ = 1,2
with the hypothesis a; is a suspension, ¢ = 1,2 and keep the other hypotheses, then we
conclude that § € Gn(S™ Vv S!). This follows from Lemma 3.1 and Theorem 3.4.

We wish to emphasize that we have presented the previous theorem to illustrate our
method of showing that an upper bound for N leads to a smaller number of necessary
and sufficient conditions for an element to be in the Gottlieb group. Clearly this method
can be used for other upper bounds. In Corollary 3.6 we state this result for other upper
bounds which are smaller than the one given in Theorem 3.4 and hence the corollary
follows from Theorem 3.4.

COROLLARY 3.6. Let 6 € mx(S™ V S') where m <.

(1) If N <2m — 1, then Gy (S™ Vv S') = 0.
(2) If N < 3m —2, then § = Y0 jw,00, € Gy(S™V S) <= a1 € Gn(S™),
as € Gn(SY, B a1) =0, ¥™ Hag) =0, Bo(a;) =0, fori=1,2, and az = 0.

EXAMPLE 3.7.

(1) We give an example to show that Gn(S™ Vv S!) # 0. If v € Gn(S™) is a non-
trivial suspension element such that %!~y = 0, then ¢; o+ is a nontrivial element of
Gy (S™ v SY) by Proposition 3.3 and Lemma 3.1. For a specific example, consider
v =X ong) = () onr € m3(S*?) = Zy ® Zy, a nonzero element with ¥y = 0
[To, Proposition 5.8]. Furthermore, m5(S*) = Gs(S*) by [GM, Proposition 2.1].
Therefore

Gg(S*v S #0

for [ > 2.

(2) We give an example to show that G (S™) # 0, Gy (S!) # 0, but G (S™ Vv S!) = 0.
Weset N=n+2, m=mn,and { =n+ 1, with n > 3. We assume n = 3 mod4 and
from this it follows that Gp41(S™) = T 4+1(S™) = Zo and Gpy2(S™) = Tpy2(S™) =
Zy by [GM, (2.1) and (2.2)]. Since G'n(S™V S') = 0 by Proposition 3.3, the example
follows.

REMARK 3.8. It is possible to extend our results to a wedge sum of k spheres
T=85"vS"2V...v8"% where 2 < ny < ng <--- < ng and give conditions for an
element 6 = > - wpoa, € n(T) to be in Gn(T). The conditions are that «, are
Gottlieb elements and iterated suspensions of B,(c,) are zero. The details are formidable,
and we omit them.
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4. Moore spaces.

In this section we calculate the nth Gottlieb group of a Moore space M (A, n) of type
(A,n), n > 2. We assume that A is a finitely-generated abelian group so that M(A,n)
is a wedge sum of suspensions, namely, spheres and finite Moore spaces. The following
is a consequence of Theorems 5.2 and 5.4 of [Go].

0 if n is even

0 if n is odd, rank A # 1
Gn(M(A>n)) =

22 CZ=m,(S") if A=2Z,nodd #1,3,7

Z = m,(S™) ifA=%Z,n=1,3,T.

This does not cover the Moore spaces M(Z @ T, n), n odd and T finite. For this we first
establish some general results.

LEMMA 4.1.  Let B and C be spaces such that m,(BV C) = i1, (B) + i2:7, (C)
and G, (C) =0, where iy : B — BV C and iy : C — BV C are the inclusions. Then
Gn(BV C) Ci1.Gn(B) Ci1.mn(B).

PROOF. The homomorphism p1, : m,(B V C) — 7,(B) induced by the projection
p1 induces p1s : Go(BV C) — G,(B) by [Go, Corollary 1-5]. Similarly, ps induces
Do : Gp(BVC) — Gu(C). Itz € Go(BVC) C m(BVC), then z = i1.b + ig.c
for b € m,(B) and ¢ € 7,(C). Therefore ¢ = po,.x € G,(C) = 0, and so & = i1,b.
Since z € G, (B V C) and i; has a left inverse, b € G, (B) [Go, Corollary 1-6]. Hence
Gr(BV C) Ci1.Gn(B). O

REMARK 4.2. The hypothesis on 7, (B V C) holds if B is (m — 1)-connected, C'is
(I — 1)-connected, and n + 1 < m + I, since then 7, 1(B x C,BV C) =0.

COROLLARY 4.3.  Assume the hypothesis of Lemma 4.1 and in addition G,,(B) = 0.
Then Gp(BV C) =0.

COROLLARY 4.4. Ifn is odd, then G,(M(Z & T,n)) is infinite cyclic, where T is
a finite abelian group.

ProOF. Let My = M(T,n),let X = M(Z & T,n) =SV My, and let ¢ = [id] €
7 (S™). By Lemma 4.1 and Proposition 2.3, it suffices to show that there exists a positive
integer k such that

(1) [kilyil] =0 and
(2) [ki1,i2] = 0.
(1)

0 ifn=3,7forany k>0
[kihil] = kil*[L,L} =

0 ifn#3,7 for any even k > 0

since k[t,¢] = 0 in these cases.
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(2) The element iy € [My, X] has finite order [ since the group [My, X|] has finite
order by the universal coefficient theorem for homotopy groups with coefficients. There-
fore [li1,i2] = [i1,li2] = 0. We take k = 2. O

REMARK 4.5. It would be interesting to compute other Gottlieb groups of Moore
spaces such as, for example, G,,11(M(A,n)).
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