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A converse theorem for double Dirichlet series
and Shintani zeta functions
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Abstract. A converse theorem for double Dirichlet series is established.
As an application, we show that certain zeta functions introduced by Shintani
are actually Weyl group multiple Dirichlet series associated to metaplectic
Eisenstein series on GL(2).

1. Introduction.

The main aim of this paper is to obtain a converse theorem for double Dirichlet
series and use it to show that the Shintani zeta functions [13] which arise in the theory
of prehomogeneous vector spaces are actually linear combinations of Mellin transforms
of metaplectic Eisenstein series on GL(2). The converse theorem we prove will apply to
a very general family of double Dirichlet series which we now define.

DEFINITION 1.1 (Family Fy of double Dirichlet series). Fix a positive integer
N and a weight 1/2 multiplier system v of the congruence subgroup I'o(4N). Let m*
denote the number of inequivalent singular cusps of I'g(4N) in terms of v (see beginning of
Section 2 for definitions of multiplier system and singular cusps). Let ai, o (with £,n € Z,
¢>1,5=1,...,m*) be a sequence of complex numbers which are assumed to have
polynomial growth in |n| and ¢ as |n|,{ — oo.

For s,w € C (with sufficiently large real parts) and an integer N > 1, we define Fy
to be a set (family) of double Dirichlet series

o= ¥ 3 M,

+n>0 (=1

where j ranges over the set {1,...,m*}, D ranges over the set of integers in {1, ..., (4N)?}
that are co-prime to N and, for each such D, x ranges over the Dirichlet characters
(mod D). Here

()= Y x(m)emmP
m(mod D)
(m,D)=1
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is the Gauss sum.

The converse theorem we prove will be for the family Fy provided every L-function
in Fy satisfies certain “nice properties,” namely, every Lji(s7 w; X) € Fn is holomorphic
and bounded in vertical strips and satisfies certain functional equations. We call such
a family Fy a “nice family.” The precise definition is given in Section 3. The converse
theorem (Theorem 3.2) states that a “nice family” Fy must be a family of linear combi-
nations of Mellin transforms of metaplectic Eisenstein series. This implies, in particular,
that such a “nice family” is actually a family of WMDS (Weyl group multiple Dirichlet
series) studied in [1]. As such it satisfies additional hidden functional equations which
cannot be seen by the theory of prehomogeneous vector spaces.

The method used to prove our converse theorem is a refinement of that used in [3]
and, as a result, the statement of the theorem is significantly simplified. In particular,
we solve one of the problems we pointed out in [3]. Specifically, it seemed impossible to
eliminate from the assumptions of the converse theorem, an additional set of functional
equations which were quite unnatural. The version of the converse theorem in this paper
avoids the need for these functional equations and, in addition, instead of hypergeometric
functions, it uses Gamma functions which are easier to handle. The key for this sim-
plification is Bykovskii’s technique [2] which allows for the information contained in the
extra functional equations of [3] to be encoded into an auxiliary variable.

The simplification is even more apparent in the scalar version of the converse theorem
(Theorem 5.3) corresponding to the case of I'g(4). In Section 6, we use this theorem to
prove that Shintani’s zeta function is essentially a Mellin transform of the metaplectic
Eisenstein series for I'g(4) (Theorem 6.2).

Shintani’s zeta functions [13] have been studied extensively because of their arith-
metic nature and because they are important examples of zeta functions associated to
prehomogeneous vector spaces. While it has long been known that Shintani’s zeta func-
tions should be closely related to the Eisenstein series studied by Siegel [11], there are
technical difficulties in making this relation explicit by direct computation, e.g. because of
the non-square-free integers. We circumvent these problems with the use of our converse
theorem and establish an explicit relation with Mellin transforms of Siegel’s Eisenstein
series.

ACKNOWLEDGMENTS. The authors thank the referee for a very careful reading of
the paper and suggestions which substantially improved exposition. They also thank
Gautam Chinta for many helpful comments.

2. Metaplectic Eisenstein series.

We recall the basic terminology and notation for metaplectic Eisenstein series.

Fix a positive integer N. Let ' = T'g(4N) denote the group of matrices (‘; Z)
of determinant 1 with a,b,¢,d € Z and 4N|c. For v = (‘cl 3), define the weight 1/2
multiplier system
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with

1, d=1(mod4),
€d =
i, d=3(mod4),
where (§) is the usual Kronecker symbol.

Now, we fix a set {a;,4 = 1,...,m} of inequivalent cusps of I'q(4N) among which
the first m* are singular with respect to v (i.e. v(v,) = 1, if 74 is the generator of the
stabilizer T'y of a). We choose the a’s so that a; = oo and a,,« = 0.

For each a we fix a scaling matrix o, such that o4(c0) = a and o7 Ty = . In
particular, we select 04, = I, 04,. = Wyy, where I is the identity matrix and Wyy is

the Fricke involution ( 0 —1/2VN) )
2V N 0
b

We shall also adopt the notation that we may write M in the form M = (ZM i >
M M

Further, the arguments of complex numbers are chosen to be in (—m,7]. Then, for
f:9 — Cand v € SLy(R), we recall the slash operator: f|y. It is defined by the
formula

(cyz+dy)~*2
|eyz +dy| 712

(fIV)(z) = f(vz)

and satisfies the relation
fIv1d =r(v,9) - fl(v9), (7,0 € SLy(R)),
where

(CMNZ —+ dM)l/Q(CNZ + dN)1/2
(enmnz+ dyn)t/? ’

r(M,N) = (for M, N € SLy(R)).

To compute r(M, N) we will tacitly be using Theorem 16 of [5].

LEMMA 2.1, Let M = (1, my ), S = (2Y) € SLy(R) and MS = (1n1 ), ). Then
(M S) 7rz/4)w(M S)} with

) — sgu(micmy)),  myemy # 0,

—_~

sgn(c) + sgn(mq) — sgn(m

(

(sgn(c) — 1)(1 — sgn(my)), mic#0, mj =0,
(sgn(c) +
(
(

w(M, S) 1)(
1 —sgn(a))(1 + sgn(my
) (

/
, mic#0, my =0,

/
, mimy #0, ¢c=0,

—_
I
w0
a2
=
B
no
—_ — = ==

, my =c=mj =0.
For convenience, for every function f on $ we set

fi=emfWan.
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Thus, f(iy) = f(i/(4Ny)) and f = f.
For each of the cusps a; (i = 1,...,m*) and w € C with Re(w) > 1, we define an
Eisenstein series

Bew) = Y o ( Cortr? T oty >—1/2
T\~ = — .
’Yerui \F T(o-ai 77)1}(7) |00;i1’¥z + do_;i1’y|

This Eisenstein series has a meromorphic continuation to the w-plane ([7, Section 10])
and, for all § € T, it satisfies

E (-, w)|d =v(0)E;(-,w).
Next, if T' denotes matrix transpose, set
E(z,w) = (E1(z,w),..., By (z,w))T

and

E(z,w) = (E1(z,w), ..., Epn(z,w))T.

Each E; is an eigenfunction of the weight 1/2 Laplacian

2 RN\ iy d
= (5at 52) ~ S

with eigenvalue w(w — 1) ([7, (10.10)]). This implies that, if z := = + iy, then, for all
i,j € {1,...,m*}, there are functions a’(w), such that

Ei(-,w)|oq; = 059" —&-pij(w)yl_w + Z a:’f‘(w)wsgn(n)/4’ w7(1/2)(47|n‘y)62ﬂmz,
n#0

where §;; is the Kronecker delta and p;;(w) the ij-th entry of the scattering matrix ®(w).
Here, W. . is the classical Whittaker function with integral representation

e—z/QZa
Wa b(z)

oo
_ —a—1/2+b 1 -1, \a—1/2+b —uq
, —F(1/2fa+b)/0 u (142" e “du

(cf. [14, p. 340]).
If w and 1 — w are not poles of any of the E; (i =1,...,m*), then, by [7, (10.19)],

E(z,1—w)=9(1—w)E(z,w). (1)
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3. L-functions associated to E;(z,w).

Fix a positive integer N > 1. For every positive integer D (with (D,4N) = 1), let x
be a Dirichlet character modulo D. For every function f : $ — C, we define its twist by

=3 )x(m)f‘ ((1) m{D).

m(mod D
(m,D)=1

We consider functions f(z,w) of two variables z = z + iy € 9, w € C, with Fourier
expansions of the form

f(Z, ’LU) = a(w)yl—w 4+ b(u})yw + Z an(w)[/{/'sgn(n)/47 w—(1/2) (47T|’I’L|y)€2ﬂ'inw,
n#0

Then the twisted function f(-;x), in terms of z, is

f(zwix) = 70(x) (a(w)yliijb(w)yw)JrZ Tn(X)an(w)ngn(n)m, w_(1/2)(47r|n|y)e2m”‘”,
n#0

where

W)= Y, x(m)emmPo (e Z).
m(mod D)
(m,D)=1

As shown in [3], we have

0 —1/(2DVN
fG5x) < /t )>

2DVN 0

= T (=AN) Y x(nf
r(mod D)
(r,D)=1

(o DGTD) o

For future reference we consider the Dirichlet character x (mod D) given by

xm) = (5 )

Note that x is a character since (D,4N) =1, D is odd and (-) is the Jacobi symbol. Tt
satisfies ¥ = x.

We are now ready to associate L-functions to metaplectic Eisenstein series.

Let af,(w) denote the n-th coefficient of the expansion at co of E;(z,w). For Re(s)
large enough, define
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Lj[(s,w): Z a{l(w).

+n>0 |n|8
Generally, for x a Dirichlet character modulo D ((D,4N) = 1), set
Lo 7 ()@, (w)
L; (s,w;x) = Z T
+n>0
Following [2], we also define the modified “completed” L-functions:

Aj(s,w,u;x) = /OOO (B;((i + u)y, w; x) = 70(x) (619" + pj1(w)y' ™)) y® %

We also set L; and A, for the corresponding functions associated to E.
Let v € R and s,w € C with Re(s), Re(w) sufficiently large. With [6, (13.23.4)], we
have

Aj(s,w,u;x) = c(s,w;u) (L;r(&w;x), L;(s,w;x))T, (3)
where
(s, wi ) = Fw+s)l'(s—w+1) <F(s+w,1+sw,5+3/4;(1+iu)/2)
S WU = (47)° T(s + 3/4) ’
F(s+w,1+sw,s+5/4;(1iu)/2)>
T(s + 5/4) ’

with F'(a,b,c;d) the Gaussian hypergeometric function.
Further, equation (2) implies that

i AV 1 .
Ej('uw;X)‘W4ND2 =e€ /4X(—4N) (D)GDlEj('7w;X)> (4>

and thus that the constant term dao(y, w; x) of the Fourier expansion of E; (-, w; x)|Wynp2
is

ao(y, w; x) = x(—4N) <4g> €5 10(X) (8jmy" + Pjm~ (W)y' ™).

Evaluating at (i —u)/(2v/ND(u? + 1)y) and using

(u+14) 1/2_6711‘/4 i)V — i) /A
() = e i i, )

we obtain
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5 §en) =X ()6 (5 (s o)

Then the standard Riemann trick gives

(2VND)*Aj(s,w, u; X)
= ores (B ()
(o () e (shm) )WY
1/vVu?+1 . i—u
v [AE(M“’X)
S O e o o )

[l

calB ()
— ey (R) (§jm* (2\/%1)10 + Pjm= (w) (zx/yND> “U)) (y(u® + 1))5] i;/

_ _ _ . . (S‘m* T(X)51
2 N[ (2vV/ ND)~ v 2 1 (s—w)/2 A- wi/4 Y3 _ 1o J
+ 4 1) (VED) (w4 ) ro(em/4 i T000%

+ (2VND)» = (u? + 1)t/

» (A-To(x)e“/‘* Pjm= (w) To(X)Z?jl(“}))), (©)

w+571_ s—w+1

where, for convenience, we have set

T17) LA — 1
A= gjw;lﬂx(él]\f) (41])\7)65 .

By the exponential decay of Wgn(n)/4,w—(1/2)(1y) as y — oo, the integral is convergent
giving an entire function of s. This implies that A;(s,w;u;x) satisfies the following
properties.

PROPERTY (i). The function A;(s, w;u;x) is meromorphic on the (s, w)-plane.
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PROPERTY (ii). The function

(2\/ND)SAj(s,w,u;X)

— (W +1)7 <(2\/ND)w(u2 + 1)/ (A ro()eri/a im0, >

s —w s+ w

+ (2\/ND)‘”’1(U2 + 1)(s+w71)/2 (A ) TO(X)eﬂ'i/él ulfjr;(i_")l _ T(;(f)ijj_(?)>)

is EBV (entire and bounded in vertical strips).
PROPERTY (iii). For j =1,...,m*, we have
(2VND)*(1 + iu)*Aj(s,w,u; x) = AVND)™*(1 — iu) "*A,(—s,w, —u; X).

PROPERTY (iv). Define Ap(s,w,u;x) = (A;(s,wius )2, .. Then if w and
1 — w are not poles of ®(w), we have the functional equation

Ag(s,1 —w;u;x) = (1 — w)Ag(s, w;u; ). (7)

REMARK. The functional equations in properties (iii) and (iv) are deduced from
(6) and (1) respectively.

PROPOSITION 3.1.  (a) Property (iii) above is equivalent to:

PROPERTY (iii"). Forj=1,...,m*,
VND\* 4N L} (s,w;x)
(F8) (5 ) (i)
D(w—8)T(1—s—w) M(w—s)I(1 —s—w) )
[(s + (1/4)T((3/4) —s)  T((1/4) + w)L((5/4) — w) (Lj*(—sa w; X))
D(w—s)T(1—-s—w) Nw—s)I'(1—s—w) L;(—s,w;x .

[(w— (1/4)L((3/4) —w) I(s—(1/4))L((5/4) — s)
(b) Property (iv) above is equivalent to:

PROPERTY (iv').  Define Li(s,w;x) := (L;t(s,w;x))]ll Then we have the

functional equations:

* .
yeeey M

Lg(s, 1—w;x)=o(1 - w)LJEC(s, w;x) and
Ly(s,1—w;x) =®(1 —w)Ly(s,w; x).
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PROOF OF (a). Set

3 1—1u
F 1-— - ;
(s—l— w,s—|—w,4—|—s7 5 )

‘- (1= i)/ () 5 1—iu) |’
[T I S e S R
F<s+1—w,s+w,5+s;l+zu)

b 4 2
- (1_Z'u)(1/4)—sF ) 3 1 +iu
(1+iu)(1/4)+5 —S—’w,IU—S,z—S» 2

and

L(3/4) +s)I(=(1/4) —s) , T(B/4) +s)L((1/4) +3)
D(w— (1/4))T((3/4) — w) D(s+1—w)l(s+w)
4 D(B/4) = s)U(=(1/4) —5)  T((5/4) — s)I((1/4) + )
Nl—s—wIl(w-—s) (w4 (1/4)T((5/4) — w)

With equation (3), Property (iii) can be rewritten for j =1,...,m™* as:

<(¢NpmﬁwT@+1@msw+1) LT (s,w; x) J(S1UM)_G

XAN) (A )ep T(w — s)T(1 — s —w) T(s + (3/4))"  T((5/4) —s)

:<__(JNDﬂﬂ%F@+wW@—uHJ) Ly (s,w;X) Lﬂ_&WXU'
X(—AN) (e T (w — s)D(1 — s —w) (s +(5/4))" T((3/4) —s)

On the other hand, Kummer’s relations imply that a = Gb. Since the component
functions of b are linearly independent, this, an elementary computation together with
the identity |G| = (1/4 — s)/(1/4 + s) implies the result. O

PrOOF OF (b). This is a direct consequence of the linear independence of the
following functions of w:

1—1 1+
FG+1—w8+mZ+$ 2”) and FG+1—ms+mi+azw).D

4. The converse theorem.

This section is devoted to the statement and proof of our main theorem. We begin
by defining a “nice family” of double Dirichlet series.

DEFINITION 4.1.  Let N > 1 be an integer and Fy := {Lf(s,w;x)} a family of
double Dirichlet series as in Definition 1.1. We say Fy is “nice” if there exists another
family Fy (called a contragredient family) of double Dirichlet series:
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V T
S = 3 3 )

+n>0¢=1

with j ranging over {1,...,m*}, D over the integers in {1,...,(4N)?} that are co-prime
to N and, for each such D, x ranging over the Dirichlet characters (mod D), such that
the following assumptions are satisfied for all L]i(s, w;X) € Fn-

AsSUMPTION (a). The functions Aj(s,w;u;x) = c(s,w;u)(Lj(s,w;X),
L;(s,w; x))T have meromorphic continuations to C?. Furthermore, there exist mero-
morphic functions on C, a;(w), bj(w), d;(w), b;(w), holomorphic for Re(w) > 1, such
that

(2V'ND)*Aj(s,w, u; x)
— (u? + 1) [(2VND) " (u? + 1))/ <A () ) TO(X)bj(w))

s —w s +w

+ (2\/ND)1U71(UQ + 1)(s+w71)/2 (A . 7‘0()“() dj (w) TO(X)aj (w) >:|

w+s—1 s—w+1
are EBV for every w (with Re(w) large enough) and every u € R.

ASSUMPTION (b).

(52w (oo ()

MNw—s)I'(1 —s—w) MNw—s)I'(1 — s —w) )
_ | T+ @/4)r(/4) —s) T((1/4) +w)l((5/4) - w) (L;“(—&w;x))
Nw—s)I(1—s—w) N(w—s)T'(1—5—w) E;(—s,w;x) '

[(w = (1/4))0((3/4) —w) T(s = (1/4))L((5/4) - s)

ASSUMPTION (c). Let L¥(s,w;) := (Lji(s,w; X))j=1.....m+- We assume the func-
tional equations

L*(s,1 —w;x) =®(1 —w)L"(s,w;x) and
L™ (s,1 —w;x) = (1 —w)L™ (s, w;x).
The converse theorem we will prove states that a nice family of double Dirichlet

series must be the family of L-functions arising from the Mellin transforms of metaplectic
Eisenstein series which were introduced in Section 2.

THEOREM 4.2 (Converse theorem for double Dirichlet series).  Fiz an integer N > 1
and let Fn denote a “nice family” of double Dirichlet series
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)
S = 3 3 )

+n>0 (=1

with j ranging over {1,...,m*}, D over the integers in {1,...,(4N)?} that are co-prime
to N and, for each such D, x ranging over the Dirichlet characters (mod D).
If Fn denotes the contragredient family of Fn, define Dirichlet series

oo ] o0 ~
o j : Anm 2 : a n,m
- mw ’ mw ’

m=1 m=1

and assume that, for each fized j,w (with Re(w) > 1), |al (w)|,|a (w)| = O(|n|) for
some C > 0, as n — oo. Also let aj(w), bj(w) be the functions associated to Fy by
Assumption (a).

Then, for
flz,w) = (filz,w),..., fe (z,0))T,
where
fi(z,w) = aj(w)y' ™" W)y + 3 a (w)Wgn(n) /4, w—(1/2) (47|nly)e>™ ",
" (j=1,2,...,m"),
we have
f(zw) = A(w)E(z, w), 9)

where A(w) is a matriz of functions and E(z,w) is the matriz of Eisenstein series given
in Section 2. If A(w) is meromorphic, then, for each w and 1 —w which are not poles of
®(w) and A(w), we have

P(1 — w)A(w)P(w) = A(1 — w). (10)

PrROOF. We first prove that, for every w (with Re(w) large enough), f;(-,w) is
invariant under the action | of T'o(4N).

For every w with Re(w) large enough, j = 1,...,m*, every character x mod D, every
u € R and every y > 0 define,

Fi(y,w,u; x) Za] Wegn(n) /4, w—(1/2) (4| nly) 2™,
n#0

F va U3 X Za] sgn(n)/4 w—(1/2) (47T‘77/|y) Ay,
n#0

We also set
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< > ¥ T
Aj(s,w;u;x) := e(s,wiu) (L7 (s,w;x), L (s,w; X))

Since for every w (Re(w) large enough), |al (w)], | (w)| = O(|n|), in the Mellin trans-
forms of F}(y,w,u;x) and Fj;(y,w,u; x) we can interchange summation and integration
as in (3) to get, for Re(s) large enough

o0

- < dy LAy
/ Fj(vaau;X)y g :Aj(S,w;u;X), / Fj(vavu7X)y ? :A](87w7u7X)
0 0

For each w (with Re(w) large enough) and for Re(s) large enough, the components
of ¢(s,w;u) decay exponentially in |s| as |s|] — oo and as u ranges in suitably small
neighborhood of 0. ([2, (1.11)]). So, we can apply Mellin inversion to get

1 oo+1i00
Fi(y, w,u; x) = / Aj(s,wius x)y~ *ds,
(g

% O—ioo
. 1 oo+ioco . .
Fj(y,waU%X):Tm/ - Aj(s,wiusx)yCds (11)
00—100

for og large enough and a line of integration to the right of the poles of A; and Aj. By
the above estimate for the components of ¢(s,w;u), the standard Phragmén-Lindel6f

argument applies. We can, therefore, move the line of integration from o to o1 = —oy
to get
1 O'1+iOO
Fi(y,w;u; x) = — Aj(s,w;u; x)y~ *ds + Res Aj(s,w;u; x)y~°
270 J oy —ico 5=50
so pole
1 o1+i0c0 B
=5 o Aj(s,wyu; x)y~°ds
+ A7o(X) (bj (w)((u® + 1)AND?y) ™" + a;(w)((u® + 1)4AND>y)* 1)
— 10(x) (b (w)y" + a;(w)y' ™). (12)
The proof of Proposition 3.1 implies that Assumption (b) in the definition of a “nice
family” of double Dirichlet series is equivalent to
Aj(s,wiu;x) = AMAND?) (1 +u®) Ay (=, w; —u; ). (13)
Therefore the last integral in (12) equals
o1+1i00 .
[ AUNDY )R (s - 0y
o1 —100
oo+ico 5
= A/ Aj(s,w; —u; X)(AND?(1 4 u?)y)*ds. (14)
og—100
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However, if we set

+ Z aﬁz (w)T(X)WSgn(n)/zl) w—(1/2) (47-‘-‘7,l|:,./)62’n"£nz7

we have

Fillu+ i)y, w;x) = Fj(y, wius x) + 7000 (b (w)y® + a;(w)y' ™),
Fi((w+ )y, wix) = Fj(y, w;u; X) + 70(X) (b (w)y® + a;(w)y' ™).
Therefore, (12), (14) and (11) imply that
. . — [ i—u I — [ —1 NG
f]((u+ Z)y7w7X) - Af] (4ND2(1 _’_ug)y) ’U), X) - Af] (4N.D2(U+Z)y’ w7 X)
(4wt ———— 4N\ _ ; ~1 s
= (1—z'u)1/4X(4N)(D>€D1 j(4NDQ(u+i)y’ w; X)- (15)

Since this holds for all y > 0,u € R, this and the elementary identity ((u + )y/|(u +
D)y[)'/? = e™/A(1 + iu) =41 — iu)"/* imply that

— _— . 1/2
i (4]\75%’ w; X) = i~ Y2y (—4N) (g)eglfj(z7w;x) <|z|> . (16)

Together with (2), (16) implies that

> X <_4ZN 7) ‘ ((1) T/1D>

r(mod D)
(r,D)=1
——~(4Nr\ _1:|(1 r/D
- > (5t (7)) (1)
r(mod D)
(r,D)=1
Character summation then implies that
5 D —r ANTr\ _4
Ji (—4mN t ) - (D)GD1 7 (18)
or, with Lemma 2.1,
t m 4Nr\ _

However, the matrices on the left-hand side of (19) generate T'.
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LEMMA 4.3 ([8]). Letr € Z,. For D ranging in a set of congruence classes modulo
4Nr ((D,AN7T) = 1) choose (4}, 'n) € T. Denote the set of all such matrices by S;.

Then T is generated by
AN
10 -1 0
Usoilon) oG )

This implies that f; is I'-invariant.

The rest of the proof is identical to that of Theorem 3.1 of [3]. (But notice that the
functional equations in Assumption (c¢) are employed in their equivalent form analogous
to (8)). O

REMARK. For u = 0, Assumption (a) and (13) become the equations (9) and (10)
respectively, of [3].
5. Scalar multiple Dirichlet series.

In this section we prove a scalar converse theorem for the case of I'y(4). In this case,
the corresponding families of double Dirichlet series collapse to sets of two elements only
and, therefore, we can formulate the result in a much simpler way than Theorem 4.2. As
for the corresponding result in [3] we modify our notation to agree with the formalism
of [11].

Specifically, we set

Jija(y2) = v(7)(ez + d)V/2.

For every v,6 € T'y(4) and z € $ we have
J1/2(70, 2) = j1/2(7,02)j1/2(0, 2).
The group I'g(4) now acts on functions f on $ by
(flij2)(z) == fF(y2)dry2(r,2) 7Y, v € T'o(4).

Further, we will expand eigenfunctions of A in terms of the functions y* K, (s, y)e* "

)

where

00 e—27rin;ﬂ
Kn(s,y) = /

dzx.
oo @ (i) 2

This is equivalent to the expansions in terms of Wgn(n)/4,w—(1/2) (47 |njy)e®™i"® because
of

LEMMA 5.1.  For everyn € Z withn # 0, y > 0 and Re(s) large enough we have
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7TS+(1/4) |n|87(3/4) I/ngn(n)/47 s—(1/4) (47r|n\y)

KTL , = -
(5,9) emi/ Ay (s + (1 + sgn(n)) /4)

PROOF.  See for instance, [12, pp.84-85] and [6, 13.10.7]. O

The scalar converse theorem is essentially a converse theorem for a family F; con-
sisting of two double Dirichlet series

S IP I (20)

+n>0 (=1

Note however that, in contrast to Definition 1.1, we do not index F; by the (two) singular
cusps of I'g(4) in terms of v, or by characters. The reason we do not need to will become
clear by the converse theorem we will prove. We have also normalized the exponent of
|| in this way in order to be more consistent with the notation of [11]. We want to show
that if the family F; has “nice” properties, then L* (s, w) must be a linear combination of
Mellin transforms of metaplectic Eisenstein series for I'g(4). Accordingly, we now define
the notion of a “nice” family F; with root number € = £1. We remark that the sign of
the root number is independent of the sign in the L-functions L* (s, w).

DEFINITION 5.2.  Let Fj be the family given in (20). We say Fp is a nice family
with root number € = +1 if the following assumptions are satisfied.

AssuMPTION (A). The functions
(s+w—2)(s —w—1)L*(s,w) (21)

have meromorphic continuations to s,w € C? which are holomorphic if Re(w) > 1.
For Re(w) > 1, we have the bound (s + w — 2)(s — w — 1)L*(s,w) = O(|Im(s)|?) on
Re(s) = 09 > 1 with b > 0 depending on o¢. For Re(w) > 1, we have the bound
(s +w—2)(s —w — 1)L*(s,w) = O(e!™)") inside vertical strips in the s-plane.

AssuMPTION (B). For root number € = £1, we have the functional equation:

e s (1/2) L+(1 —s,w)
(L_<1_87w)>
T((s+w)/2)T((1 45 —w)/2) T((s+w)/2T((1+s—w)/2)
I'((1-5)/2)L((1+5)/2) I'(w/2)l((2 - w)/2) (L+(s,w)>
T((s+w)/2)T((1+s—w)/2) T((s+w)/2)0((1+s—w)/2) | \L ™ (s;w)/)"
I((w+1)/2)0((1 = w)/2) I'((s +2)/2)l(=s/2)

(22)

AssuMPTION (C). Let G(w)
—w/2

£(2w)D(w/2)m/2 with &(w) = ((w)I(w/2)

. Then we have the functional equation:
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1—w)/2 L+(S,1—’LU)
RUA )
(2 - w)/2) .

(
L((14w)/2)

= G(w)m*/? L™ (s, w)> . (23)

T((1—w)/2) <L(svw)
I'(w/2)
THEOREM 5.3. Let Fy be a nice family of double Dirichlet series

S D) PEe .
£w|n‘ S— w+1

+n>0 (=1

0

with root number e = 1. For w € C with Re(w) large enough, define
(oo}
BSLY
o’
=1

and assume that for each fized w € C (Re(w) > 1) we have the bound a,(w) = O(|n|%)
for some fized C >0 as n — +oo.

Then there exists a meromorphic function b : C — C, holomorphic for Re(w) large
enough, satisfying

b(w)((1 —w)(2'7" —€) = b(1 — w)¢(w) (2" —¢) (24)

and such that for

b(l—w)G(l —w) 4_ w ,
— w/2 (1—w)/2 w/2 W 2mine
f(z,w) = bw)y™’? + (o) y + %an(w)y Kn( 50y e,

we have

F(zw) = b(w)(—ee:;;z_l/zE(— ;Z) +E(z1;)>> (25)

for each w € C for which w, 1 —w are not poles of b(w) and E(z,w/2). Here

E(z,s) = Z M

ser (e J1/2(772)

ProOOF. We shall first introduce some auxiliary functions depending on an addi-
tional real parameter u.
For every w with Re(w) large enough, set
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P((s—w+1)/2)T((s + w)/2)

A(s, wiu) = omi/195—1/2 1 (s—w—1)/2

(G (s,w;u) LT (s,w) + G~ (s, w;u)L~ (s, w))

for each u € R and each s with Re(s) large enough. Here

F((s+1t)/2,(s—t+1)/2,(s+1)/2; (1 +iu)/2)

GT(s,tu) = L((t+1)/2)0((s +1)/2)

and

F((s+t)/2,(s—t+1)/2,(s+2)/2; (1 —iu)/2)

G~ (s,t;u) := T(t/2)T((s +2)/2)

. (27)

Further set
L(s,wiu) :=22w? +1)¥* (s +w—2)(s —w~+1)(s —w — 1)(w + s)A(s, w; u).
In exactly the same way as in Proposition 3.1, we deduce that (22) is equivalent to
25/2(1 — )2 A (s, wyu) = —e 2079/2(1 4 ju) 1=9/2A (1 — 5, w; —u). (28)
Also, with (28)
(1 —dw)Y4L(s,wiu) = —e (1 +iu) VL1 — 5, w; —u). (29)

We will need two lemmas in order to state a condition implied by Assumption (A) of
Definition 5.2.

LEMMA 5.4.  For each fized u € R, L(s,w;u) is meromorphic in C? and holomor-
phic if Re(w) > 1.

PROOF OF LEMMA 5.4. Let w € C with Re(w) > 1. Note that for z ¢ [1, c0), the
function F'(a,b,c;z)/T'(c) is entire in a,b, ¢, (cf. [6, Section 15.2(ii)]). Therefore, with
Assumption (A), the polar divisors of L(s,w;u) can only occur at the poles of

F<5w+1)r<s+w)7

2 2
ie,s=—-w—-2kors=w—1-2k (k=0,1,...). With the functional equation (29),
this implies that any polar divisors must be of the form s = 1+w+ 2k or s = 2 —w+ 2k.

Upon substituting such values into the two-variable function I'((s —w+1)/2)T'((s +w)/2)
we deduce that only isolated points can arise as poles, which is a contradiction. O

LEMMA 5.5. Let u € R and w € C (with Re(w) > 1) be fized. Then for every
c>0, and o1 < 09,

L(s, w;u) = O(|Tm(s)| %) (30)
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uniformly in Re(s) for all o1 < Re(s) < o3.

PrROOF OF LEMMA 5.5. Let sg = o9 + i19 with o( large enough. On the vertical
line Re(s) = oy, Stirling’s estimate implies that, for Im(s) — +oo,

r s—w+1 r s+ w r s+1
2 2 2
~ 1/271-| Im(s)‘ae—(ﬂﬂ)(lIm((s—w+l)/2)\+|Im((s+w)/2)|—|Im((s+1)/2)|)

= V27| Im(s)|* e~ (F/Dm(s)]

for an a € R. We have (cf. e.g. [6, (15.8.1)]) the identity

F(s+w s—w+1 s—l—l.l—iu):(l—i—iu)s/zF(l—w w s—i—l_l—iu).

272 727 2 2 2 727 2 7 2

For a C > 0, F(a,b,c;z) ~ C as |¢] — oo, with a,b fixed, Re(z) = 1/2 and
| Arg(c)| < m—6 forad > 0 ([6, (15.12.2)]). Also, |((14iu)/2) /2| = |(14iu) /2|~ Re(s)/2
eAre((14iu)/2) Im()/2  Hence the absolute value of the function multiplied to L*(s,w) in
A is asymptotic to a constant times

\Im(s)ta\((l + i{“?/?\f;‘ﬂ o~ (/2—sgn(Im(s)) Arg((1+iu)/2))| Im(s)| /2
200—1 277 oo—Re(w)—1)/2

on Re(s) = o¢ as Im(s) — +oo. Since | Arg((1 + iu)/2)| < /2, this, together with
Assumption (A) of Definition 5.2, implies (30) on Re(s) = o as Im(s) — Foo for the
piece of L corresponding to L™ (s, w). The bound for the piece corresponding to L™ (s, w)
is verified similarly.

To establish the corresponding bound on Re(s) = 1 — op we note that, for w and
u assumed fixed, (29) implies that £(1 — s,w; —u) = O(L(s,w;u)) on Re(s) = 1 — oy.
Equation (30) on Re(s) = o we proved above implies the desired bound for that vertical
line.

Finally we note that Stirling’s estimate and the bound for F(a,b,¢; z) are uniform
for s within a vertical strip. With the last part of Assumption (A) of Definition 5.2,
we deduce L(s,w;u) = O(e!™®)I”) for some a € R when 1 — 0g < Re(s) < 0p. By
the Phragmén-Lindelof principle, this completes the proof of the lemma for all intervals
[1 — 09, 00] with o( large enough and therefore, for all closed intervals. O

We are now ready to identify the function b(w) mentioned in the statement of The-
orem 5.3 and to state a holomorphicity and boundedness condition we will use to prove
the theorem.

Let ai(w;u), ag(w;u), az(w;u) and as(w;u) be the residues of 2%/2(u? +
1)*/*A(s,w;u) at 2 —w, w — 1, w4 1 and —w respectively. Then, from Lemma 5.4
we deduce that the function
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a1 (w;u) as(w;w) as(w;u) aq(w;u)

25/2 2 13/4A . _ _ _ —
(u”+1) (5, ;) s+w—2 s—w+1l s—w-1 s+ w

is holomorphic for Re(w) > 1.
By the defining formula for £(s,w;u) we deduce that

os(ws) = Y (31)
az(wiu) = _2(§ (_wzzu)l(lw_;uz)w)’ #2)
as(w; ) = 2(2£zf)w—+1)1(’213 1JLF)1)’ (33)
aa(w;u) = — — LW W) (34)

22w —1)(2w + 1)
LEMMA 5.6.  The functions

as(w; u) ay(w;u)
(1+ u2)(w-1/1 and (1+u2)—w/t

are independent of u. As functions of w, they are meromorphic in C and holomorphic
for Re(w) > 1.

PROOF OF LEMMA 5.6. With the defining formulas for ay and L(s,w;u) we see
that u appears in

a(w; u)
(1 + u2)(w—1)/4

only in the hypergeometric functions in (26) and (27). However, for our combination
of arguments we obtain F(a,0,b; z) for some a,b, z € C, which equals 1. The assertion
about holomorphicity /meromorphicity in w follows from Lemma 5.4.

Similarly for as(w;u)/(1 4+ u?)~"/4. O

This lemma implies that the following two functions are meromorphic in C and
holomorphic if Re(w) > 1:

o as(w;u)
a(w) = To0FW2(] 4 2)(w-D/4
and
b(w) = as(w; u)

- 202-w)/2(1 4 2)—w/4’

Therefore, with the above choice of a, b, we have the following Lemma.
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LEMMA 5.7.  For every u € R and every w with Re(w) large enough,

1+ i) /2(1 4+ u2)-1/4 1
Asywsu) + afuwpp=o0)/2 2 4 ytomem (XM O )

e (s+w—2) s—w+1

i) 1/2 2\—1/4
+b(w)2(2_s_w)/2(u2 + 1)—(s+w)/4<(1 + iu) / (14+u?) / N 1 )

e-(s—w-1) w4+ s
is EBV as a function of s.

PRrROOF OF LEMMA 5.7. With Lemma 5.6 and (29), we have

(1 + i) Y41 — du) V4L (w — 1, w; —u)
2(3 — 2w)(1 — 2w)

ar(w;u) = —e€-

(1 + iu)'/*

(a2 w) = e 20521 )2V i) ).
— U

Similarly,
az(w;u) = —e - 2C079/2(1 42 0=D/4 (1 4 ju) 1 2h(w).

Therefore (35) is entire.

To obtain the boundedness in a vertical strip V' we observe that, since (35) is entire,
it will be bounded in the rectangle {s € V;|Im(s)| < |Im(w)| + 1}. For s € V with
[Tm(s)| > |Im(w)| + 1, we have

|s +w — 2| > |Im(s) + Im(w)| > |Im(s)| — | Im(w)| > 1,

and likewise |s —w + 1],|s —w — 1|, |s + w| > 1. These inequalities together with Lemma
5.5 imply the boundedness in vertical strips. O

COMPLETION OF PROOF OF THEOREM 5.3. For every w with Re(w) large
enough and every y > 0, define

F(y7 w; ’LL) = Z an, (w)yw/QKn (;l]’ y) 627Tinuy.

n#0

As in the proof of Theorem 4.2, we see that, for s with Re(s) large enough, we have

%0 d
/ Y2 (y, wiu) ™ = A(s, wiu).
0 Y

Lemma 5.7 allows us to use the Phragmén-Lindel6f argument to see that, in the inverse
Mellin transform of A(2s,w;u), we can move the line of integration from o to o1 =
1/2 — 0¢ to get
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1 0'1+i00
F(y,w;u) = / A28, w;u)y~*ds + Z Res A(2s, w;u)y~*

2mi

. S=s
17100 so pole ©
1 o1+ico
= — A(2s,w;u)y~°ds
270 J oy —ico

— e a(w)yW=D/22w=3/2(1 4 ju) (0 D/2(1 — ) (022
—€- b(w)y*(w+1)/227w71/2(1 + iu)fw/Z(l _ Z-u)f(w+1)/2

_ a(w)y—(w—l)/2 _ b(w)y“’/Q. (36)

Therefore, with (28), the last integral in (36) equals

o1+i0c0
—22¢(1 4 iu)l/Q/ (4(1 4+ u?)) A1 — 25, w; —u)y *ds
oo+i0c0
— e (2y(1 - iu))_1/2/ A5, w; —u)(4(1 + 12)y)*ds. (37)
op—100

This together with
Fluy + iy, w) = F(y,wiu) + b(w)y™/* + a(w)y —)/2

implies that

Py + i) = —e- @01 i) 2 (G ) (59)

With u = z/y, this gives

flz,w) = —e- ew\/i;z_l/zf<;j,w>. (39)

On the other hand, (§3') (3 74) (% 164) = (19). Then, a computation implies that,
for all w with Re(w) large enough, f(-,w) is invariant under (} ), in both cases. Since
[(4) is generated by () and the translations, this proves that, for all w with Re(w)
large enough, f(z,w) satisfies the weight 1/2 transformation law for I'g(4).

The growth at the cusps can be deduced as in Theorem 3.1 of [3] because that part
does not depend on the Dirichlet series A used in [3].

Now, by [7, Satz 10.1 (3)], the I'g(4)-invariance and the moderate growth at the cusps
we proved, we deduce that, for Re(w) large enough, Yyt w—1/2) is the sum of a weight
1/2 Maass cusp form g and a linear combination of the weight 1/2 Eisenstein series at
the m* = 2 cusps of I'g(4) that are singular in terms of v: E;(-,w/2) (j =1,...,m*) (in
the notation of Section 2). The cusp form g must in fact vanish for Re(w) large enough.
Otherwise, it is an eigenfunction of the Laplacian with eigen-value (w/2)((w/2) — 1)



470 N. DiamANTIS and D. GOLDFELD

because it is a linear combination of y/*f(-,w — 1/2) and E;(-,w/2), j = 1,...,m*.
This is a contradiction because the discrete spectrum of Ay, lies in (—oo0, —3/16] ([7,
Satz 5.5]), but, for Re(w) large enough, (w/2)((w/2) — 1) cannot be a real number
< —3/16.

One easily sees that the singular cusps in terms of v are 0 and oco. Therefore,
for Re(w) large enough y'/*f(z,w — 1/2) is a linear combination of Ej(z,w/2) and
Es(z,w/2). Since a computation implies that these are constant multiples of the functions
Yy E(z,w/2 — 1/4) and y*/4271/2E(~1/(42),w/2 — 1/4) respectively, we deduce that

) =alws 25 (= 5 )+ sws (=) (40)

for some functions « and .
Upon substituting (40) into (39), and taking into account the linear independence
of the functions z~'/2E(—1/(4z),w/2) and E(z,w/2), we deduce that

eTri/4

Wﬁ(“ﬁ (41)

alw) = —e-

However, the constant terms at infinity of E(z,w/2) and 2~ /2 E(—1/(4z),w/2) are

2—211) 2w — 1 —mi/4 1— 21—2w 2 — 1
{(2w )y1/2—w/2 and € ( ) §(2w )y1/2—w/2

w/2
R T £(2w) 2u=1/2(1 - 272w)  ¢(2w)

; (42)

respectively (cf. [4]). Therefore, upon comparison of the coefficients of y*/? on both
sides of (40) we deduce that §(w) = b(w) and, with (41), a(w) = —e - (e™/*/v/2)b(w).
This implies equation (25) for Re(w) large enough and such that w,1 — w are not
poles of a(w),b(w) and E(z,w/2). Then f(z,w) can be extended to a meromorphic
function in w € C by (25).
Finally, (23) implies a functional equation for b(w). A computation implies that (23)
is equivalent to:

G(w)A(s,w;u) = G(1 —w)A(s,1 — w;u) (43)

for all w € R. This, with (35), implies that for Re(w) large enough

. 1/2 2\—1/4
9(14+w)/2(;2 4 1)(w=1)/4 (14w /2(1 4 u?)~Y 1
s+w—2 s—w+1

x (a(w)G(w) = b(1 —w)G(1 — w))
(1 + ) /2 (1 4 w?)~1/4 N 1 )

4 2(27w)/2(u2 4 1)w/4<
s—w-—1 w+ s

x (b(w)G(w) — a(1l —w)G(1 — w)) (44)
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must be entire. Therefore, for all w with Re(w) large enough and such that w,1 —w are
not poles of a(w) and of b(w),

a(w)G(w) = b(1 —w)G(1 —w),

otherwise (44) would have a pole at s = 2 — w.
Thus, the constant term of f(z,w) at infinity is

b(w)y"/? + bl = 12(3()1 — w)y“‘“’)/? (45)

With (40), (41) and (42), we have that the coefficient of y=*)/2 is also

§(2—2w)(2' — )

o) ) 2o —

Therefore, with (45) and ¢(w)/¢(1 — w) = (T((1 — w)/2)7~A=w)/2) /(T (w/2)7~/?), we
deduce (24). O

REMARK. We can compare Theorem 5.3 with Theorem 4.2 (for N = D =1 and
the trivial character) by making the change of variables (s, w) — (s/2 —1/4,w/2+1/2).
However, upon applying this change of variables to (iii’), one notices that some entries
of the 2 x 2 matrix involved do not match the corresponding entries of (22).

The reason is that the normalization of the completed L-function used in Theorem
4.2 differs from that of Theorem 5.3: In (3) the denominators in ¢(s,w;u) contain only
one Gamma function whereas in the analogous normalizer in (26) there are two. This is
because of the different forms of Fourier expansion used. The first uses Whittaker W-
functions but the second uses K-functions which, by Lemma 5.1, has a Gamma function
in the denominator.

The effect this has on the way the transformation works is that we have different
cancellations of the various Gamma functions and this accounts for the different forms
of the functional equations. (But one can pass from one to the other using Lemma 5.1.)

Also, we note that in Proposition 3.1 we have a different L-function in the RHS
of the equation (which we denote by A) whereas in Theorem 5.3 we do not. This is
because in T'g(4) (as in SLy(Z)) we can arrange the functional equations so that we have
self-contragredient L-functions (essentially by applying the equation of Proposition 3.1

to A(s) + A(s)).

6. Shintani’s double Dirichlet series.

In [13], four double Dirichlet series are introduced and studied. They are defined
for s1,s2 with Re(s;) > 1 by

€i(s1,80) =271 Z A(dm, (—1)tn)ym=s1n 52

n,m=1
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and

“(s1,52) Z A(m Yn)ym™*1 (4n) %2,

n,m=1

where A(m,n) denotes the number of distinct solutions of the congruence x? = nmod m.

These series can be viewed as zeta functions associated with prehomogeneous vector
spaces (cf. [10, Section 7.2] for a detailed discussion of this interpretation). Properties of
general zeta functions associated with prehomogeneous vector spaces are proved in [9].

In this section, we will use Theorem 5.3 to prove that these series, appropriately nor-
malized, are essentially Mellin transforms of linear combinations of metaplectic Eisenstein
series. To this end, we first re-state Theorem 1 of [13] (see also [10, Theorem 4]) in a
form which will be more convenient for our purposes.

THEOREM 6.1. (i) Fori=1,2, the series
(s2 = 1)(s1 482 = 3/2)&i(s1,82)  and  (s2 = 1)(s1+ 52— 3/2)§7 (51, 52)

are absolutely convergent for Re(s1), Re(s2) > 1. They have meromorphic continuations
to C? that are holomorphic in s1, 52 € C with Re(s1) > 1.
(ii) The following functional equations hold

(londrz=n o))

_ R(si s sin(m(s1/2 + s2)) sin(mwsy/2) &5 (81, 82)
= R(s1, 2)( cos(ms1/2) cos(w(51/2+52))) (5%(51,52)) (46)

with R(s1,s7) := 27 ' /2(2/7)51+252(5)T (51 + 82 — 1/2), and

(@2 2s1) (é*)(l —s1,51 4+ 5 - 1/?))

fé*)(l — 81,81 + S2 — 1/2)

2 28, m81 cos(msy /2 0 é*)(S 52)
= (2m)'7% cos <2>F(81)2<(251)' ( (o " sin(ﬂ81/2)> ( () v )

S1, 32)
(47)
Here the superscript () indicates that the equation holds for both & and &;.
To state our theorem we introduce some notation. For ¢ = 1,2 set
i(51,52) Z A(dm, ( “In)(2m) 5T = 21751 (s, 80), (48)

n,m=1
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Y7 (s1,82) = Z A(m, (=1)"In)m ™12 = 452¢7(sq, 59). (49)

n,m=1

Further let ¢, (w) (resp. ¢ (w)) denote the numerator of n(*~*+1)/2 in the series expan-

sion of
- 1 - 1
" (w, 82}+> (resp_ " (w 87«;+)>

if n > 0 and of (—n)*~**1/2 in the series expansion of

- 1 - 1
W [ w, s—w+l resp. ¥% (w, s—wtl 7
2 2
when n < 0.

With this notation we have

THEOREM 6.2.  There are meromorphic functions bi(w),ba(w) on C which are
holomorphic for Re(w) large enough such that

) S R

n#0
* Cw(bl(l —w) + (1 = w))y 2 4 (by (w) + ba(w))y*/?
w emi/4 w
= 0+ () B (= 5 ) + <) - w25 ( - LY

for all w that are not poles of b;(w), b;(1 —w) and G(w), G(1 —w). Further, by (w), ba(w)
satisfy

C1—w) (27" = (=1)")bs(w) = ((w)(2* = (=1)")b;(1 —w), i=1,2.

Proor. We will apply Theorem 5.3 to

s—w—+1 . s—w+1
) o5 ()
L;(S,w) T w2<w73—w—|—1>+¢§<w78—w+1>

2 2

s—w+1 . s—w+1
L;(S’w)> ) w1<w,2 )—wl(w,Q )

¢2 (wa S_II;J—H) - ’l/); (U}, 8_1;)_|—1>

Li(s,w) := <
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Firstly, it is clear that, for fixed w with Re(w) large enough and for Re(s) large enough,
LT (resp. L) form a family of double Dirichlet series F; of the form shown in (20) for
some a, ¢ € C of polynomial growth.

Further, since by Theorem 6.1 (i), ff*)(sl, s2) converge for Re(sy), Re(sy) > 1,
Li(s,w) (vesp. Li(s,w)) converge absolutely as series of the form (20), for fixed w € C
with Re(w) large enough and for s € C with Re(s) large enough. This implies the
required bound for the numerators

cn(w) + ¢ (w)  (resp. cp(w) — ¢ (w)),

of [n|(s=w+1)/2 in the series expansion of Li (s, w) (resp. L (s, w)).

We next show that LT (resp. L) form a “nice” family of root number e = —1 (resp.
e = 1). We will first verify Assumptions (B) and (C) of Definition 5.2. With (46) and
the identity I'(2)I'(1 — z) = 7/ sin(rz) we deduce that ¢; and ] satisfy

e~

F(SQ)F(Sl + S9 — 1/2) F(Sg)F(Sl + S9 — 1/2)
_ 23/2-s1-25 [(s2+51/2)T'(1 = 51/2 = s2) [(s1/2)0(1 — s1/2)
B T(s2)0(s1 4 s2 — 1/2) [(s2)0(s1 4 s2 — 1/2)

T((1—51)/2)0((1+s1)/2) T(1/2—s1/2 — s9)['(1/2+ 51/2 + s2)
i(s1,s
X w}k( b)) (50)
V3 (s1,82)

From this and an inversion of the 2 x 2 matrix on the RHS we deduce that the same
functional equation is satisfied with the ; and v} interchanged. Therefore, with s; = w
and s2 = (s —w + 1)/2 we deduce that Li(s,w) (resp. La(s,w)) satisfies (22) thus
confirming Assumption (B) of Definition 5.2.

Furthermore, multiplying both sides of (47) with T'(1 — s1) and using the identity
I'(z)[(1 — z) = 7/ sin(7wz), we deduce, for i = 1,2,

(*) — 81,81 T S2 —
<<2—2sl>r<1—sl><€1 (A=es,ot 1/2)>

fé*)(l — 51,81+ 52— 1/2)

= 2272517T7251F(S1)L) CcoSs <7T81> 4(251)

sin(mrsy 2

sin(r(1—s1)/2) 0 (51, 52)
x ( 0 Sin(7‘1’81/2)> (f;*)(51,82)> ' (51)

Therefore
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(*)
(2m)*1¢(2 — 251)T(1 — 51)1“(1_51> <51 (1 —s1,81 + 82— 1/2))

2 55”(1—81,814—82—1/2)
T(1— 1/2) . .
— 1—-s1 51 F((1+81)/2) 1>k (31,52)
- e ctanrier () ;o D-s)) (aé*)@l,sz)) '
I'(s1/2)
(52)

This implies immediately
. 1—81 ’(/}1(1—81 81+82—1/2)
S1¢(2 — 2s1)T(1 — s1)T ’
T C( 81) ( 81) ( 2 ) <w2(1—51,81+82—1/2)

T(1—5,/2)
L((1+51)/2)

0

= W1_51C(281)F(81)1—‘(821) Vs, 82)) . (53)

0 L'((1—s1)/2) <w2(51, 52)

I'(s1/2)
Further, applying (52) to & and multiplying both sides with 2514°271/2 we deduce the
functional equation (53) for ¥f. The substitution s; = w and s = (s — w + 1)/2 then
implies (23), confirming Assumption (C) of Definition 5.2.

To verify Assumption (A) we use Theorem 6.1 (i). With the change of variables
51 =w and sy = (s —w + 1)/2 we deduce that (s +w —2)(s —w — 1)L (s,w) (i = 1,2)
are meromorphic in C? and holomorphic in {(s,w);s € C,Re(w) > 1}.

Next, for fixed w with Re(w) large enough, consider s with Re(s) = ¢ large enough
(e.g. such that Re(s—w+1)/2 > 1). Since, by Theorem 6.1 (i), 51.(*)(11), (s—w+1)/2) are
absolutely convergent for such s, w, L;ft (s, w) are bounded on the vertical line Re(s) = 0.
This implies the second part of Assumption (A) of Definition 5.2.

Finally, the proof of Theorem 1 of [13] implies that, for Re(w) large enough, 55*) (s,w)
are, for some b, of order elmsl”  From this we deduce the last part of Assumption (A)
of Definition 5.2.

Therefore, all conditions of Theorem 5.3 are satisfied for Ly (resp. Ls). Hence, if
we set

filzw) = (ca(w) + ¢ (w)y"?K, (gf’ y) p2minz
n#0
and

o) = S enlw) = )28 ()

n#0

we deduce that, for some functions by (w) (resp. bs(w)) satisfying the conditions of the
theorem, we have
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b1(1—w)G(1 —w)
G(w)

~v( e - 1 5) +5(-5))

ba(1 — w)G(1 — w)
G(w)

o -Eos{ -3 o5(3)

fi(z,w) + y(=/2 4 by (w)y/?

fQ(Z, ’LU) +

for each w € C for which w,1 — w are not poles of b;(w) and G(w).

(1]

(2]
(3]
[4]
(5]

[6]

[7]
8]
[9]
[10]
[11]
[12)
[13]

(14]

Adding these two equations we deduce the theorem. g
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