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Trivializing number of knots

By Ryo HANAKI
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Abstract. We introduce a numerical invariant, called trivializing num-
ber, of knots and investigate it. The trivializing number gives an upper bound
of unknotting number and canonical genus for knots. We present a table of
trivializing numbers for up to 10 crossings knots. We conjecture that twice of
the unknotting number of any positive knot is equal to the trivializing number
of it and give a partial answer.

1. Introduction.

We consider oriented knots in R? and do not distinguish between a knot and its knot
type so long as no confusion occurs. For the standard definitions and results of knots
and links, we refer to [1]. Let p be a natural projection from R? to R2. We say that p is
a projection of a knot K if the multiple points of p|x are only finitely many transversal
double points. Then we call p(K) a (knot) projection and denote it by P = p(K). (See
Figure 1.) A diagram D is a projection P with over/under information at every double
point. Then we say that P is the projection of D. A diagram D uniquely represents a
knot up to ambient isotopy.
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Figure 1. Knot projection and diagram.

We have the following question on knot projections. Which double points of a projec-
tion and which over/under informations at them should we know in order to determine
that the original knot is trivial or knotted? Then, the author introduced a notion of
the pseudo diagram in [3]. In this paper, a double point with over/under information is
called a crossing, in contrast a double point without over/under information is called a
pre-crossing. We say that a pseudo diagram @ is a projection P with over/under infor-
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mation at some pre-crossings of P. Here, we allow the possibility that a pseudo diagram
is a projection or a diagram. We defined the pseudo diagram for links and spatial graphs
and investigated them [3]. Let @ and @’ be pseudo diagrams of a projection. Then we
say that a pseudo diagram Q' is obtained from a pseudo diagram @ if each crossing of )
has the same over/under information with @’. A pseudo diagram @ is said to be trivial
if every diagram obtained from @ represents the trivial knot. For example, in Figure 2,
(a) is trivial but (b) and (c) are not trivial.
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Figure 2. Pseudo diagrams.

We define that the trivializing number of P, denoted by tr(P), is the minimal number
of the crossings of () where ) varies over all trivial pseudo diagrams obtained from P.
For example, let P be the projection as illustrated in Figure 1, then tr(P) = 2. Recently,
A. Henrich etc. expanded pseudo diagrams for virtual knots in [4]. They discuss relation
between trivializing number and unknotting number (resp. genus) in the paper.

Our purpose in this paper is to define the trivializing number for knots and inves-
tigate them. Note that the definition is defined in [4] independently. First, we define it
for diagrams. Let D be a diagram of a knot and P the projection of D. Then we define
that tr(D) = tr(P). For a knot K, we define the following:

tr(K) = min{tr(D) | A diagram D represents K}.

Then we call tr(K) the trivializing number of K. This is a numerical invariant of knots.
We see from Theorem 13 shown in [3] that tr(K) is even for any knot K. Similarly,
we can define the trivializing number for links. The following proposition holds. The
proposition is shown in [4] independently.

PROPOSITION 1. Let K be a knot. Then u(K) < tr(K)/2 holds where u(K) is the

unknotting number of K.

ProOOF. Let D be a diagram of K which realizes the trivializing number of K.
Let P be the projection of D. Let @ be a trivial pseudo diagram of P which realizes
the trivializing number of P. Let @) be the pseudo diagram of P obtained from @ by
reversing over/under information of the crossings in . Then, @ is also trivial. We can
deform D into the diagram D’ such that over/under information of the crossings in @
and that of the corresponding crossings in D’ agree by n (< tr(K)) crossing changes.
Then, we can deform D into the diagram D" such that over/under information of the
crossings in @ and that of the corresponding crossings in D" agree by tr(K) —n crossing
changes. Each of D’ and D" represents the trivial knot. Here, either n or tr(K) — n is
less than or equal to the half of tr(K). This implies that the unknotting number of K is
less than or equal to the half of tr(K). O
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We search knots which satisfy the equality in Proposition 1. We see from the defi-
nition of the trivializing number that the following holds.

PROPOSITION 2. Let K be a knot with tr(K) = 2u(K) and D a diagram which
realizes the trivializing number of K. Then D realizes the unknotting number of K,
namely u(D) = u(K).

We present a table of trivializing numbers for up to 10 crossings knots in the bottom
of the paper. We refer to KnotInfo [5] to develop the table and determine the trivializing
number by applying Proposition 1 and Theorems 13 and 11 for diagrams in KnotInfo.
In Table 1, + means the positive knot. A flype is a transformation of a projection as
illustrated in Figure 3. Then, the following holds and we give a proof in Section 2.

......................

..............

Figure 3. Flype.

PROPOSITION 3.  Let P be a projection of a knot and P’ a projection obtained from
P by a flype. Then tr(P) = tr(P’).

By Main Theorem of [6], that is, a positive solution of Tait flyping conjecture,
minimal crossing diagrams of an alternating knot are related by a sequence of flypes.
Therefore, we have the following.

PROPOSITION 4.  The trivializing number of any alternating knot stays constant in
its minimal crossing diagrams.

It is known that there exist exactly 42 positive knots in up to 10 crossing knots. For
example, see [8]. Then, we have the following from Table 1.

PROPOSITION 5. Let K be a positive knot with up to 10 crossings. Then tr(K) =
2u(K). Moreover, a positive diagram of K realizes the trivializing number of K.

Then we have the following conjecture.

CONJECTURE 1.  For any positive knot K, tr(K) = 2u(K) holds. Moreover, for
any positive diagram D of K, tr(D) = tr(K) holds.

The following is a question associated with the conjecture above. If we give a positive
answer to Conjecture 1 then we can give a positive answer to Question 1.

QUESTION 1 ([12, Question 9.6]). Does every positive knot realize its unknotting
number in a positive diagram?

We note that there exist knots K such that tr(K) # 2u(K), see Table 1. Then, we
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give a partial answer and give its proof in Section 2.

THEOREM 6. Let K be a positive braid knot. Then tr(K) = 2u(K). Moreover, let
D be a positive braid diagram of K. Then tr(D) = 2u(K).

Next, we provide an answer to a question of whether the trivializing number of every
knot K is realized in minimal crossing diagrams of K in [4].

PROPOSITION 7.  The knot 11559 does not realize the trivializing number in minimal
crossing diagrams. The positive 12 crossing diagram as in Figure 4 (b) realizes the
trivializing number of 1155¢.

It is known in [11] that 11550 has only one 11 crossing diagram D as in Figure 4
(a) which is not positive but has a positive 12 crossing diagram D’ as in Figure 4 (b).
Their chord diagram is defined in Section 2. Then, we have tr(D) = 8 and tr(D’') = 6
by Theorem 13. We see that tr(11550) = 6 from Propositions 1 and 15 and Theorems 13
and 14.

Figure 4. Diagrams of 11550.

There exists a knot whose minimal crossing diagrams have different trivializing num-
bers. For example, we see that Perko’s pair as in Figure 5 which represent 10,41 have
different trivializing numbers by Theorem 13. The diagram (a) in Figure 5 is not a pos-
itive diagram, another is a positive diagram. Note that the trivializing number of the
diagram (a) is eight and that of the diagram (b) is six. Again, we see that the positive
diagram realizes the trivializing number of the knot.

Figure 5. Perko’s pair

We have the following by applying results of projections and give their proofs in
Section 2.
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THEOREM 8. Let K be a nontrivial knot. Then 2 < tr(K) < ¢(K) — 1 where ¢(K)
is the crossing number of K. The second equality holds if and only if K is a (2,p)-torus
knot where p is some odd number, namely the braid index of K is equal to two.

THEOREM 9. Let K be a knot. Then tr(K) = 2 if and only if K is a twist knot
where a twist knot is represented by a diagram obtained from some projection in Figure
6 (a).

Q
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m pre-crossings
(a) (b)

Figure 6.

ProPOSITION 10. Let Ky and K5 be knots and K §K> the connected sum of K;
and K5. Then,

tI‘(KlﬁKg) S tI‘(Kl) + tI‘(KQ).

It is open whether the above inequality holds.
Theorem 7.11 in [4] implies that the following relation between the canonical genus
and the trivializing number holds.

THEOREM 11 ([4]). Let K be a knot. Then g.(K) < tr(K)/2 holds where g.(K) is
the canonical genus of K, namely the minimal genus taken over all orientable surfaces
constructed by applying Seifert’s algorithm.

Then, we have the following proposition and question and give its proof in Section

PROPOSITION 12.  For any non-negative integer n, there exists an alternating knot
K such that (tr(K)/2) — u(K) = n.

QUESTION 2. For any non-negative integer n, does there exist a knot K such that
(tr(K)/2) = ge(K) = n?

We note that (tr(74)/2) — g.(74) = 1 and (tr(935)/2) — g.(935) = 2 and they are
positive pretzel knots. We consider positive pretzel knots as candidates.
In the Section 2, we give proofs. In the Section 3, we introduce an application.

2. Proofs.

First of all, we give a proof of Proposition 3.
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PROOF OF PROPOSITION 3. Note that each pre-crossings of P is corresponding
to the pre-crossing of P’ as illustrated in Figure 3. Let @ be a trivial pseudo diagram
obtained from P with tr(P) = m crossings. Let pi,...,p, be the pre-crossings of @
with over/under information. Let Q" be the pseudo diagram obtained from P’ such that
the pre-crossing of P’ corresponding to p; has the same sign as p; in Q (i = 1,...,m).
We show that Q' is trivial. Let D’ be a diagram obtained from @’. Then, let D be the
diagram obtained from @ such that each crossing of D is the same sign of the crossing
of D’ corresponding to the crossing of D. Since D represents the trivial knot and D and
D’ represent same knot, D’ also represents the trivial knot. Thus @’ is trivial, hence
tr(P) > tr(P’). Similarly, we see that tr(P) < tr(P’). Therefore, tr(P) = tr(P’). O

We recall some results on pseudo diagrams and a method for calculating the trivi-
alizing number of a projection.

First, we recall a chord diagram. Let P be a projection with n pre-crossings. A chord
diagram of P, denote by C'Dp, is a circle with n chords marked on it by dashed line
segment where the preimage of each pre-crossing is connected by a chord. For example,
let P be a projection (a) in Figure 7. Then a chord diagram (b) in Figure 7 is CDp. We
have the following.
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Figure 7.

THEOREM 13 ([3]). Let P be a knot projection. Then, tr(P) = min{n| Deleting
some n chords from CDp wyields a chord diagram which does not contain a sub-chord
diagram as (c) in Figure 7} and tr(P) is even.

For a projection P, by Theorem 13, we can calculate tr(P) from CDp. For example,
we consider the projection as (a) in Figure 7. Any chord diagram obtained from C'Dp
by deleting at most three chords contains a sub-chord diagram as Figure 7 (c¢). A chord
diagram as (d) in Figure 7 obtained from C'Dp by deleting four chords does not contain
a sub-chord diagram as Figure 7 (c). Therefore, we get tr(P) = 4 and a pseudo diagram
(e) in Figure 7 is a trivial pseudo diagram which realizes the trivializing number of P.

We recall the theorem and the proposition to estimate the unknotting number before
proving Theorem 6.

THEOREM 14 ([8], [10]). Let D be a positive diagram and K the knot represented
by D. Then 2g4(K) = 29(K) = ¢(D) — O(D) + 1 holds where ¢(D) is the number of
the crossings of D, O(D) is the number of the Seifert circles of D and g4(K) is the
minimal genus of a compact orientable surface properly and locally flatly embedded in the
upper-half 4-space with boundary K.
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We note that s(K) = ¢(D)—0(D)+1 is called the Rasmussen invariant for a positive
knot K and a positive diagram D of K. The following is well-known.

PROPOSITION 15.  Let K be a knot. Then u(K) > gs(K).

PROOF OF THEOREM 6. Let D be a positive m-braid diagram of K. Let P be
the projection of D. By Propositions 1 and 15 and Theorem 14,

tr(P) > tr(K) > 2u(K) > 2g4(K) = ¢(D) — O(D) + 1.

Next, we prove that tr(P) < ¢(D) — O(D) + 1. An m-component link projection is
obtained from P by smoothing some m — 1 pre-crossings. Therefore, there exist m — 1(=
O(D) — 1) chords each of whose two chords is not as Figure 7 (¢) in CDp. This implies
that tr(P) < ¢(D) — O(D) + 1 by Theorem 13. Hence, tr(K) = 2u(K). O

We recall the following theorems by applying Theorem 13 and give proofs of Theo-
rems 8 and 9.

THEOREM 16 ([3]). Let P be a projection with at least one pre-crossing. Then it
holds that tr(P) < p(P) — 1. The equality holds if and only if P is one of the projections
as illustrated in Figure 8 where m is some positive odd integer.

\—\/_—/

m pre-crossings

Figure 8.

THEOREM 17 ([3]). Let P be a projection. Then tr(P) = 2 if and only if P is
obtained from the projection as illustrated in Figure 6 (a) where m is a positive integer
by a series of replacing a sub-arc of P as illustrated in Figure 6 (b).

PROOF OF THEOREM 8. First, we show that 2 < tr(K) < ¢(K)—1. The condition
that the trivializing number of K is equal to zero implies that K is trivial and hence
2 < tr(K) by Theorem 13. Let D be a minimal crossing diagram of K and P the
projection of D. Then we have

tr(K) <tr(P)<p(P)—-1=c(K)-1
by Theorem 16.

Next, we prove the case where the equality holds. The ‘if’ part holds since the

projection of a minimal diagram of a (2, p)-torus knot is one of the projections in Figure

8. The ‘only if’ part holds since K is represented by some diagram obtained from some
projection in Figure 8 by Theorem 16 and any diagram obtained from projections as
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Figure 8 represents a (2, p)-torus knot for some odd integer p or the trivial knot. O

PrROOF OF THEOREM 9. The ‘if’ part holds since a twist knot has one of the
projections in Figure 6 (a).

The ‘only if’ part holds since K is represented by some diagram obtained from some
projection in Figure 6 (a) by Theorem 17 and any diagram obtained from projections as
Figure 6 (a) represents some twist knot or the trivial knot. U

Then the following proposition holds and we give a proof of Proposition 10.

PROPOSITION 18 ([3]). Let Py and P» be a knot projection. Let P be the connected
sum of P1 and Ps as illustrated in Figure 9. Then tr(P) = tr(Py) + tr(FPz).

D A7) — (n )

Figure 9.

PROOF OF PROPOSITION 10. Let Dy (resp. Ds) be a diagram which realizes the
trivializing number of K7 (resp. K3). Let D be a connected sum of D; and Ds. Then
D represents K14K5 and tr(K14K3) < tr(D) = tr(K;) + tr(K2) by Proposition 18. [

Finally, we give a proof of Proposition 12.

PRrROOF OF PROPOSITION 12. Let Dy be the diagram as illustrated in Figure 10
(a). In the case n = 0, let D{ be the alternating diagram obtained from Dy by changing
the crossing at the crossing framed by a dash circle in Figure 10 (a). Let Ky be the knot
represented by D{. Since Kj is an alternating knot and it is known in [7], [2] that an
orientable surface obtained by Seifert’s algorithm in an alternating diagram realizes the
minimal genus, we get g(Ky) = 1. We see from Theorem 11 and a chord diagram of the
projection of Dy that tr(Kp) = 2. Note that deleting the two chords corresponding to
the crossings framed by dash squares in Figure 10 (a) yields the chord diagram which
does not contain a sub-chord diagram as (c) in Figure 7. It is obvious that u(Ky) = 1.
Therefore, (tr(Ko)/2) — u(Kp) = 0.

In the case n > 1, let D,, be the almost alternating diagram obtained from Dy by
the deformation as illustrated in Figure 10 (b) n times. Then, let D/, be the alternating
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diagram obtained from D, by changing the crossing at the crossing framed by a dash
circle. Let K, be the knot represented by D! . Since deleting the chords corresponding
to the crossings framed by dash squares in Figure 10 (a) and (b) yields the chord diagram
which does not contain a sub-chord diagram as (c) in Figure 7 and ¢(K,) = n + 1,
tr(K,) = 2(n+1). Similarly, we see that u(K,) = 1. Therefore, (tr(X,)/2) —u(K,) = n.

U

3. Application to the partial order of knots.

In this section, we consider unoriented links. We denote the set of all projections
of L by PROJ(L). Taniyama define that Ly is a minor of Ly, denoted by L1 < Lo
(Ly > Ly) if PROJ(Ly) D PROJ(Ls) in [13], [14]. We denote the set of all u-component
links by £#. In particular, £' is the set of all knots. The following holds.

PROPOSITION 19 ([13]).  The pair (£*,>) is a pre-ordered set for each natural
number u. Namely the following (1) and (2) hold for any Ly, Ly and Lz in £*.

(1) Ly > Ly (reflexive law).
(2) If Ly > Ly and Ly > L3 then Ly > L (transitive law).

PROPOSITION 20 ([13]). Let Ly, Ly be p-component links. If Ly < Lo then it holds
that ¢(L1) < ¢(La), br(Ly) < br(La) and b(Ly) < b(Ls) where br(L) and b(L) are the
minimal number of the bridge index and the braid index of L respectively.

As a summary of many results, Taniyama has the Hasse diagram of knots (resp.
links) in [13] (resp. [14]). Then Przytycki and Taniyama show a characterization of
2-almost positive diagram which represent a trivial link using the signature of links and
an argument of a partial order of knots in [9]. We have the following.

ProproOSITION 21.  Let Ly, Lo be p-component links. If L1 < Lo then it holds that
tI‘(Ll) S tI‘(L2).

PROOF. Let D be a diagram of Ly which realizes the trivializing number of Lo
and P the projection of D. There exists a diagram D’ obtained from P which represents
Ly by Ly < Ly. Therefore, we have tr(L1) < tr(Ls). O
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unknotting | genus | trivializing | + unknotting | genus | trivializing | +
103 2 1 4 1046 3 4 8
104 2 2 4 1047 2,3 4 8
105 2 4 8 1048 2 4 8
106 3 3 6 1049 3 3 6 +
10~ 1 2 4 1050 2 3 6
10g 2 3 6 1051 2,3 3 6
109 1 4 8 1052 2 3 6
1019 1 2 4 1053 3 2 6 +
1011 2,3 2 4,6 1054 2,3 3 6
1012 2 3 6 1055 2 2 4 +
1013 2 2 4 1056 2 3 6
1014 2 3 6 1057 2 3 6
1015 2 3 6 1058 2 2 4
1016 2 2 4,6 1059 1 3 6
1017 1 4 8 1060 1 3 6
1018 1 2 4 1061 2,3 3 6
1019 2 3 6 1062 2 4 8
1029 2 2 4 1063 2 2 4 +
1021 2 3 6 1064 2 4 8
1022 2 3 6 1065 2 3 6
1023 1 3 6 1066 3 3 6 +
1024 2 2 4 1067 2 2 4
1025 2 3 6 1068 2 2 4,6
1096 1 3 6 10g9 2 3 6
1027 1 3 6 1079 2 3 6
1028 2 2 4,6 107, 1 3 6
1029 2 3 6 1072 2 3 6
1039 1 2 4,6 1073 1 3 6
1031 1 2 4 1074 2 2 4,6
1032 1 3 6 1075 2 3 6
1033 1 2 4,6 1076 2,3 3 6
1034 2 2 4 1077 2,3 3 6
1035 2 2 4 107g 2 3 6
1036 2 2 4 1079 2,3 4 8
1037 2 2 4 10g0 3 3 6 +
103g 2 2 4 10g1 2 3 6
1039 2 3 6 10g2 1 4 8
1049 2 3 6 10g3 2 3 6
1041 2 3 6 10g4 1 3 6
1042 1 3 6 10g5 2 4 8
1043 2 3 6 10g6 2 3 6
1044 1 3 6 10g7 2 3 6
1045 2 3 6 10gs 1 3 6
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unknotting | genus | trivializing | 4 unknotting | genus | trivializing
10g9 2 3 6 10125 3 3 6
1090 2 3 6 10129 1 2 4,6
1091 1 4 8 10130 2 2 4,6
1092 2 3 6 10131 1 2 4,6
1093 2 3 6 10132 1 2 4
1094 2 4 8 10133 1 2 4,6
1095 1 3 6 10134 3 3 6
1096 2 3 6 10135 2 2 4,6
1097 2 2 4,6 10136 1 2 4,6
109s 2 3 6 10137 1 2 4,6
1099 2 4 8 10138 2 3 6
10100 2,3 4 8 10139 4 4 8
10101 3 2 6 + || 10140 2 2 4,6
10102 1 3 6 10141 1 3 6
10103 3 3 6 10142 3 3 6
10104 1 4 8 10143 1 3 6
10105 2 3 6 10144 2 2 4,6
10106 2 4 8 10145 2 2 4,6
10107 1 3 6 10146 1 2 4,6
10108 2 3 6 10147 1 2 4,6
10109 2 4 8 10148 2 3 6
10110 2 3 6 10149 2 3 6
10111 2 3 6 10150 2 3 6
10112 2 4 8 10151 2 3 6
10113 1 3 6 10152 4 4 8
10114 1 3 6 10153 2 3 6
10115 2 3 6 10154 3 3 6
10116 2 4 8 10155 2 3 6,8
10117 2 3 6 10156 1 3 6
10118 1 4 8 10157 2 3 6,8
10119 1 3 6 10158 2 3 6
10120 3 2 6 =+ 1| 10159 1 3 6,8
101921 2 3 6 10160 2 3 6
10122 2 3 6 10161 3 3 6
10123 2 4 8 10162 2 2 4,6
10194 4 4 8 + || 10163 2 3 6
10195 2 3 6 10164 1 2 4,6
10126 2 3 6 10165 2 2 4,6
10127 2 3 6
Table 1. The unknotting number, genus and trivializing

number of knots and whether a knot is positive or not.
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