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Abstract. Our aim in this paper is to prove the Gagliardo-Nirenberg
inequality for Riesz potentials of functions in variable exponent Lebesgue
spaces, which are called Musielak-Orlicz spaces with respect to ®(z,t) =
tP(®) (log(co + t))4*) for t > 0 and = € R™, via the Littlewood-Paley de-
composition.

1. Introduction.

The goal of this paper is to investigate the inequality of Gagliardo-Nirenberg
type, where we place ourselves in the setting of the n-dimensional Euclidean space
R™. The Gagliardo-Nirenberg inequality is the one of the form

I(=2)"*fllx < CIFIYNI=2)F1Z (0<a,0<6<1), (L.1)

where XY, Z are all Banach spaces of measurable functions.

Here we are concerned with various function spaces; X,Y, Z can be various
function spaces. As a model case we take up variable exponent spaces. Variable
exponent spaces have been studied in many articles over the past decades. To
describe variable exponent spaces employed in the present paper, we introduce
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some notations. Let p(:) : R™ — (1,00) and ¢(-) : R™ — R be bounded functions,
which are called variable exponents in the variable Lebesgue setting. Set

Oy g (1) = 17 (log(co + 1)) 1)

here ¢y > e is chosen so large that the condition, which we shall call (®;), is
fulfilled:

(1) Pp(y,q()(x,-) is convex on [0, 00) for every x € R™.

Define the LP():4()(R"™)-norm by

. T
£l zoerac) = inf {)\ >0 / Pp(),00) (x, L()\ )|> de < 1}

and denote by LP():4()(R™) the space of all measurable functions f on R™ for
which the norm || f||;».ac) is finite. Note that LP():9C)(R™) is a Musielak-Orlicz
space [31]. In case ¢(-) = 0, LP()90)(R™) is denoted by LP()(R™) for simplicity.
The notation LP():4C)(R™), which seems unfamiliar for non-specialists, is used
especially for the purpose of stressing that p(-) and ¢(-) are functions on z € R™.
When p(-) and ¢(-) are constant functions, then as usual we omit (-) and we write
LP9(R™).

We shall illustrate the Littlewood-Paley theory is very useful when we obtain
an inequality of the form (1.1). The Littlewood-Paley theory is one of the most
powerful tools in harmonic analysis. Roughly speaking, this is a technique of
transforming functions into good ones in order to measure the norms. Here and
below, we use the notation A < B to indicate that there exists a constant C
independent of functions such that A < CB. If we need to emphasize that C
depends on parameters «, 3, . . ., then we write <, g,... instead of <. The notation
A ~ B means that A < B < A.

Write B(r) = {x € R" : || <r} for r > 0. Also, for a function f, Ff denotes
the Fourier transform of f, that is,

FrE) = [ fla)e V" de

R™

and F~'F denotes its inverse, that is,

FR@) = g [ @ e
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The first result in the present paper, which extends what is known for classical
LP(R™) spaces, can be stated as follows:

THEOREM 1.1.  Suppose that the functions p(-) : R™ — (0, 00) satisfies (pl),
(p2) and (p3) and that q(-) : R™ — R satisfies (q1) and (q2), where these conditions
are;

(pl) 1 <p_ = inf p(z) < sup p(z) = p+ < oo

zER" ceR?
(p2) |p(x) — p(y)| < Clog , whenever x € R™ and y € R™;
log(e +1/]z —yl)
C(log

(p3) Ip(x) — p(y)| < whenever |y| > |z|/2;

(ql) —oo < ¢q- = inf ¢(x) < sup ¢(x) = g4 < oo;
z€R™ zER"

< C(loglog

~ log(e +log(e + 1/[z — yl))

In the above Clog and Clogiog are positive constants independent of x and y.
Assume also that a non-negative function ¢ € S(R™) has its support on B(8)\
B(1), that is,

(a2) lg(z) — q(y)l

whenever x € R™ and y € R".

supp(y) C B(8) \ B(1) (1.2)

and that there exists a non-negative g € S(R™) such that

o0

supp($) C B®)\ B(1), Y @(2776)@(277¢) = xam 0y (€) (€ €R). (1.3)

j=—o0

Then we have the following equality and norm equivalence: For all f €
L)) (R™) we have

f=ca Y PNFIQ@) < PNFTP@ )+ i S®RY,  (14)
j=—0o0
o ) ) 1/2
H( Z 223n|(}'—1(p)(21.) * f|2) o ~ ||f||Lp(,),q(,), (1,5)

This theorem can be located as an extension of the classical Littlewood-Paley
theory to the variable Lebesgue spaces.
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The conditions (pl), (p2), (p3), (ql) and (q2) appear throughout in the
present paper to describe the conditions of variable exponents. Here clarifying
remarks on p(-) and ¢(-) may be in order.

REMARK 1.2.

1. The idea of employing p(-) and ¢(-) dates back to the paper by Cruz-Uribe and
Fiorenza [3].
2. Condition (p3) implies that po, = lim|;—o p(z) exists and that

Clog
— Poo| L ————=—— for all z € R™.
lp(z) —p L-mge+uw or all z

3. For later use it is convenient to see from (®;) that
(®2) '@y q((2,t) is nondecreasing on (0, 00) for fixed z € R™.

The first thrust to investigate variable exponent spaces is to apply it to the
partial differential equations by Diening and Ruzicka [9] with ¢(-) = 0. For a
survey see [8], [17], [37]. These investigations have been concerned both with the
spaces themselves, e.g. [4], [13], [16], [18], [20], [29], and with related differential
equations [2], [6], [11], and with applications [1], [36].

One of the reasons why we are fascinated to consider the function ¢(-) is that
this function can be used to describe the maximal operator control in very subtle
settings. We denote by B(z,r) the open ball centered at « and of radius r. For a
locally integrable function f on R™, we consider the maximal function

1
M) = sup —
r>0 |B(.’L‘, T)l B(z,r)

[f () dy.

For the fundamental properties of maximal functions, see Duoandikotxea [10] and
Stein [42]. Tt is known as Stein’s theorem that there exists a universal constant
C > 0 such that

[ M@ <€)l
B

for all functions f supported on a ball B with radius less than 1. So in our setting
it is very important to introduce the second function ¢(-).

Based upon the Littlewood-Paley characterization, we obtain inequalities of
the form (1.1). First we rewrite (—A)®/2 in terms of the Riesz potential. We
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define the Riesz potential R, f of order a by

Rof() = [ la=sl"" iy

for 0 < @ < n and a locally integrable function f on R™. By taking the Fourier

—a/2

transform, we notice that (—A) is a constant multiple of R, for 0 < a < n.

Here we assume that R,|f| # oo, which is equivalent to

| b s wldy < o

(see [28]). With the terminology fixed, we specify a Gagliardo-Nirenberg inequality
for Riesz potentials of functions in LP()-4()(R™) obtained in this paper. Namely,
we prove the inequality

—0 0
1Roof || oy < CUF Lo cr.an o 1R 2. (1.6)

with 0 < o < n, 0 € (0,1) and a certain relation of the variable exponents.
We refer the readers to the works by Nirenberg [33], [34] and Gagliardo [14] for
f € C(R™) in the constant LP(R™) case. Recently, in the short paper [21],
Kopaliani and Chelidze have proved the inequality for Sobolev functions in the
variable LP()(R") case. For related results, see also Stein [41] and Zang-Fu [44].
To obtain the inequality (1.6), we use the Littlewood-Paley theory for the function
space LP():40)(R™). The spirit is close to the one in [39].

For fundamental properties of these spaces, see, for example, Kovacik and
Rékosnik [23] and the authors [30].

REMARK 1.3.  The idea of using ¢ and ¢ can be found in [12]. For the sake
of convenience for readers, we give an example of ¢ and ¢. Let ¥ € S(R™) be
taken so that it is R-valued and that

supp(¥) C B(8)\ B(1), ¥ =1on B(4)\ B(2).
We set
00 . —-1/2
w0 =0 v 3 veer)

j=—00

Then ¢ and ¢ satisfies (1.3). Another example is
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0 -1
w0 =1, s =veo( X veier) (17)
j=—00

Now we formulate the Gagliardo-Nirenberg inequality for function spaces
L) (R™),

THEOREM 1.4.  Suppose that the functions p(-),p1(:),p2(:) : R® — (1,00)
satisfy (pl), (p2) and (p3) and that the functions q(+),q1(-), ¢2(+) : R™ — R satisfy
(ql) and (q2). Assume that these functions are related by

1 1-0 0 q(z)

—(1—pal) | ye@ (1.8)

= + R
p(x)  pi(z)  p2(x)” p(2) pi(z)  pa(2)
for some 6 € (0,1). Then
1Roa fllLoeracr S NI crm o 1Rl F G a 0,020 (1.9)

for all f € LPr()a()(R™),

REMARK 1.5. If m € (0,n) is a positive integer and A is a multi-index with
length m, then the operator

T:f— D)\(Rmf) = (DARm) * f
defines a singular integral operator. This implies that R,, f belongs to the Sobolev

space W™P()(R™) when f € LP()(R™) has compact support and 1 < p_ < p; <
n/a, with the aid of [4, Corollary 2.5].

In [21] Kopaliani and Chelidze dealt the case when ¢(-) = 0 by using an
inequality due to Maz’ya and Shaposhnikova [26]. Indeed, Kopaliani and Chelidze
[21] used inequalities of the form

‘ka(x” < C(anlf”(w))(mfk)/(mfl),Dp,mf(m)(k,l)/(m,l)’

where, denoting by [m] the integer part of a non-integer m > 0, we defined

Dy f(x) = (/n Vimu(@) = Vimu(y)l” dy)”{

o = g0

This technique can be also used for our spaces.
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However, this technique has a series of disadvantages. First, in the actual
paper [21], the case when k and [ are integers is covered. This aspect can be
overcome somehow by reexamining the proof of their result and the result due to
Maz’ya and Shaposhnikova [26]. Indeed, Maz'ya and Shaposhnikova used

|R.f(2)] < OM[R¢ f](a) e/ RO N f (ar) 7R/ RAO (1.10)

for all z,( € {w € C: 0 < Re(w) < n}. It seems that a careful observation yields
a result of Theorem 1.4. However, their method is no more applicable for other
function spaces such as Hardy spaces. As an example of function spaces beyond
the reach of (1.10), we take up variable exponent Hardy spaces. Assume that an
exponent p(-) : R™ — (0, 00) satisfies (p2), (p3) and (pl)_ described below

(pl)- 0 < p_ = infyern p(z) < sup,epn p(z) = py < 0.

Then the definition of LP()(R™) is still available as a linear space and the
only change is that LP()(R") satisfies only when p_ > 1. We set ty(z) =
t="exp(—|z|?/t?) for t > 0 and z € R™. Then we define the variable exponent
Hardy space HP()(R™) as the set of all f € S’(R") satisfying

1 hazeco i= || sup s« O <00
t>0 Lr()

PROPOSITION 1.6 ([32, Theorem 5.7]).  Keep to the same notations for ¢ and
@ as Theorem 1.1. Assume that an exponent p(-) satisfies (pl)—, (p2) and (p3).
Then we have the following equality and norm equivalence: For all f € Hp(')(R”)
we have

f=en 3 PNFTQ@)#DFTIG@ ) S, in SR,
j=—o0
s , ' 1/2
H( 3 BRI « 1) Wl

Using Proposition 1.6, we can prove the following proposition, which is beyond
the reach of (1.10) because of the maximal operator.

THEOREM 1.7.  Let p(-),p1(-),p2(:) : R™ — (0,00) satisfy (pl)—, (p2) and
(p3). Assume that these functions are related by (1.8). Let 0 < 6 < 1. Then, for
f € HPO(R™) such that 0 ¢ supp(Ff),
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—0
1Roa fllzeer S I oo IR N Fmac -

The method we shall use in the present paper can enlarge the class of functions
as we will illustrate in Section 4. Another advantage of our method is that we can
use a simple pointwise estimate (4.6). As an evidence, our method can be also
applied to the stochastic analysis. This aspect will be described in Section 5.

The behavior of the constant C in (1.1) is investigated precisely by Kozono,
Wadade and Nagayasu in the case when X,Y are Lebesgue spaces and Z is a
Lebesgue space, Besov space, or the BMO space [22], [43]. For example, in [35],
when 1 < p <n/(n—2), Pino and Dolbeault established

0/2 (1—-0)/2p 0/n
y(p —1)2 2y I'n/24+1+y _
lellpan < (( ) ) ( ) <( / N Vel

21 2y +n r(1+y) o
where

n(p—1)
(1+p)(n—np+2p)’

and this can be used for the minimizing problem

1 1
minimize{ /n <2|Vu(z)|2 e |u(x)p+1) dr :u € H'(R™), |lullzp = m}

with m > 0.

The structure of the rest of this paper is as follows. We will obtain a result on
boundedness of singular integral operators in Section 2 to prove the Littlewood-
Paley theory for Lp(')*q(')(]R”) in Section 3. Then we give a Gagliardo-Nirenberg
inequality for Riesz potentials of functions in LP()-4()(R™) in Section 4. Inequali-
ties related to Theorem 1.4 can be found in Section 5.

2. Boundedness of the maximal operators and the singular integral
operators.

In this section we obtain a boundedness result for the maximal operators and
that for the singular integral operators of convolution type.

2.1. Boundedness of the maximal operators.
Let p_ > 1. We use the duality formula. Here and below we write log® b =
(log b)® for simplicity. Observe that
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sup (st — 7@ 1og?® (cq + £)) = 5@/ B~ og =9/ G@-1) (¢ 4 g),
t>0

whenever p_ > 1. For more details of this calculation, we refer to [40, Claim 4.4].
Therefore, if we write p(z) = p(x)/(p(x) — 1) and g(z) = —q(z)/(p(z) — 1), then
we have

LPOHO) (R & [PO-A0) (R (2.1)

and the pair (p(+),q(-)) still fulfills the condition of the same type as (p(-),q(*))-
We now invoke one of the fundamental properties used in this paper:

PROPOSITION 2.1 ([10, Proposition 2.7], [42, page 63]). Let ¢ : R" — R be
a function, which is positive, radial, decreasing and integrable. Then

§1>113 o * f(z)| < ||l M f(z)

for all locally integrable functions f, where we defined ¢y = t="¢(-/t) for t > 0.
In particular, if ¢ is a measurable function such that |¢p(x)| < (1 + |z|)~""1, then

sup ¢y + f ()] S M [f(2).
t>0

We know the following result concerning the boundedness of the Hardy-
Littlewood maximal function M in LP()-4()(R™), which is an extension of Diening
[7] and Cruz-Uribe, Fiorenza and Neugebauer [5] when ¢ = 0.

LEMMA 2.2 ([25, Proposition 2.2]).  Suppose that the functions p(-), p1(-),
p2(-) : R™ — (1,00) satisfy (pl), (p2) and (p3) and that the functions q(-), ¢ (),
g2(+) : R™ — R satisfy (ql) and (q2). Then the estimate

1M fll ooy SNl peerac

holds for all f € LP()40)(R™).

2.2. Boundedness of the singular integral operators.

Here we develop a theory of Calderén-Zygmund in our variable exponent
setting. However, our aim is very modest; the goal is to obtain the Littlewood-
Paley characterization. Therefore, we assume that the integral kernel £ belongs to
S(R™) to avoid the problem of convergence of k * f (see (2.3) below). Let us set
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A(k) = sup |FE(E)], B(k) = sup |z|"|k(z)],
£ER™ TER®

C(k) = sup |z|"T!|Vk(z)|. (2.2)
TeR™

In our variable exponent setting, we use the sum space LP'(R™) + LP2(R"™).
We denote by LP'(R™) + LP2(R™) the set of all functions that can be written as
the sum of an LP*(R™) function and an LP2(R™) function. Here the norm is given
by

Ifllzesszee = inf {[ fillLer + | follze < f = fr + fo, f1 € LP'(R™), f2 € LP*(R™)}.

Let us now prove the boundedness of the singular integral operators. Here we
shall truncate the kernel because, if we do that, it is still sufficient for our purpose.

THEOREM 2.3.  Suppose that the functions p(-),p1(:),p2(-) : R® — (1,00)
satisfy (pl), (p2) and (p3) and that the functions q(-),q1(+),g2(:) : R™ — R satisfy
(ql) and (q2). Let k € S(R™) and let A(k), B(k) and C(k) be defined by (2.2).
Then

Ik * fllLecraer Sawy,Bk),ctk) 1fllLeerac- (2.3)

Here the implicit positive constant is dependent on A(k), B(k) and C(k) but it is
independent of || k|| 1.

According to the Calderén-Zygmund theory [10], we have

& * fllor Saw),Bk),c) Iflle (1 <p <o0),

where || - ||z is the LP(R™)-norm.

We will need the sharp maximal operator control to prove Theorem 2.3. De-
note by Q(x) the set of all compact cubes whose edges are parallel to the coordinate
axes and which contain a point z. Given a function g : R" — [0, 00|, we denote by
g* : [0,00) — [0,00) its decreasing rearrangement. The sharp maximal operator
we use in the present paper is given by

Mf()= sup inf(If —elxo) (AQD (0 <A<1).

Here note the following result:
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PROPOSITION 2.4 ([19], [24]). Let A\,, =107".

1. For any measurable function f with |{|f] > A}| < oo for all A > 0, and for any
weight w,

l/”Lﬂxﬂw@ﬂdrgn MEf(a)Mu(x) d. (2.4)

Rn

2. Let k € S and let A(k), B(k) and C(k) be defined by (2.2). Then, for any
f € Lige(R),

loc
M; [k * (@) Snace),Bo.ct) Mf(@). (2.5)

Now we turn to the proof of Theorem 2.3.

PROOF OF THEOREM 2.3. Let us set P(TH =py+1land P(t) = (p—+1)/2.
If f € LP()a0)(R™), then it follows immediately from the definition of the norm
that f € LP<T*>(R") + L7 (R™). Therefore, we conclude k x f € LPJ*)(]R") +
L (R™). Hence

{Ik* fI > A} < o0

for all A > 0, which is necessary to use (2.4). Let us denote by L?(')’E(')(R") the
closed unit ball in LP():4C)(R™). By the duality (2.1), (2.4) and (2.5), we have

Ik % fllisrac ~  sup /Ik*f(w)lg(x)dw
.

geLPOI0) (e

hS sup Mfo_n [k * f](x)Mg(z) dx
geLPT0) (gay JR

SA(k),B(k),C(k)  SUp Mf(z)Mg(z) dx. (2.6)
geLf(')’Q(')(R") R"

If we invoke the boundedness of M on LP():4()(R") and LP():70)(R") (Lemma
2.2), then we have



644 Y. MizutA, E. NAKAL, Y. SAWANO and T. SHIMOMURA

sup Mf(zx)Mg(z)dx
geLPOTO) (gny JRn

S sup M flLoerar IMgll poracy S Il pperac - (2.7)
gesz(')"I(’)(R")

Thus, if we combine (2.6) and (2.7), then we obtain (2.3). O

3. Littlewood-Paley theory for variable exponent Lebesgue spaces.

The passage of Theorem 2.3 to £?(Z)-valued spaces can be achieved easily by
replacing | - | with the ¢2(Z) norm. Our result reads as follows:

THEOREM 3.1.  Assume that an exponent p(-) : R™ — (0, 00) satisfies (pl)_,
(p2) and (p3) and that an exponent q(-) : R™ — R satisfies (ql) and (q2). Suppose
that {ki;}i jez is a given collection with the following properties:

1. kij =0 if |i| + |j] is sufficiently large.
2. The following quantities are finite:

A(K) = sup |[FKE)leez)—e22)s
£ERn
B(K) = Suﬂg |x|”||K($)||Z2(Z)~>£2(Z)a
zER™
C(K)= sup sup |z|”+1||5'1K(x)ng(Z)_,@2(Z),

1=1,2,...,n z€R"

where K(x) and O, K(x) (I = 1,2,...,n) denote the multiplication operator on
0%(Z) given by the matriz {k;j(x)}; jez and {0,k;;(x)}i jez respectively.
Then we have
2> 1/2

(550
00 1/2
SA(K),B(K),C(K) H( Z |fj|2>

j=—o0

Lr().a()

, (3.1)
Lp(),a()

i=—00
Jj=—00

where the implicit constant in S a(k),B(K),c(k) does not depend on ||k; ;| 11

PROOF. Just reexamine the proof of Theorem 2.3 by replacing | - | with the
(?(Z)-norm. O
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As an application of Theorem 3.1, we obtain the Littlewood-Paley type char-
acterization (Theorem 1.1 in Section 1).

PROOF OF THEOREM 1.1.  Let us set P(+) =p++1and P(T y=(p-+1)/2
as before. Note that 1 < P( ) < P(+) < 00. Once we accept that Theorem 1.1 is
true when p(-) is a constant function, since LP() (R™) < L PO (R™)+L" o (R™), the
convergence of (1.4) is readily obtained. Indeed, assume that f € LP().4()(R"),
then we have f € L e »(R™) + L (T+>(]R”). Consequently, f can be written as

= f) + f4), where f1) € LP- J(R™) and f_y € L <+)(R") According to the
classical Littlewood Paley theory, we have

oo

foy=en Y PUFT@) A PNFETIG@ ) fy i ITORY) (32)

j=—o00

and hence

fay=cn Y 2M(F )2« 2(FTIE)(20) % fiy in SR,

j=—o00

:
since a standard argument shows that L“ (R") is continuously embedded into
S'(R™). Consequently (3.2) yields the convergence of (1.4).
Let us concentrate on proving (1.5). We first let
N [2MFTR)@Y) j=0and il <N, . (f j=0,
E 0 otherwise, "o otherwise,
in (3.1). Denote by K~ the multiplication operator corresponding to {k‘ﬁ}f}i,jez.
By the monotone convergence theorem we have

o0

( ) 22j"|(f‘1<p)(2j-)*f|2>1/2

j=—o00

Lr()sa(-)

N—oo

1/2
~ Jim H( S 9 (F ) @) ¢ f|2)

Lp().a()

Let us verify
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sup (A(K™) + B(KN) + C(K™)) < cc. (3.3)

Since there are at most two non-zero terms in the summand below, we have

sup A(KY) = sup  |IFEN (Ol 2z)—2z)
NeN NeN, crr
0o ] 1/2
<swp (X bIoR) <.
e 2

Next, let us estimate C(K™). Let us first write it out in full:

C(KN) = sup sup |x|”+1H@lKN(z)ng(Z)_,p(Z).
1=1,2,...,n c€R"

Again by virtue of the fact that F~1p € S(R™), we find

N n+1 - Jjn —1 J 2 1z
sup C(KY) < sup [of (32 [VRI"(F 1))

NeN zER™ j=—oo

0 i 1/2
|29 | 2(n+1)

< —

~ e <j_z_oo (1 + 7]

Observe that the function

00 97 [ 2(n+1) 1/2
[Zz] > eR

F:.:zeR"? —_
TEET (EM (1+ 27243

satisfies F'(2z) = F(z). Hence it follows that

N 0 92j(n+1) 1/2
sup C(KV) < su wa( > ~ 1. 3.4
sup O(K™) 5 swp F(a) j;oo e (34)
Finally, let us estimate B(K"), which is similar to the estimate of C(K"). By
definition we have

oo

BUK™) = sup Jal" | @)oo = sup el (3

j=—oc0

1/2
2]‘”<f1so><2f‘x>|2) |
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Since F~lp € S(R™), we have |(F 1) (27z)| < (1 + [27z])™™ ! for all z € R™.
Hence, we obtain

o0

N |27 |20 1/2 oo 92jn 1/2
sup B(K") < su —_ ~ _ <1
)2 (8 i) (8 ) s

Therefore, (3.3) is proved and we have

H( ii 2%"Kf“4¢x21)*fp>lm

j=—o0

|3

1=—00

I( bS |fj|2)1/2

j=—00

Lr()sal)

0 2\ 1/2
Zkﬁ*ﬂ)

j=—oc

Lp()sals)

A

Lp(),a()
= ||fHLp(-).,q<->

by virtue of Theorem 3.1. Meanwhile if we substitute
kij = 602" (F719)(2'x), f; =2"(F @) (@) f (1,5 €2)

in (3.1), then we have

> YNF @)« 2N F TR+ f

j=—oc0

||f||Lp(-),q(-) 5

Lr().a()

again by virtue of Theorem 3.1. We calculate the right-hand side carefully to have

2) 1/2

I fllzoeraer S ( Z Z kij * f;

i=—o00 | j=—00 Lp()al-)
00 1/2
§ : 2

j=—00 Lr()a(-)

(= 22”‘I(f‘1ap)(2"-)*f|2>1/2

j=—c0

Lr()sal-)
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Hence we obtain the desired result. O
Here is an alternative proof of Theorem 1.1.

ANOTHER PROOF OF THEOREM 1.1. Let us first establish that

e ) . 1/2
= ( X et o) Sflone (35)
j=—o0 Lp()a0)
and hence
s , . 1/2
H( Z 227(F19)(27) *fg) o S llzeeraco- (3.6)
] Lp().al

Jj=—o0

Once (3.5) is proven, then (3.6) follows immediately. Indeed, we deduce that

supp(@(—)), supp(p(—-)) C B(8)\ B(1)

and that

oo

> B(27e(-277¢) = xr\ () (§) (€ ER™).
j=—00
from (1.2) and (1.3). Therefore by replacing ¢ with ¢(—-) and @ with ¢(—-), we
have only to establish (3.5).

To this end, let us take a Rademacher sequence {r;(¢)};ez C L*([0,1)). Recall
that, for every v € (0, 00), then we have

(/01 vdt>1/v ~y (Z|aj|2>1/2 (3.7)

if {a;}jen € ¢*(Z). For details we refer to [15].
If we use (3.7) with v = 1, then we have

1
0

By the Minkowski inequality, we obtain

> ayri(t)

jez

3 nn e« f]a

j=—o0

Lr()sa(-)
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1 [e's)
15/ S 2 (F ) ()« f dt.
0 j=—o0 Lr(),a()
By the Fatou theorem, we obtain
I < liminf >t (F )2+ f dt. (3.8)
N—oo Jj JeoN Lp(),a(:)
Let us set
N . .
k()= Y ()2 (F ) (20a).
j=—N
Then we have
N
Flen(50)](€) = Y ri(t)p277¢)
j=—N

and hence
A(kn (1)) < 00

by virtue of the support condition. Since F~ 1y € S(R™), we have

B(kn (1)) < sup Z |2z (F o) (20a).

zeR™ j=—N

In a way similar to (3.4), we deduce

e > 29m
B(k )< ~ —— ~ 1
(kn( Iseuﬂgl ; 1+ \2Jac| yntl j;oo (14 24)n+1
Likewise we calculate by using
N
Clkn (1) < sup > 2" (F1p)(202).

veR Ty
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The consequence is

|2].’L'|”+1 s 2j(n+1)

C(k ) S ~ —_—— 1
(kn( wsélﬂg ; (1+ |2Jz| ynt2 j;oo (1 4 27)n+2

Therefore, if we invoke Theorem 2.3, then we have

/

If we insert (3.9) to (3.8), we obtain (3.5).

For the reverse inequality, we use the duality (2.1). More precisely, we proceed
as follows: Let f € LP():40)(R™) and g € S(R™) whose LP():3C)(R™) -norm is 1.
Then we have

o0

ST o2 F )20 f

j=—o00

dt S fllzecrac- (3.9)
Lr()at)

[t e, Y [ 0@ 2 @) « lolata)

(3.10)

because we have (1.4). By the Fubini theorem we have

[ @ s
o 3 [ ([ e o e sy o) s
o 3 [ ([ e o - a2 o « s

=cp Z /n Qﬂn ]: <,0 2] ) f(x) . 2jn(‘7_—71¢)(_2j,) *g(x) dz.

j*—OO

Now we use the Schwarz inequality and the duality (2.1). The result is

H( I2j"(7‘1¢)(2j~)*f|2)1/2

]7 oo

(T |2j"<f—1¢><—2j->*g|2)1/2

j=—c0

f(@)g(x)dr| S

Rn

Lr(),a(-)

LPC),al)
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If we use (3.5), then we have

00 1/2
f(@)g(x) de| S H( > MFTO@) + f|2) 91l Lreac)-
Rr P Lp()a()
Now that S(R™) is dense in LP()4()(R™), the reverse inequality is proved. O

About Theorem 1.1, we have the following variant.

THEOREM 3.2.  Let p(+),q(), ¢ and ¢ satisfy the same condition as Theorem
1.1. If f € 8'(R™) satisfies 0 ¢ supp(F f) and

< o0, (3.11)
Lr()a()

H( i 2|(F 1)) *f|2>1/2

j=—o0

then f € LPC-9C)(R™) and f satisfies (1.4) and (1.5).

PROOF. The heart of the matter is to verify that f € LP():9()(R™). Once
this is achieved, then (1.4) and (1.5) follow automatically from Theorem 1.1. Since
0 ¢ supp(Ff), we have

f=cn Y PMF o))« MFTIE)( ) x f in S'(R") (3.12)
j=—J

for some large J € N. Let K € N be fixed. Notice that by virtue of the triangle
inequality, Proposition 2.1, Lemma 2.2 and (3.11), we have

K
> 2 (Fe) (20w 2T (FTIE) (20 x f
- Lp(),a()
K
< 3 [2FEB @) <2 F @) 5 f s
j=—J
K
S D0 IMERIMETR) @) = A pcoacs
j=—J

K
S 2: H2h%fmlwxzi)*fHmeﬂ»

j=—J
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< 00.
Lr()a()

0 ‘ ) 1/2
( 3 22J"I(fls0)(2j-)*f|2>

j=—o00

<(J+K+1)‘

Consequently, Theorem 1.1 is applicable to Z;ii 2 (FLp)(274) *

2n(F=1p)(27.) % f for each K € N. Applying Theorem 1.1, we obtain

K
Y YUF )@ ) N (F )@ ) x f
j=—J

sup
KeN

Lr().a()

<|( Y EFE @) f|2)1/2

j=—o00

Lr()sa(-)

Now we shall make use of the Banach-Alaoglu theorem to conclude that the se-
quence

{ X e oo )

j=—J K=1

is a subsequence convergent in the weak topology of LP():4()(R™), which is re-
flexive. Denote by g € LP():4()(R™) the limit above. Then by (3.12) we obtain
f =g e LPO90)(R™) and this is exactly what we wanted to prove. O

4. Gagliardo-Nirenberg inequality.

4.1. Holder inequality for variable exponent Lebesgue spaces.
First we obtain the Holder inequality for the variable Lebesgue spaces.
We use the following inequality of Young type:

LEMMA 4.1.  Let a,b> 0 and M,q,q1,qz2,u satisfy

M>0aq7(11aQ2€[—M,M]7 1<U<OO

and

q1 q2
q:E_‘_E’ (41)

where ' denotes the Hélder conjugate of u, that is, 1/u+1/u’' = 1. Then we have
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P ’
ablog?(e + ab) Sar a“log™ (e 4+ a) + b* log® (e + b).

Here the implicit constant does not depend on a and b.

PROOF. By symmetry we can assume that a > 6> 0. If 0 < b < a < 1,
then the result follows from the inequality

ab < a" —i—b“/7

which is a consequence of Young’s inequality.
Ifa>1>0band u> 1, we have

ablog?(e + ab) < a*log® (e + a) < a*log® (e + a) + b* log® (e + b).
Next suppose that @ > b > 1. If ablog?(e + a) < a"log? (e + a), then there is
nothing to prove. Let us suppose instead that ablog?(e + a) > a*log? (e + a).
Namely we are now assuming that a“~'log?” "%(e + a) < b < a. Observe that
a""tlog” "9 (e + a) < b implies

o < Cbt/(@=1) log_(QI_Q)/(u_l)(e +b) (4.2)

for some constant C' > 1. To see (4.2), we just consider the inverse of the function
f(a) = a* tlog” (e + a). As a consequence, by using (4.1), we have

ablog?(e + ab) < b/ (=D 1og= (@1 =0/ (=1 ¢ 4 py — pu/(u=1) 1og%2 (¢ 4 b).

The proof is therefore complete. O

THEOREM 4.2.  Let p1,p2 : R™ — (0,00) satisfy (pl)—, (p2) and (p3) and
let q1,q2 : R™ — R satisfy (ql), (q2). Define p(z) and q(z) by

1 1-9 6 q(z) _ (1_9)(]1(33)

= +—, 1 p22l®)
p(x)  pi(r)  pax) ple) pi(z) ~ pa(z)
for some 6 € (0,1). Then we have
1F 09 N oraer S I 191 T oran (4.3)

for all positive measurable functions f and g.
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PrRoOOF. By normalization we can assume that

£l Lerracr = gl pozcrnacy = 1.

If we let u = pi(z)/p(z)(1 — 0) and a = |f(x)[P®= and b = |g(z)[P®)?, then
we have by virtue of Lemma 4.1

@0 g(a) P2 dogh ™) e + | ()] 0= g () P2))
S /@) log (e + | £ () P00) + [g(2) P> 105" (e + |g(a) <))

S 1 (@) 10g™ (e + | £(2)]) + g(@) [P 1og= (e + |g(=)]).

If we integrate this inequality over R™, then we have

/]R £ (@) PO g(2) P 10g" ™ (e + | f(2) [P g (2)[P) da S 1.

This is the desired result. O

4.2. Proof of Theorems 1.4 and 1.7.
Now let us go back to the proof of Theorem 1.4. Maintain the same notation
as Theorem 1.1. Let us set

T z| <7, )| <7,
fj(x)_{f() 2] < J. [f(@)] < j

0 otherwise

for j = 1,2,.... We assume R,|f| € LP2():@2()(R™). Once we assume R,|f| €
Lr2():a2()(R™), we have

[ iy < o
and hence

|y < .

Consequently, by the Lebesgue convergence theorem, we have

]1320 R.fi(x) = Rof(x), Jlggo Ryo fj(7) = Roo f(2).
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By the triangle inequality we have |R, fj(z)| < Ra|f|(z). Therefore, by the Fatou
lemma and the Lebesgue convergence theorem, we can assume that f € Lg5,  (R").
Let u € (n/(n — a),00). Assuming f € L, (R™), we have

comp
Raaf—cnReaLlim D UUFTR) )« ZNFTIE) )+ f| in LHR™),
ooj:7L
since
f=cn lim > 2 (F )20« 2 (FTIE) () x f i LM/ (e (R,
OOj:—L

Again if we pass to subsequence {Lj}$2 ;, we can assume

Ly

Roo f(x) = c,LRGQ[kILn;O Z 29 (F1p)(27.) % 297 (F15)(29) * f | (2)
j=—Lk

for a.e. z € R™.
Then we have

| Roo f |l Locr.ac

< liminf
k—oo

‘Rea [ i 2 (F ) (27) x 2 (FTI) () # f}

Py Lp()sa()
oo Ly
Ssup( X | 3 2t (F e
200 AN ey
' 2\ 1/2
(FIB)) « Roaf )
Lp(),a()

by Theorem 3.2. Notice that

Ly
Z 2(l+2j)n(]:—1(p)(21.) % (.7:_130)(2]") % (.7_-—1(5)(21.) * Roof
Jj=—Lg
2 (F ) (21) # Ry f

when |I| < Ly — 6 and that, by virtue of Proposition 2.1,
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Ly

Y 2INF )20+ (F ) () * (FTIE)(2) * Roa f(x)

Jj=—Ly

< ME2™(F 1) (2") * Rea f](@)

for L, — 6 < || < Ly 4+ 6. Observe also that
o AEFTG) @) 5 (FT) () ¢ (FTE)() * Raaf =0

Jj=—Lyg

when |l| > Ly + 6.
Putting these observations and Lemma 2.2 together, we obtain

1/2
|Roaf | Locraty S H( > 25(F )2 *39af|2)

e Lr()a()
‘ 1/2
H ( 277 (F 1) (27-) + Reaf2> :
=0 Lp()a0)
Let () be the constant such that
FRsf(€) =v(B)IEIPFf(€) (4.4)
(see for example [45, p.64]). If we write
©=1" o0 (45)
o) = ©(&))€]7" otherwise .

for k € R, then, from (4.4) and the Fourier transform, we have
P FL0)(27) % Rogaf = ey (00) 270 (F~1p,)(27) * f,

so that

o 1/2
IRae s ~ | (35 20091 ¢ 1)

j=—oc

Lr()sa(-)
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The Holder inequality and the equality

00 1/2 o0 1/2
( 2. 22j("Ga)l(flwaa)(%)*ﬂQ) :< D RO F o) () f '2)

j=—o0 j=—o0

yield the pointwise estimate; we have

N 1/2
( Z 2% (=) |(F~105,)(27-) * f|2>

j=—o0

oo . 4 (1-0)/2
< ( S 22J"<f-1%><2f->*f|2)

j=—c0

[} ‘ ] 0/2
< (X PO )20 5 1)

j=—o0

1 0o ' _ (1-6)/2
- ( > 22J"|<f—%aea><2ﬂ->*f|2)

(@) \ A=
oo ) ) 0/2
X( ) 22J”|(7‘1<p<61>a)(2j~)*Raf|2) : (4.6)
j=—o00

If we invoke (4.3), then we have

) 1/2
(X e 1)

e Lr()a0)
0o ‘ ) 1/21-6
<[ (X i@« o2)
j=—o0 Lr1()a1()
[eS) ' 4 1/20
. ( ) 22]"|(7‘1<p<e1>a)(2”~)*Raf|2) '
J— Lr2(),q2()

Note that

~ ||f||LP1(')~41(')
Lr1()a1(-)

H ( i 922 |(F g0 ) (29) f2> 1/2

j=—o0
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and that

~ ||RafHLP2(‘),q2(«)
Lpr2(-),a2(+)

} 1/2
H( > 2(F - 1>a)(2j-)*Raf|2)

j=—00

again by virtue of Theorem 1.1; remark that g, and pg_1), satisfy the assump-
tion (1.2) and (1.3) of Theorems 1.1 and 3.2, since ¢ does. If we combine the
observations above, we obtain (3.11) and then (1.9).

The proof of Theorem 1.7 is similar to the above by using Proposition 1.6,
Theorem 4.2 and (4.6).

REMARK 4.3. The inequality

6
”R@afHLP( )sa(:) < ”fHLm( ),a1 () ||R0¢f||LP2(‘)’QZ(')

hold for all f € LP*():41()(R™) provided one of the following conditions is fulfilled.

1. f € Lcomp(Rn)‘
2. Ro|f| € Lp2():a2()(R™),
3. The origin 0 is not contained in the support of Ff.

The proof is just a matter of reexamination of the above proof. In particular,
when F f does not have 0 as its support, Theorem 3.2 is directly applicable and
the same argument works.

4.3. Extension of Theorem 1.4.
We reexamine the fundamental inequality (Theorem 1.4) and we obtain the
following extension. We define

Ro[(F710) (") % f] := v () F || F(F o) (2%) + f]]
so that R, [(F~1p)(2%-) * f] makes sense for all f € S'(R™).

THEOREM 4.4.  Let p,p1,p2 : R® — (1,00) satisfy (pl), (p2) and (p3) and
let q,q1,q2 : R™ — R satisfy (ql) and (q2). Assume that these functions are related
by

1 1-6 6 g _ . o a)
@ @ m@ @ 0 @ o m@)

for some 0 € (0,1). Define pgo by (4.5). Then, for f € LP*C)a0)(R™), we have
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o0

D 20 (F g0 )(271) % f]

j=—oc0

Lr()sa()

1-0
< | sup @ (F o) (25) * £1)
keZ

Lp1()a1(-)
0

sup(2""|Ra[(F 1) (2%) * f]I)
kEZ

X

Lp2(~)w<12(-)-
For a proof of Theorem 4.4, we note the following lemma.
LEMMA 4.5. Let A,B >0 and K1,k > 0. Then
Z min(2_ij,2j'€QB) < Ar2/(kitrz) gri/(kithz2)
Jj=—00

Proor. We calculate directly:

o0

> min(277%1 4,2 B) = > 2% B 4 > 27951 4
j=—o0 j<ﬁ10g2% jzmbgz%
A Ko /(K1+K2)
< B = AR/ (ritr2) gri/(ri+r2)
~\B
So the result follows. O

PROOF OF THEOREM 4.4. Recall that ¢ satisfies (1.2), that is, supp(y) C
B(8) \ B(1). Also, wgq is given by (4.5) with k = fa. Therefore, if we choose
7 € Comp(R™) so that supp(7) C B(16) \ B(1/2) and that 7 =1 on B(8) \ B(1),
then we have

00 (8) = T()p0a(§) = T(E)IEI "0 (€) (€ €R™\{0}).
With this in mind, let us denote 7, (£) = 7(£)|€| 7" for £ € R"\{0} and x > 0. If we

define 7,,(0) = 0, then it follows from the support condition that 7o, € Cg5,,,(R™).
As a result, we obtain

2 (F ) (20 5 f = a2 (F 1) () (FN9) (20 5 f

and F~ 17y, € S(R™). Consequently, if we invoke Proposition 2.1, then we have
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2"|(F " p0a) (27) * f(2)| S M27™M(F ) (27) * f](2).

In particular,
2"|(F " pa) (27-) * f(2)| S M zlélz@k"\(f_lw)@k) « f) | (). (4.7)

Likewise, we have an equality
2 (F 1 p0a)(27) % f = €n, a2 (F 79 1)a) (27) % (F 1) (27) % Raf,

which yields

2 (F pa) (27) + f(w)| S 27°M ilelrz(2k"|3a[(f_1s0)(2k-) «fID](z)  (4.8)

by Proposition 2.1 again. We replace (4.6) with the following pointwise estimate.
By virtue of (4.7) and (4.8), we have

Y P F ppa)(2) % ]

j=—oc0

= in — il kn —1 k. *
PRt {2] M[ig(z (Flg)(2h) f|>],

9i(1=0)a p {Sup@’“”Ra[(fl@)(?k') * f“)] }
keZ

< (1] supien i)t f|>])10 (3| Rl )24 mee.

keZ keZ

Here for the last inequality, we used Lemma 4.5. By this inequality, (4.3) and
Lemma 2.2, we can go through the same argument as Theorem 1.4. O

To compare our results, it may be of use to observe the following;:

LEMMA 4.6. Let 0 < a < n. Define a Banach space X,(R™) of LL _(R™)-

loc
functions by the norm

s, = [ @+ b1y



Littlewood-Paley theory and Gagliardo-Nirenberg inequality 661

1. The space X, (R™) is continuous embedded into S'(R™). More precisely,

[ 1r@utolas 5 ( s 1+ ) lu(o)l ) 11x,
for all f € X, (R ") and u € S(R™).

2. The integral Ro f(x) = [pn |z —y|*"" f(y) dy also defines an element in S'(R™).
More precisely,

[ @ Raf(@ e < ( sup -+ e ut)] ) 11,

ESING

for all f € Xo,(R™) and u € S(R™). Moreover,

/n u(x)Ro f(x) dx = /n Rou(x) f(x) dx

for all f € X, (R™) and u € S(R™).

The proof of this lemma is based upon the observation that

[z —y|""

Rauto)] < (s (4 )ruca)l) [0 0y

< ( sup (14 |z|>“+1|u<z>|) (L4 [y

2ER™
REMARK 4.7. We claim that Theorem 4.4 covers Theorem 1.4. As before,

a passage to the limit allows us to consider f € Lgg,,,(R™) under the condition of

Theorem 1.4.
If necessary, we can choose ¢ € S(R™) in (1.2) so that

oo

Z (2778 = xgmyo1 (§) (£ €RM).

j=—o00

Note that R, f is an Li (R") function and that Proposition 2.1 yields pointwise

loc
estimates

sup(2°"|(F 1) (25) + fI) S M f
keZ
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sup(2""| Ra[(F 1) (2") * f]]) = sup(2*"|(F 1) (2") * Raf)
kEZ kezZ

< M[R. f].

By Lemma 2.2 we have

1-6
sup (2""|(F ) (2") * £1) SN e (4.9)
kEZ Lr1().aq1(+)
0
sup (2’“”|Ra[(F’1</>)(2’“-) * f”) N ||Raf||6Lp2<->,q2<->- (4-10)
kEZ Lp2(),a2()
Observe that
fla)y= Y 2™F ) (2) * f(x)
j=—00

in the topology of L'T¢(R"), where 0 < ¢ < (n/fa) — 1. Note that Ry, is a
bounded linear operator from L'+¢(R") to Ln(1+e)/(n=ba(l+e))(Rn) since

1 b n—0a(l+e)

14 n  n(l+e)
Hence, it follows that

Roaf(z) = Y 2™(F¢)(27) % Roa f(x)

j=—00
in the topology of Ln(1+e)/(n=ba(l+e))(Rn)  Also, by the triangle inequality and

the fact above, we obtain

> 2OIN(F o) (2) x f(a)

j=—00

3 20 (F o ) (201 % fa)] =

j=—oc0

oo

D 2MFT)(2) * Roaf(x)

j=—00

= |Roa f(2)].

>

~
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Consequently, we obtain
> 2OTINF T ega) (@) % ()] 2 | Roa (@) (4.11)
Jj=—00
From (4.9)—(4.11), we see that Theorem 4.4 covers Theorem 1.4.

The following example illustrates that Theorem 4.4 actually extends Theorem
1.4.

EXAMPLE 4.8. Let ¥, ® € S(R™) be taken so that they are R-valued and
that

supp(W) B<11(1)>\B(1(9)), ¥ =1on B(4)\ B2),

1 1
supp(®) C B(l())’ ®=1on B<20>

We set p(§) := ¥(£). Note that ¢ is satisfies the requirement of Theorem 1.1 by
virtue of (1.7).
The function given by

[e.9]

= Zf—l[q,(. —(3-2710,0,...,0))]

is a typical example to which Theorem 4.4 is applicable but Theorem 1.4 is not.
Strictly speaking, we need to truncate f so that we have f € LP(')vq(')(]R”). How-
ever, we omit the details of this tedious and routine argument.

To see this, we first note that

supp(®(- — (3-2771,0,0,...,0))) € B((3-271,0,0,...,0),1071)
CBB3-27' 4107 )\BB-271 —107h)

C B E.Qj—l B %.2]’—1
10 10
for all j € N.

Let k € Z. Observe that the relation
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supp(¥(27%.)) c B (11(1) : 2’“) \B (13 : 2’€>

implies
WD~ (3-29710,0,...,0)) =0
if j # k. Meanwhile if j = k, the relation
T(279.)=1on B(4-27)\ B(2-2%)
implies
T2 )P(-—(3-27710,0,...,0)) = &(- — (3-2771,0,0,...,0)).
Consequently
T2 ®(-—(3-2771,0,0,...,0)) = §;#®(-—(32771,0,0,...,0)) (j €N, k€ Z),
which yields

. _ FH®(-—(3-2971,0,0,...,0 i >1),
2]71(?1@)(2].)*]0{ [@(-—( NG =1)

(1 <0)
and

FHI 7@ = (3-2275,0,0,...,0)] (j=1),

Consequently, for 7 > 1, we obtain

sup 27" |(F~ 1) (27:)  f| = |F 1@ (4.12)
JEZ
sup 27" [(F 1) (27) % R f ()| S (1 + |2) " (4.13)
JEZ
Z |2jn(]:_1<P>(2j'> * f|2 = X{F-1®x0} X OO. (4.14)
JEZ

Indeed, (4.13) is verified by the following:
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gm gme g

Ox1™ Qxqm2 Oxq1Mn

d(E—(3-29710,...,0)) ¢~

J.

for all j > 1 and all multiindices (my,ma,...,m,). Since F~1® € S(R") and
{F~1® # 0} is a set of positive measure, we have

dé1dés--- dE, S1

~

1-6 0
sup(2¥"[(F~ 1) (2%)  f) sup(2""|Ra [(F 1) (2"-) + f1])
kEZL Lr1().a10) || KEZ Lpr2(),a2(-)
< 00,
while
Hf”Lpl( )ya1 () ||Raf|‘ipz<'),q2<~> = 0.

This example shows that f is beyond the reach of Theorem 1.4 but that Theorem
4.4 can control such f.

As a corollary of Theorem 4.4, we have the boundedness of the maximal
operator associated to the Gagliardo-Nirenberg inequality.

COROLLARY 4.9. Under the same condition as Theorem 1.4, one has

ZRQ [277(F~p)(27) f’

=K

< HfHLFl( a1 (+) ||RafH%Pz(')ﬂ12('>'

‘ ’ sup

—oo< K<L<oo Lr(),a(-)

5. Related estimates.

5.1. Related estimates for Morrey spaces and Hardy-Morrey
spaces.
Suppose that the parameters p, g, r, s satisfy

0<qg<p<oo, O0<r<oo, selR

Define the Morrey norm of a measurable function f by

1/q
g = _swp_ oo ([ rieay)
B(xz,r)

zER™, >0
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The parameter p seems to reflect the global integrability while ¢ describes the local
integrability.

PRrROPOSITION 5.1 ([27, Proposition 4.1]).  Keep to the same notations for
the functions @ and @ as Theorem 1.1. Assume that 1 < ¢ < p < co. Then we
have the following equality and norm equivalence: For all f € M{;(R”) we have

Foen 30 UUF Q@) <IN FG @) e S, i SR,
Jj=—00
o ' ) 1/2
I 2oy r) |~ il
j=—0o0 Mg

We set ¢y (z) = ™" exp(—|z|?/t?) for t > 0 and = € R" as before. Then we
define the Hardy-Morrey space HMP(IR™) as the set of all f € S'(R") satisfying

1l zpmg =

sup [ *f(~)IH < 0.
t>0 M:Z

PROPOSITION 5.2 ([38, Theorem 4.2]). Keep to the same notations for the
functions p and @ as Theorem 1.1. Assume that 0 < q < p < oo. Then we have
the following equality and norm equivalence: For all f € HMB(R™) we have

f=en Y PNF @) #2NFEG)@ ), in S'(RY),
j=—o00
> ) , 1/2
H( > 22J”|(F1s0)(2j-)*f2> -
j=—o0 :

The Hélder inequality for Morrey spaces is as follows: The proof is straight-
forward by the Hélder inequality for Lebesgue spaces.

PROPOSITION 5.3. Let 0 < ¢1 < p1 < 00, 0 < qo < py < o0 and let
0 < g <p<oo. Assume that these parameters are related by

1 1-6 0 1 1—9+9
P P P2 g ¢ 0

for some 6 € (0,1). Then,
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0 6
17700 a1 gz gl

for all positive measurable functions f and g.

The following theorem can be proven in the same way as Theorems 1.4 or 1.7
by using Propositions 5.1, 5.2 and 5.3.

THEOREM 5.4. Let0<q <p1 <00, 0< g <pa<ooandletd<qg<p<
0o. Assume that these parameters are related by

1 1-6 6 1 1-6 6
+

P P P2 g ¢ a0

for some 0 € (0,1).
L. Assume q1,q2,q9 > 1. Then, for f € MPI(R") satisfying Ra|f| # oo,

[1Roafllag < IIfHMm 1Ra fll%qze -

2. For f € HME'(R™) such that 0 ¢ supp(F f),

[Roaflrmy S ||f||HMP1||RafH§qu§-

5.2. Related estimates for Stochastic process.

Let (2, F, P) be a probability space and let {F,,}>2, be an increasing se-
quence of sub o-fields. Assume that F; contains all null sets in F and that
F = J(Uff:l fn). Let 1 < p < c0. According to the well-known Burkholder-
Gundy-Davis inequality, we have

1/2
1X ey ~ 1EEX | Filllonen + H(Z B[X | Fya] - EIX | fjn?)

L (Q)

for all X € LP(Q), where E[X|G] denotes the conditional expectation of a o-field
g.

In analogy with Theorem 1.1, we have the following result.

PROPOSITION 5.5.  For 6 € (0,1) and s € R we have
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HE[X (R4S 2 (BIX | Fra] - BIX | F)

j=1

Lr(Q)

00 0
E[X | 1]+ Y 2°(BIX | Fyn] - EIX | F)))
j=1

S IX 15

Lr(Q)

for all X € LP(Q) such that E[X | F1] + Z;’;l V5(EX | Fiy) — E[X | Fj))
converges in the topology of LP ().
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