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Abstract. We study weak hyperbolicity of a differentiable dynamical
system which is robustly free of non-hyperbolic periodic orbits of Markus type.
Let S be a Cl-class vector field on a closed manifold M™, which is free of any
singularities. It is of Cl-weak-star in case there exists a Cl-neighborhood %
of S such that for any X € %, if P is a common periodic orbit of X and S
with §;p = X;p, then P is hyperbolic with respect to X. We show, in the
framework of Liao theory, that S possesses the Cl-weak-star property if and
only if it has a natural and nonuniformly hyperbolic dominated splitting on
the set of periodic points Per(S), for the case n = 3.

1. Introduction.

Since the pioneer work of Peixoto [37] and specially the stability conjecture of
Palis and Smale [36], it has been an important problem in differentiable dynam-
ical systems to seek sufficient and necessary conditions for robustness of certain
dynamics “P”, where “P” is usually topological, such as the topological structure
of orbits, shadowing, expansiveness etc., and where “P” might be global or local.
Generally speaking, existence of such a robustness of “P” needs certain “unifor-
mity” of the associated linear tangent map of the differentiable dynamical system
itself.

The structural stability of orbits is the strongest robust dynamics, which
implies uniform hyperbolicity on the non-wandering set, see, e.g., [24], [29], [30],
[42], and [17]. Another important result of this type could be the star conjecture
of Liao [25] for flows and Mané [29] for diffeomorphisms, verified, respectively,
by Liao [24] for 3-dimensional nonsingular flows and Mané [29] for 2-dimensional
diffeomorphisms and by Aoki [2] and Hayashi [16] for general diffeomorphisms
and by Gan and Wen [14] for general nonsingular vector fields, which states that
a Cl-diffeomorphism or a nonsingular Cl-vector field that is robustly free of any
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non-hyperbolic periodic orbits (also called the Cl-star property), satisfies Axiom
A and the no cycle condition. The star conjecture is partially localized by the
author in the recent work [10].

To attack the stability conjecture of Palis and Smale, Pliss [38], Liao [22],
[24] and Mané [27], [29] were led independently to the important notion “domi-
nated splitting” of the tangent bundle into two invariant subbundles: one of them
is definitely more contracted (or less expanded) than the other, after a uniform
number of iterates. In the present paper, we show, using Liao theory, that there are
the “nonuniform hyperbolicity” and “natural dominated splitting” of the periodic
point set of a nonsingular differential system if and only if it is C'-robustly free of
the so-called non-hyperbolic periodic orbits of Markus type in the 3-dimensional
case.

In this introductory section, we first introduce the basic concept C!-weak-star
property considered here and formulate our basic result proved in this paper.

1.1. C'-weak-star property.

Let §: M™ — TM" be a C'-class vector field defined on a closed manifold
M" of dim M™ = n > 2, with a smooth Riemann structure (-, -),, for x € M™. Tt
gives naturally rise to flows on the state space M"™ and its tangent bundle TM™

(8 ter: M™ — M™;, 2z t.a
and
(DS"yer: TM™ — TM™;  (z,v) — (t.z,D,S"(v))
where D, 8": T, M" — T, ,M" is the derivative of 8': M™ — M" at the base
point x € M™ for any t € R.

As usual, an invariant set A of (8%);cr (or S-invariant set A for short) is
said to be hyperbolic if the tangent bundle over A admits a (DSt)teR—invariant
continuous splitting

TAM™ ZESEB{SM}EBEU where {S[A} zspan(SM)
and constants A < 0,C > 0 such that for any ¢ > 0,

DS (u)]| < Cllulexp(Mt) Yu € E¥ and ||[DS ™" (u)|| < Cl|ul exp(\t) Yu € E*.

An S-invariant set A is called nonuniformly hyperbolic if the tangent bundle over
A admits a (DS");cg-invariant (not necessarily continuous) splitting
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T\M" =E°® {S[A} o EY

and constants n > 0,7 > 0 such that

L—1

1
1. . f* 1 D T ES . < —
[}El}rgo I ez:% 0g|| S" T ((ET) :E)” > 7

and

| Lt
lim sup — Z log ||DS™ | E“((47).2)||co =7
L—4o0 TL =0

for all z € A. Here and in the sequel || ® ||, means the minimal norm (also called
co-norm in some literature) of the operator e.

On the other hand, S can further induce the smooth linear skew-product
(Poincaré) flow

Ug:Rx St — St (t, (z,v)) — (t.x,!'/‘tsx(v))
on the S-transversal tangent bundle of M™

st — |—|xeM"Sl where ,S’IL = {U €T, M" | (S(z),v), = 0} Ve € M™.

x

We notice that every fiber S1 is of co-dimension 1 whenever S(z) # 0, and if no
confusion, we often simply write ¥ , (v) = ¥g(v) for any (z,v) € St Let

D_(z,8) = {ve Sy | lim_[s()]| =0}
and

Di(r,8) = {vess| lm |vhw)| =0}
write

Indg(z) = dimD_(z, S).

Clearly, D_(-,S) and D (-, 8) both are Wg-invariant subspaces of S*. As usual,
Indg(x) is still called the “index” of S at the base point x € M™.



1252 X. Da1

A periodic point p of § with period 7 is said to be “hyperbolic” if and only if
% S; — Sj does not have any eigenvalues of absolute value one; equivalently

S, =D_(p,S) ®D4(p. S).
Notice here that the hyperbolicity includes the contracting and expanding cases
in the present paper.

From here on, Per(S) stands for the set of all periodic points of S and Gpe,(.S)
denotes the set of all periodic orbits of S. By pe:(S | A) we mean the set of all
periodic orbits which are contained in the subset A.

Let S be a C*-vector field of M™. According to L. Markus [31] and [35,
Lemma 2.5 of Chapter 3], for arbitrary P € @e;(S) and for any C'-neighborhood
% of S, one can find some X € % such that P € Ope(X) is hyperbolic for
X with 8;p = Xp. This motivates us to study the following basic property
described by Definition 1.1 below.

Let X1(M™) denote the set of all C!-class vector fields defined on M™ endowed
with the usual C'-norm.

DEFINITION 1.1. Let § € X'(M") and let A be a nonempty closed, not
necessarily invariant, subset of M™. S is said to possess the C'-weak-star property
on A, provided that there exists a Cl-neighborhood % of S in X'(M") such that,
for any X € %, every P € Oper(S | A) N Oper(X) with Syp = X p, is hyperbolic
with respect to X.

Then, that S possesses the C!-weak-star property means that S is robustly
free of any non-hyperbolic Markus-type periodic orbits.

It should be noted here that, in general, for P € Oper(S) N Oper(X), its prime
periods under S and X might be different; it is enough to take X = (1+¢~1)S with
{ large enough. However, there is no such difference in the case of diffeomorphisms.

Recall that S is called C!-star in case there is a C'-neighborhood ¥ of S such
that all periodic orbits of each X € ¥ are hyperbolic for X. We notice that even
for the special case A = M™, the C'-weak-star property is conceptually weaker
than the global Cl-star property, as is shown by the following simple example.

EXAMPLE 1.2. Let f: S? — S? be a C'-diffeomorphism of the 2-dimensional
unit sphere S? with the South Pole S and the North Pole N, which has sources
{N,A,B} and a saddle S such that Q(f) = {N,S,A,B}. Let W*(S) = W*(S)
and {S} UW*(S) be homeomorphic to the shape “oc0” containing {A,B}. Then,
the suspension .7 (f) of f on S? x [0,1] obeys the Cl-weak-star property, but it is
not a Cl-star system from [14] because there are two cycles at the periodic point

(S,0) € % x [0, 1] of Z(f).
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So, the C'-weak-star property introduced here is a generalization of the im-
portant C'-star property that has been well studied by many literature; see, e.g.,
[12], [22], [24], [29], [30], [2], [16], [14] and the references therein.

1.2. Dominated and nonuniformly hyperbolic splitting.

In this paper, we push forward the methods of Liao developed in [22] to obtain
the following basic theorem on the existence of a natural and uniform dominated
splitting which possesses an additional nonuniform hyperbolicity, under the local
Cl-weak-star condition introduced above.

THEOREM A. Let S € X'(M™) have an invariant closed set A which con-
tains no singularities of S. If S possesses the Cl-weak-star property on A, then
one can find numbers n > 0 and T > 0 satisfying the following two properties.

(1) “Natural dominated splitting”: for any P € Oper(S | A)

k23 er(%S)H <exp(—nt) ifIndg(P)=n—1, (1.1a)
waS'rDJr(p,S) HCO > exp(nt) if Indg(P) =0, (1.1b)
and
18 1p_ (.8l .
T—————— <exp(—2nt) if 1 <Inds(P)<n—2, (1.1c)
15 1., (5,5 lleo

foranyt > T and all p € P.
2) “Nonuniform hyperbolicity”: if P € O, (S | A) has prime period Tp and if
p

O=tog<t1 <---<tyg=mIp wheremeN

is a subdivision of the interval [0, mTp| having ty, —tix—1 > T fork=1,...,¢,
then

1 < I
E;logH% “io_strmell <1

and

14

1 tp—te—
miT'P ;bg ngs’v k—1 [D+(Stk_1(p)7S)HC0 > n
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for any p € P.

Here SZJ; =D_(p,S)®D4(p, S) is the natural hyperbolic splitting of the hyperbolic
periodic trajectory P of S.

For any nonempty subset @ of M™, by Cl(©) we denote the closure of ©
relative to M™. Then the natural dominated splitting over Ope, (S | A) may be
extended over Cl(Ope, (S T A)).

We notice here that in the case where A = M™ and in addition S possesses
the Cl-star property that is stronger than ours from Example 1.2, the above state-
ments have been established independently by Liao [22] and Mané [29, Proposition
I1.1]. Since the C'-star condition implies the C!-weak-star property, Theorem A
is an extension of their theorems. In dynamical systems, some interesting basic
dynamics sets like nonwandering set, homoclinic class, chain recurrent class and
periodic orbit, usually are lower dimensional than the ambient manifold M"™, and
so very sensitive to small perturbations. In view of this, our Theorem A above is
more or less of interest.

This kind of “nonuniform hyperbolicity” presented by statement (2) of The-
orem A above plays an important part for proving uniform hyperbolicity from
robust dynamics in many important situations, for instance, in [24] and [30]. It
is also very important in our subsequent applications [11]. In addition, (1.1a) and
(1.1b) in statement (1) of Theorem A imply that there is at most a finite number
of periodic orbits of indices 0 or n—1 for § having the C!-weak-star property. This
is an important property of the Cl'-weak-star systems; this is because it removes
the Newhouse phenomenon (the existence of infinitely many periodic attractors or
periodic repellers [33]).

It also is interesting to note that under the hypothesis of Theorem A, every
periodic points of S lying in A have only nonzero transversal Lyapunov exponents
and such exponents are uniformly bounded away from zero. This generalizes a
classical result of Franks [12, Theorem 1].

For the 3-dimensional case, we can obtain the following sufficient and neces-
sary condition for C'-weak-star property.

THEOREM B. Let S € X1(M?3) have an invariant closed set A which does
not contain any singularities of S. Then, S obeys the C'-weak-star property on
A if and only if each P € Oper(S | A) is hyperbolic and moreover, one can find
numbers n > 0,T > 0 satisfying the properties (1) and (2) described in Theorem
A.

1.3. Weak-star property induced from other robust dynamics.
Let Diff' (M™) denote the set of all C'-class diffeomorphisms of M™ endowed
with the usual C!-topology. We can deduce the local C'-weak-star property of
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f € Diff 1(M ") from some other C'-robust dynamics which are considered recently
in many papers. Propositions 1.4 and 1.6 below highlight somewhat our basic
dominated and nonuniformly hyperbolic splitting theorem stated before.

Recall that a point x € M™ is said to be a chain recurrent point of f if for
any 0 > 0 there can be found a d-pseudo-orbit {z;};* of f for some ns > 1 such
that xg = x = z,,;. Let CR; denote the set of all chain recurrent points of f. We
define an equivalence relation «~ on CRf by = «~ y if and only if for any § > 0
there exists a d-pseudo-orbit {x;};, of f for some ns > 1 such that o = = and
Zns; = y. The equivalence classes CRy(z) are called the chain recurrent classes of
f, see, e.g., [5], [3], [1], [40], and [43]. Clearly, each chain recurrent class of f is

a compact invariant set of f.

DEFINITION 1.3.  For any x € Per(f), CR¢(x) is said to be C'-sustainedly
shadowable for f if there exists a C!-neighborhood % of f such that for any
g € % and any p € Per(f | CRy(x)) N Per(g), g has the shadowing property on
CRy(p). Similarly, the C!-sustainedly shadowable property can be defined on the
nonwandering set Q(f) of f.

Notice here that our C'-sustainedly shadowing is different from the C'-stably
shadowable condition considered in [40] and [43] where one requires g has the
shadowing property on every CR,(z4). Precisely speaking, let « be a hyperbolic
periodic point of f; then there exists a C'-neighborhood % of f such that for any
g € %, x has a continuation x4 near x; so, x4 lies in a unique chain component
CRy(zy) of g. The Cl-stably shadowable condition in [40] and [43] requires that g
has the shadowing property on CR,(z,). However, there f and ¢ need not share a
common periodic orbit in CRy(z) N CR,(z,). In addition, here we do not assume
previously that z is hyperbolic.

However, the C'-sustainedly shadowable property implies the C'-weak-star
property on a chain recurrent class from a discussion of Franks type, see Proposi-
tion 1.4 below, which implies that our Theorem A is a kind of extensions of Sakai
[40, Theorems A and B]. Similar result can be obtained for the Cl-sustainedly
shadowable property on the nonwandering set of a diffeomorphism.

PROPOSITION 1.4. Let f € Diffl(M") be arbitrarily given. Then, the fol-
lowing two statements hold.

(1) If for x € Per(f), CRs(x) is C'-sustainedly shadowable, then it satisfies the
Cl-weak-star property for f.

(2) If f is Cl-sustainedly shadowable on the nonwandering set Q(f), then it pos-
sesses the Ct-weak-star property on Q(f) and moreover it is hyperbolic on the
closure Cl(Per(f)).
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PRrROOF. The existence of the C!-weak-star property follows from a Franks-
type argument [12]. The hyperbolicity of Cl(Per(f)) in statement (2) of Proposi-
tion 1.4 follows from Theorem A and a Liao-wise sifting-shadowing combination
as done in [11]. This proves Proposition 1.4. O

A special case of n = 2 of Proposition 1.4 is a generalization of [44, Theorem
A] for the continuous-time dynamics. Similar to the Cl-stably shadowable con-
dition, C!-stably expansive condition was considered in a number of papers, for
example, in [27], [28], [34], [32], [41]. Now, we introduce a slightly different one.

DEFINITION 1.5.  f is said to be Cl-sustainedly expansive on the nonwan-
dering set Q(f) if there exists a Cl-neighborhood % of f such that each g € %
is expansive on Q(g) if Per(f) N Per(g) # @. For any point p € Per(f), one can
define similarly the C'-sustainedly expansive property on CR(p).

In [27] and [32], it is proved that if f is C'-stably ezpansive on M™, i.e., there
is a C'-neighborhood ¥ of f such that every g € ¥ is expansive on M", then
f is quasi-Anosov or equivalently satisfies both Axiom A and quasi-transversality
condition. If f is Cl-robustly expansive on Q(f), then it follows from [2] and [16]
that f is Axiom A. Clearly our notion of Cl-sustainable expansiveness is weaker
than the C'-robustly expansive. Using an argument of Franks type, however, we
can easily show that if f is Cl-sustainedly expansive on Q(f), then f satisfies
the Cl-weak-star property on (f), see Proposition 1.6 below. Similarly, if f is
C!-sustainedly expansive on CR¢(p), then f obeys the C!'-weak-star property on
CRy(p).

PROPOSITION 1.6. Let f € Diff'(M™) be arbitrarily given. Then, the fol-
lowing two statements hold.

(1) If f is Cl-sustainedly expansive on QU(f), then it satisfies the C'-weak-star
property on Q(f).

(2) If for x € Per(f), [ is C'-sustainedly expansive on CRs(x), then it obeys the
C'-weak-star property on CRf(z).

The statements of Propositions 1.4 and 1.6 will play a role of the starting
point for one to further study the hyperbolicity of the C!-sustainedly shadowable
and expansive dynamical classes. We shall not discuss these applications here.

1.4. A simple version of of Theorem A.

Let X!(R"), where n > 2, be the space of all C!-class vector fields on the n-
dimensional Euclidean space R" endowed with the uniform C!-topology induced
by the usual C'-norm
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IX =Yy = sup, cpn {| X (2) = ¥V (2) ]| + | X'(2) - Y'(2)|[}

for all X,Y € X'(R").
To simplify the symbols we will mainly prove the following Theorem A’ instead
of Theorem A.

THEOREM A’. Let S§: R® — R” be any nonsingular C'-class vector field on
R™. Assume A is an invariant, nonempty, and compact set of S. If S possesses
the C'-weak-star property on A, then there are constants n > 0,T > 0 such that
the following two statements hold.

(1) S has a natural and uniform (n,T)-dominated splitting on Per(S | A), i.e.,
for anyt > T and any x € Per(S | A)

1950, = exp(nt)  if Inds(z) = 0,
and

17815 _ (0,9l

Tz <exp(—2nt) if1<Indg(z) <n-—2.
5

1D (2,8) lleo
(2) Moreover, if x € Per(S | A) has the prime period T, > T, and
O=to<ti < - <ty=T,

is a subdivision of [0, Ty satisfying tp —tx—1 > T for k=1,...,¢, then

¢

1 e

T, § :log waqk i er,(stk—l(z),s)H <1
k=1

and

14
1 —th_
T, > 10|75 st 0y, o 2
k=1

Although this theorem is formally simpler than Theorem A, its proof contains
all the key points of that. If we take the exponential projection exp: TM"™ — M™,
one can translate its proof to a proof of Theorem A.
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1.5. Applications.

If a nonsingular C'-class differential system is robustly free of any non-
hyperbolic Markus-type periodic orbits then based on Theorem A above, it is
hyperbolic on the closure of all its periodic points under some other interesting
conditions like shadowing and approximation conditions. Our principal results of
applications of Theorem A will be the following Theorem C.

THEOREM C ([11]). Let S € X'(M™) be nonsingular, which possesses the
Cl-weak-star property.

(1) If S has the shadowing property on the closure Cl(Per(S)), then it is hyperbolic
on Cl(Per(S)).

(2) If every (S")ier-minimal subset of Cl(Per(S)) can be approached arbitrarily
by periodic orbits of S in the sense of Hausdorff topology, then Cl(Per(S)) is
hyperbolic in the cases of n = 3 and 4.

From [6], we see that the approximation condition assumed in statement (2)
of Theorem C is C'-generic. So, we can easily obtain the following C'-generic
result.

PROPOSITION 1.7.  If, for a C'-generic f € Diffl(M”) where n = 2 or 3, it
possesses the Cl-weak-star property, then it satisfies Aziom A.

PROOF. From the known C! closing lemma [39] or [23], it follows that for
a Cl-generic f € Diff'(M™), it satisfies Q(f) = Cl(Per(f)). Moreover, it follows
from [6] that for a C'-generic f € Diff' (M™), its minimal sets can be approximated
in the Hausdorff topology by its periodic orbits. So, the statement comes from
Theorem C. U

Since the dynamics of Axiom A is not C!'-generic, Proposition 1.7 implies
that the Cl-weak-star dynamics is also not C'-generic in X'(M™") for n > 3.
Hence, it follows, from Propositions 1.4 and 1.6, that the Cl-sustainedly shadow-
able (resp. expansive) dynamics is not C!-generic in Diff' (M™) too.

Let Diff{t*(M") be the set of all locally diffecomorphic transformations of

loc

class C'*®, where 0 < o < 1. Anatole Katok has asked if f € Diff.t*(M™),
which is Holder conjugated to a Cl-expanding map (or a Cl-class Anosov diffeo-
morphism) is an expanding (or Anosov) one. On Katok’s problem, there is an
affirmative solution for the expanding case; see [18] and [9]. But recently Andrey
Gogolev [15] presents a counterexample on T? for the diffeomorphism case.

As a straightforward application of Theorem C, we can easily obtain the

following result.
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PROPOSITION 1.8. Let f € Diffl(M”) possess the Cl-weak-star property.
If [ is topologically conjugated to an Axiom A diffeomorphism, then f satisfies
Axiom A itself.

PrOOF. Since f is topologically conjugated to an Axiom A diffeomorphism,
f has the shadowing property on the nonwandering set Q(f) of f and Cl(Per(f)) =
Q(f). Then the statement follows from Theorem C. O

Thus, under the same hypothesis of Proposition 1.8, if f is topologically con-
jugated to a transitive Anosov diffeomorphism, then f is Anosov itself.

1.6. Outline.

This paper is organized as follows. To prove Theorem A, we will introduce
the theory of standard systems of differential equations in Section 2. In Section
3, we will introduce two technical linear perturbation lemmas that are due to S.-
T. Liao. We will prove Theorem A’ and then Theorem A in Section 4, using Liao
approaches. Finally, based on Theorem A we will prove Theorem B in Section 5.

2. Liao standard systems of differential equations.

In [20] and [21], Professor Shantao Liao established his theory of standard
systems of differential equations for C'-differential dynamical systems on closed
manifolds. Since we will prove Theorem A’ in Liao’s framework which is less
known, we need to recall some basic results of Liao theory. Here our standard
system is different from Liao’s used in [22]. Moreover our treatments are much
simpler than Liao’s. In addition, we shall introduce the notion of “level vector
field” following Liao [22].

Let R™ be the n-dimensional Euclidean space, where n > 2. We identify its
tangent bundle TR™ with R™ x R"™.

Throughout this section, let §: R® — TR" be any fixed nonsingular C!-class
differential systems on R™ which has an invariant compact nonempty set A C R"™.

2.1. Variational equations.

First S naturally generates the C'-flow (S");er: R® — R™; S'(z) = t.z on
the state space R™ as before. It further induces, on the tangent bundle R™ x R™
of R™, the smooth linear skew-product flow

(DS")ier: R" x R" — R" x R™;  (x,v) — (t.z, D,S"(v))

where D,S": T,R" = R" — T; ,R" = R™;v s (08"/dx)v, corresponding to the
variational equations
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{x'— S(x);

b= &' (@), ((x,v) e R" x R")

on the extended (z,v)-phase-space R” x R", i.e., (d/dt)D,S" = 8'(t.z)D,S". We
define the natural S-transversal vector bundle over A as follows:

St = UIGASJ‘ where the fiber at z is S = {v € R" | (S(x),v) = 0}.

x

Then, S further gives rise to the natural (smooth) linear skew-product flow on
Sj:

Us:Rx S5 — Sy (¢ (z,0) — (t.2,¥5 ,(v))

where

S(t.
IS

x) > S(t.x)
)|/ 18(Ex)l
In other words, ¥§ ,(v) is the component of D, 8" (v) orthogonal to S(t.).

Then, A is hyperbolic if and only if there exists a Wg-invariant continuous
splitting

LT/fgz(v) = DxSt(v) — <DzSt(v)

Si=E' @B
and two constants A < 0, K > 0, such that
@6 (u)|| < K|lullexp(At) Vu € E° and ||@g"(u)|| < K|lul exp(At) Vu € E*.

for any ¢t > 0.
As usual in Liao theory, let

T =] _ Fé @

be the bundle of S-transversal orthonormal (n — 1)-frames of the tangent bundle
R™ x R™ over A, where the fiber over x is defined as

Fo (@) ={y=[v1,...,va1] | vi € S5, (vi,v;) =0y for 1 <i,j <n—1}
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equipped with the naturally induced smooth structure. Here ¢;; is the Kronecker
symbol. Then, S naturally generates a frame skew-product flow:

(L) et RX T () = F(A); (@) = (te, 75(),  (21)
where the factor eyt*i ygﬂnfl(a:) — 9§?n71(t.x) is defined by applying the stan-
dard Gram-Schmidt orthogonalization procedure; see [19] and [7], for example.

We now make a Perronwise triangularization for the variational equation of
S under the moving frames (%fg('y))tek. For that, we simply write

Y(t) = FE(y)  vteRand (z,9) € F&,_i(A).

Because S is of Cl-class, 7, (t) also is of Cl-class in ¢; that is to say, 9v.(t)/0t
makes sense and is continuous with respect to (¢, (z,7)) under the natural smooth
structure.

Given any (n — 1)-frame (x,7) of S, define an orthogonal non-autonomous
coordinate transformation as follows:

n—1
Yop: R = 8F 0 2 q,(t Z Zicoly(

i=1
where z = (21,...,2" )T € R"~! is regarded as an (n — 1)-dimensional column
vector and the (n — 1)-frame 7, (t) € R™*(»=D as an n-by-(n — 1) matrix with
columns coly (7, (t)), ..., col,—1(7:(t)) successively. Then, there can be defined a
family of linear isomorphisms

i)
Rn—l S Rn—l
(C;’»y(t»tER: R?—1 - R such that 'yx,oi \L"/z,t (22)
T,

St —"5- 87
We now think of C . (t) as an (n—1)-by-(n—1) matrix under the standard basis of
R"~!. Clearly, the function t — (d/dt)C; . (t) makes sense since S is of C'-class,
and by (2.2) we have

it + 1) = C7

S (@) (tQ) o C;KY (tl) Vt1,t2 € R.

Put
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* d * * — *
R0 = {GCr0foCt, 7 Ve e L@

which is continuous with respect to (¢, (z,v)). Given (z,7) € 9;%_1(/1) associated
to S, the linear differential equation

=R} (t)z, (t,2) €eR x R™! (R:.)

is called the Liao linearized system of S under the moving frame (v;(t))ier-

LEMMA 2.1 ([19], [8]). The Liao linearized systems of S possess the follow-
ing three properties.

(1) Uniform boundedness: R . (t) is continuous in (t,(z,7)) € R x 3{;?”_1(/1)
with

mimsu{ IR0kt € R, (07) € FF, ()] <.
%]

(2) Upper triangularity: R} . (t) is upper-triangular.

(3) Geometrical interpretation: Let v = v,.0(Z) for any z € R"™! and any frame
(z,7) € ﬁg?n_l(/l). If 2(t) = 2(t,2) is the solution of (R} ) with z(0) = Z,
then

Vs o (v) = Yo (2(1) € Siy-
Conversely, letting z(t) = (21(t),..., 2" 1(t))T € R*~! be defined by

24 (t) = (U5 (), coliz () (i=1,...,n—1),

we have Z(t) = R} (t)2(t)and 2(0) = z. Particularly, Cy . (t) is the funda-

mental matriz of solution of (R} ).

Statement (3) of Lemma 2.1 shows that (R;km) is essentially the variational
equations of the differential system S along the orbit S® (z).

2.2. Standard systems.
For ¢ > 0, let R*™1 = {z e R"1; ||z|| < c¢}. Let

Ys(r.ay) = S'(z) + S, where t.z = S"(x) as before
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be the cross-section of S at the base point t.x for all £ € R and all x € R™, viewed

as a hyperplane in R".

Given any (z,v) € ﬂ;ﬁ

N

_1, we consider the C'-mapping
6., Rx R"1 - R"
defined by

6 (t,2) =t +72.4(2) Y(t,z) € R x R"1,
It is known from [8] that there is a constant ¢ > 0, which might rely on S but
is independent of the choice of (z,v) € ﬁg?nfl(/l), such that &; . is locally
diffeomorphic from R x R?~! into R™. In fact, there is some € > 0 so that for any
z € A, & is C'-diffeomorphic from (—e, ) x RS into R™.

Given any (z,7) € 9;?71_1(/1) and any other X € X!(R") nearby S, we define
a CO-vector field on R x RP~!

X, RxR'" S RxRV?
in this way:
(D(4,)8%5,) Xy (t,2) = X (6% (t,2))  Y(t,z) e Rx RIL

Since &, , is locally C!-diffeomorphic associated to S, ‘/X\ww(t, z) is well defined
on R x R?~1. Particularly, for the special case X = S, we have

S.~(t,0)=(1,0) e R x R* 1.

On the (¢, z)-phase-space R x R?~!, we now consider the autonomous differ-
ential system

d e
il (t) =X, (t, 2), (t,z) € Rx R*! and t € R.

Write
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Clearly, it follows from &}, . (t,2) = 6;*“(90 i (0, 2) for any (t,2) € R x R*~! that
X, (tz) = X\yt*u(m)(o, Z)  V(t,z) e Rx RV (2.3)

Although &7  is only Cl-class, we can obtain more about the regularity of
A/X\wﬁ(t, ) with respect to the variable z € R?~1,

First, by replacing ¢ by a more small positive constant if necessary, we can
obtain the following lemma.

LEMMA 2.2.  There ezists a Cl-neighborhood Ns of S in X*(R™) such that
for any X € A3,

—~0

<X (t2) <

N
DO | W~

for any (t,2, (z,7)) € R x R?~1 x ﬁg?nil(/l).
Thus, the following definition makes sense.

DEFINITION 2.3.  Given any (X, (z,7)) € A5 % fz;{‘M(A), set

—~1 —~n—1
X, . (t,z X t,z
X (t,z) = e (t2) ey =1 (t,2) eR™  V(tz) eRxRML

The non-autonomous differential equations

dZ * n— *
== X (t,2), (t,2) e R x R?™1 (X5.)

is referred to as the standard system of X associated to (S, (z,7)).

From (2.3), it follows easily that

X, (t+t,2) =X

y:u(mﬁ)(t/,z) Vt,t' € Rand z € R?_l.

Note here that %*u is defined by S as in (2.1), not by X. From now on, we rewrite
(X7 ) as a quasi-linear differential equations

i=R; (t)z+ X}, (t,2), (t,2) eR x RP™! (X: )

rem(x,7y) T,y
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where
X:em(:c,'y) (t, Z) = X;;y (t7 Z) - R;,'y (t)Z
such that
* ’ _ * !/ /
Xiem@y(t+t,2) = chm(y:n(zﬁ))(t V2), vt t' € R.

We notice also that R} _(t) is associated to S, not to X.
The following theorem is basic in the theory of standard systems of differential
equations.

THEOREM 2.4 ([20]). Let A5 be given by Lemma 2.2. Then for any system
X € Ag, the following statements hold:

(1) Xtem(a,q (t:2) and 0X [y (54t 2)/0z both are continuous with respect to
(t2 (2,7)) in RXRE™N X F 4 (A),

(2) Given any (z,v) € ﬁ;ﬁnfl(/l) and t' < ", if 2*(t) = 2% , ., (tito, z) where
t,to € (',"), is the solution of (X7 ) with 2*(to) = 2, then

xtN(&; (t,2)) = &}, (t, 2" (1) € Ds(r.x)

where

(3) S5, (t,2) is of C'-class in z € RY™" with S}, _(t,0) =0 for all t, such that

08, ,(t:2)  9S5,(1,0)

o 5% =R, ,(t) asz—0

uniformly for (t,(x,7v)) € R x ﬂg'fnfl(/l).

REMARK 2.5. Statement (2) of Theorem 2.4 shows that if x is a periodic
point of S with period 7., then

SH0: sy = Ds(a)

is well defined near x, which is just the classical Poincaré map of S at x, and
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Cro(72): R"~! — R"~! is its linear approximation. However, certain care must
be taken in interpreting the characteristic multipliers of z, since the coordinate
system of T, Xg(,) is v at instant ¢ = 0 and v, (7,) at instant ¢ = 7.

2.3. Level vector fields.

As mentioned before, there is a constant ¢ > 0, which is independent of
the choices of (z,v) € ﬁ;{infl(/l), such that &% :[0,¢e] x Ry~ — R™ is C'-
diffeomorphic. If "> 0 and 0 < ¢ < ¢ are such that

* n—1 n
Gi, [0,T] xR =R

is Cl-diffeomorphic into R", then the cylinder [0, 7] x R?fl is said to be admissible
for (S, z). Notice here that the admissibility is independent of the choice of the
frames v € .Z5 | (z).

We introduce a necessary notion following Liao [22].

DEFINITION 2.6. Let [0,7] x Rgfl be admissible for (S, z) where z € A,
and

Z(t,z2)=(0,2",...,Z2" ")

a Cl-vector field on R™ such that ZTRH_[()’T]XRZLA = 0. Such a Z is called a level

vector field on the cylinder [0, T x RZil. For any v € ﬁ;{infl(x), define naturally
a C%-vector field, write IT}, _(Z), on R" as follows:

(DG;W)Z(t,z) ifw=6;(tz), 0<t<T, ||lz]| <¢

Il (Z)(w) =
= (Z)00) {0 if weR" - &% ([0,T] x RZ™).

The following facts are useful for proving Theorem A, which correspond to
[22, Propositions 3.1, 3.3 and 3.4].

THEOREM 2.7. Let Z(t,z) = (0, S'gﬁ(t,z)Z*(t,z)) € R™ be a level vector
field on an admissible cylinder [0, T] x thl for (S,x), where (z,v) € yg?nq(/l)'
Then, the following three statements hold:

(1) Iy (Z) is of C'-class.
(2) There are numbers &, > 0,(, > 0 such that for any (x,7) € yg"jnil(/l) and
any T >0

T3 (2)]], < &2k
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if [0,T] x R?ili < Cu, 18 an admissible cylinder of (S,z) and Z(t,z) is a
level vector field on it.
(3) Let X =S +1I; ,(Z). For any ¢ > 0, there is a 6 = 6(S,¢) > 0 such that

— ~

Xo(t2) =82~(t,2)+ Z(t, 2)
and

X ,(t2) =8, (t2) +Z7(t,z) and |II; (Z)|l <e

if [0, T] x R?_l with ¢ < ¢ is an admissible cylinder of (S,x) and Z(t,z) is a
level vector field on it satisfying || Z]]1 < 0.

PrOOF. Let C(s;(t,2)) € [0,T] x R?‘l be an integral curve of the level
vector field Z in R™ with C(0) = (¢, z), for s € (—7,7) for some 7 > 0 sufficiently
small. Clearly,

C(s; (t,2)) = (1,01 (s;(1,2)), .., C"H(s; (1, 2)))
lies in {t} x R}~ for all s € (=7, 7). Then for w = & _(t, z), we have

C(s;w) := &} (C(s5(t,2)))

=tx+ %’t(Cl(s; (t,2)),...,C" (s;(t,2))) € Ys(t.a)s
is an integral curve of the field II; | (Z) in R™ with ¢(0; w) = w. Thus,

_ d€ (s;w)

I}, (2)(w) = “2

= () (Z(t,2), ..., 2" (8, 2)) "

— () (2Y(S:, T w)), .., 2N Ss, T w) T

(2.4)
is of Cl-class with respect to w by the definition of admissible cylinder. This
proves statement (1) of Theorem 2.7.

Next, we are going to prove statement (2) of Theorem 2.7. By (2.4) we have

T (2|, < 121l

for any (x,v) € 3{;?%_1(/1) and for any admissible cylinder [0, T] x R?‘l of (S,x).
Note that
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w=w(tz) =6} (t2)=t.r+7:.(2) Y(t,z) € [0,T] x qu.

From (2.4) again, it follows that

HaH%(Z)(W)H < Ha{%(t)(zl(m) 2" (t,2)

o)
ow alt, z)

However,

H N (N ZM(t, 2), ..., 2" (t,2))T
ot

Hd% A z))TH+ %(ﬂ(aZl(t’Z) az”%t,z))T

ot 7 ot

1 e

ot
H B0 T, [”a(”} s
SES

Therefore, we have

ol* (Z
0 (2)]], < 11210 +sup ‘(MH

ow

66;,’}/71 d’Y:r H
ow

el

0G* _(t, 2
65(’;(;) _ [s(t.x) - %%,t(z), %(t)}

2)

<120+ sup

)

)

and

nxn
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where w = w(t, 2).

On the other hand, we see that (d/d¢)7, ¢ is jointly continuous with respect to
(t, (x,7)) and uniformly continuous with respect to (¢, (z,v)) € [0, T] x ﬁg?n_l(/l).
So ||(8G;7771(w))/8w|| is continuous with respect to (¢, (z,7)).

Thus, by the group property of (%*u)te]g and the compactness of f;?n_l (A),
there exist constants &, > 0, (. > 0 such that for any (z,v) € f;{jnfl(/l) and any
T>0

T3 (2)]], < &N1Z]h

whenever Z is a level vector field on an admissible cylinder [0, T x R?_l for (S, )
and for ¢ < (.. This proves statement (2) of Theorem 2.7.

Statement (3) of Theorem 2.7 comes immediately from Definition 2.3 and
statement (2) of Theorem 2.7 proved above. The proof of Theorem 2.7 is therefore
completed. O

Theorem 2.7 will play the role of the Franks lemma [12]. This kind of special
small perturbation X of S defined by Theorem 2.7 is very important in the proof
of Theorem A’.

2.4. Level vector fields based on periodic orbits.

We now assume that p € A is a periodic point of the differential system S
with prime period 7,,. For any v € ﬁg?nil(pﬁ w(Tp) = ny,p('V) belongs to
ﬂgen_l(p) as well. Let

(Vs (1)) = ({coly, COlj’Yp(Tp)>)(n—1) X (n—1) (2.5)

be the correlation (n — 1)-by-(n — 1) matrix of v and ~,(7,,). Then, we have

’VP(TP) = (COll'Yp(Tp)a cee 7C01n717p(Tp)) = V<'77 Vp(Tp»'

We will use the following results in the proof of Theorem A’.

PROPOSITION 2.8.  Given any periodic point p € Per(S | A) with the prime
period T, and any e > 0, let Z = (0, Z) be a level vector field on an admissible
cylinder [0,T) x qu of (S,p) such that Z(t,0) =0 for allt € R and || Z|1 <4,
where 0 = §(S,€) is as in statement (3) of Theorem 2.7. Let v € ﬁg?n_l(p) and
SO (pyn&; ([0,7] x RE™) = ST (p) and T < T,,. Then, P := S""™)(p) is
also a periodic orbit of X = S+ 11y, . (Z) with S\p = X p. Moreover, if Zy(t) is
the standard fundamental solution of matriz of the equation
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dz (. OZ(t, z)

then the eigenvalues of the matrices (v, vp(Tp)) Z4(Tp) and Zy(T,) (v, vp(Tp)) are
just those of X at p, respectively.

PrOOF. Let X =S +1I5_(Z). Since S(t.p) = X (t.p) for any t € R where
t.p = S'(p), S[O’T”}(p) is still a periodic orbit of X with S*(p) = X*(p) for all ¢t.
We write

-0
X(t,z) =8,.,(t,2)X"(t,2).
By a direct calculation, we easily have

~0 Y
08, ., (t,2)Z"(t,2)
0z

Thus, Z(t) is also the standard fundamental matrix solution of the equation

>Z’
z=0

where Z*(t, z) is as in statement (3) of Theorem 2.7.
To validate the second part of Proposition 2.8, we consider the Poincaré map
of X at p

% _ <R* 0 07 02)

= Py Ay

TP . —
VX pt 28(p) = 2S(1,.p) = 2S(p)-

Notice that Yg(,) = Yx(p) and X, (#,0) =0 for all t € R and so zx , . (t) =0
is a solution of the standard system (X, ) of X associated to (S, (p,7)). From

statement (3) of Theorem 2.7 and Theorem 2.4, it follows that Dpwfg”p = Zy(Tp)
if we let 7, v, (T}) serve as the bases of S;‘ and S}‘p.p, respectively. So, if we let ~

serve simultaneously as the basis of S;‘ and SJT‘p.p, then
T
Dp¢_x?,p = (7 (Tp)) Z5(Tp).
This shows that the eigenvalues of (vy,v,(7T},))Z(T},) are just those of X at p.

Similarly, one can prove that the eigenvalues of Z4(T,)(v,vp(T})) are just
those of X at p. This proves Proposition 2.8. g
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3. Two perturbation lemmas of Liao.

In this section, we will introduce two perturbation lemmas due to Liao [22].
Since they are unavailable for English readers, we now restate them without proof.
Let us consider a linear differential equations of order i

d .
DAty (ty) ERxR

dt

where the i-by-i coefficient matrix A(¢) is continuous in ¢ such that

supyeg|lA(t)]| < ax < oo.

By ya(t,y) we denote its solutions with y4(0,y) = y for any y € R'.
Let f.: R — [0, 1] be a smooth bump function needed later such that

fel(coo,178) =0, fulir/s,00) =1, fuljija,3/4) = 1/V2.
and
1< b o= supyeal (0] < oo

Then, the following two lemmas are useful.

LeEMMA 3.1 ([22]).  For any o € (0,1), yo,ys € R with ||lyo|| = 1 = ||ys]| and
0< Ty <T < oo such that

lya(T,50)l A2
@y = 5 “PAT/32)

and
T > max { 16a*T1’ 20T + %log %7 T + 2},
where
A= e A = 2 exp(-o/2)

there is a linear perturbed equation
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dy

WA+ By () eRxR (%)
which satisfies that
(1) By(t) is continuously differentiable int such that By(t)|(—cc, oJur—1/8,00) = 0
and
sup,e || B (1)]] < ¢;
(ii) there exists a solution yy(t) such that y3(0) = yo, y4(T) = ya(T,yy) or
—ya(T,yy).

The second lemma is stated as follows:

LEMMA 3.2 ([22]). Letp€ (0,1) and0 =ty <t1 <--- <t =T < 00 and
Yo,y € R such that |[yoll = 1 = [lya(T,yo)[l. If

lyalte—1,y5)] = llya(te—1,9)|

~inf
yERY, |lya(T,y)ll=1

and

16a.T - 64 2 -
tk—tk_lzmax{ (; ,2)\T—|—Qlog)\,T—|—2}7 k=1,...,¢,

where A = o/(4b, exp(2a4)), A = (A/2) exp(—0/2) and where

- 32 32
T=—log—
)\Q og )\z 9

then there is a linear perturbed equation

dy _

2 =AO+ By (by) ERXR (B)

which satisfies that

(1) By(t) is continuously differentiable int such that By(t)|(—cc, 0jur—1/8,00) = 0
and

supeg|| By (1) < o
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(ii) there exists a solution yy(t) such that y,(0) = yo and

yy(T)
T = ya(T,yy) or —ya(T,yy)
ly(T)]] “ :
and
t
sl st fork=1....e
lya (=Dl yeri flyatte_1.) =1
Particularly,
l
lye (1) = H sup lya(te,y)|l-

k=1 YERY Jlya(ts—1,9) =1

Let @ : R — RY; y + ya(t,y) for all t € R. Then

yer fumir gz 194G 1 VI = ey 0 o
and
gyt It = [l oo
fork=1,...,¢

4. Existence of weak hyperbolicity.

This section will be devoted to proving Theorem A stated in Section 1.2. As
described before, we need to prove mainly the simple version Theorem A’ stated
in Section 1.4.

4.1. Proof of Theorem A’.

Throughout this subsection, let §: R” — TR" be any given C'-class vector
field on R™ having no singularities. Let A C R™ be an invariant, nonempty, and
compact set of the dynamical system S. We simply write

S'(z) =ta and ¥§,(v) ="' (v) Vt € R and (z,v) € S5.

For convenience, we now reformulate Theorem A’ as follows:
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THEOREM 4.1. If S obeys the Cl-weak-star property on A; that is to say,
there is a C'-neighborhood % * of S in X'(R™) such that, for any V € U™, every
P in Oper(S T A)NOper (V') with Syp = Vip, is hyperbolic with respect to V', then
there are constants n > 0 and T > 0, for which the following two statements hold.

(1) S has a natural and uniform dominated splitting on Per(S | A); that is
|7t < exp(—nt) if dimD_(z,8) =n—1,
[@*)lco > exp(nt)  if dimD_(,S) =0,

Lpt
M <exp(=2nt) if1<dimD_(z,8)<n-—2,
+ (=, co

for any t > T and any x € Per(S | A).
(2) If x € Per(S [ A) has the prime period T, > T and

O=to<t1 < - <ty =Ty, {>1

is a subdivision of [0,T,] satisfying ty —tg—1 > T for k=1,...,¢, then

1 4
7 D Jog [0 el < -
T k=1

and

¢
1 _
ﬁ Z log Hwtk fe D4 (tk—1.7,5) ||co =
k=1
Here the subspaces D_(x,S) and Dy (z,S) of T,R™ both are defined as in
Section 1.1.

PRrOOF. For the clarity, we will divide the proof of Theorem 4.1 into several
steps.

Step 1: Define a C'-neighborhood # of S in X*(R") as follows:
W =U%"NANs

where 45 is defined by Lemma 2.2. At first, let us choose two constants € > 0
and ¢ > 0 such that
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(a) if V € X1(R") satisfies |V — S||1 < & then V € #/;
(b) 6 = 4d(S,¢) satisfies the requirement of statement (3) of Theorem 2.7 for the
case where ¢ is given as in (a).

And put

min{J, 1} .
= — h 1 4.1
0 100+ 2, with 0 < p < 1, (4.1)

where b, > 1 is defined as in Section 3 associated to the bump function f,(t).

Step 2: For any P € Oper(S | A), from the hyperbolicity of S at P it follows
that there exists a natural ¥-invariant decomposition over P

St =D _(2,8)®D,(z,8), and simply write i, = Indg(z) Vo € P.

Then, take an arbitrary (n—1)-frame v € ﬁ;&hl (x) at the base point & € P such
that

colyy e D_(z,S) fork=1,...,i, ifi, > 1. (4.2)

We will apply Liao’s Lemmas 3.1 and 3.2 stated in Section 3 to the Liao linearized
equations of S under the chosen (n — 1)-frame (z,7)

dz * *
E = Rz,'y(t)z (Rm,'y)
given as in Section 2.1. Write
] Qun(t)  Q (t)} m : S
Rz t) = Y T,y , z= c Rz x R™ iz
A0 On—1-i,)xi, Q) '

where Q- (t) is a matrix of i, X i,. By 2 (t, 2) we denote the solution of (R} .)
with z, (0, 2) = z for any z € R""!. In the case i, > 1, let Y, ,(¢) be the standard
fundamental solution matrix of the following subsystem of (R} .)

Y= Qx,’y(t)ya (t,y) cR x Rlz

From Lemma 2.1, it follows that ¥ (y,,0(2))]| = |22, (¢, 2)| for any ¢ € R and
any z € R"~!. Thus,
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¥ D (tra.8)|| = _ Hsup( . 1Yo A (' + 1)y Vt>0and t’ € R.
yER ||V, o (¢)y|=1

Step 3: We first prove the following claim:

CLAamM 1. There exists a constant Ty > 0 such that, if P € Oper(S | A)
having prime period Tp > Ty and if 0 =ty < t; < --- <ty = Tp is a subdivision
of [0, Tp] with ty, —tg—1 > Ty for k=1,...,L, then the inequalities

14
1
Tip Z log Hwtk_tIFl ID_ (tx—1.2,5) H < _Q/4 (4.3)
k=1
and
1 4
TTDZlOgHwtk_tkflrD+(tk71.z7S)Hco > Q/4 (44)
k=1

for any x € P, are satisfied.
Here g is as in (4.1) and T4 will be defined by (4.7b) below.

PROOF. Let P € Oper(S | A) with the prime period Tp and a subdivision
of [0, Tp]

O=to<t1 <---<tp=1Tp, £>1
have been arbitrarily given. Let
i =Indg(P).

Since the case of i = 0 can be handled by considering —S instead of S, without
loss of generality we may assume 1 <i < n —1. Let x € P be a periodic point
with the prime period T, = Tp.

First, pick up some (n—1)-frame v € fg?n_l(z) at the base point x satisfying
(4.2) and consider (R} ) associated to (S, (z,7)). To apply Lemma 3.2, we first
take and then fix some y; € R! such that

Ve (Te)ysll =1 and  [[Ye 5 (t-1)ysll = inf Ve (te=1)yll-

yeRiaHYw,w (Tz)yll=1

Let 2y = Yy (T0)yy, 0)T € R' x R*171 and set
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—1
20 = <’77’71(Tx)>2h eR" P
where v, (T) = yT*fI('y) and yT*fm FE (x) - FE _(x) is defined as in

(2.1). Condition (4.2) implies that colgy,(Ty) € D_(z,S) for k = 1,...,1 and
hence the correlation matrix of v and ~, (7T, ) has the form as follows:

ey = % (45

*

where C; - is of i x i and * is some matrix of (n —1 —1i) X (n — 1 —1i) given as in
(2.5). So,

20 = (Cyy Yo (T)yy, 0) € RN x R,
Let
Yo = Cur Yo (Ty)yy € R (4.6)

Since (7, v,(T)) is an orthogonal matrix, we have |lyo|| = ||z4|| = 1.
Let the constants A\, Ay, T and T4 be defined as

0 A
= — )\* = — — 2 s
T ep(@n)’ 5 exp(—0/2)
and
32 32
T = o log )\—z, (4.7a)
169, _ - 64 2 _
T, —max{ uaT orT 4 6—10g/\—, T+2}, (4.7b)
0 0 .

where 77, is defined as in Lemma 2.1. It is easy to see that T is independent of
the choice of the (n — 1)-frame (z,7).
Then, if

ty —tk—1 > Ty fork=1,...,¢, (4.8)

then by applying Lemma 3.2 with A(t) = Q4 ~(t), ax =14, and T = T, one can
find a linear equation



1278 X. Da1

dy

at = [Qr’y(t) + Bz,’y(t)} Y, (t,y) € R x R

such that B, ,(t) is continuously differentiable in ¢,

Bay(t)| (=0, 0]U[Tw—1/8, +00) = 0, and sup;cg || Be 4 (t)]| < 0. (4.9)

Observe that it has a solution yy(t) such that

Y2(0) =wo and  yy(T) = lya(To)l[Ya,y (Te)ys o — [lya(Te)|[Ya,y (T2)ys, (4.10)

and
¢

(Tl =]  sup Ve (). (4.11)
b1 YERL|IY: o (tk—1)yll=1

Next, we are going to prove (4.3) of Claim 1 under condition (4.8).
We will define a level vector field on R™ as in Section 2.3. First, we take a
constant &y such that

Tz
P nemana-ymyds =4 md 0<g<o @2

Put

1

T=T,— .
8

Since x has prime period T, > T, we can take a constant ¢ € (0,¢) so that the
cylinder [0,T] x Rg_l is admissible for (S, z) and

STl (@) ne;, ([0, 7] x R = [0, 7).z,

where & _ is the standard mapping defined by (S, (x,7)) as in Section 2.2. Par-
ticularly, we require

)
2[maxo<i<r, ||(d/dt) By~ ()] + 200.T5 ' + 0] +1°

¢< (4.13)

For any £ € [0, &], define a vector field on R™ as follows:
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Z.¢(t,2) = (0, Zye(t,2)) = (0, fu(2(1 = [|2]1/€)) Bre (1))

for any (¢,z) € R x R"~1 where

B%E(t)

3 [Bm(t) 0 &L (t)To) fo(1 = t)To) L.

€o 0 0] (n—1)x(n—1)

Here I,,_; is the identity matrix on R"~!. It is easy to see that Z., ¢(t, z) is level
and of C!-class on the admissible cylinder [0, 7] x R2’71 of (S, ), and

Z,(t,0)=0VieR and Z.¢(t,2) = Bye(t)z for ||z]| < ¢/2.
Let
Xye=85+ H;’Y(Z%E)‘
Then X, € X'(R") by statement (1) of Theorem 2.7. Moreover, we have

5 (Z1¢)ll < e and so X, ¢ € # for any £ € [0,6] by (a) in Step 1 before.
Indeed, from

~ Buel) if s <¢/2,
0Zelt2) Lo i 2] > ¢,
0z R
Byef.(2) i¢/2< 2] <,

where fu(2) = fu(2(1 = |12]1/O) Ln-1 — 2£1(2(1 = |12 /) (=/¢) (=" /|2]]), we obtain
by (4.1)

0Z . ¢(t, 2)
0z

sup
(t,z)ER™

‘ < (0+&)(1+2b,) < 5/2.

Similarly, we can obtain by (4.9)

sup || < ¢ =B et
(t,Z)GR" at C dt v f( )
d 2&0b.
< — .
- g‘(OrgntanT dth‘”(t)H + T, )
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In addition,

sup [ Z ¢(t, 2)]| < Ce-
(t,2)€Rn+1

Therefore, by (4.13) we have

1Z+.elly < 6.

This implies, from statement (3) of Theorem 2.7 and (b) in Step 1, that
L5, (Z+ )1 < € as desired.

Clearly, from Proposition 2.8, S[O’T’”](x) is also a periodic orbit of X, ¢ with
St(x) = X’fm(x) for all 0 <t <T,, since Z, ¢(¢,0) =0 for all t € R. Let N, ¢(t)
be the standard fundamental solution of matrix of the equations

dz [, 0Z . ¢(t, 2)
dt v (D) + 0z

}z, (t,z) e R x R"L (4.14)
z=0

Then, from Proposition 2.8 it follows that N, ¢(T%)(7, 72 (T%)) has the same eigen-
values as the periodic point x of the differential system X . From

0Z¢(t,2)
0z

=B (t)
z2=0

and statement (2) of Lemma 2.1, it is easily seen that N, ¢(t) is such that

N.

Le(t) = {L%f (*) :] where L ¢(t) is a matrix of i x i.

0

So, from (4.5)

Ny e (To) (7,72 (Tw)) = {Lv,a(Té@)Cm j

Let p, (&) be the spectral radius of the i-by-i matrix L, ¢(T;)Cy . Then, p,(§) is
continuous with respect to & € [0, &), since L ¢(T) is continuous.
Now, on the contrary, assume that (4.3) is not true. Thus according to (4.11),

ly5(T2)[| > exp(—eTx /4).



Dominated splitting of dynamics with Cl-weak-star property 1281

For & = &, let

9(t) = yy(t) exp {/0 Sofi(s/Te) fu(1 = s/T5) dS}, 9(0) = y3(0).

Since §(t) is a solution of the equation

D Qut) + Bul) + 5./ T (L /L)

(9(t),0) is a solution of (4.14) by the definition of B, ¢(t), and further
9(T) = Lry¢(T2)5(0).
It follows from (4.6) and (4.10) that
9(Te) = Ly,e(T2) Co iy Ya i (T ) g

Tx
s (T2 exp { | ettsmana-sm) ds}Ymm)yu

= § or

Ty
(T exp { | attsmana-sm) ds}Yxﬁ(Tx)yh

and so L. ¢(T;)C,  has an eigenvalue

zlew | | Y (/TR0 - 5/Ty) a5}

or

— Nlyy(T) || exp { /OTm Eofi(s/Ty) fo(1 = s/Ty) ds}.

Thus, p,(&o) > 1 by (4.12).

On the other hand, for the case where £ = 0, we have Z%O(t, z) = 0 for any
t € R. So L, (t) = Y, ~(t) and further p,(0) is the spectral radius of the linear
transformation

wl= D_(z,8): D-(2,8) = D_(z,85) (where D_(T,.z,S) =D_(z,5)).
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Since z is a hyperbolic periodic point of S with Indg(z) > 1 and D_(z, S) is just
the stable subspace, we have p.,(0) < 1. Therefore, by the continuity of p,(§) with
respect to &, there is some & € [0,&] such that p,(¢') = 1.

This contradicts the fact that X, ¢ € % which shares the same periodic
orbit P = S%+)(z) with S. So, under condition (4.8), the inequality (4.3) holds.
Considering —S, we can similarly show the inequality (4.4).

This proves Claim 1. U

Step 4: Let

V/25[6 + exp(—2n,T1)]? + dexp(—4n,Ta) — 5[6 + exp(—2n,T4)]

It is clear that 0 < T < 0o. Define two constants
T, = max{2T4,4Y/o} and T, =2T4(1+ 2n,T4/log2),

where T4 as in (4.7b) and 7, as in statement (1) of Lemma 2.1.
Next, we will show

CLamM 2. If P € Opee(S | A) has the prime period Tp > T, satisfying
indg(P)=1,1<i<n-—2, then

1 ||Wt D4 (x S)”co 1
Zlog I Di@Silleo 5 2009y
t T D @)l — T

for any x € P.

PRrROOF. Fix any P € Ope(S | A) with prime period Tp > Ty and 1 < i <
n — 2. To prove Claim 2, we first prove

log ||WTA TD+(I,S)HCO — log ||WTA er(w’S)H > log?2 Vo e P. (4.15)

Hereafter, let z € P be given. We can take u_ € D_(z, S) and uy € Dy (z, S)
such that ||u_|| =1 = |luy]|| and

log ||, (u-)|| = log [ 1p_(z.s) |

and
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log [ (u) || = 1og [[#"* 11, (2.9) |-
From the assumption Tp > T, and by (4.3) and (4.4) of Claim 1, we have
max {77 (u-)|l, 19577 (uy)]|} < exp(—oT./4) <1. (4.16)
Thus, there is some u € Si‘ and 7 > 0, r > 0 such that

v (uy)

i=ru_ +r————’
1@ 7 (uy)|

and lul| =1 = ||& " ()]

Let ug = WP (u) and ro = r/||¥; 77 (u,)|. Then
a=7u_+7ro¥, P (uy) and wg=rouy + 7Y (u_). (4.17)

Take a frame v € f;ﬁ (x) such that (4.2), and let z,(t, z) be the solutions of

,n—1
(R; ) associated to (S, (z,7)) with 2,(0,z) = z for all z € R"~!. By Lemma 2.1,
it is easy to see that

exp(—nt) < ||PL]| < exp(nqt) VE> 0. (4.18)
Take Z,z_, 20, 2+ € R™ such that
U="3,0(2), u-=7z0(2-), uo=120(20) and uy =150(24).
Then ||Z|| = [|z—]| = |20l = ||z+]| = 1. We claim

(T, )| _ 4

— = 35 (419)
l2y(Ta, 2)| — 3
and
2y (Tas 24)ll = 3

In fact, from (4.17) we have

7 2o (u—, Wy T (ug)) + 15|95 TP (ug)]| = 1
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and

8+ 2o (g, W7 () + 7200 (uo )| = 1.
This implies that

0= F2(1 — ||L17;CTP(U_)||2) + QFTO((U_,W;TP(U+)> — (uy,wlr (u_)>)

+rg (e, T (uy) P - 1).
Let

a=1- [l ()"
b=2((u, ;T () — (us, I (u))

c=1—||w;Tr (uy)|”.

Then, from (4.16)

T —b+ Vb? + 4ac < 4442 +4 - 5

T 2a 2a a

(=)

and similarly ro/7 < 5/a. Thus, we obtain

ro T < 5
max<{ —, — :
T oo 1 —exp(—0T./2)

Moreover, by the definition of T

5exp(—oT%/4)
—exp(—oT%/2)

exp(—2n,T%)
6 + exp(—2n,Ta)

max {:SHLT/I_TP (ug)

r T

By @ = 7u_ + ro¥; 7 (uy) and the triangle inequality, we have

1 1
Lo /Tl (ug )| L—ro/Tl[a" (uy )|
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and further

o1y < o/ )
/7T )|

Hence

_ _ _ _ _ _To _
u— =l < flu- —Fu_[| + [[Fu- —ul < |7 —1] + r;l\% T8 (uy)|

2 0 @7 ()|

T L= /T ()| T

1
<3 exp(—2n,Th),
and moreover
_ 1
lz- — 2|l < gexp(—277ATA)~
On the other hand, from ||z, (T4, Z)|| > exp(—n,T4) and
[24(Tas 2-) = 25 (Ta, 2)|| = Nl (T, 2= = 2)I| < ll2— — Z]| exp(nsTa)

it follows that

oy (Ta 2N ) Nle= = Zll exp(nyTa)
120(Tas 21— [124(Ta 2) |

4
<77
-3

which shows (4.19).

Similarly, beginning with ug = rou, + 7% # (u_), we can prove the estimate
(4.20).

To prove (4.15), on the contrary, we may assume by Lemma 2.1

25 (Tas 2 )l 17 (u)
15 (Tas 211 [z (u) |

Thus, from (4.19) and (4.20) we have
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129 (Tas 20) |l llzy(Tas 20) 1 125 (T, 20)1 - [l24(Ta, 22 )
2y (Ta, 2 Ny (Tas z0) | N2y (Tas 2) 1 l24(Ta, 2)
32 A2 _
< n < ?exp()\gT/?)Z)

where T is as in (4.7a). Applying Lemma 3.1 with A(t) = R; . (t), Ty = T and
T =Ty, we can obtain a linear equation

% = [R:(t) + By (t)]Z, (t,2) eRxR"!
such that Ey(t) is continuously differentiable in ¢, E’Y(t)[(foo,O]U[TAfl/S,oo) =0
and

Supte]RHE’Y(t)H <o

Observe that it has a solution Z(¢) such that

Z(0) = z0, Z(Ta) = 2y(Ta,2) or — 24(Ts, Z)
and so

Z(Tp) = 24(Tp,Z) or — 2y(Tp, Z). (4.21)

Now, as in the proof of Claim 1, we take a small { > 0 so that the cylinder
[0,T1—1/8] x Rz_l is admissible for (S, (x,7)), and with respect to the level field

Z,(t,2) = (0, Z4(t,2)) = (0, £, |21/) B, (1)2)

we have a C'-vector field X, = S+1I; _(Z,) € #/, which still has P as a periodic
orbit of prime period Tp whose eigenvalues are just the eigenvalues of the matrix
(7,72 (Tp))N,(Tp) from Proposition 2.8. Here N, (t) satisfies

AN, (t) _ (. 0Z,(t,z)
it <Rm(t)+ 0z

However, it is easily seen that (827(15,,2)/67:)?0 = Ev(t) and from @ = 7,,0(2)
and Lemma 2.1 we have v, 7, (2¢(Tp, 2)) = ¥, 7 (@) = up = Yz,0(20). Hence, by
(4.21) we have
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20 = (1,7%2(TP))2y(Tp, 2) = £(7,72(Tp))2(Tp) = £(7,72(TP))N+(TpP)z0

which implies that x has an eigenvalue of absolute value one with respect to X .
It is a contradiction since X, € # C %* and P = X,[;)’TP](QC) C A. This proves
the inequality (4.15).

Next, we prove Claim 2 from (4.15). If ¢t > Ty and kTy <t < (k+ 1)T4 for
some k > 2 (noting that T, > 2T), then

1
T110g 1910, (2. )llco =108 [¥"1p_(a)l]
k—1
, log 2
> t{ [og €74 1p_ (i1 2.9)llco = 10g [#741p_ (i1 2. |l]] + (t = KTa) T }
=0
— L J1og =7 eo
; g {D.;.(kTA.va) co
- log 2
+ [og |7 15 ks ) ll] + (2 = kTA)TgA}'

In addition, by (4.18)

1 _ _ log 2
t{“og”g’t "D, k1..9) lleo| + [ 108 1974 b (ks 2.9 ll] + (E = KTn) Ty }

—(2n,Tx + log2)

> .
B t

Thus, by (4.15)

Log Pips@s)lleo (1_1>1 5 2147
t W'D _@s)ll — \Ta t
(L 1Yy 21T
Ty Ty T,
__log2
=
This proves Claim 2. (]

Step 5: To complete the proof of Theorem 4.1, let

Ao p—1 ={zx € Per(S [ A) | Indg(xz) =0 or n — 1}.
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Then, Ag ,—1 consists of at most finite number of “isolated” periodic orbits from
[24, Theorem 3.1], whose proof relies only on Claim 1 proved before. Let

Ap, ={z €Per(S14)|1<indg(z) <n-—2and T, <T,},
where T, denotes the prime period of x under S. Then, A7, also consists of at

most finite number of periodic orbits of S. Therefore there is some 7’ > 0 and
T’ > 0 such that for any t > T" and any = € Ag ,—1 U Ar,

||| < exp(—n't) if Indg(z) =n—1, |[|@}] > exp(n't) if Indg(z) =0

and

V" D_ (2,8 ]| < exp(—n't)

. . } if 1 <Indg(z) <n-—2.
12 [D+(I,S)Hco > exp(n't)
Then, from Claims 1 and 2 it follows immediately that the constants

., o0 log2
7 = min 77;17 oT

} and T = max{T", T, Ty}

satisfy the requirements of Theorem 4.1 at every x € Per(S | A). Thus, the proof
of Theorem 4.1 is complete. O

4.2. Proof of Theorem A.
Now, we turn to prove Theorem A based on Theorem A’. Let M™ be as before
and let S € X*(M™). We need a uniformity lemma stated as follows:

LEMMA 4.2.  Assume that S obeys the Ct-weak-star property on A and T > 0.
Then, there exists a C*-neighborhood %r of S and two numbers § > 0 and A > 0
such that, for any V € % and any P € Oper(S | A) N Oper (V') with Sjp =V p
and period Tp < T, we have

1 1
EIOgHW‘t/rD_(z,V)HS_Q and EIOgHLp%/rDJr(z,V)H >0

co —
for anyt > A and all x € P.

ProoF. For any V € % where % is as in Definition 1.1, put

Pra(V) =|J{P € Orex(S [ A) N Opex(V) | Sip =V p and Tp < T}.
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It is easy to check that Pr (V') is hyperbolic with respect to V, since it consists
of at most finitely many periodic orbits of V. So, there are g > 0 and Tg > T
such that for any y € Pr 4(S)

ngs rD,(y,S)H < exp(—40sTs) and ng

* D4 (,9) ., > exp(405Ts).

Then, by a standard argument (the Dependence of Solutions on Initial Conditions
and Parameters of ODE) we can always take a Cl-neighborhood %t of S such
that for any V' € % and any y € Pr (V)

H![/‘I;S rD_(y,V)H < exp(—205Ts) and HW‘:’,:S > exp(205Ts).

D+ (y,V) ”co
This, together with Lemma 2.1, completes the proof of Lemma 4.2. O
Now, we reformulate Theorem A as follows:

THEOREM 4.3. If § € XY (M™) obeys the C'-weak-star property on some
invariant closed set A containing no singularities, then one can findn >0, T > 0
such that the following two statements hold.

(1) For any P € Oper(S | 4),
||ng er(p»S')H <exp(—mt) if dimD_(p,S)=n—1,
1% 5.5l = exp(ift)  if dimD_(p,S) =0,

1¥$1p_(p.5)

T2 <exp(—2nt) if1<dimD_(p,S) <n-—2.
s

D, (9. lleo

for any t > T and allpe P.
(2) Moreover, if P € Oper(S | A) has prime period Tp and

O=to<t1 <---<tp=mTp where meN
is a subdivision of [0,mTp] satisfying ty, — ti—1 > T fork=1,...,0, then
1 &
te—tr_1 ~
mTp D 1og [ (st . | < 7
k=1

and
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4

1 o )
T% kz::llog ngsk k [D+(Stk71(p))S)HCo > 7

for any p € P.
(3) There are at most finite number of periodic contracted (or expanded) orbits of
S contained in A.

PROOF. Statements (1) and (2) of Theorem 4.3 follow immediately from
Lemma 4.2 and Theorem 4.1. Statement (3) of Theorem 4.3 comes from statements
(1) and (2) of Theorem 4.3 using an argument similar to that of [24, Theorem 3.1].
This thus completes the proof of Theorem 4.3. g

REMARK 4.4. In fact, under the hypothesis of Theorem 4.3, one can find a
C'-neighborhood % of S which satisfies that statements (1) and (2) of Theorem
4.3 are still fulfilled when S is replaced by X and P € Ope (S | A)NOper(X) with
Srp :er, for any Xev.

5. A criterion of weak-star condition.

In this section, we will devote our attention to proving the sufficiency part
of Theorem B, which provides us with a criterion of C!-weak-star property in the
3-dimensional case. For its proof, the main obstacle is that every ergodic measure
in A need not be approximated arbitrarily by periodic measures in A.

THEOREM 5.1. Let A C M3 be an invariant compact set of a differential
system X € X1 (M?3) with X (z) # 0 for x € A. Assume there are constants n > 0
and T > 0, for which there hold the following three conditions:

(1) Each P € Oper(X | A) is hyperbolic, that is to say, X; =D_(p,X)®
Dy (p, X) for anyp € P.
(2) X possesses a natural (n,T)-dominated splitting:
17

FDf(p’X)H <exp(—2nt) VpeP if Indx (P) # 0,2

195 11 (9, 36) lleo

foranyt > T and all P € Oper (X | A).
(3) If P € Oper(X | A) has prime period Tp and if

O=to<t1 <---<tg=miIp whereméeN

is a subdivision of [0,mTp] satisfying ty, — tx—1 > T for k=1,...,¢, then
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14

mLTp kzﬂlog wa’?_tk‘il ID_(X'*—1(p),X) | <—n (5.1a)
and
e ilog (2% o | >n (5.1b)
mTp &~ D4+ (X511 (p),X) llco
for anyp e P.

Then X possesses the Ct-weak-star property on A.

PrROOF. We simply assume that X € X'(M?) does not have any singu-
larities, and let A; = Cl({p € Per(X [ A) | Indx(p) = i}) for i = 0,1,2. The
conditions (5.1a) and (5.1b) imply that Ay U Ay consists of at most a finite num-
bers of periodic repellers and periodic attractors and so Ay U As is isolated from
Ay. Therefore, to prove the statement of Theorem 5.1, it is sufficient to verify that
X possesses the Cl-weak-star property on Aj.

Then from the persistence of dominated splitting, see, e.g., [4, Appendix B.1],
there can be found a neighborhood U of A; in M3 and a C!-neighborhood ¥ of
X in X'(M?3) such that for every Y € ¥, it has no singularities and possesses an
(n/2,T;1)-dominated splitting over the maximal Y-invariant set Ky in U

YI=FE@Y)®F(z,Y) with dimE(z,Y)=1Vz € Ky.
Note that A; € Kx and E(-): Y — E(Y) is continuous in the sense that

|E(X) - E(Y)|:= sup <L(E(z,X),E(x,Y)) —0 asY — X in C'-norm
reKxNKy

(analogous statement holds for F(-): Y — F(Y)). Here £ denotes the angle
between the two subspaces E(z, X ), E(z,Y) of Y. Clearly, D_(z, X) = E(z, X)
and Dy (z, X) = F(z, X) for all x € Per(X | Ay) with Indx (z) = 1.

For any Y € ¥, we define the so-called Liao qualitative function

W(Y): Ky - R, z+— % HJ/{,—@ [E(x,Y)H
t=0

Similarly, w"(-, Y") may be defined on Ky based on F(Y'). From [7, Theorem 2.3],
we see that w*(-,Y) and w*(-,Y") both are continuous functions for any Y € 7.
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We now define another qualitative function

Wi (x,Y) ifxe KxNKy,

W, XY): Kx =R, zr—
wi(z,X) ifxe Kx\ Ky.

Clearly, w®(-, X |Y') is Borel measurable, not necessarily continuous, for any system
Yevr.

From the calculations in the proof of [7, Theorem 2.3] and the continuity of
E(-), there holds the following

CLamm 3. IfY, € V¥ converges to X in the sense of Cl-norm, then
wi(z, X|Y ) converges to w®(xz, X) uniformly for x € Kx.

Similar statement holds for w*(-, X|Y").

For any P € Oper(Y), where Y € ¥, let pupy be the unique ergodic proba-
bility measure of Y supported on P. Then from the Liao spectrum theorem, see
[26], [7], [8] for example, we have the following

CLAamM 4. Let P € Ope;(Y | U) be arbitrarily given, where Y € V. Then,
Japs @ (2, Y)dppy (z) and [, ;5 w"(x,Y )dppy (x) both are Lyapunov exponents of
Y at P.

Next, we are going to verify that X possesses the Cl-weak-star property on
A;. We suppose, on the contrary, that there is a sequence of vector fields X, — X
in ¥ with P € Oper(X | A1) N Oper(Xy | Ay) such that Xp, = Xyp, and
X has at least one X ,-transversal Lyapunov exponent zero at Py. By choosing
some subsequence of { X} if necessary, there is no loss of generality in assuming
that up, x, converges weakly-* to some probability measure p on M? with P, —
supp(u) C A;. From Claim 4, it may be assumed, without loss of generality, that

/ (@, XX ) dpp, x. (z) = / W (@, X )dpp, x, () = 0
Kx M3

for all £ > 1; otherwise, we consider w“(z, X|X /) instead of w*(z, X|Xy). As
w®(-, X | X ) converges uniformly to w®(-, X) as £ — oo by Claim 3, it follows that

/ w’(z, X)du(x) zllirn wi(z, X| X )dup, x,(z).
Kx

— 00 KX

Thus, noting that pp, x, = pp, x for all £ > 1 because Xp, = Xy;p,, we could
obtain that
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lim w®(z, X)dpp, x(x) = 0.
l—o0 M3 .

From Claim 4, this contradicts condition (3) of Theorem 5.1. Thus, the proof of
Theorem 5.1 is completed. O

We note here that conditions (1)—(3) of Theorem 5.1 are more stronger than
the following one:

(1)" There exists a continuous invariant splitting over A := Cl(Ope; (X | A))
TaAM = E @ F such that E(p) =D_(p), F(p) =D4(p) Vp € Per(X | A).

Proor oF THEOREM B. The sufficiency part of Theorem B follows from
Theorem 5.1 and the necessity part from Theorem A. Therefore, the proof of
Theorem B is completed. |
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