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Abstract. Let Xo be an affine variety with only normal isolated sin-
gularity at p. We assume that the complement Xo\{p} is biholomorphic to
the cone C(S) of an Einstein-Sasakian manifold S of real dimension 2n — 1.
If there is a resolution of singularity = : X — X with trivial canonical line
bundle K x, then there is a Ricci-flat complete Kahler metric for every Kahler
class of X. We also obtain a uniqueness theorem of Ricci-flat conical Kéhler
metrics in each Kahler class with a certain boundary condition. We show there
are many examples of Ricci-flat complete Kdhler manifolds arising as crepant
resolutions.

Introduction.

Let X be a Kahler manifold of complex dimension n with trivial canonical
line bundle Kx and €2 a nowhere vanishing holomorphic n-form on X. If a K&hler
form w satisfies the following equation,

QAQ = c w",

for a constant ¢,,, then the Ricci curvature of w vanishes, that is, w is a Ricci-flat
Kihler metric, where Q is the complex conjugate of Q. The well-known Calabi-
Yau theorem, due to Yau on a compact Kéahler manifold with the first Chern
class ¢ = 0 was proved by solving the Monge-Ampere equation which shows
that there exists a unique Ricci-flat Kéhler metric in each Kéhler class. On a
non-compact complete Kéhler manifold X with ¢;(X) = 0, it is an outstanding
problem whether there exist Ricci-flat Kahler metrics. We need to impose suitable
asymptotic conditions on the boundary. There are many remarkable results on
Calabi-Yau theorem on non-compact complete Kahler manifolds with ¢; = 0. Tian
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and Yau [36], [37], Bando-Kobayashi [3] and Joyce [19] solved the Monge-Ampere
equation under various boundary conditions. On the other hand, the hyperKéhler
quotient construction [17], [20] produces many Ricci-flat Kéhler manifolds in a
simple and algebraic way, some of which are not obtained by the analytic method
[13]. Recently rapid developments occur in the Einstein-Sasakian geometry which
yield a new view point of the problem of Ricci-flat Kahler metrics. If we have a
positive Einstein-Sasakian manifold S, then the cone C(S) = Rso x S admits a
Ricci-flat Kéahler cone metric. Boyer-Galicki [4] constructed a family of positive
Einstein-Sasakian metrics on the links on hypersurfaces with isolated singularities,
which includes interesting examples such as homology spheres. Martelli and Sparks
[26] constructed explicitly a Sasaki-Einstein metric on the sphere bundle of the
canonical line bundle of the blown up CP? at one point which is a irregular
Sasaki manifold. Futaki, Ono and Wang [11] showed that a sphere bundle of the
canonical line bundle on every toric compact Fano manifold admits an Einstein-
Sasakian metric. These results imply that there are many notable examples of
Ricci-flat cone metrics which are constructed by Einstein-Sasakian manifolds. In
the present paper, we introduce conical Kahler metrics which are complete Kahler
metrics with the certain boundary condition (see the Definition 1.3 in Section 1).
We apply an existence theorem of Ricci-flat Kahler metrics to the class of conical
Kahler metrics. Let w be a conical Kahler metric on X with Q A Q = ¢, Fw™ for
a positive function F. If F satisfies

||e(2+5)t(F — 1)Hck < 00,

for 0 < 0 < 2n — 2 and k > 2, then there exists a Ricci-flat conical Kéhler metric
wy, on X (see Theorem 1.5 in Section 1 for more detail).

The existence theorem can be also deduced from the arguments by Bando-
Kobayashi in [3] and Tian-Yau [37]. Our boundary conditions in the theorem are
modified for conical Kéhler manifolds. The author gives a proof of the theorem
for the sake of readers in Section 2.

As an application, we discuss the existence of Ricci-flat Kahler metrics on
resolution X with trivial Kx of an affine variety X, with only normal isolated

singularity {p}.

THEOREM 5.1. Let Xg be an affine variety with only normal isolated singu-
larity at p. We assume that the complement Xo\{p} is biholomorphic to the cone
C(5) of an FEinstein-Sasakian manifold S of real dimension 2n — 1. If there is a
resolution of singularity m : X — Xg with trivial canonical line bundle Kx, then
there is a Ricci-flat complete Kahler metric for every Kahler class of X.
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Our theorem covers the crucial case where a Kéhler class does not belongs to
the compactly supported cohomology group. We use a vanishing theorem on X and
the Hodge and the Lefschetz decomposition theorems on a Sasakian manifold to
construct a suitable initial Kéhler metric in every Kahler class which the existence
theorem can be applied. We show that a Ricci-flat Kéhler conical metric is unique
in each Kahler class if we impose a certain boundary condition on metrics (see
Theorem 1.8).

In Section 1, we introduce the class of conical Kahler metrics and show the
existence theorem and the uniqueness theorem of Ricci-flat Kéhler metrics on
them. In Section 2 we give a proof of the existence theorem and the uniqueness
theorem. In Section 3, we will give a short explanation of Sasakian metrics and
Kahler cone metrics. In Section 4 we discuss a one to one correspondence between
Einstein-Sasakian structures and Ricci-flat Kéhler cone metrics. In Section 5, as
an application of Section 1, we obtain Ricci-flat Kéhler conical metrics on crepant
resolutions of normal isolated singularities as above. In Section 6, we construct
several families of Ricci-flat K&hler conical metrics on crepant resolutions of normal
isolated singularities. Our examples include: resolutions of the isolated quotient
singularities, the total spaces of canonical line bundles of Kéhler-Einstein Fano
manifolds, the total space of the canonical line bundle of every toric Fano manifold
and small resolutions of ordinary double points of dimension 3.

Some of these examples are already known. Joyce [19] showed the Calabi-
Yau theorem on resolutions of the isolated quotient singularities which is called
asymptotically locally Euclidean (ALE). Calabi [6] used the bundle construction to
obtain Ricci-flat Kédhler metrics on the total spaces of the canonical line bundles of
Kahler-Einstein Fano manifolds. It must be noted that the Kéhler classes of these
Ricci-flat Kéhler metrics lie in the compactly support cohomology group. Van
Coevering [40] and Santoro [31] constructed Ricci-flat Kéhler metrics on crepant
resolutions whose Kéhler classes also belong to the compactly support cohomology
group.

Our method provides wider classes of complete Ricci-flat K&hler metrics (see
Examples in Section 6) and Theorem 5.1 shows that the conjecture discussed in
[25] and [40] on the existence of complete Ricci-flat Kéhler metrics on resolutions
of cones is affirmative.

After the author posted this paper in the Arxiv, Van Coevering [41] submitted
a paper which covers the existence theorem 1.5 by the different method.

The author would like to thank Professor A. Futaki and Professor R.
Kobayashi for suggestive discussions about Ricci-flat K&hler metrics. He thanks
Professor S. Bando for his kind and remarkable comments about the existence
theorem in [3]. He is grateful to Professor A. Fujiki for his helpful advises. He
also thanks the referee for his careful reading of the paper.
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1. Existence theorem of Ricci-flat conical Kahler metrics.

Let (S, gs) be a compact Riemannian manifold of dimension 2n—1 and C(S) =
R~ x S the product of the positive real number R~y and S with a coordinate
r € R~¢, which is called the cone of S. By changing the coordinate t = logr, we
regard the cone C(S) as the cylinder R x S with the cylinder parameter ¢t € R.

DEFINITION 1.1.  The cylinder metric gey1 on C(S) is the product metric,
dt* + gs
and the cone metric geone is given by
Geone = dr® +17gs.
Let V¢y1 be the Levi-Civita connection with respect to the cylinder metric gey

and |y, the point-wise norm of a tensor o by gey1. The C*-norm of a tensor a
is given by

k
lallor =) sup| Ve
i=0

eyl ’

We also have the Holder norm ||a| gk, for 0 < a < 1. In this paper we use
the C*-norm and C*“-norm with respect to the cylinder metric gy unless it is
mentioned.

t

Since r = e’, we have the relation

Ycone = ngcyl (11)
which follows from

r?geyt = r*(dt)* +r?gs
= (dr)® +r%gs

= gCOIIE'

DEFINITION 1.2. A manifold X has a cylindrical boundary if there is a
compact set K of X such that the complement X\K is diffeomorphic to the
cylinder C(S) = R x S. We identify X\K with the cone C(S). A Riemannian
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metric g on a manifold X with a cylindrical boundary C(S) is a cylindrical metric
if g satisfies the following condition on X\K = C(S5),

67T — gey1) || o < 00,

for some § > 0 and an integer £ > 4. In other words, the difference between
g and gey decays exponentially with order O(e~%), including their higher order
derivatives up to k

k
Z |Viy1(§ - gcyl)‘gcyl = O(eiat)

1=0

We always extend the cylinder parameter ¢ as a C'°° function on X and identify
the complement X\ K with the cone C(S5).

DEeFINITION 1.3. A Riemannian metric g on a manifold with a cylindrical
boundary C(S) is a conical metric if r=2g = e=2!g is a cylindrical metric, that is,
g satisfies

He(_2+6)t(g - gcone)Hck < 00.
A conical Kéhler metric on a complex manifold X is a conical Riemannian metric
which is Kéhlerian. A conical Kéahler form w is a Kéhler form with the associate
Riemannian metric is conical and a manifold with a conical Kahler form is called
a conical Kahler manifold.

DEFINITION 1.4. Let (X,w) be a conical Kahler manifold with trivial canon-
ical line bundle Kx and €2 a nowhere vanishing holomorphic n-form 2 on X. If a
pair (Q,w) satisfies the following equation

QAQ = cpw”,
for a constant ¢, then (2, w) is called a Calabi-Yau structure whose K&hler form
w gives the Ricci-flat Kéhler metric.

The following theorem can also deduced from the arguments by Bando-
Kobayashi [3] and Tian-Yau [37]. For the completeness of the paper, the author
gives a proof of existence theorem in Section 2.

THEOREM 1.5. Let (X,w) be a conical Kahler manifold of complex dimen-
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sion n with trivial canonical line bundle Kx and ) a nowhere vanishing holomor-
phic n-form Q on X which defines a positive function F by

QANQ =c¢, Fu™
If F satisfies the following condition
[eFFUE = 1) e < 00,

forO0<d<2n—2 and k> 2,0 < o < 1, then there exists a smooth solution u of
the Monge-Ampere equation QA Q = c,w?, such that

Wy = w + v/~190u (1.2)
18 a conical Ricci-flat Kdhler form with the condition,

HeatuHckﬁ,a < 00.

(Note that wy, is a complete Ricci-flat Kdhler metric.)

REMARK 1.6. In Theorem 1.5, the decay order of F' — 1 is crucial for the
existence of Ricci-flat Kahler metrics. Note that we estimate it by the cylinder
metric gey1. In order to obtain a solution of the Monge-Ampere equation, we
need to solve the equation of the Laplacian with respect to the conical metric
g, Agu = v on X, which is a linearization of the Monge-Ampere equation. The
equation Agju = v has a unique solution u with the decay order O(e~%) if v decays
with order O(e=(+9?) for 0 < § < 2n — 2. Thus we require that F decays with
the order O(e~(+9)t),

We show that a Ricci-flat conical Kédhler metric in the form as in Theorem
1.5 is unique.

THEOREM 1.7.  If there are two Ricci-flat conical Kdhler metrics w and o’
satisfying

W =w+ v—190u,

where u is a function with ||e®tul|ox < 0o, for a positive § and k > 0. Then w = W'.

There is the action of the automorphism group of X on Ricci-flat Kéahler
metrics, in this sense, the uniqueness theorem does not hold on non-compact
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Kahler manifolds. However if we impose the following boundary condition on
metrics, we obtain the uniqueness theorem of Ricci-flat conical Ké&hler metrics in
each Kahler class

THEOREM 1.8. Let w and w' be two Ricci-flat conical Kdhler metrics on
X of dimension n with [w] = [w'] € H*(X). We assume that X has a cylindrical
boundary C(S) = Rx S with H*(S) = {0}. If [|eM(w—w')||cr < 00, for a constant
A>n, thenw=w'.

2. Proof of the existence theorem.

2.1. The Laplacian on conical Riemannian manifolds.

Let (X,g) be a 2n dimensional cylindrical Riemannian manifold with cylin-
drical boundary C(S) and gcy1 the cylinder metric on C(S) = R x S as in Section
1, gey1 = dt* + gs, where t € R is the cylinder parameter on C(S) and gs is a
Riemannian metric on the manifold S of dimension 2n — 1. We denote by || f| .z
the Sobolev norm of a function f on X with respect to the cylindrical metric g,

k

‘ 1/p
1l =3 ( /X |v1fpvolcyl> 7

=0

where voly is the volume form with respect to g. We define a weighted Sobolev

norm on X by using the exponential function €%,

A llzg, = [le® Il - (2.1)

The weighted Sobolev space is the completion of C'*° functions on X with com-
pact support with respect to the weighted Sobolev norm. Note that a cylindrical
Riemannian manifold is complete. We also define a weighted Holder norm as
||f||c(1‘c.,a = [|e% f||ck.» for k and 0 < a < 1 with respect to the cylindrical met-

ric. Recall that a Riemannian metric g is conical if r=2¢g = e~2!g is a cylindrical
metric on X. On a conical Riemannian manifold (X,g), we use the weighted

Sobolev norm || f|[zr , with respect to the cylindrical Hermitian metric r~2g and

the weighted Hélder norm is also defined in terms of the cylindrical metric r—2g.

If a function f lies in CZ;’O‘ implies that f decays exponentially with order O(e~%)
together with its derivatives. (We call § the weight.) Then the Laplacian A, gives
the bounded linear operator from Ly, s to L} 5. .

REMARK 2.1. Let voleone be the volume form with respect to the conical
metric g. Then note that
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.= 2n
VOleone = T VOlcyl

Let x4 be the Hodge star operator with respect to the conical metric g and

*cy1 the Hodge star operator with respect to the cylindrical metric r—2g.

LEMMA 2.2.  We define a differential operator P by
P= TZAQ.

Then the operator P is given by

P=r?Ay=Dey — (2n — 2)% (2.2)

on the cylinder boundary C(S) = X\K = Rx S, wheret is the cylinder parameter
2

and Agy the Laplacian with respect to the cylindrical metric r~=g.
PROOF. Since Ay = *4d *4 d and Agy1 = *cyid*eyd, comparing two Hodge
star operators *, and .y, we have (2.2). O

The cylinder metric gey1 = dt? + gs on C(S) gives the Laplacian Ay =
(—i(0/0t))* + A g which is invariant under the translation of cylinder parameter
t, where Ag is the Laplacian of (S5, gs).

Let I(P) be the translation-invariant operator given by

I(P) =Ny, —(2n—2)= (2.3)

- eyl
0\’ d
= (Zat> JrAS—(anQ)a. (2.4)

Then the all coefficients of the operators P — I(P) decays exponentially together
with their derivatives, which implies that we can apply the theory of elliptic dif-
ferential operators on cylindrical Riemannian manifolds developed by [23], [24].
(Note that these operators are called b-operators in [24].) We can select suitable
weighted Sobolev spaces for the operator P to be a Fredholm operator. Substi-
tuting A for —i(9/0t) into (2.4), we define a family of the operators I(P, \) on S
given by

I(P,)) = X2 — (2n —2)X\i + Ag

which is called the indicial family parametrized by A € C. The operator
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. TP p
I(P,A) : Ly, 5(S) — Li(S)

is an isomorphism for all A € C\ Spec(P), that is, the operator I(P) does not
admit a bounded inverse for A € Spec(P). The properties of the set Spec(P) are
developed in [23] and [24]. In our cases, Spec(P) is explicitly described as

LEMMA 2.3.
Spec(P) = {0, 2n—2)vV—=1, V=1, p;vV-1]j=12,...}

where uji V=1 are two solutions of the quadratic equation x> —(2n—2)y/—1z+\; =
0 and \; is the j-th eigenvalue of the Laplacian Ag on S.
PROOF. It follows from I(P,\) = A2 — (2n — 2)\i + Ag. O

Let ImSpec(P) be the set consisting of the imaginary parts of elements of
Spec(P). Then ImSpec(P) is given by

<y <py <0<2n—-2<puf <pd <

We select the weighted Sobolev space Lj 5 with weight § ¢ImSpec(P). Then from
Theorem 1.1 in [23] and [24], P : L}, , 5 — L} ; is a Fredholm operator with
index ind(P, §). Further for 0 < 6 < n — 1, since the Laplacian A, is self-adjoint,
applying the Theorem 7.4 (see p.436) in [23], we obtain

ind(P,d +n—1)+ind(P,—d+n —1) =0.

There is the formula for the index of the cylindrical operators depending on weights
d in [23]. Applying Theorem 1.2 in [23], we have

—ind(P,d +n—1)+ind(P,—6+n—1)=0.

Thus we obtain ind(P,d) =0 for 0 < § < 2(n —1).
By the result, we have the solvability of the equation of the Laplacian A,.

PROPOSITION 2.4.  Let (X, g) be a 2n-dimensional conical Riemannian man-
ifold and A4 the Laplacian with respect to the conical metric g. For a weight 6
with 0 < 0 < 2n — 2, the Laplacian A, gives an isomorphism between L£+2 s and
LY 519, for positive integers p, k with 1/p < (k —a)/2n for 0 < a < 1.

PROOF. It follows from the Sobolev embedding theorem that L7 42,6 C Cg’a.
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By the Maximum principle, a harmonic function attains its Maximum and Min-
imum at the boundary. Since a function in C’g’a decays exponentially, we have
ker A, = {0} which implies that ker P = ker A, = {0}. Since ind(P,4) = 0,
we have an isomorphism P : L, s — L7 5. Since A, is the composition r—2P,
Ng i Ly, o5 — Ly 5,0 is an isomorphism also. O

Then we have the followings,

PROPOSITION 2.5.  Let (X, g) be a 2n-dimensional conical Riemannian man-
ifold and A, the Laplacian with respect to the conical metric g. For a weight &

with 0 < 0 < 2n — 2, the Laplacian A, gives an isomorphism between C§+2’O‘

and Cfo. In other words, there is a unique solution u € Cf”’a of the equation

Dgu=f forall f e O(]s{fz: where k > 0.

REMARK 2.6. If (X,g) is an ALE space, then Proposition 2.5 implies The-
orem 8.3.5 (a) in [19]. The Hoélder space Cg’a in [19] coincides with our Holder

space C?’a with § = —8.
We need the following lemma for a proof of Proposition 2.5.

LEMMA 2.7. Let (X,g) be a conical Riemannian manifold with the cylinder
parameter t and A4 the Laplacian with respect to the conical metric g. We take
a smaller weight & with 0 < § < § < 2n — 2. We assume that a function u € Cg
satisfies

and we already have a bound of C°-norm ||ul|co < C1 and a weighted C°-norm
|e+9th||co < Cy. Then there is a constant C' > 0 depending only on Cy, Co and
g such that

He‘”u(x)”co < C.

PROOF OF LEMMA 2.7. Let Acone be the Laplacian with respect to the
cone metric geone on the cone C(S). Then we see that

o\’ 0
—ot _ _
DNeone = € ( (315) (2n —2) 5 + AS).

Thus we have
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Aconee % = 6(2n —2 — 5)6_(2+6)t >0

on the cone C(S), for 0 < § < 2n — 2. Then from the definition of the conical
metric, there are constants Cs > 0 and 7" > 0 such that

Age % > Oze 2Tt (2.5)
on the region Dy := {t > T'}. We take a constant C satisfying the two inequalities,

C3C > Oy (2.6)
Ce®T — 0y >0, (2.7)

Then from (2.5) and (2.6), we have

Ng(Ce™® £ u) > CO3e~ It 4 (2.8)
> CCze™ 30t _ e (20 (2.9)
> 0. (2.10)

From (2.7), we also have an inequality on the compact set {t < T}
(Ce™®t +u)(x) > Ce T — ) >0, (2.11)

for all x € {t < T}. If the function Ce™% +u have its Minimum at zo € D7, then
Ay (Ce™% £ u)(z9) < 0. Thus from (2.10), Ce™% 4 u can not have the Minimum
on Dyp. Since lim;_, o, u(z) = 0, it follows from (2.11) that (Ce% +u)(z) > 0, for
all z € X. Hence we have ||e**ul|co < C. O

PROOF OF PROPOSITION 2.5. Since u € C§+2’O‘ decays exponentially, it
follows that ker A, = {0}. For a smaller weight 0 < § < ¢, any function f € Cgfﬁ

is a function in LZ fio Then it follows from Proposition 2.4 that there is a function
’ k42,

u € LZ+28 such that Aju = f. Since u is a function in C’5 , it follows from

Lemma 2.7 that u € C9. We have the following equation,
JAVS (e5tu) = H,

where H € CZ;’“ is a function consisting of the terms (Aze’*)u, e’ f and
(V4e2")(Vgu). Thus from the Schauder estimate, we have e’‘u € C*+2:%. Hence
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we have a unique solution u € C§+2’O‘ of the equation Aju = f, for f € C§+2’a.
O

2.2. The Sobolev inequality for conical Riemannian manifolds.

The following theorem is already known for geometers, cf. Proposition 3.2
in [37], Theorem 1.2 (weighted Sobolev inequalities) in [16] and Theorem 2.7 for
conical Riemannian manifolds in [41] (see also [28] for Riemannian manifolds with
nonnegative Ricci curvature which is based on the method of [15]).

PROPOSITION 2.8.  Let (X,g) be a conical Riemannian manifold of dimen-
sion 2n. Then every function f € L? N L? satisfies:

[1f | r2e < Slldf]| e,

where e = n/(n— 1) and S is a constant which depends only on n and g. Note
that the point-wise norm and L%-norm are defined by the cone metric g in this
proposition.

Note that the curvature of a conical Riemannian manifold decays with the
order O(e=2*). In the proposition, we do not assume the condition:

/ fvol =0,
X

which is necessary for the Sobolev inequality for compact Riemannian manifolds.

2.3. The inequality of solutions of the Monge-Ampeére equation.

Let (X, g,w) be a conical Kdhler manifold. We use the same notation as in
Theorem 1.5. We assume that there is a C*° function u on X which satisfies the
equation

where
Wy, = w + dd°u

is a Kéhler form on X and a C'°° positive function F satisfies F — 1 € C;C_fg and
ue Cy* and d° = (1/2y/=1)(0 — 9). We select a weight § with 0 < § < 2n — 2
and a natural number p > 2 with §p + 2 > 2n. Then since w™ = €?™ vol.y, the
function u|u[P~2(1 — F) is integrable with respect to the volume form w™. Thus
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we have

/ ululP72(1 — F)w™ :/ ululP72 (W™ — wh)
X X

Since 6p+2 > 2n and ulu[P72d°uA (W™ + - +w"™1) decays exponentially with
respect to the cylinder parameter ¢, we can apply the Stokes theorem,

/d(u|u|p*2dcu A wﬁfl)) =0.
Substituting d(ulu|P~2) = (p — 1)|u|P~2du, we obtain
/ ululP72(1 — F)w™ = (p — 1)/ [P 2du Adu A (W W)L (212)
X b's
Since du A d°u A (W' Aw?~17%) > 0 at each point on X, we have

du N du A (w"il +~~+wfj*1) > du A du A W™,

Substituting it into (2.12), we have

/u\u|p—2(1—F)wnz(p—1)/ uP-2du A deu AWl (2.13)
X X
p—1 -2 2 n
:T/XW dufw (2.14)
_4(p_1) p/2 2 n
_]?QT/X’(C”M )|gw (2.15)

where we are using

1 _
~p?[ulP 2 dul? = |(d [ul"/?)|

2
4 g

and |(d [u[?/?)|2 is the norm of the 1-form d [u|P/? with respect to the conical metric
g. Hence we obtain the inequality,
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ProrosiTION 2.9.

2
d|ulP/? 2w"<ﬂ/uup*217Fw",
J P < B - p)

where p > 2 with pd > 2n — 2. For simplicity, we denote by K the constant
pn/4(p —1).

2.4. An inequality for the induction.
LEMMA 2.10. Let A(p) be a positive function of one variable p € R which
satisfies the following inequality,

A(pe)? < eip(A(p —1))P~" (2.16)
where ¢1 s a constant and e =n/(n—1) > 1. We assume that there is a natural
number N > 1 such that A(p) < co for all p € [N — 1,Ne]. Then A(p) satisfies
the following inequality

A(p) < s1(s2p) /7, (2.17)

where constants sy, sz depend only on cg,c1 and N and s3 =2¢/(e —1) = 2n. In
particular, we have

lim A(p) < sy

p—o0
which implies that A(p) is bounded by a constant which does not depend on p.
ProOOF. We take a constant s, which satisfies
2% p 12 < 502 (2.18)

for all p > N. (It is possible because the left hand side is bounded.) And then we
choose a constant s; > 1 with

co < 51(s2p)%/P, (2.19)

for all p. (It is also possible since lim, o (s2p) **/? = 1.) Then we shall show
that A(p) satisfies the inequality (2.17) by the induction on m. The inequality
(2.17) holds for p € [N — 1, Ne]. We assume that A(p) satisfies the inequality
(2.17) for all p € [N — 1, Ne™]. Then we shall show that the inequality holds
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for pe € [N — 1, Ne™*!]. From our assumption, A(p) and A(p — 1) satisfies the
inequality (2.17) and then applying (2.16), we have

Alpe)? < eaps ™ (s2(p — 1)) 7% < (2% c1p) s (s2p) (2.20)
by using (p/(p — 1))%s < 2°s. If we have the following inequality
(2%2¢1p) st (s9p) 78 < P (s9pe) T53/¢, (2.21)

then A(pe) satisfies the inequality (2.17). Thus it suffices to show (2.21). The
inequality (2.21) is equivalent to

(2% eip)p /e < (o) /sy (2.:22)
Since —s3 + s/ = —sg/n = —2 and s3/e =2(n — 1), (2.22) is
2% ¢1pt < ()72 Dg,2, (2.23)

This is the inequality which s, satisfies. Thus the result follows from the induction.
O

2.5. The openness.

Our proof of the theorem relies on the continuity method. We consider a
family of the Monge-Ampere equation parametrised by s € [0,1]. For Fy =1 —
s+ sF', we define

wy. = Fsw™. (2.24)

Us

Let S be a subset of [0, 1] defined by
S = {s€[0,1] | the equation (2.24) has a solution u, € C§+2’a}.

Note that F' —1 ¢ C;f’a7 for all 6 < §. Since Fy = 1, the equation (2.24) has the
trivial solution 0 for s = 0. If we show that S is open and closed, then there is a
solution w1 for s = 1 which gives the solution of the Monge-Ampeére equation in
the theorem. In order to show that S is open, taking the derivative of the equation
(2.24) at ug, we have the equation of the Laplacian

— U, Agiig = Fl, (2.25)
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where g € Ck+2 “and F, € C’5+2 and ¥, is a bounded function given by

1wl
P, = ——Zs
S wn

and Ay is the Laplacian with respect to the Kéhler metric w,,,. Since us € C’§+2’o‘,
the metric w,,, is a conical Kahler metric. Then since F'—1 € 02 s it follows from
Proposition 2.5 there is a unique solution s of the equation (2.25). We define two
Banach manifolds .# = {u € Cy™* |w, >0}. & ={f+1]|feC +5} Then
the smooth map ¥ : .# — .4 is defined by

The differential of ¥ at u is the map d¥, : C’Z;HQ’O‘ — C’?’a which is given by
AV, (1) = =V, Ay,

where A\, is the Laplacian with respect to the Ké&hler metric w,. Then from
Proposition 2.5, d®,, is isomorphism and it follows from the implicit function
theorem that ® is locally an isomorphism. Then S is an open set.

2.6. CPl-estimates.

We shall show the C%-estimate of the Monge-Ampere equation w? = F,w"
For simplicity, we write u for us and F' for Fs. We use w™ as the (conlcal) Volume
form of the integrant in this subsection. Recall that u € C}€+2 “and F—1¢€ Cz+6v
for 0 < 6 < 2n—2. Substituting f = |u[P/? into the Sobolev inequality (Proposition

2.8), we have
1/e 9
(/ u|p5w"> SSQ/ |d|u|p/2|gw".
X X

Applying the inequality (Proposition 2.9), we have

1/e
</ |u|p5w”> < SQKp/ uluP2(1 — F)w™. (2.26)
b's b's

We set A(p) b
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- ([ |upw”)w

and ¢; = S?K||1 — F|lco by the C%norm of 1 — F. Then the inequality (2.26)
implies

A(pe)? < ep(Alp — 1)1 (2.27)
Then we shall show an estimate of the C%-norm by using Lemma 2.10. Recall
pd > 2n — 2 in Proposition 2.9. We set > 1 by (p — 1)r = pe and define s > 1 by
1/s4 1/r = 1. Then it follows

(6+2)s > 2n. (2.28)

Applying the Holder inequality to the right hand side of (2.26) with the exponents
r, s, we have

1/s
A(pe)? < SzKp(A(pe))pE/r< /X 11— F|Sw") . (2.29)

Since p — pe/r = 1, we have

1/s
A(pE)§S2Kp</ |1—F|Sw”> .
b's

Note that from (2.28), ( [y |1 — F|*w™) < co. Thus for sufficiently large N, we sece
that A(p) < ¢g for all p € [N — 1, Ne]. Then together with (2.27), we can apply

Lemma 2.10 to obtain
1/p
A = ([ wper) <c
X

where C' does not depend on p. Thus we obtain an estimate of C%-norm of u.

2.7. CZ?-estimate.

There are many good references for an estimate of C?-norm of a solution u of
the Monge-Ampere equation [1], [19], [29], [33]. Bando-Kobayashi [3] developed
a way for the C?-estimate to apply the Schwartz lemma which makes a comparison
of two metrics w and w, by using their curvature, which is clear from a geometric



1022 R. Goto
point of view.

We shall give a quick view of the C2-estimate on our conical Kéhler manifolds.
Let tr,,, w be the trace of w by the Kahler metric w,,. It follows that tr,, w > 0
is the norm of w by w, which gives the C%-norm of u. According to the Bando-
Kobayashi’s result, there is a constant C' depending only on the curvature of w
and the Ricci curvature of w, such that the following inequality holds,

-0y logtry,, w > —C(1 + try,, w)

where [,, is the complex Laplacian with respect to the Kahler metric w,. Since u
is a solution of the Monge-Ampere equation, the Ricci curvature of w, is already

bounded. Then by using,
—yu=mn—tr,, w
we have
—Ou(logtry,, w — (C + Du) > tr,, w — (C+1)n — C.

Since the function u decays exponentially with order O(e~%%), we may assume the
function (logtr,, w — (C + 1)u) takes its maximum at a point 29 € X. Then

0> —0O,(logtry,, w — (C+ 1)u)(zg) (2.30)
> (try, w — (C + 1)n — C)(zo). (2.31)

Hence
(C+1)n+C > tr,, w(zo).
It follows that
(logtry, w — (C + 1)u)(zo) > (logtr,, w — (C+ u)(x), Vxe X.
Thus we have the upper bound for tr,,, w,

suplogtry,, w < log((C' 4+ 1)n+ C) 4+ 2(C + 1)||ul|co.
X

By using the Monge-Ampere equation w? = Fw™, we have C?-estimate of u and
we obtain an a priori constant C' > 0 such that



Calabi- Yau structures and Finstein-Sasakian structures 1023

Clw < w, < Cw.

2.8. Cg-estimate.

In this subsection, we shall give an estimate of the weighted C°-norm u of
a solution of the Monge-Ampeére equation. In the process of our estimate, we
need to choose a smaller weight 6 with 0 < 6 < §. We can obtain a way of the
weighted C-estimate by applying the method by Joyce, (see Section 8 in [19]).
Our notation are the same as in the previous subsection.

At first we have the following weighted inequality,

LEMMA 2.11.  For a constant g > 0 satisfying
q<pd—2n+2

we have

/ rq’(d|u\p/2)‘2w" < me/ rqu|u\p_2(1—F)w"+q2C'/ 12 u|Pw™
X 9 T Alp-1) Jx X

where r = €' and a constant C depends only on the C%-norm of u given in the
previous section.

PROOF. The condition
q<pd—2n+2

implies that the Stokes theorem holds,
/ d(rtululP2du A (W 4+ wl ) = 0.
X

Then the result follows as in the way of Proposition 2.9. O
The following lemma is a slight generalization of Lemma 2.10

LEMMA 2.12. Let B(p) be a positive function with one variable p > 0. We
assume that B(p) satisfies the following,

B(pe)? < eipB(p — 1)P 7! + (cap® + ¢3) B(p)? (2.32)

where € = n/(n — 1) and there are a natural number N and a positive co such that
B(p) < ¢o for all p € [N — 1, Ne]|. Then there are constants s1, se depending only
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on ¢, c1,Ca, ¢y such that for all p > N, B(p) satisfies the inequality,
B(p) < s1(sap)*/7

where s3 = 2¢/(e — 1). In particular, we have

lim B(p) = s1.

p—0o0

Thus B(p) is bounded by a constant which does not depend on p.
PrROOF. The proof is essentially same as the one in Lemma 2.10. g

We shall start our Cg—estimate, paying our attention on the weight. We choose

a weight ) satisfying 0 < 6 < 6 and try to obtain a C’g—norm of u. We set

q= pS —2n+2.
Then ¢ satisfies
—pd+2n—2+qg<0 (2.33)

which is the condition of Lemma 2.11. We define B(p) by the weighted LP-norm
of u with respect to the cylindrical metric.

5 1/p
B =l = ([ 1Hurvole )

21t yoley1. Then we have

Note W™ = e
/ esqt‘u|p5wn _ / 66p5t|u|p£e(—2n+2)st62nt VOlcyl ) (234)
X X

Since € = n/(n—1), we have (—2n+2)e+2n =2(1 —n)n/(n —1)+2n = 0. Then
it follows

/ ST ulPEw™ = / ‘egtu|pE volgy1 = B(pe)*e. (2.35)
b's X

We substitute e(q/2)t|u|p/2 into the Sobolev inequality in Proposition 2.8. Since in
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the Sobolev inequality, the norm is given by the conical metric w and the volume
form is also w™, the left hand side of the inequality is

e, = (fetarman) = mer
and using the norm by the cone metric, we find that the right hand side is
‘|d(e(‘1‘§/2)t|u|p/2)Hi2 < C’/X eqt‘d\u|q/2‘2w" +C’q5/x el 2ty Py, (2.37)
The second term is given by
/X e(q72)5t|u|pw" = /X |egtu|p672”t62”t volgy1 = B(p)P. (2.38)

Since e+9t|1 — F| < C, we find that

/ e@|ulP7l1 — Flw" = / 0t e(a= D gy P 1o (2H0) ] _ pm (2.39)
X X
< C/ e_StepSt|u|p_lvole1 (2.40)
X
< C/ |e‘§tu|p71 volgyl (2.41)
X
=CB(p—1)r " (2.42)

Substituting these into the Sobolev inequality and combining the inequality in
Proposition 2.11 we obtain

el < Caplusl s+ (Cop® + Co)usl (243
’ 0,0 »

(2.44)
The inequality implies
B(pe)? < CipB(p — 1)P~" + (Cop® + C) B(p)” (2.45)

We apply a simple trick to show a bound of B(p) from A(p) with respect to the
weight. Recall
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1/p 1/p
mw{/umﬁ =(/mme@ |
X X

For p§ > 2n — 2, we already have a bound C of A(p) in the subsection of C°-
estimate. On the other hand,

_ 1/p
%%{AMW%%J.

Thus for p satisfying 2n — 2 < pd < 2n, we have B(p) < A(p) < C, where
0<d <& <2n—2,that is, B(p) < A(p) < C if p satisfies (2n —2)/5 < p < 2n/0.
Thus if we take sufficiently small § > 0, there is a N > 0 such that B(p) < C
holds for all p € [N — 1, Ne|. Applying Lemma 2.12 to our B(p), We obtain the
estimate B(p) < C, where C' does not depend on p. Thus it follows that the
C%-norm of e*u is bounded.

2.9. CP-estimate by the maximum (minimum) principle.
We shall obtain an C§-estimate by using the maximum (minimum) principle.

PRrROPOSITION 2.13.  There is a constant C which does not depend on s € S
such that ||e*tu,||co < C.

PROOF. We shall use the equation (2.25) in Subsection 2.5 to obtain a C§-
estimate of a solution of Monge-Ampere equation,

—U A, = FL, (2.46)

where 1, = (d/dt)us and Fy, = F — 1. Note that the family of solutions {u}scg is
differentiable with respect to the parameter s from the implicit function theorem.
It suffices to show a uniform C’g estimate of 1y in order to obtain a uniform
CPestimate of u, for s € S. We already have the Cg—estimate. Note that ¥y

is bounded. Then as in compact Kéhler manifolds, we have Cg’a—estimate, for

0 < 6 < 4. It implies that we have the C?’a—estimate of a solution us of the

equation (2.25) which does not depend on s. The difference of every coefficients
—(248)t

of the Laplacians Ay — A decay exponentially with the order e Then we

have constants C3 and T > 0 such that
Age 0t > 0367(2+6)t’

on the region {t > T'}. We take a constant C' which satisfies the two inequalities,
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(2.6) and (2.7), where ||is]|co < C; and [T W 1 E,||co < Cy. Then we can
apply the same method as in Lemma 2.7 to obtain

e sl o < €

where C' does not depend on s. Hence we have a C%-estimate of e*4i,. Thus we
obtain a Cg—estimate of u,. O

PROOF OF THE EXISTENCE THEOREM 1.5. We obtain a C?“-estimate of u
by applying the general method of the 2-nd order elliptic differential equations to
our conical Kéhler manifolds as in the case of compact Kahler manifolds. This
method was developed in [10], [21] (for instance, see [39]). Successively we apply
the Schauder estimate to obtain the C*+2“estimate of u (see Theorem 6.2 and
Theorem 17.15 in [14]). This procedure is explained in page 89 [32]. We have the
equation,

Ngeltuy = H (2.47)

where the C*“-norm of H is bounded. The C*®norms of coefficients of the
Laplacian A are bounded. We already have the bound of C§-norm of u. Then
applying the Schauder estimate to the equation (2.47), we obtain an estimate of
the weighted norms C’f“’o‘ of u. Hence it follows that the set S is closed by the
Ascoli-Arzela lemma. Since S is open, it follows that S = [0,1]. Thus we have a
solution of the Monge-Ampere which gives the Ricci-flat conical Kahler metric on

X. ]

PROOF OF THEOREM 1.7. Since v’ = w, = w + v/—190u, and both w and
W' satisfy the Monge-Ampere equation, then we have Q A Q = c,w" = c,w. It
follows that F' = 1. Then apply the inequality of Proposition 2.9 for dp > 2n — 2,
we have

/2\|2, n
/X|(d|u\p )2 =0,

Hence u = constant and if follows w = w’. O

PROOF OF THEOREM 1.8. We set @« = w — w’. Then the d-exact 2-from
a decays with the order O(e=*), i.e., a € C¥ with respect to the cylindrical
metric. Let f be the real function given by the contraction A,« in terms of the
Kahler form w, where the real function f lies in C§+2. Forn—2 <\ <2n—-2,
we put Ay = A. We have a solution u € Cf\“j'z such that (1/2)A,u = f, where
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A, denotes the Laplacian with respect to w. In the cases of A > 2n — 2, then
we also have a function u € C’;P such that (1/2)A,u = fforn—2 < A\ <
2n — 2 since f € C¥ C C’fl for \; < A\. Put 8 = a — (1/v/=1)09u. Then using
(1/v/~1) A, 00u = O,u = (1/2)A,u, we have A, 3 = 0. Thus 3 is a real primitive
form of type (1,1) and we have

n—2

w
BABN G o

_ _igpt
o = P (2.48)

We denote by Hy(X) the cohomology group which are defined by

_ {a e Ck(AP) | da =0}
{db[be Oy ()}

HY(X)

—A). Then it turns

where C¥(AP) denotes p-forms which decay with the order O(e
out that HY(X) = H/ ((X) for A > 0, where Hg,(X) is the compactly supported

cohomology group. Since H'(S) = {0}, we have the exact sequence,

0— prt

(X) = H3(X) = H(S) — ---
Hence the map HZ,(X) = H3(X) — H?*(X) is injective for A > 0. Since f
is d-exact which lies in Cfl(/\Z) for n — 2 < Ay, it follows that there is a 1-
from n € C’;jl(/\l) such that dnp = 3. Thus we have 3 A B Aw""2/(n—2)! =
dnABAw™2/(n —2)!. Since w lies in C°%, we see that n A 3 A w™ ™2 decays with
the order O(r—2(1=742)) for \; > n — 2. Then it follows from the Stokes theorem
that we have

n— wn

w 2 2
/X““m—zﬂ :/Xd““m—z)

Then from (2.48), we see that 8 = 0. Thus a = (1//—1)00u for u € C’ij. Since
A1 > 0, the result follows from Theorem 1.7. O

!:0.

3. Sasakian structures and Kahler structures on the cone.

We will give a brief explanation of Sasakian manifolds from a view point of a
correspondence to Kahler structures on the cones. A notion of Sasaki manifolds
was introduced by Sasaki and now there is a good reference on Sasaki geometry [4]
in which the material in this section can be found. Let S be a compact manifold
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of dimension 2n — 1. Note that S does not have a boundary. The cone of S is the
product R~g x S with » = ¢! € R+y. A Riemannian metric gg on S yields the
cone metric g on C(S5) by

g= dr?® + r2gg. (3.1)

In this section a metric on C(S) is always the cone metric g which is given by a
metric gg on S.

DEFINITION 3.1. A (2n — 1) dimensional Riemannian manifold (S, gs) is

a Sasakian manifold if there is a complex structure J on the cone such that
(C(S),g,J) is a Kahler manifold.

This is a relevant definition of Sasakian manifolds focusing on the relation to
Kahler geometry, however which is different from the ordinary definition.

We shall explain the correspondence to the ordinary one in which interesting
geometric structures are included. The Ké&hler structure (C(5), g, J,w) as in Defi-
nition 3.1 gives geometric structures on S. At first we regard S as the hypersurface
{z € C(S) | r(x) = 1} in C(S). We denote by r(9/0r) = 0/0t the vector field
on C(S) which is defined by the translation of the cone in terms of the cylinder
parameter ¢. The following lemma is known, for instance, see appendix [25].

LEMMA 3.2.  Let (C(9),g,J,w) be the Kihler manifold of a Sasakian man-
ifold S. Then we have £y;5;J = 0.

The Lie derivative .Z.(9/5,)J = 0 implies that J is invariant under the trans-
lations with respect to ¢, in other words, the vector field /0t is the real part of a
holomorphic vector field.

ProOF. Let V be the Levi-Civita connection of the cone metric g. Then
we see that V,,(9/0t) = u, for all vector field u. For any vector fields u, v, we have
(L) = [u, Jv] = J[u,v]
= Vu(Jv) = Vyu—JV, 0+ JV,u
= (VuJ)v = Vyyu+ JV,u.

Since ¢ is a K&hler metric, we have VJ = 0. Then substituting u = 9/9t, we
obtain

0 0
(ga/atj)’l)— —Vjva-l-JVU& =0. O
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We define a vector field & = Jr(9/0r) = J(0/0t) on C(S). Since g is a
Hermitian metric, £ is orthogonal to 9/0t which implies that £ is a vector field
along the hypersurface S. The restriction of £ to S is denoted by

£s =¢ls.

We have the complex structure J* which acts on 1-forms by (J*6)(v) = 0(Jv), for
0 € T*C(S) and v € TC(S). Then a 1-form n on C(S) is given by

d
n=-0Y = _rat
T

and we denote by 7g the restriction of 5 to S. (For simplicity, we write J for
J* from now on.) Then it follows from the definition that n(§) = ns(¢s) = 1.
The Kéhler form w is defined by w(u,v) = g(Ju,v), for u,v € TC(S). The Lie
derivative .5, is induced from the translation of ¢-direction on C'(S). The group
of one parameter transformations fy on C(S) is given by

f)\(r,y):()\'f',y), yES

and
d ..
afﬂx:o = 2 0/0r)-

From (3.1), we have f{g = A\?g and ZLra)0r)9 = 29. Since L. (5/0r)J = 0, we
have Z.(5/ar)w = 2w. Since dw = 0, applying the formula of the Lie derivative
%, = iyud + diy,, we have

diT(a/ar)w = 2w. (32)
Then we have
LEMMA 3.3.
. a2
tr(g/or)W = 1eg =T1).
PROOF. Since £ = J(9/0t), and n = —J*dt, we have n(§) = 1. Then

icg(€) = r*n(&) = r?. Since J(9/0t) € T'S, we obtain n(9/0t) = —dt(J(0/0t)) =
0. Let (9/0t, J(0/0t))* be the orthogonal subspace to the space spanned by two
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vector fields §/0t and J(9/0t). Then (9/0t,J(9/0t))* is invariant under the
action of J and we have n(u) = —dt(Ju) = 0 for u € (9/dt, J(0/dt))*. Thus
: 2

igg = r°n. (]

Applying Lemma 3.3 to the equation (3.2), since n = —J*(dr/r), we have

2w = dr’n = —d(J*rdr) = f%dJ*drz. (3.3)

Hence

V=1

w=— d0r2.

Since 2w = 2rdr A n + r2dn is a symplectic structure on C(S),
(2w)™ = 2nr®™dt An A (dn)" "t # 0.
It implies that ng A (dns)"~! # 0. We see that ng is a contact structure on S
and &g is the Reeb vector field. We define a distribution D of dimension 2n — 2

by D = kerns = {u € TS | ns(u) = 0}, then D = (9/dt,J(9/0t))* and D is
invariant under the action of J. We define a section ®g € End(T'S) by

{Jv (ve D)
0 (v=%).

Together with the contact structure ng and the Reeb vector field £g on S, &g €
End(TS) gives the Riemannian metric on S by

gs(u,v) = ns @ ns(u,v) + dng(u, Psv), (3.4)

for u,v € T'S. By the same procedure, an almost Kahler structure on C(S) as
in Definition 3.1 gives the structure (ns,&s, ®s) on S. When J is integrable, the
corresponding structure on S admits suitable properties.

LEMMA 3.4.  If an almost complex structure J on C(S) is integrable, we have
Led =J L0

PRrROOF. Since J is integrable, the Nijenhuis tensor vanishes,
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0 0 0 0
where u € TC(S). Since £ = J(0/0t), we have
0 0
LeJ(u) = {Jat,t]u} — J{Jat,u] (3.6)
0 0
Thus from (3.5), we have Z¢J = J Ly ;. O

Then 0/0t — /—1J(0/0t) = J/0t — /—1& is a holomorphic vector field on
C(S). In particular, [9/0t,&] = [0/0t, J(0/0t)] = 0.

LeMmMmA 3.5. If Z:J =0, then Z¢,ns = 0.

Proor. It follows from Z;J = 0 that we have Zn = —Z(Jdt) =
—J(ZLedt). Since iedt = ij@/a4dt = 0, we have Zen = 0. Then the result
follows from i§.Zen = Lens. O

Thus if J is integrable, then Zzn = 0. This also implies that i¢dn = 0 and
dng is a basic form on S. Since Z;;®g = 0, (3.4) yields Z¢,9s = 0 and we see
that &g is a Killing vector filed on (5, gg).

Hence we obtain the structure (ng,&s, ®s) on S from a Kéhler structure with
Z5/0¢J = 0 and a cone metric. Conversely we shall construct the Kahler structure
as in Definition 3.1 on C(S) from the structure (ng,&s,Ps) on S. Let ng be a
contact structure on S. Since the Darboux’s theorem gives the standard form of a
contact structure, it follows that D = kerng is a 2n — 2 dimensional distribution
on which dng is a non-degenerate 2-form.

Then a section ®g € End(T'S) is defined as an almost complex structure on
D with ®g(£s) = 0. Such a section ®g is compatible with 7g if the following
condition hold

o dns(Psu, Psv) = dns(u,v), u,v €D
o dns(u,®su) >0, (u#0e€D).

These conditions imply that a pair (dns, ®g) is a Hermitian structure on D. Thus
a compatible pair (ng, ®g) gives a Riemannian metric gg by (3.4) on S. Then we
have the cone metric g on the cone C(S) = R~ X S by

g=dr?+1r2gs.



Calabi- Yau structures and Finstein-Sasakian structures 1033

The tangent bundle TC(S) is decomposed into TR x T'S and we regarded g € T'S
as the vector field £ on C(S). An almost complex structure J on C(S) is given by

9
J(rar> —¢,  Jlp = .

Then ¢ is a Hermitian metric with respect to J and the corresponding 2-form w
is a symplectic form,

2w = d(r’*ng) = 2rdr Ans + r2dng

that is, (g, J,w) is an almost K&hler structure on C(5). Since ®g is a section of
End(T'S), the induced J is invariant under the translation with respect to t. Thus
ZLysatJ = 0. Hence we obtain the almost Kahler structure as in Definition 3.1
from the structure (ng, s, Ps).

DEFINITION 3.6. Let S be a manifold of dimension 2n — 1 which admits
a contact structure ng and a compatible structure ®g to ng. A compatible pair
(ns,Pg) is a Sasakian structure on S if the corresponding almost Kéhler structure
(C(S),g,J,w) is Kéhlerian, that is, J is integrable.

Hence our argument is reduced to the following,

PROPOSITION 3.7. There is a one to one correspondence between Sasakian
structures (ns,&s, ®s) on S and Kdahler structures (g, J,w) on C(S) consisting of
a cone metric g and a translation-invariant complex structure J.

4. Einstein-Sasakian structures and Calabi-Yau cone structures.

As in Section 1, let S be a compact manifold of dimension 2n — 1 and C(.S)
the cone Ry x S with r = et € R.y. We assume that S is simply connected in
this section. This is relevant since S has the Ricci positive metric and it follows
from Myer’s theorem that a finite cover of S' is simply connected. Thus we replace
S with the finite cover if necessary.

Let (C(S), J, g,w) be a Kahler structure on C(.5) corresponding to a Sasakian
structure on S by Proposition 3.7. Then as in Section 1, we have

V-1

w= T85r2 (4.1)

g =dr* +12ggs (4.2)
ZLyjaed = 0. (4.3)
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We also see in Section 1
2w = d(r’*ng) = 2rdr Ans + r’dns. (4.4)

We assume that the canonical line bundle of (C(S),J) is trivial and there is a
nowhere-vanishing holomorphic n-form 2. Note that w and ¢ satisfy

g@/atw = 2w (45)
Ly ot9 = 29. (4.6)

A pair (Q,w) consisting of a holomorphic n-form  and a Kéhler form w induces
a Kéahler structure (J, g,w) on C(S).

DEFINITION 4.1. A pair consisting of a d-closed, holomorphic n-form 2 and
a Kahler form w on C(S) is a Calabi-Yau cone structure if the induced Kahler
metric g of the Ké&hler structure (J, g,w) is a cone metric which corresponds to
a Sasakian structure on S as in Proposition 3.7 and satisfies the Monge-Ampere
equation,

QOAo(Q) = %ﬂw", (4.7)

where Q is the complex conjugate of 2 and ¢(Q) is given by

_ +Q, n=0,1(mod 4),
o) =<¢ _
—Q, n=2,3(mod 4).

We regard S as the hypersurface {t = 0} = {r = 1} as before. We denote
by r(9/0r) = 0/0t the vector field on C'(S) which is defined by the translation of
the cone in terms of the cylinder parameter t. The Lie derivative £,.(5/9,)J = 0
implies that J is invariant under the translations with respect to ¢, in other words,
the vector field 9/0t is the real part of a holomorphic vector field.

Let ig : S — C(S5) be the inclusion of S into C(S) and pg : C(S) — S the
projection to S. For a Calabi-Yau cone structure (£, w), using the interior product
by the vector field 9/0t, we define

VY =ig/082, (4.8)

%0 = ig/ow, (4.9)
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and restricting to S, we have ¢g 1= i§y Ang = t&n. Since the vector field 0/0t
is the real part of a holomorphic vector field, it follows that 1 is a holomorphic

(n—1)-form on C(S), however 9 is not d-closed. Since (dt —v/—1n) = dt++/—1Jdt
is a form of type (1,0) it follows from (4.8) that

Q= (dt —V=1n) A (4.10)
Since (9, w) satisfies the Monge-Ampeére equation, substituting (4.10), we have
QAa(Q) = (dt —V—1n) A Ao(¥) A (dt+V—1n)
=2V —1dt An A Aa(y).

It also follows from (4.4) that

(2\/j1)nw" = (vV-1)" 22 dt A A (dn)" L.

n! n!

Then by applying the interior product is/9; to both sides of the Monge-Ampére
equation, we have

n—1
nAY A o) = cp17?"n A <;d77> , (4.11)

where ¢,_1 is a constant. By restricting to S = {r = 1}, we have

. 1 n—1
ns ANs ANo(hg) = cp—1ms A <2dns> . (4.12)

Let D be the subbundle of T'S given by the kernel of dng. Then g defines a section
®s on End(D) which is an almost complex structure and then g is a nowhere
vanishing section of the canonical line bundle Kp of D. Since w is Kéhlerian, we
see that dng is a Hermitian form on D and then (ng, ®s) is an Sasakian structure
on S. An FEinstein-Sasakian structure on S is a Sasakian structure whose metric
¢ is an Einstein metric on S.

PROPOSITION 4.2.  Let (Q,w) be a Calabi-Yau cone structure on C(S). Then
(Q,w) corresponds to an Einstein-Sasakian structure on S under the correspon-
dence as in Proposition 3.7. Conversely, an Finstein-Sasakian structure on S
gives a Calabi-Yau cone structure (Q,w) on C(S), that is, there is a one to one
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correspondence between FEinstein-Sasakian structures on S and Calabi-Yau cone
structures on C(S).

As though a correspondence as in Proposition 4.2 is already known among
experts in Sasakian geometry (see [4] for instance), our point of view may be
rather relevant since we focus on Calabi-Yau cone structures on C(S) which exactly
correspond to Einstein-Sasakian structures on S. In the appendix we shall give a
proof.

5. Ricci-flat conical Kéhler metrics on crepant resolutions of nor-
mal isolated singularities.

Let Xy be an affine variety of complex dimension n with only normal isolated
singularity at p € Xy. In this section, we assume that the complement Xo\{p}
is biholomorphic to the cone C(S) of an Einstein-Sasakian manifold S of real
dimension 2n — 1. As we see in Sections 3 and 4, there is the weighted Calabi-Yau
structure (€, wp) on the cone C(S) and the Ricci-flat Kéhler cone metric wy which
is given by

V-1

wWo =

THEOREM 5.1.  Let Xy be an affine variety with only normal isolated singu-
larity at p. We assume that the complement Xo\{p} is biholomorphic to the cone
C(S) of an FEinstein-Sasakian manifold S of real dimension 2n — 1. If there is a
resolution of singularity m : X — Xo with trivial canonical line bundle Kx, then
there is a Ricci-flat conical Kdhler metric for every Kdhler class of X.

REMARK 5.2.  Van Coevering [40] showed that there is a Ricci-flat conical
Kahler metric in the Kéhler class which belongs to the compactly supported co-
homology group prt (X) of X. Our theorem shows that this kind of restricted
condition is not necessary and implies that the conjecture on the existence of

complete Ricci-flat Kéhler metrics in [25] is affirmative.
The Ricci-flat Kahler cone metric wg is written as
wo = e*(2dt A d°t + dd‘t), (5.2)
where dd€t is the transversal Kéhler metric on the Sasakian manifold .S and the

Reeb vector field £g is given by J(9/0t) which gives the Reeb foliation on S. Let
HY(S) be the basic cohomology group on S with respect to the Reeb foliation.
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There are the Hodge decomposition of the basic cohomology groups and the Lef-
schetz decomposition as in Kéhler geometry. Thus the second basic cohomology
group H%(S) is decomposed into the followings,

HZ(S,C) = Hy'(S) @ H(S) @ HY*(S), (5.3)
Hy'(S,R) = Rdd‘t & P5' (S, R), (5.4)

where H1;?(S) denote the basic Dolbeault cohomology group of type (p,q) and
Rdd*t is the one dimensional space generated by the transversal Kahler form dd°t
and Pé’l(S) is the basic primitive cohomology group of type (1,1) with respect
to dd°t. Since the transversal complex structure on S admits the positive first
Chern class which implies that the anti-canonical line bundle on S is positive.
Then by the same procedure as in Kéhler manifolds, we obtain the vanishing
theorem of Kodaira and the Serre duality of the basic cohomology groups. The
basic cohomology groups inherit many of the same properties as the ordinary
Dolbeault cohomology groups of the K&hler manifolds [9], [22], [4]. Then we have
the vanishing of cohomology groups,

LEMMA 5.3. Let S be a compact positive Sasaki manifold of real dimension
2n — 1. Then we have

HE(S) = Hy(S) = {0}, Vg >0.

In particular, Hy"(S) = Hy*(S) = {0}.

PROOF. Since the transversal complex structure on S admits the positive
first basic Chern class which is represented by a positive real basic form of type
(1,1), there is a Sasakian structure with the same underlying transversal complex
structure whose transversal Ricci curvature is positive from the transverse Calabi-
Yau theorem [9], [5]. Let n be the contact form on the (2n — 1) dimensional
Sasakian manifold S. Then we have the pairing U of the basic forms «, 3 by

T(nAahpB) ::/Sn/\a/\ﬂ.

Since dn is a basic 2-form, we have the integration by part. By using the ba-
sic Hodge star operator g, we have the L*-metric [|a||7. = [¢n A a A xpa =
Js(a, @) volg, (see Boyer-Galicki, [4] Sasakian Geometry, page 217) where (, ) is
the metric on forms and volg is the volume form on the Sasakian manifold (5, g).
Then the transversal Kahler structure on S gives a basic, Hermitian connection A
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on the transversal holomorphic line bundle K ~! such that the curvature form Fy
is a positive, basic (1,1) form on S. We denote by dp the d-operator acting on
K~1-valued basic forms. Let DEB be the basic Laplacian of d-operator acting on
K~'-valued basic forms and DaB the complex conjugate of DEB. Then we have the
Kodaira-Nakano identity,

0% = 0% + [V=1Fa, Al

(The identity follows from a local calculation as in Kahler geometry, see for instance
Griffith-Harris, Principle of algebraic geometry, pages 154-155.) Let ¢ be a K ~'-
valued basic form of type (n —1,¢q), ¢ > 0. Then we have the inequality using the
basic Hermitian metric on K1,

[056||5. + 10545 = /X (V=1Fa, N¢, ¢) volg > 2mql|¢|2.

Since K~! admits a basic Hermitian connection, we have the de Rham-Hodge
theorem of K ~!-valued basic forms of type (n—1,q) with respect to the Dolbeault
Laplacian D% (see [9]). Thus every element of cohomology group Hp (S, K1)
is represented by the K ~!-valued basic harmonic forms w.r.t. DgB (note that S is a
transversally complex manifold of dimension n—1). If ¢ is harmonic, it follows from
the inequality that ¢ = 0. Then we have the vanishing Hgfl’q(S,K’l) = {0}.
There is an isomorphism Hjp "9(S, K1) = H%Y(S, K © K~ 1). Since K ® K~ is
a trivial complex line bundle, we have the vanishing of the cohomology groups

HY9(S) = {0}, ¥Yq>0.

By using the basic Dolbeault decomposition (see also page 217 in [4]), we have

HE'(S) = Hy"(S) = {0}, (¢ > 0). 0

REMARK. Note that the transverse Dolbeault theorem is not necessary to
show the vanishing of the cohomology groups of Lemma 5.3. The vanishing of
the cohomology groups on Lemma 5.3 was already shown in [5] when the positive
Sasaki manifolds are regular or quasi-regular. This vanishing theorem on positive
Sasaki manifolds can be proved by the different method (Bochner technique) [8].

LEMMA 5.4.

H%(S) = Hy'(S) = Rdd‘t & H(S, R).
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PROOF. It is shown that the de Rham cohomology group H*(S) of the
Sasakian manifold S coincides with the basic primitive cohomology groups P5(S),
for 1 < i <n—1 (for instance, see Proposition 7.4.13, pp. 233 in [4]). It follows
from Lemma 5.3 that

H%(S) = Hp'(S) = Rdd°t ® PA(S) = Rdd°t & H*(S). 0

LEMMA 5.5. Letw: X — Xg be a resolution of an affine variety Xo with
only normal isolated singularity with trivial Kx. Then we have the vanishing

HY(X,0x)=1{0}, (Vi>D0). (5.5)

Further let C(S) be the complement X\E where E is the exceptional set of the
resolution X . Then we also have

H'(C(S),0cs)) = {0}, (n—1>Vi>0). (5.6)
In particular, if n > 3, we have
HI(C(S)a ﬁC(S)) = {0}7

where dimg X = n.

PROOF. Since Xy is an affine variety and H? (X, Rim,.Ox) = {0} for p >
0, the first vanishing (5.5) follows from the Grauert-Riemenschneider vanishing
theorem,

Rir.Kx = Rit,0x =0, (i>0).

Let H5(X, Ox) be the local cohomology groups with supports in F, and coeffi-
cients in the structure sheaf &x. Then the short exact sequence,

0— FE(Xa ﬁx) - F(Xv ﬁX) - F(C(S)a ﬁC’(S)) —0
yields the long exact sequence,

= Hp(X,0x) — H(X, Ox)
— HY(C(S), Oc(s)) = Hg (X, 0x) — -+ . (5.7)

By applying the local duality theorem of the cohomology groups to the resolution
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m: X — Xq, we have
dim HL (X, Ox) = dim R" 7 n,Kx = dim R" /7, 0%,

(see for instance, Corollary 2.5.15, p.60 [18]). Then it follows from the Grauert-
Riemenschneider vanishing theorem that

Hy (X, 0x) = {0}
for all n — j > 0. Thus from the exact sequence (5.7) and (5.5), we obtain
H'(C(S), Oc(s)) = {0}, (n—1>Vi>0).

It implies that H'(C(S), Oc(s)) = {0} if n > 3. O

The resolution 7 : X — X, gives the identification 7| x\ g : X\E = Xo\{p} =
C(S). We denote by {t > T} the subset of the cone C'(S) = R x S defined by

{t>T}:={(t,s) e RxS|t>T},

for a constant T. The subset {¢ > T} is regarded as the subset of X by the
identification 7|x\g : X\E = Xo\{p} = C(S). Then the set {t > T} is an
unbounded region of X and we also denote by {¢t < T’} the complement of {¢ > T'}
in X which is a compact set including the exceptional set E. Let pg be the
projection from C'(S) = Rx S to S. We use the same notation pg for the restricted
projection {t > T} — S.

LEMMA 5.6. Let k be an arbitrary Kdhler form on X with the Kdhler class
[k] € H*(X,R). We assume dimg X > 3. Then there is a real form & of type
(1,1) on X which satisfies the followings,
i

(i) [f] = [s] € H*(X, R).
(ii) For a sufficiently large constant Ty, the restriction K to the subset {t > T} }
is given by the pull back of a d-closed, primitive basic form & of type (1,1)
on S, i.e.,
E|¢>1) = psh-

PrOOF. It follows from Lemmas 5.3 and 5.4 that we have

H?(C(S)) = H*(S) = P3(S) = PL'(9).
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Then there is a d-closed, primitive basic form & € Py'(S) and a 1-form 6 on C(S)
such that

K?|C(S) = pgl% —df. (58)
Then df is a form of type (1,1) on C(S) where § = 1% + %1 and we have
do = 90"° + 06%, 00 =0, 096°' =o0.

It follows from Lemma 5.5 that there is a function ¢ on C(S) such that §%" = 0.
Since @ is a real form, it follows from #%° = 0.1 that

do = 96%* + 0691
= 00¢ + 00
=2V—-180¢™"

where ¢!™ = 1/2\/=1(¢ — ¢) is the imaginary part of ¢. Let pr be a smooth
function such that

E ze{T <t}
pT(x)_{o ze{t<T-1}

and 0 < ¢r(x) < 1on X, ie., pris a cut off function which takes the value 0 on
a neighborhood of E and 1 at the infinity. We define & by

i =K+ 2v/—100pr, ¢"™.

Then we see that & is a form of type (1,1) on X which is the Kéhler form x on
{t < Ty — 1} and p5k on {t > T } from (5.8). Thus & satisfies the conditions. O

LEMMA 5.7.  Let k be an arbitrary Kdhler form on X. We assume dimg X >
3. Then there exists a Kdhler form w, o which satisfies the followings,

(1) [weo] =[] € H(X, R).

(ii) There are constants T and T_ such that wy o coincides with cwy + & on
the region {1+ T_ < t}, where ¢ is a positive constant and wy is the Kdhler
cone metric on C(S) as before and K is the form in Lemma 5.6, where
14+7T_<Ty.
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PROOF. We see that there is a positive function ¢ (z) on R which satisfies

P(z) =

x if z > e2047-)
constant if €27~ >z

and ¢'(z) > 0 and 9" (z) > 0 on the region {e?’- < z < €2(1*7T-)}. Then the

composite function v(7?) is a function on X since 1 is a constant on the region

{t < T_}, where r = e’ and we have

V=100 (r?) = V19" (r*)0r? A Or? + /=194 (r?)90r.

It implies that /=100 (r?) is semi-positive on the region {t < 1+ T_} which is
the Kéhler cone metric wy on the region {1 +7_ < t}. Thus we define wy o by

W0 = e/ =100 (r?) + k.

Then wy o satisfies both conditions (i) and (ii). So it suffices to show that w, o is
a Kéhler form for constants T4, T_ and ¢, which are taken by the following. We
divide X into the following five regions:

1) {t<T_} QT <t<1+T.} () {1+T <t<T, -1},
W{Ts —1<t<Ty} (5 {T: <1},

On the region (1), wy o is the Kéhler form x and on the region (3), w0 is cwo + &
which is also Kihlerian. On the region (2), wy o = k + /—199¢(r?) is positive
since \/—190%(r?) is semi-positive and & is positive. On the region (5), wy o is
a sum of the Kahler cone form wy and the bounded form p§k with respect to
the cylinder metric. Since the cone metric wy grows with order O(e?), there is
a sufficiently large T, = T (co) for a positive co such that co\/—109¢(r?) + &
becomes positive. Finally since the region (4) is compact, there is a positive ¢
with ¢ > ¢ such that w, ¢ is a Kéhler form on the region (4). We can see that
wi 0 1s still positive for ¢ > ¢o on (5). Hence wy o is a Kéhler form. O

PROOF OF THEOREM 5.1. In the case dimg X = 2, X is a minimal resolu-
tion of the ordinary double point (see [20]). Thus every Kéhler class is represented
by the class of the exceptional divisors which lies in compactly supported coho-
mology groups and we can have a Kéhler form w, ¢ as in Lemma 5.7 with k=o0.
Hence we have the initial Kéhler form wy ¢ as in Lemma 5.7 for every Kahler class
on X of dimension n > 2. We recall that a positive function F' is defined by
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QNQ = enFrwil
with Fj, = ef*. We shall show that the function F,, satisfies
[eEFOHFy, — 1) ppe <00, §>0, k>3, 0<a<l
with respect to the cylindrical metric dt A dt + dd°t = e~2'wg. Then the result
follows from Theorem 1.5.
Since wy is a Ricci-flat Kéhler cone metric, we have

QAQ = cpwy.

Then wj = efkwgvo. Since wg,0 = wo + K = wo + p&k on the region {t > T}, we
have

_ Who _ (wot k)"

—fr — [ St L 5.9
¢ wy wy (5.9)
7 n—1
SR (5.10)
wo
" n! K AW
. 5.11
+ ; in—19)! Wi (5-11)

Since k = p&k is the pullback of a primitive, basic (1,1)-form on S with respect
to dd°t, we have k A (dd°t)"~2 = 0. Thus the second term of (5.10) vanishes since
we have

(n =17tk Awy ™t =k AV (2dE Adet A (ddt)"2) (5.12)

= 2D (2dt A dt A & A (dd°t)"2) = 0. (5.13)
Each term of (5.11) is given by

KA WRTE R A 2024 A dCt A (ddet) )
wp o e2nt(2dt A det A (ddet)™)

(n—1) (5.14)

g KA (2dE A det A (ddet)r L)
= 2 : 1
‘ (2dt A det A (ddet)™) (5.15)

Since the 1-form dt and d°t and the 2-form dd°t, k are bounded with respect to
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the cylinder metric, we have

kA wp~ , ,
:0 _ 0(672“‘/) _ O(’)"72l).
“wo
Note that & = p§k for a basic 2-form &. It follows from ¢ > 2 that the every term
in (5.11) decays with the order O(e~#). Hence we have e/~ —1 = O(e™*!). Since
e~/ is bounded, we obtain

eft —1=0(").

We also have the estimate of the higher order derivative of F} since we use
the C*-norm with respect to the cylinder metric. Note that the C*-norm of e=*
is just estimated the derivative by the cylinder parameter ¢ which also decays with
the order O(e™%).

Hence there is a solution u of the Monge-Ampere equation

QANQ = Cn(wk;70 + ddu)”

from the existence theorem 1.5. Then the Kéhler form wy = wy o + dd°u gives a
Ricci-flat K&hler metric on X. O

REMARK 5.8. If the basic (1,1)-form # is not primitive, then the function
F — 1 defined by the Kéahler wy o = wo + p5& in the region {t > T4 } only decays
with the order O(e~2!), which we can not apply the existence theorem 1.5. Thus
it is intriguing that & is primitive for our construction of Ricci-flat K&hler metrics.

6. Examples of Calabi-Yau structures on crepant resolutions.

We construct examples of Ricci-flat conical Kéhler metrics. Some of them
are already known, however there are new Ricci-flat conical Kéhler metrics in-
cluded whose Kahler classes do not belong to the compactly supported cohomology
groups. We start with the trivial example.

EXAMPLE 6.1. The complement C™\{0} is the cone of the sphere of di-
mension 2n — 1 and the standard Ké&hler metric wy; on C™ is a conical Ricci-flat
Kéhler metric with r* = >°"" | |z/|*>. The induced metric on the sphere is an
Einstein-Sasakian metric.

EXAMPLE 6.2. Let I" be a finite subgroup of the special unitary group SU(n)
which freely acts on C™\{0}. Then the quotient Xy = C™/T" has a normal isolated
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singularity at the origin 0 and the complement C™\{0}/T is the cone C(S) of the
Einstein-Sasakian manifold S := $?"~!/T". The induced metric on the cone C(S) is
a Ricci-flat Kéhler cone metric. Then Theorem 5.1 shows that a crepant resolution
of the isolated quotient singularity C™/T" has a Ricci-flat conical Kéhler metric.
This class is already obtained by Kronheimer [20] for n = 2 and by Joyce [19] for
n > 2.

EXAMPLE 6.3. Let Z be a compact Kéhler-Einstein manifold with positive
1-st Chern class ¢;(Z), which is called a Fano manifold (we assume that dime Z =
n—12> 2). Then the sphere bundle S of the canonical line bundle Kz of the Fano
manifold Z admits an Einstein-Sasakian metric and the complement of the zero-
section K z\{0} is the cone C(S) which has the Ricci-flat Kéhler cone metric. Then
we apply Theorem 5.1 to X = Kz and obtain a Ricci-flat conical Kahler metric
in every Kéahler class of K. Calabi [6] already constructed a Ricci flat Kéhler
metric on Kz by the bundle construction whose Kahler class lies in the compactly
supported cohomology group, i.e., the anti-canonical class. Since we have the
vanishing of the cohomology groups H'(S) = {0} and H2, (X) = H*(X,X\Z) =
HY(Z) = {0} by the duality theorem. Then we obtain the exact sequence,

0— H?

cpt

(X) — H*(X) — H?*(S) — 0.
We also have HZ (X) = H*(X,X\Z) = H°(Z) = R. Thus dim H*(X) =
dim H%(S) + 1. If by(Z) = dim H*(Z) = dim H*(X) is greater than 1, it fol-
lows from the exact sequence that there is a Kéhler class which does not belong to
the compactly supported cohomology group. Thus in the cases, we obtain a new
family of Ricci-flat Kéhler metrics on K.

EXAMPLE 6.4. Recently Futaki-Ono-Wang [11] obtained an Einstein-
Sasakian metric on the sphere bundle of the canonical line bundle of every toric
Fano manifold which gives the Ricci-flat Kahler cone metric on the complement
K7z\{0}. Thus Theorem 5.1 shows that there exists a Ricci-flat conical Kéhler
metric in every Kéhler class on the total space of the canonical line bundle on
an arbitrary toric Fano manifold. If the canonical line bundle is the m-th tensor
of a line bundle L on a toric Fano manifold, then we can apply the theorem to
the total space L to obtain a Ricci-flat conical Kéhler metric on L in each K&hler
class. Let 5]?2 be the blown up CP? at one point. Then 5]?2 is a toric Fano
manifold which does not admit a Kéahler-Einstein metric. However it is shown

that the canonical line bundle Kz of CP? admits a family of Ricci-flat conical

Kahler metrics which is parametrized by the open set HZ(C/’FTQ), i.e., the Kéhler

cone of Z. Note that dim H2(CP2) = 2 and dim HZ,, (Kg=;) = 1. Sasaki-Einstein
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metrics on the blown up CP? at one point was explicitly constructed by Martelli
and Sparks [26] and Oota-Yasui [30] described a Ricci-flat metric on a resolved
Calabi-Yau cone.

EXAMPLE 6.5. We denote by ¥ a blown up CP? at k points in general
position (0 < k < 8). Then it is known that X admits an Einstein-Kéhler metric
for 3 < k < 8 [38], [34]. Since X, for k = 1,2 is a toric Fano surface, there is a
Einstein-Sasakian metric on the sphere bundle of the canonical line bundle on X
[11], [27]. Hence we obtain a complete Ricci-flat K&hler metrics in every Kéahler
class of the canonical line bundle of a blown up CP? at generic k points for all
0<k<s.

EXAMPLE 6.6. Let X be the 3 dimensional hypersurface in C* defined by
22+ 22 + 23 + 22 = 0. The hypersurface Xy has a singularity at the origin 0 which
is the ordinary double point and there is a small resolution X — X, with trivial
Kx. The small resolution X is the total space 0(—1) & &(—1) on CP! and Xy
is obtained by the contraction of the zero-section to one point. The complement
X0\{0} is the cone C(S) of the sphere bundle S over the product CP*xC P!. Thus
the sphere bundle S has an Einstein-Sasakian metric which induces the Ricci-flat
Kéhler cone metric on C'(S). Then we obtain a one dimensional family of Ricci-flat
conical Kéhler metrics on the resolution, since dim H?(X) = 1 and prt (X)=0.
Candelas and de la Ossa [7] described a Ricci-flat metric on a conifold and it is
also keen to show that the Ricci-flat metric in [7] coincides with the one in our
family constructed by Theorem 5.1.

7. Appendix.

We shall show the following Lemma 7.2 and Lemma 7.3 to prove Proposition
4.2. As in Section 4, we assume that S is simply connected. Let Ricg, be the
Ricci curvature of a Sasakian manifold (S, gs). We see that dng is a Kéhler form
on the distribution D which satisfies Z¢ dng = 0. Then dng gives the transversal
Riemannian metric g% on D with %,g% = 0. Let Ric,r be the Ricci curvature
of the transversal Riemannian metric g&. Then there is a relations between Ricgg
and Ricgy.

PROPOSITION 7.1 (Boyer-Galicki, p.224, Theorem 7.3.12).

Ricgs (u,v) = Ricgr (u,v) = 2gs(u,v), w,v €D

Ricgg(u, &) =2(n — )ng(u), VueTS.

Thus a Sasakian metric gg is Einstein if and only if the transversal metric gg
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is Einstein with Einstein constant 2n.

LEMMA 7.2.  Let (Q,w) be a Calabi-Yau cone structure on C(S) and
(ns, 9s,Es,1s) the corresponding Sasakian structure on S. Let g% be the transver-
sal Riemannian metric given by the transversal Kahler structure dns on S. Then
gk is Einstein with Einstein constant 2n, that is, Ric,r = 2ng’k.

Proor. We take an open covering {U,}, of S such that each U, admits
coordinates (z,2%,...,2%_;) which is compatible with transversal holomorphic
structure on S, that is, (2§,...,2%_;) gives the transversal complex structures
and 9/0x = £g. (Such coordinates are called foliation coordinates.) Then we
have a d-closed, local holomorphic n-form Qg = dz{' A--- Adzy_; which is a
basic section of Kply,. For simplicity, we write Qg o for its pullback p5€s, on
C(S). Since ¥ = iy;5, is a holomorphic section of pgKp, there is a holomorphic
function f, on pg'(U,) such that

Y = el Qg.q.

Substituting ¢ = ef Qg , into (4.11), we have
_ o 1 n—1
efatlan A Qg aNo(Qga) = Crno172"n A (2dn> . (7.1)
We define a function k, locally by

. 1 n—1
Qg o No(Qga) = eFec, 1 <2d775> . (7.2)

Then the Ricci form of the transversal Kihler form g% on an open set U, of
S is given by Ricgg = +/—1950gk,, where Op is the J-operator with respect
to the transversal complex structure on S and Jp is its complex conjugate. By
multiplying 7 = ng to both sides of (7.2) and pulling back by pg to C(S), we have

o . 1 n—1
NAQsa Ao(Qsa) = ePsFac, 1nA (2dng> . (7.3)
Comparing to (7.1), we have

phefe = p2ne=Uatia) = 2nte=(fatfa), (7.4)
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A function pgka on C(S) is basic with respect to both £ and 9/90t. Thus we have
p}@gégka = 35]9*5,%&. Then it follows that

Ricgg = \/jlaBéBka = ig\/ —1(95})2%30”

where 0 is the d-operator with respect to the complex structure on C(S). From
(7.4), we have

Ricyr = 2nigy/ =190t — i5V/~190(fa + fa)- (7.5)

Since df, = 0, we have 99(fo + f,) = 0 and the transversal Kihler form is
(1/2)dns = +/—100t|s. Thus we obtain

_ 1
Ricyr = 2nv—100t = 2n(2dns>. (7.6)

Then it follows that Ric,r = 2n g§. O

Conversely the following lemma shows that an Einstein-Sasakian structure on
S gives the Calabi-Yau cone structure on C(S).

LEMMA 7.3. An Einstein-Sasakian structure on S corresponds to the Calabi-
Yau cone structure on C(S) under the correspondence in Proposition 3.7.

PrOOF. As in Proposition 7.1, an Einstein-Sasaki structure gives the
transversal Einstein-Kahler metric with scalar curvature 2n, Ricgg = 2ngg. Thus
the 1-st Chern class ck(S) of the transversal canonical line bundle K is repre-
sented by the form 2n((1/2)dns) = ndns. There is an exact sequence on S,

— H°(S) 5 HA(S) L H2(S) —

in which we have i(a) = adng for « € H°(S) and j(ck(9)) = nj(dns) = joi(n) =
0. Thus c'(S) = ¢!(Kp) vanishes. Since S is simply connected, the line bundle
Kp is trivial. Let {U,} be an open covering of S such that each U, admits
a foliation coordinates (z®,z{,...,z5_ ;). We denote by ps : C(S) — S the
projection. We take U, sufficiently small such that every d-closed holomorphic
1-form on pgl(Ua) ~ R x U, is written as a d-exact 1-form of a holomorphic
function, that is, the holomorphic de Rham theorem holds on U,. Taking a d-
closed, basic, holomorphic (n — 1)-form Qg o = dz{ A--- Adz%_; on U,, we define
a basic function k, by
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. 1 n—1
Ds.a ANo(Qs,0) = cp_1e™ <2d77$> . (7.7)
Then the transversal Ricci form Ricgg is given by

Ricgg =V —18353/€a. (7.8)

Since the transversal Kéhler form (1/2)dns is Einstein-K&hler, we have

V—10p0pka = 2n(;dn5> = 2ni§(V—100t). (7.9)

Pulling back them by the projection p, : C'(S) — S to C(S), since Kk, is a basic
function, we have

pg Ricy (;dns> = pgﬁangna (7.10)
= V=100pska = 2n(V—100t). (7.11)
Then on pg'(U,) C C(S), we have
ﬁaé(pgm — Qnt) =0.
Since U, is sufficiently small such that every d-closed holomorphic 1-form is a
d exact form of a holomorphic function, there is a holomorphic function g, on
p~1(U,) satisfying
Ko — 20t = qo + Q-

Then from (7.7), we have

n—1

(efq" Qsﬂ) A O’(eiao‘ﬁsa) =cp_1r" (;dns) . (7.12)

Note that r = e’. We define ¢ by e % Qg ,. Then the pair (ng, ) satisfies (4.12).
If we set Q = (dt++/—1Jdt) A(e”9Qg ), then Q, is a local holomorphic n-form
on C(S) which satisfies
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Qo Ao (Qy) = cpw™

where ¢, = (2¢/=1)"/n!. Hence the Ricci curvature of the Kiihler metric w on
C(S) vanishes. Further since S is simply connected, the canonical line bundle
on C(S) is trivial. Then there is a holomorphic n-form Q on C(S) satisfying the
Monge-Ampere equation,

QNT(Q) = cpw™

Thus (€2, w) is a Calabi-Yau cone structure on C(S). Hence we have the result. OJ

PROOF OF THEOREM 4.2. The theorem follows from Lemma 7.2 and

Lemma 7.3 and Proposition 7.1. O
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