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Abstract. Let (X,d, u) be a metric measure space endowed with a dis-
tance d and a nonnegative Borel doubling measure p. Let L be a non-negative
self-adjoint operator on LZ(X). Assume that the semigroup e *L generated
by L satisfies the Davies-Gaffney estimates. Let H{ (X) be the Hardy space
associated with L. We prove a Hormander-type spectral multiplier theorem
for L on H?(X) for 0 < p < oo: the operator m(L) is bounded from HY (X)
to Hg (X) if the function m possesses s derivatives with suitable bounds and
s >n(1l/p—1/2) where n is the “dimension” of X. By interpolation, m(L) is
bounded on HY (X) for all 0 < p < oo if m is infinitely differentiable with suit-
able bounds on its derivatives. We also obtain a spectral multiplier theorem
on LP spaces with appropriate weights in the reverse Holder class.

1. Introduction.

Let (X,d, ) be a metric measure space endowed with a distance d and a
nonnegative Borel doubling measure @ on X. Recall that a metric is doubling
provided that there exists a constant C' > 0 such that for all x € X and for all
r >0,

V(z,2r) < CV(z,r) < 00, (1.1)
where B(z,r) ={y € X : d(z,y) < r} and V(z,r) = p(B(z,r)). In particular, X

is a space of homogeneous type. A more general definition and further studies of
these spaces can be found in [CW1, Chapter 3].
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Note that the doubling property implies the following strong homogeneity
property,

V(z, r) < CAN"V(z,7) (1.2)

for some C,n > 0 uniformly for all A > 1 and z € X. The smallest value of the
parameter n is a measure of the dimension of the space. There also exist C' and
N so that

N
Viy,r) < C’(l + d(z;,y)) Vix,r) (1.3)

uniformly for all z,y € X and r > 0. Indeed, property (1.3) with N = n is a direct
consequence of the triangle inequality for the metric d and the strong homogeneity
property (1.2). When X is Ahlfors regular, i.e. V(x,r) ~ r™ uniformly in z, the
value N can be taken to be 0.

Suppose that L is a non-negative self-adjoint operator on L?(X). Let E())
be the spectral resolution of L. For any bounded Borel function m : [0,00) — C,
by using the spectral theorem we can define the operator

m(L) = /0 T VAE(). (1.4)

It is well known that the operator m(L) is bounded on L?(X). It is an interesting
problem to give sufficient conditions on m and L which imply the boundedness
of m(L) on various spaces on X. This has been a very active topic of harmonic
analysis and it was studied extensively. The reader is referred, in particular, to [A],
[AL], [B], [BK], [C], [DeM], [DOS], [Dz] and [FS] and the references therein.

The following shall be assumed throughout this article unless otherwise spec-
ified:

(H1) L is a non-negative self-adjoint operator on L?(X);

(H2) The operator L generates an analytic semigroup {e *F};~¢ on L?(X) which
satisfies the Davies-Gaffney estimate. That is, there exist constants C, ¢ > 0
such that for any open subsets Uy, Uy C X,

_ diSt(le7 U2)2

il < Conp (- UL

)|f1||L2(X)||f2”L2(X)a
Vit>0, (1.5)
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for every f; € L*(X) with supp f; C U;, i = 1,2, where dist(Uy,Us) =
inszUl,yGUz d(iC, y)

Examples of families of operators for which condition (1.5) holds include semi-
groups generated by second order elliptic self-adjoint operators in divergence form
on the Euclidean spaces R"™, Schrodinger operators with real potentials and mag-
netic field (see, for example [Dal]). Condition (1.5) is well-known to hold for
Laplace-Beltrami operators on all complete Riemannian manifolds (see [Dal],
[Da2], [Ga]). In the more general setting of Laplace type operators acting on
vector bundles, condition (1.5) is proved in [Si]. Condition (1.5) also holds in the
setting of local Dirichlet forms (see for instance, [Stu]). In this case the metric
measure spaces under consideration are possibly not equipped with any differential
structure. However, the semigroups associated with these Dirichlet forms satisfy
usually Davies-Gaffney estimates with respect to an intrinsic distance.

We shall be working with an auxiliary nontrivial function ¢ with compact
support. Let ¢ be a non-negative Cg° function on R such that

supp ¢ C (i, 1) and Z #(27°A) =1 for all XA > 0. (1.6)
lez

For s > 0, let [s] denote the integer part of s. Recall that C* is the space of
functions m on R for which

ZS: sup |m(k)(/\)| if se Z,
k=0 AC€R

Il = ’
Dy + 55 sp [ i3 2

=0XER

is finite.

The aim of this paper is to prove a Hérmander-type spectral multiplier the-
orem on Hardy spaces H?(X) for p > 0, where H7(X) is a new class of Hardy
spaces associated to L ((HLMMY] and [DL], see Section 2 below). The following
is the main result of this paper.

THEOREM 1.1.  Let L be a non-negative self-adjoint operator on L?(X) sat-
isfying the Davies-Gaffney estimate (1.5). Let ¢ be a non-negative C5° function
satisfying (1.6). If 0 < p < 1 and the bounded measurable function m : [0,00) — C
satisfies

Co.s = s [6(Im(E) o + m(0)] < o0 (L.7)
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for some s > n(1/p —1/2), then m(L) is bounded on H}(X), i.e., there exists a
constant C' > 0 such that

[m(L) fll 22 (x) < Clfllze (x)-

If m satisfies (1.7) for all s > 0, then by interpolation and duality, m(L) is
bounded on HY (X) for all 0 < p < 0.

REMARKS. We would like to list two consequences of Theorem 1.1.

(a) If m satisfies (1.7) for some s > n/2, then m(L) is H7 (X) bounded for all
p € [1,+00).
(b) If m is a bounded analytic function on a sector

0 :
S,={2€C:2+#0and |arg(z)| < u}

for some p > 0, then m satisfies (1.7) for all s > 0. Hence m(L) is bounded
on H?(X) for all 0 < p < co. An example is m(\) = A" for some real value
v. See Corollary 4.3.

The second main result is Theorem 5.2 (see Section 5) in which LP-
boundedness of spectral multipliers of L is obtained with appropriate weights.

We remark that when the semigroup e~** generated by L has a kernel p;(z, y)
satisfying a Gaussian upper bound, that is

C d*(z,y)
}pt(%y” < W exp <— ct) (1.8)

forallt > 0, and z,y € X, then m(L) is of weak type (1,1) and bounded on L?(X)
for p in (1,00) (see [DOS] for instance). Note that in this case, the Hardy space
HY (X) coincides with LP(X) for every 1 < p < oo. However, there are many im-
portant operators L which do not satisfy (1.8) but still satisfy (1.5), for example,
the Hodge Laplacian on Riemannian manifold with doubling measure (JAMRY]).
The main contribution of this article is to obtain a Héormander-type spectral mul-
tiplier theorem for Hardy spaces using only Davies-Gaffney type estimates (1.5)
in place of pointwise kernel bounds (1.8).

The paper is organized as follows. In Section 2, we recall some preliminary
results about Hardy space HY (X) associated to an operator L. In Section 3, we
give a criterion for boundedness of m(L) on the Hardy spaces H? (X) for 0 < p < 1.
In Section 4, we prove our main result, Theorem 1.1, whose proof relies on Davies-
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Gaffney heat kernel estimates and finite propagation speed of the wave operator
to obtain estimates for the kernel of the operator m(L) away from the diagonal.
In Section 5, we obtain a spectral multiplier result for L on certain LP spaces with
weights in an appropriate reverse Holder class.

Throughout, the letter “C” and “c¢” will denote (possibly different) constants
that are independent of the essential variables.

ACKNOWLEDGEMENTS. The authors would like to thank the referee for help-
ful comment to improve the presentation of the paper.
2. Notation and preliminaries.

Let (X,d, ) be a metric measure space endowed with a distance d and a
nonnegative Borel doubling measure p. We first have the following time derivative
estimate of the semigroup {e *"};~0.

PROPOSITION 2.1.  Assume that the operator L satisfies (H1)-(H2). Then
for every K € IN, the family of operators

{(tL) e "}
satisfies the Davies-Gaffney estimate (1.5) with ¢, C > 0 depending on K,n and
N in (1.2) and (1.3) only.
ProoOF. For the proof, see Proposition 2.1, [ HLMMY]. O

2.1. Hardy spaces HY(X) for p > 1.
In order to define the Hardy spaces based upon these various operators, we
follow [AMRY] and first define the L? adapted Hardy space

H*(X) := R(L), (2.1)
that is, the closure of the range of L in L?(X). Then L?(X) is the orthogonal sum

of H?(X) and the null space N(L).
Consider the following quadratic operators associated to L

0 , 1/2
satir= ([, Jewcsunr S8 ex e

where f € L?(X). We shall write Sj, in place of S, 1. For each K > 1 and
1 < p < o0, we now define
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Dgp={f€H*(X):SpxfeLP(X)}, 1<p<oo.

DEFINITION 2.2. Let L be a non-negative self-adjoint operator on L?(X)
satisfying the Davies-Gaffney estimate (1.5).

(i) For each 1 < p < 2, the Hardy space HJ g (X) associated to L is the
completion of the space D; , in the norm

”fHH{,Sh x) = I1SnfllLr(x)-

(ii) For each 2 < p < oo, the Hardy space H7 (X) associated to L is the com-
pletion of the space Dk, , in the norm

n

1flla s 0 = IS0 fllzoxy, Ko = M +1.

Under the assumption of Gaussian upper bounds (1.8) for the heat kernel of
the operator L, it was proved in [ADM] that H] ¢ (X) = LP(X) for all 1 <
p < oo. Note that, in the framework of the present paper, we only assume the
Davies-Gaffney estimates on the heat kernel of L, and hence for 1 < p < oo, p # 2,
H} g, (X) may or may not coincide with the space LP(X). However, it can be
verified that H7 g (X) = H2(X) and the dual of H} g (X) is HY g (X), with
1/p+1/p’ =1 (See Proposition 9.4 of  HLMMY]).

We also recall that the H?(X) spaces (1 < p < +00) are a family of in-
terpolation spaces for the complex interpolation method (See Proposition 9.5 of
[HLMMY)).

2.2. The atomic Hardy spaces Hf’at’M (X) for p<1.
Let us describe the notion of a (p,2, M)-atom, 0 < p < 1, associated to
operators on spaces (X, d, 1t). In what follows, assume that

n(2 —p)

MeN and M >
4p

; (2.3)

where the parameter n, thought of as a measure of the dimension of the space
X, is defined in (1.2). Let us denote by 2(T') the domain of an operator 7. We
shall often just use B for B(xp,rp). Also given A > 0, we will write AB for
the A—dilated ball, which is the ball with the same center as B and with radius
rap = Arg. We set

Uo(B) =B, and Uj(B)=2'B\2"'Bforj=1,2,.... (2.4)
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DEFINITION 2.3. If0 < p < 1, a function a(z) € L?(X) is called a (p,2, M)-
atom associated to an operator L if there exist a function b € (L) and a ball
B of X such that

(i) a= LM,
(ii) suppL*b C B, k=0,1,..., M;
(i) [|(rEL)*b||p2(x) < rEMV(B)V/2-YP k=0,1,..., M.

In the case u(X) < oo the constant function having value [u(X)]~'/? is also
considered to be an atom.

Recall that the spaces HP(X) when p < 1 (see for example, [FS] and [CW2])
are not spaces of functions on X but spaces of distributions. In the present setting
we need to use an appropriate space of linear functionals to define the Hardy
spaces. In order to do this we follow the approach in [HLMMY] and [HM]
to introduce adapted Lipschitz spaces A7*(X),a > 0 and s € N, associated to
an operator L on the space X. Let ¢ = LMv be a function in L?(X), where
v e P(LM). For e >0 and M € N, we introduce the norm

M
1611 g2 (1) = sup |27V (20, 2) /P2 LMY | s
320 k=0 !

where By is the ball centered at some zg € X with radius 1. We set
ML) = ¢ = LMy e L3 (X) : IBI|_gp 2301y < 00}

Let (///é”z’M’E(L))* be the dual of .2ZF% (L), and let A; denote either (I+t2L)~*
or e L. We claim that if f € (.#2>" (L))", then the distribution (I — A,)™ f
belongs to L2 (X). Indeed, if ¢ € L?(B) for some ball B, it follows from the

Davies-Gaffney estimate (1.5) that (I — A;)Mp € ///(?’QM‘(L) for every € > 0.
Thus,

(I =AY £ 0)| = [(f, (T = A)™ o)

< Ct, rp dist(B,z¢) Hf”(///é’vzﬁM*‘(L))*

¢lleemV(B)/21P. (2.5)

Since B was arbitrary, the claim follows. Similarly, (t2L)Me_t2Lf € L? (X).

loc

In order to define the adapted A7 "*(X) spaces, we need one more space. For
any 0 <p<1land M € N, we set
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Enrp =) (AP*M(L))". (2.6)

e>0

DEFINITION 2.4. Let L be an operator satisfying (H1)-(H2). For a > 0 and
an integer s > [na/2], an element £ € &y (aq1)-1 is said to belong to A7*(X) if

1 ) 1/2
L(B)lwa/B |(I = (I+rEL)~")%U(z)| du(x) <C (2.7)

where B is any ball in X and C depends only on £. Let £*¢(¢) be the infimum of
all C' for which (2.7) holds. The norm of ¢ in this space is denoted by

lngeco =L & .
ADH(X) T RS (0) + | [ 1€(@)Pdp(z)], i u(X) < 0.

In the sequel, we will often write BMOp (X) in place of A9 (X), the adapted space
of functions with bounded mean oscillations on X.

In this case the mapping ¢ — HEHAi‘S(x) is a norm. We shall see that this
definition is independent of the choice of M > [n(2 — p)/4p] (up to “modding out”
elements in the null space of the operator LY as these are annihilated by (I —
(I +r4L)~1)%). Compared to the classical definition (see, for example, [CW2]),
in (2.7) the resolvent (I + 7%L)~! plays the role of averaging over the ball, and
the power M > [n(2 — p)/4p] provides the necessary “L-cancellation”.

DEFINITION 2.5. Given 0 < p < 1 and M > n(2—p)/4p. Let f €
(AlL/pfl’M(X))*. An atomic (p, 2, M)-representation of f is a series f = >, Aja;
where {);}52, € (7, each a; is a (p, 2, M)-atom, and the sum converges in L*(X).
Set

HY (X)) :={f: f has an atomic (p,2, M)-representation},
with the norm given by

1fllezz ,, 0

00 1/p 00
= inf{ (Z |)\j|p> cf = Z)\jaj is an atomic (p, 2, M)—representation}.
§=0

J=0
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The atomic Hardy space Hf’at’M(X) is then defined as the completion of
HY ,; (X) in (AlL/p_l’M(X))* with respect to this norm.

In this case the mapping h — ||h||H§ 1, (x),0 < p <1 is not a norm and
dlhg) = Ih = gllar
”h”Hﬁ,at,M(X) is a norm and Hi,at,M(X) is a Banach space. It also follows easily

(x) 1s a quasi-metric. For p = 1, the mapping h —

from the above definitions that
HY, 00, (X) © HY 41 01, (X) (2.8)

whenever 0 < p < 1 and two integers M; € N,i = 1,2, with [n(2 — p)/4p] < M; <
My < co. A basic result concerning these spaces is the following proposition.

PROPOSITION 2.6.  If an operator L satisfies conditions (H1) and (H2), then
for every 0 < p <1 and every integer M € N with M > [n(2 — p)/4p],

Hf,at,M(X) = Hf,at,MO (X),

where My = min{M € N : M > [n(2 — p)/4p|}.

We next describe the notion of a (p, 2, M, €)-molecule associated to an operator
L which satisfies (H1)—(H2).

DEFINITION 2.7. Let 0 < p < 1,0 < eand M € N. A function m(x) €
L?(X) is called a (p,2, M, e)-molecule associated to L if there exist a function
b€ 2(LM) and a ball B such that

(i) m= LMp;
(ii) For every k=0,1,2,...,M and j =0,1,2,..., there holds

H(T%L)kaL2(U»(B)) < r2Mo=icy (21 g)1/2=1/p,

where the annuli U;(B) were defined in (2.4).

Given any ¢ > 0 and M > 1, it is clear that every (p,2, M)-atom is a
(p,2, M, e) molecule. We note that if ¢ € ,//ZOIJ’Z’M’G(L) with norm 1, then ¢ is
a (p,2, M, e)-molecule adapted to By. Conversely, if m is a (p,2, M, €)-molecule
adapted to any ball, then m € .} ’2’M’6(L). Moreover, we have the following re-
sult. For its proof, we refer to Theorem 5.1 of [HLMMY] for p = 1, and Section
3 of [DL] for p < 1.
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PROPOSITION 2.8. Suppose 0 < p < 1 and M > [n(2-—p)/4p]. If
m is (p,2, M,e)-molecule associated to L, then m € HY ., ,,(X). Moreover,
mllge | (x) is independent of m.

We recall the following natural analogue of the Fefferman-Stein duality result

([F'S)).

PROPOSITION 2.9.  The dual Olel,,at,M is the space BMOL(X). If0<p <1
and o = 1/p — 1, then for every integer M > [n(2 — p)/4p], A%’M(X) is the dual
of H, g (X)-

For the proof of Proposition 2.9 when p = 1, we refer the reader to Theo-

rem 2.7 of [HLMMY] where it is proved that the dual of Hj ,, ,, is the space
BMOy(X). For p < 1, we refer to Section 3, [DL].

Consequently, from Proposition 2.9 one may write A} (X) in place of A%’M(X )

when M € N with M > [n(2a: + 1) /2] as these spaces are all equivalent, and hence
define

A%(X) = A2 (X), M > {"(202“)}

2.3. A characterization of Hf,at’M(X) in terms of square function.
In Section 2.1, the Hardy spaces HT s, (X) were defined for p > 1. Now
consider the case 0 < p < 1. The space Hf’sh (X) is defined as the completion of

{f € H*(X) : |SnfllLe(x) < o0}
in the norms given by the LP norm of the square function; i.e.,
||f||H§’Sh(x) = Hshf”LP(X)a 0<p<L

Then the “square function” and “atomic” HP spaces are equivalent if the param-
eter M > [n(2 — p)/4p]. In fact, we have the following result.

PROPOSITION 2.10.  Suppose 0 < p <1 and M > [n(2 —p)/4p]. Then we
have HY ,, 1/(X) = Hf 5 (X) for 0 <p < 1. Moreover,

1122z

~ | f il
L,at,M f HL,Sh’

where the implicit constants depend only on M, n and N in (1.2) and (1.3) only.
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PROOF. For the proof, see Section 3, [DL]. O

It follows from Proposition 2.6 that one may write HJ ,,(X) in place of
HY o 0(X), when M > [n(2 — p)/4p], as these spaces are all equivalent.

DEFINITION 2.11.  The Hardy space H? (X),0 < p < 1, is the space

n(2—p)
HZ(X) = Hf,Sh(X) = Hg,at(X) = Hf,at,M(X)7 M > |:4p:| .

3. A criterion for boundedness of spectral multipliers on H7Y (X).

As mentioned before, we shall give a criterion that allows us to derive esti-
mates on Hardy spaces H7 (X). This generalizes the classical Calderén-Zygmund
theory and we would like to emphasize that the conditions imposed involve the
operator and its action on some functions but not its kernel.

The main result of this section is the following theorem.

THEOREM 3.1.  Let L be a non-negative self-adjoint operator on L*(X) sat-
isfying the Davies-Gaffney estimate (1.5). Let m be a bounded Borel function.
Suppose that 0 < p <1 and M > n(2 — p)/4p. Assume that there exist constants
D >n(l/p—1/2) and C > 0 such that for every j =2,3...,

Im(D) @ = =M f | Lo, 5y < O2 P M 2y (3.1)

for any ball B with radius rg and for all f € L?(X) with supp f C B. Then the
operator m(L) extends to a bounded operator on HY(X). More precisely, there
ezists a constant C' > 0 such that for all f € HY (X))

||m(L)f||H§(X) < C||f||H§(X)~ (3.2)

PROOF. We first note that since H? (X)N L?(X) is dense in HY (X), we can
define m(L) on HY (X)N L?(X). Once we can show H? (X) boundedness of m(L)
on this dense set, the operator m(L) can be extended on HY (X).

To prove Theorem 3.1, we claim that there exists a constant e = D —n(1/p—
1/2) > 0 such that, for every (p,2,2M)-atom a associated to a ball B of X,
m(L)a is a constant multiple of a (p,2, M, €)-molecule associated to the ball B.
The conclusion of the theorem is then an immediate consequence of Proposition 2.9
and L?-boundedness of m(L).

Let us prove the claim. By the definition of (p,2,2M)-atom, there exists a
function b € 2(L*M) such that a = L?>Mp satisfies (ii) and (iii) in Definition 2.3.
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By spectral theory, one may write
m(L)a = LM [m(L)L"b). (3.3)

From the definition of (p,2, M, ¢)-molecule, it remains to show that for k =
0,1,...,M and for all j =1,2,...,

| (rL)" [m(L) LMb] ||, < Cr2Mo-icy (29 B)/2-1/r, (3.4)

(U;(B))
We now prove estimate (3.4). Note that m(L) is bounded on L?(X). For ev-

ery k = 0,1,...,M, it follows from (iii) in Definition 2.3 that ||[LM**b|| 2 p) <
C’r%(Mfk)V(B)l/Q_l/p. We can write for j = 0,1, 2,

k
I BL)" [mLILYb|| oy )y < 75 ([m(LILYTRE] o

< CTZBkHLMMbHLZ(B)

< Cr2My(B)2-1n,

Assume now that for j > 3. Following (8.7) and (8.8) in [HM], we write

V2rg
I = 2(7“32/ sds> - T
rB
M

\/57"3 5 \/§T'B .2
= 27“]52/ s(I—e s EMds + ZCj,Mr];Q/ se 15 ks, (3.5)

TB j=1 TB

where Cj s € R are some constants depending on j, M only. However, 8Se_j52L =
—2ste‘j52L and therefore,

\/§TB -2 -2 -2 -2 -2
2jL/ se I lds = e7ITBL _ 720B L — o=iTBL(] — ¢7iTBL)
TB
j-1
= e*j"QBL(I - e*TQBL) Z eirpL (3.6)

=0

Applying the procedure outline in (3.5)—(3.6) M times, we have for every z € X,
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(r3L)" [m(L) LM b(x)]

_ oM, 2k (rB / S eS2L)Mds>Mm(L)(LM+kb)(z)

rs

M ) V2rg ) M—¢
+ Zr%(kfaL_e(I — e TBL)t <7‘52/ s(I—e”* L)Mds)

=1 B

(2M 1)¢

Z C(L, 5, M)e™ 35 Em(L) (LM ) ()
M
k

=> G, @) (37)
(=0

for some constants C(¢,j, M) € R.
Now, let us estimate {G%LTB M) by examining £ in three cases.

SUBCASE (1.1). ¢=0and k=0,1,2,..., M.
First, we set Py, (L) = 15° fT\fTB s(I — e_szL)Mds. From (3.7), we have

(k) M2k Vars 32M1
(o Zz () riw

B

< ([m(L)(1 = e~ )M (LMY g ) () 2.

s
It follows from condition (1.5) that the operator P]\]\/;[, :;(L) satisfies L? off-diagonal
estimates, and there exist some constants ¢, C' > 0 such that for every ¢,j =
0,1,2,...

< Cle—dist(U; (B).U:(B))?

1Pt (D) F || 20, 15| fll 2wy

< Ce_cg\j*i\

flle2w.s))s

where in the last inequality we have used the fact that dist(U;(B),U;(B))
CQ'j’i|rB for every j,i > 0. Hence,

Y
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[[eremm|
0.M,r5 11 L2(U; (B))

oo Vorg s 2
M2k
<2y ()
i—0 /7B "B

_ . d
< P ALY ([mD) (1 = e M 40 x00) | oo ) o

o0

2% _eoli=il Vars —s2L\M (7 M+k ds
<Ccr#N e [m() (1= e IO L,y
i=0 B

Note that for every s € [rp,v/2rp], we have that Uy(B) = B C B(zp,s) and
Ui(B) C U;_1(B(xzp,s))UU;(B(xzp,s)) for i > 1. Those, in combination with the
condition (3.1), give for every s € [rg,v2rg],

_g? —i
[m(L)(1 = e ML) oy )y < C2TPNLYH o

< 0272 MRy (pyl/2=1/p - (3.8)

From the doubling property (1.2) again, we have that V(2/B) < C2/"V(B). This,
together with (3.8), shows

(k) 2k — —c2li=il—iD_2(M—k) 1/2—1
||G0,M,rs||L2(Uj(B)) <Crp € 27"y V(B)'/2-1r
i=0

< Crfo i 2M=Ry (gyl/2-1/p

< Cr2Mo=i(D=n(1/p=1/2)y (93 B)1/2- 1/, (3.9)

SUBCASE (1.2). ¢{=M and k=0,1,2,..., M. In those cases, one has

|G5\12M,TB (I) |
(2M-1)

M 00
< PRI e B ([m(L) (1 = e BEM (L) xp, ()4) ()]
1=0

u=1

It follows from the condition (1.5) that the operators {e’”QBL}f:Af_l)M satisfy L2
off-diagonal estimate, and then
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L)(I — e "BE)M (L)

— > —c |j—i
’|G§\]/€[),A/[,TB|‘L2(Uj(B)) SC’AQB(IC M)Ze 2 | HLQ(Ui(B))

- SN eolimil g
< Ot Y e P L e
=0
<O7" (k— M)2 JD 2(2M k)v(B)l/Qfl/p
< Cr3Mo—i(D=n(1/p=1/2)y/ (97 B)1/2=1/p (3.10)

SuBCASE (1.3). ¢=1,2,....M —1and k=0,1,2,..., M. In those cases,
one has

R fTB £ .2 2 l
@l <0 3 3 [ e b

752
PA]ZIT,f I(L)([m(L)(l —-e L)M(Lk ]XU (B)) |*
Then we can use an argument similar to Subcase (1.1) again to obtain

HGE{CJQWB <C’7’ Mg—j(D—n(l/p— 1/2))V(2j3)1/2 1/p.

2w, )
This, together with estimates (3.9) and (3.10), gives the desired estimate (3.4).
The proof of Theorem 3.1 is complete. O

A natural question about Theorem 3.1 is how strong the assumption (3.1) is,
and its relation with the regularity condition on the kernel.

PROPOSITION 3.2.  Let L be a non-negative self-adjoint operator on L?*(X)
satisfying the Davies-Gaffney estimate (1.5). Suppose 0 < p < 1 and M >
n(2 — p)/4p. Assume that the operator m(L)(I—e’TQBL)M has an associated kernel

Km(L)(I—e_TQBL)M (z,y) which satisfies for every j =2,3,...,

/ K (o) aute) < O
—r2 z,y T < 77 .\
2irp<d(ay)<aitipy  TT=eTTBOM V(y,rB)

yeX, (3.11)

where D > n(1/p — 1/2). Then m(L)(I — e~ "M satisfies condition (3.1) of
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Theorem 3.1. More precisely, there exists a constant C' > 0 such that for every
1=2,3...,

—r2 g
[m(L)(1 —e BL)MfHL?(Uj(B)) < C277P| fl L2 s

for any ball B with radius rg and for all f € L*(X) with supp f C B.

PROOF. Let f € L?(X) with supp f C B. Note that for every y € B, we
have that V(y,rg) ~ V(zp,rp). The Cauchy-Schwarz inequality, together with
the condition (3.11), gives for every j =2,3,...,

[m(L)(T - 6_7'23L)MfHL2(Uj(B)>

s )

1/2
2
< 2 K . , d d
Mo [ ] o) )

0 o 1/2
< Clfle) 2—<J—“D{ / v<y,rB>—1du<y>}

i=—2

K —z oy (2, 9) f(y)dp(y
B m(L)(Ife BL) ( ) ( ) ( )

< C277P|| fll L2 (m).-
This proves Proposition 3.2. U

4. Proof of Theorem 1.1.

Let L be an operator satisfying (H1)—(H2). Recall that, if L is a non-negative,
self-adjoint operator on L?(X), and E(\) denotes its spectral decomposition,
then for every bounded Borel function F' : [0,00) — C, one defines the operator
F(L): L*(X) — L?(X) by the formula

F(L) = /OOO F(\AEL(\). (4.1)

In particular, the operator cos(tv/L) is then well-defined on L?(X). Moreover, it
follows from Theorem 3.4 of [CS] that there exists a constant ¢y such that the
Schwartz kernel K, /7 of cos(tv/L) satisfies
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supp K o1/ (€5 9) C {(z,y) € X x X :d(z,y) < cot}. (4.2)
More precisely, we have the following result.

PROPOSITION 4.1.  Let L be a non-negative self-adjoint operator acting on
L?(X). Then the finite speed propagation property (4.2) and Davies-Gaffney esti-
mate (1.5) are equivalent.

PROOF. For the proof, we refer the reader to Theorem 2 in [S2] and Theo-
rem 3.4 in [CS]. See also [CGT] and [T]. O

By the Fourier inversion formula, whenever F' is an even bounded Borel func-
tion with £ € L'(R), we can represent F(v/L) in terms of cos(tv/L). More
specifically, by recalling (4.1) we have

F(VL) = (2n)™! / b E(t)cos(tV'L) dt,

— 00

which, when combined with (4.2), gives

Koy y) = (2m)! / F(OK 0y (:9) d, (4.3)

[t|>co td(z,y)

which will be often used in the sequel.

ProOOF OF THEOREM 1.1. We begin to prove Theorem 1.1 by using The-
orem 3.1. Observe that m satisfies the condition (1.7) if and only if the function
A — m(\?) satisfies the same property. For this reason, we shall consider m(v/L)
rather than m(L). Notice that m(\) = m(\) — m(0) + m(0) and hence

m(VL) = (m(-) — m(0)) (VL) +m(0)1.

Replacing m by m —m(0), we may assume in the sequel that m(0) = 0. Let ¢ be
a function as in (1.6). We have for all A > 0,

oo

m(A) = Y 62 Nm) = D me(N). (4.4)

l=—o0 l=—o0

This decomposition implies that the sequence Zévz N mg(ﬁ) converges strongly

in L2(X) to m(v/L). We shall prove that 3 ms(v/L) is bounded on H? (X)
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with its bound independent of N. This together with the strong convergence in
L?*(X) and the fact that H? (X) N L?(X) is dense in H? (X) imply the theorem.

We now fix s > n(1/p —1/2) in Theorem 1.1 and let M € N such that
M > s/2. For every ¢ € Z and r > 0, we set for A >0

Frar(A) = m(A) (1 — e TVHM (4.5)
Ffp(0) = m(W)(1 — e V)M, (4.6)

We may write
m(VL)(1 - e—'r’ZL)M = Fou (VL) = J\}E»noo Z FfM (4.7)

Fix a ball B C X. For every b € L?(X) with supp b € B, we claim that for every
{ € Z and every j > 3,

H v L)bHLZ’(Uj(B)) < CCy,s27% (267"3)78 min {1, (2ZTB)2M}||b||L2(B)~ (4.8)

This, in combination with (4.7), shows that for every j > 3,

[m(VL)(1 - Bl MbHL2(U (B))

N
<CCy 27 lim Y (2'75) “min {1, (2% 5)* }[b]lL2(s)
TN
<cCur (X @) X @)™ )l
0:2¢rg>1 0:2¢rg<1
< CCys27% b L2(B) (4.9)

since s > n(1l/p —1/2) and M > s/2. We note that the last inequality follows
from the convergence of power series with common ratio 1/2.

Thus, the assumptions of Theorem 3.1 are satisfied, and the conclusion of
Theorem 1.1 is obtained.

It remains to prove our claim (4.8). First, we record a useful auxiliary result.
For a proof, see pp. 237-238 in [H] (see also [A]).

LEMMA 4.2.  Assume that the function f € Ci(R) with compact support.
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Let A=Fk+ € with e € (0,1) and

[fB(t+h) — FP @)
he

QA(f)zsup{ :h>0,tER}.

Then for every A > 0 there is an even bounded integrable function iy € C(R) such
that for allt € R

supp(¥x) C [-\ A and [ f(t) — (f *9a)(t)| < C2a(f)X~4,

where C' is a constant that depends only on k.

BACK TO THE PROOF OF ESTIMATE (4.8). In the sequel, without loss of
generality we assume that the constant ¢y in (4.2) equals 1, i.e., ¢ = 1. From the
compact support property of ¢, it follows that for every ¢ € Z, supp Ff& A C
(2¢2,2%). Fix £ € Z. For each j, let \; = 271rp and use Lemma 4.2 with
f= FfBM and k = [n(1/p—1/2)]. This insures the existence of an even, bounded,

integrable function ¢; € C(R) such that supp(lﬂj) C [-2771rp, 277 1rp], and for
all A € R,

ng,M()‘) = FfB,M()\) - (FfB,M * 1/’3’)(/\)
satisfying

0, i \—s
|Eo V] < C2u(Fy m(®) - (2r5)
< CCys2  min {1, (2rp)*"} (2r5) ", (4.10)
Observe that the Fourier transforms of FfB] w(A) and Ff& v (A) agreeon {€ € R :
€| > 277 'rp}. From this and (4.3), it follows that the kernels of F_ ;;(v/L) and

FfBJM(\/E) agree on the set {(z,y) : d(x,y) > 27~ 1rg}. Hence, for each j, we
have

HFKB,M(\/E)bHL2(Uj(B)) = ||ng,M(\/Z)b’|L2(Uj(B))

< Hng,MHLOC(R)”b”L%B)

< CCy 279 (2% )" min {1, (275)*M }|bl| L2 (5)-
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This proves our claim (4.8). Hence, the proof of Theorem 1.1 is complete. O

In the next corollary, we give endpoint estimates for imaginary powers of
self-adjoint operators on Hardy spaces HY (X).

COROLLARY 4.3. Let L be a non-negative self-adjoint operator on L?(X)
satisfying the Davies-Gaffney estimate (1.5). Then for every v € R, the operator
L™ is bounded on HY (X)) with the norm

1 g ) g ) < Cell + )4/ (a11)

for every e > 0, and C. is a constant independent of .

Hence by interpolation and duality, LY extends to a bounded operator on
HY(X) for all 0 < p < co.

PROOF. We apply Theorem 1.1 with m(\) = A7, It can be verified that
for s > n(1/p—1/2),
sup [[o(-)m(t)[[ o < C(1+[])*
>0
Then the operator L™ is bounded on HY (X) with

1 g ) rp ) < Cell + )41/ 412)

for all € > 0. This and fact that || L% |2 (x)—r2(x) < 1imply by the Marcinkiewicz
interpolation theorem that L extends to a bounded operator on HY (X) for all
0 < p < oo with norm bounded by Cp .. This proves Corollary 4.3. O

5. Spectral multipliers and weights.

In this section we shall study weighted norm inequalities for spectral multipli-
ers associated to non-negative self-adjoint operators, under off-diagonal estimates
on the semigroup {e~*F};¢. First, let us review some classical classes of weights.
A weight w is a non-negative locally integrable function. We say that w € A,,
1 < p < oo, if there exists a constant C' such that for every ball B C X

(i ) Gy )
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The reverse Holder classes are defined in the following way: w € RHy, 1 < g < o0,
if there is a constant C' such that for every ball B C X

(|;|/Bwq(x)dx>1/q gc(lél/Bw(x)dz)

5.1. Singular integrals and weights.
The following theorem is Theorem 3.7, [AM].

THEOREM 5.1. Let 1 < py < qo < 0o. Let T be a sublinear operator acting
on LP(X), {Ar}rso a family of operators acting from a subspace 9 of LP°(X)
into LP°(X). Assume that

(v [ I =ans Ip“du)l/po < ;OO‘J(V(;B) I |f|”°du>1/po 5.1)

and

1 N @ 1/q0 1 1/po
P < P Po X

for all f € 9, and all ball B with radius rp, for some o; with ijo aj < 00.
Then for all po < p < qo and w € Ap/p, N RH 4y /py, there exists a constant C
such that

T fllLrwy < Cll e w)- (5-3)

Note that if w is any given weight so that w, w' " € LL (X), then a given

linear operator T' is bounded on LP(w), 1 < p < oo, if and only if its adjoint T™*
(with respect to dp) is bounded on LP(w'~P"). Therefore,
T: LP(w) — LP(w), forallwe A,/ NRHg,/p)y

if and only if

T*: LV (w) — L¥ (w), for all w € Ay g N RHyy /.
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5.2. Spectral multipliers, off-diagonal estimates and weights.
In this section, we assume the following condition.

(H3) Suppose 2 < o < co. Assume that the analytic semigroup e ** gener-
ated by L satisfies L2-L% off-diagonal estimates: there exist coefficients {c;};>0
satisfying >, @; < oo such that, for all balls B and for all function f € L?(X),

( /‘e_rB ‘qod“>1qo<z ( ZJB/ /| du>1/2. (5.4)

Then the following result holds.

THEOREM 5.2.  Let L be a non-negative self-adjoint operator on L*(X) sat-
isfying the Davies-Gaffney estimate (1.5) and assumption (H3). Let ¢ be a non-
negative C§° function satisfying (1.6), and assume that the bounded measurable
function m : [0,00] — C satisfies

Cu = sup 6 mt) - + m(0)] < o0 (55)

for some s > n/2.

(1) Ifgp<p<2andw e Ayq N RHpy; or
(11) 2<p<aqo andweAp/gﬁRH(qo/p),,

then there exists a constant C such that
lm(L) fllLew)y < Clflle(w)- (5.6)

PrROOF. We first note that (ii) can be obtained from (i) by a standard
duality argument. To prove (i), let us fix a p such that 2 < p < g9 and w €
Ap2NRH (g, /py - Estimate (5.6) follows from Theorem 5.1, applied to T'f = m/(L) f

and A, = I—(I—e " 1)M with M € N and M > s/2. Note first that assumption
(H3) implies condition (5.2). To verify (5.1), it suffices to show that there exist
coefficients {a;};>0 satisfying 3 ;- a; < oo such that for all balls B,

(vi /. !mW)(f—e—T%L)Mf(y)ley)1/2<Z (v [ )

(5.7)
for all f € Le°(X) (i.e. bounded with compact support).
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The proof of (5.7) is almost identical to the one of Theorem 1.1. For any ball
B, we shall use the following decomposition

fZij, fi = Ixu,B);

Jj=0

where U;(B) were defined in (2.4). Note that s > n/2 and M > s/2. We use an
argument in estimates (4.6), (4.7), (4.8) and (4.9) in the proof of Theorem 1.1 to
obtain

(vt L In/B eV )

Y | m(VE) (I - €7T%L)ij|’L2(B)

j=0
—1/2 —s7J 4 -s __. 4 2M
< CCyV(B)TH2Y 279 (Z (2°rp) " min {1, (2'rp) }> 1£illz2cx)
j=0 4
1/2 1/2
2J+1B) 1
<Cy 27% . / %d
2 V(B) V(2+1B) zj+13|f| :
7>0
1/2
< C 92— (s—n/2)j 2d )
Jj=0
The desired estimate (5.7) is obtained for c; = 27(="/2)7 with 37, 2~ (s=n/2)j <
oo. This concludes the proof of Theorem 5.1. O
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