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Abstract. We consider the spectrum of the Stokes operator with and
without rotation effect for the whole space and exterior domains in L7-spaces.
Based on similar results for the Dirichlet—Laplacian on R™, n > 2, we prove
in the whole space case that the spectrum as a set in C does not change with
q € (1,00), but it changes its type from the residual to the continuous or to the
point spectrum with g. The results for exterior domains are less complete, but
the spectrum of the Stokes operator with rotation mainly is an essential one,
consisting of infinitely many equidistant parallel half-lines in the left complex
half-plane. The tools are strongly based on Fourier analysis in the whole space
case and on stability properties of the essential spectrum for exterior domains.

1. Introduction.

We will study spectral properties of a Stokes type operator which arises from
the problem of viscous fluid flow around a rotating body. To be more precise,
the starting point is the non-stationary Navier—Stokes system modelling viscous
incompressible fluid flow around a rotating obstacle in R3 with angular velocity
w € R3; this Navier-Stokes system is formulated in a time-dependent exterior
domain Q(t), t > 0. Then, introducing a new coordinate system attached to
the rotating body, see e.g. [7], [10], [23], and assuming that the velocity satisfies
the no—slip boundary condition on the surface of the body and tends to zero at
infinity, we get for the modified velocity w and pressure p the non—stationary
Navier—Stokes—type problem
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ou—vAu— (wAhz) - Vu+wAu+u-Vu+Vp=f in Q x (0,00),
divu =0 in Q x (0,00),
u(xz,.)—0 as |z] — oo,

u(z, .)=wAz forx e,
u(x,0) =ug(x) forxe (1.1)

Here f denotes the modified external force density, and Q C R? is the time-
independent unbounded domain exterior to the obstacle.

In the linearized stationary case, i.e., in the linearized and time—periodic case
of the original system, we are led to the Stokes—type problem

—vAu— (wAz) - Vu+wAu+Vp=f in Q,
divu =0 in Q,
u(xz) — 0 as |z| — oo,
u(x) =wAx for x e . (1.2)

The linear problem (1.2) has been analyzed in L%-spaces, 1 < ¢ < oo, in [10],
proving the existence of a strong solution (u,p) satisfying the estimate

¥ully + (@A) -V —w Aull, + [Vl < Clfl, (1.3)

with a constant C' = C(g) > 0 independent of f, w and of the coefficient of
viscosity v. Similar results were obtained in the case of a rotating body with
constant translational velocity us, parallel to w, leading to an Oseen system like
(1.2) in which the term u - Vu has to be added in the equation of the balance of
momentum, see [7], [8]. For related Li-results on weak solutions we refer to [22],
for the investigation of several auxiliary linear problems to [30], [31], and for weak
solutions to an Oseen system of type (1.2) in L? with anisotropic weights see [26];
for results in L?-spaces see [27], [28]. Pointwise estimates, even for solutions of
the nonlinear Navier—Stokes equations, can be found in [16]; indeed, there exists a
stationary strong solution u, satisfying the estimate |us(x)| < C/|x|. On the one
hand, this result must be considered with regard to the fact that the corresponding
fundamental solution I'(x, y) of (1.2) cannot be dominated uniformly by |z —y| ™!,
see [10]. On the other hand, these pointwise estimates suggest to discuss (1.2) in
weak L7-spaces (L3/%°° and L*°) as done in [9], [22]. Extensions of the pointwise
decay estimates and also representation formulae can be found in [3], [4]. Stability
estimates in the L?-setting are proved in [18], and in the L**-setting in [24].
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In this paper, we denote spaces of vector—valued functions by boldface letters.
Otherwise we preserve the standard notation for Lebesgue and Sobolev spaces.
As usually, LZ(Q) denotes the closure of the space of all infinitely differentiable
divergence—free vector fields in 0, with compact support in €2, in L%(Q2). The
Helmholtz projection of L7(£2), 1 < ¢ < oo, onto LZ(Q) is denoted by P,. The
spectrum of an operator is denoted by o, the essential spectrum by oess, the point
spectrum by oy, the continuous spectrum by o, and the residual spectrum by o,.

Assuming that w := |w| # 0 and, say, w||es, we analyze the Stokes—type
operator

Ziu = Pl-vAu — (wAz) Vu+wAu

in the space LZ(Q2), 1 < g < oo. The domain of the operator £” is
PLE) = {u e W(Q) N Wy (Q) N LLQ); (wAz) Vue LUQ)}.

We consider 7(Z;°) to be equipped by the norm

[vllz(ze) = [vll2q + (WA Z) - Vollg, (1.4)
equivalent to the graph norm ||v||, +[|-Z;*v]|4, to yield a Banach space since .Z” is
a closed operator; here ||. ||2,, denotes the norm in W24(£2). From [23], we know
that the semigroup generated by £ for the whole space does not map LZ(R?)
into the domain D(.Z¢) for t > 0, so that the semigroup e *%2", ¢ > 0, is not
analytic. The same result holds in L%-spaces and for exterior domains, see [19].
Hence the analysis of the spectrum of £” is an interesting problem.

We know from [14] that the adjoint operator to £ equals £ (with ¢’ =

q/(q — 1)) so that

(L) u=Py[-A+(wAm)-Vu-—wAu] for ueP(ZL“)=D((ZL)").
In [12] the first and third author proved in the whole space case and for ¢ = 2
that

+oo
0(—2Ly) = Ooss(— L) = 0e(=2Ly) = &% = | {(—00,0] +iwk},  (1.5)

q
k=—o00

i.e., the spectrum of — %5’ is a purely continuous one and equals a countable set
of equidistant half-lines in the left complex half—plane. This result was extended
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via detailed technical arguments by the authors to the case L%, ¢ # 2, see [13].
Exactly the same result holds for an exterior domain Q C R? which is rotationally
symmetric with respect to the axis of rotation. However, if € is not rotation-
ally symmetric, then the above result holds for the essential spectrum only, i.e.,
Oess(—Z;") = 6“; the question of existence of eigenvalues in the left complex
half-plane is open up to now.

The spectrum of a corresponding linear Oseen—type operator, i.e. the operator
~Z + 703, v # 0, was studied in [14]: The essential spectrum consists of a
countable set of overlapping parabolic regions in the left half—plane of the complex
plane. Moreover, the full spectrum coincides with the essential and continuous one
if 0 = R3.

The aim of this paper is not only to present a new, functional analytic proof
of the result (1.5) for all ¢ € (1,00), but also to determine whether the spectrum
is a continuous or residual one, or whether it consists of eigenvalues, and to prove
similar results for the classical Stokes operator and also the Laplacian in all di-
mensions n > 2. Actually, our methods are based on techniques from harmonic
analysis developed for the Laplacian on R™, see Theorem 3.1, and the Stokes op-
erator on R", see Theorem 3.2. Our result on the operator £ on the whole space
R3 shows that the character of the spectrum (not the set itself) strictly depends
on ¢ changing from a residual spectrum for 1 < ¢ < 3/2 to a continuous one for
3/2 < ¢ < 3 and to a pure point spectrum for ¢ > 3. To be precise, we prove the
theorem:

THEOREM 1.1.  Let 1 < ¢q < oo and Q = R3. Then the spectrum o(—%y)
of the operator (=) is the set &, cf. (1.5). For each A\ € &% the range
R(\+Z;) is not closed, which implies that 0(—2°) = 0ess(—2}°). Furthermore,
wZ Co.(—2) and

(i) if 1 < q < 3/2 then &¥ N iwZ = o(=%) and for each X\ in this set the
codimension of Z(\+ £ equals infinity,

(ii) if 3/2 < q < 3 then 6% = o.(—-Z;°),

(iii) if 3 < g < oo then &Y NiwZ = o,(—Z;°) and the geometric multiplicity of
each eigenvalue is infinite.

Moreover, we estimate the resolvent operator A + £, ¢ = 2, for A = a + i3,
a <0, ¢ wZ, lying between two half-lines and going to infinity, i.e. « — —o0,
see Theorem 3.4. Finally, we describe the spectrum of £ in the case of an exterior
domain Q C R3, see Section 4.
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2. Preliminaries.

Recall that 1 < ¢ < oo and w = |w| # 0 throughout the whole paper. Consider
the spectral problem

MM—vAu— (wAz) - Vut+wAu+Vp=Ff inQ,
divu=0 1in Q, (2.1)

u(x) >0 as|x] — oo

when Q = R? and Q C R? is an exterior domain; in the latter case the boundary
condition u|pn = 0 is added to (2.1). To solve (2.1) explicitly when Q = R3 we
use the Fourier transform and multiplier operators. For simplicity we assume that
the axis of rotation is parallel to the third unit vector ez, the angular velocity is
equal to one, and that v = 1; hence

w=e3, w=|w/=1 and v=1.

In order to recall this assumption, we use the notation fql (instead of Z). Due
to the geometry of the problem, it is reasonable to use cylindrical coordinates
attached to e3 in x-space and also in the space of the Fourier variable &. In
particular, let 8 and  denote the angular variables in x— and £-space, respectively.
Note that

0 0
(egAw)-Vz——xgaixl +.'L'187x2 —60 (22)

is an angular derivative and that the Fourier transform of (e3 A ) - Vu equals
(e3 AN&)-Veu = d,u. Working at first formally or in the space ./ (R?), we apply
the Fourier transform .%, denoted by ™, to (2.1); see e.g. [20] for the definition
and properties of the space .7 (R?) of Schwartz functions and the space .7’/ (R?)
of tempered distributions. With the Fourier variable & € R3 and its Euclidean
length s = |£| we get from (2.1)

A+52)a—0,i+es Nu+iép=f, i&-a=0. (2.3)

Since i§ - u = 0 implies i€ - (aw'fi —e3 X ﬁ) = 0, the unknown pressure p is given
by —|€|?p = i€ - . Then the Hérmander multiplier theorem yields the estimate

IVelly < Clifllo: (2.4)
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where C' = C(q) > 0. In particular, Vp € LY(R?), cf. (1.3) when A = 0.
Hence u can be considered as a (solenoidal) solution of the reduced problem

M~ Au—dgpu+esANu=f :=f—-Vp inR> (2.5)

or — in Fourier’s space — as a solution of the first order linear inhomogeneous
ordinary differential equation

—O,u+es AN+ N+ sD)a=f (2.6)

with respect to ¢ for u(€) as a 2r—periodic function in . Next we will get rid of
the term es A @ in (2.6) by introducing the matrix of rotation O(¢):

cost, —sint, 0
O(t) = | sint, cost, 0|, (2.7)
0, 0, 1
and the new unknown v by
v =0(p)"u. (2.8)
Since d,u = O(p)0,v + e3 A (O(p)v), we see that v satisfies the equation
~0,5+ (A +sH)o=F:=0T(p)f". (2.9)

This problem was solved explicitly in [8], [10] when A = 0. However, replacing in
the solution formulas of [10] the term vs? by A + s2, we easily get that

oo
v(€) :/ e—(/\+32)tF(O(t)§)dt (2.10)
0
and, using the definition
D(£) =1 — e 27" (2.11)

also

B(E) = —— /0 " e~ AT F(O(1)¢)dt. (2.12)
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Hence due to (2.8), with s = |€| as before,

W(E) = g / e~ OH1OT (1) P(O()€)dt. (2.13)

We recall the following result from [13, Theorems 2.1 and 2.2]; we note that
the L2-estimate in Theorem 2.1 below is a straightforward consequence of multi-
plier theory.

THEOREM 2.1.  Suppose that f € L4(R?), 1 < ¢ < 00, and A = a +if3, a,
B € R, where either « > 0 or 3 ¢ Z. Then the resolvent equation ()\—l—fql)u =f
has a unique solution u € @(fql). There exists a real constant C > 0 depending
only on A and q such that the solution satisfies the estimate

lully < CA D)l fllg-

In particular, A belongs to the resolvent set of the operator —.,qul.

The second result in [13], stating that 0(—.Z) = oess(—%,) = &%, will be
proved in this paper by other tools.

Recall that for a closed operator T' on a Banach space X with dense domain
2(T) and range Z(T'), the essential spectrum oess(T') is defined as the set of those
A € C for which the operator A — T is not semi-Fredholm, which is equivalent
to the identities nul’(A — T') = def' (A — T') = co. Here nul’(A — T') denotes the
approzimate nullity and def’ (A — T) := nul’' (A — T*) is the approzimate deficiency
of A — T; T* denotes the adjoint operator to T'. Note that for a closed operator
T as above nul(T) = nul’(T) and def(T) = def’(T) if Z(T) is closed, and that
nul’(T) = def’(T') = oo if Z(T) is not closed, see [25, Theorem IV.5.10]. Moreover,
nul’(T) = oo if and only if there exists a non—compact sequence {uy }ren C Z(7T)
such that ||ug|| =1 for all k € N and ||Tug|lq — 0 as k — oo, see [25, Theorem
IV.5.11]. For further properties of these notions we refer to [25, Ch. IV.5].

The following definitions will be important in proofs in Section 3. For ¢ €
S (R"™), n > 2, let the average operator M be given by

M)(r) = { w(ra)da =

= YP(r,a)da, 1 >0,
o5, OB1] Sy, V1)

where (r, ) = (r, ¢/|x|) € [0,00) x OB; denote the polar coordinates of x € R™,
de indicates integration with respect to the surface measure on 90B; = {x €
R"; |z| =1} and |0B1| = [,5 de. A function ¥ € /(R") is called radial if and
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only if ¥(x) depends only on r = |z| for all z € R™. Equivalently, M¥ = ¥ or
Vo R =V for all orthogonal n x n matrices R. Obviously, My € #(R"™) is radial
for any ¢ € .Z(R™). Moreover,

M) = M(5). (2.14)

Actually,

i) = [ e earo)ehan= [ e=¢( u(al.ajia) e

n

0B,

Using also the expressions x=(r,3) where r = |z| and 8 = z/|z| € B, and
£=(s,7v) where s = |£| and v = £/|€| € OB;, we have x - & = rs(3 - and therefore

W(S) = m(&’)’) :/0 /83 eiTsﬁ'7< - P(r, o) da)dﬁr”ldr

_ ]é . [ /O h 1/)(7“,01)7“"_1< /6 . e_i“ﬁ”dﬂ>dr] da.

The integral f@Bl e "B Y4B is independent of -~ and therefore equals
[op. €7 "*P>dB. Hence
1

L1 roote)eafa

-~

= (M)(s) = (MB)(€]).

This proves the identity (2.14).

The definition of the average operator M can be easily transferred from
S (R™) to the space of tempered distributions ./(R™): For f € .#'(R") define
M f by

(M f,4) := (f,My) for ¢ € Z(R").

Note that this definition is consistent with the case when the distribution f is itself
represented by a function from #(R™). Now (2.14) easily yields the identity
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~

Mf=M(f), forfe. 7 (R"). (2.15)

A distribution f € /(R") is called radial if M f = f. In this case (f,¢) =
(f,1 o R) for every orthogonal n x n matrix R and for all ¢ € .(R"™). Moreover,
M f is radial.

The importance of the average operator M lies in the construction and clas-
sification of radial tempered distributions f with support in the unit sphere
OBy C R3: if in this case f € LI(R?) for some q € (1,00), then it is a con-
stant multiple of the function (sin |@|)/|x|; similar results hold in R™, n > 2, see
Lemma 2.3 below.

LPMMA 2.2.  Let f be a radial tempered distribution on R™, n > 2, with
supp f C OBy. Then there exists m € N such that (1 4+ A)™f =0.

PRrROOF. Since fe S (R"™) and suppr 0B, there exists m € N and a
constant C' > 0 such that

’<f7@| <C Z D@l Lo By, jn): P €S (R),
|a|=0

where o € N is a multi-index, D denotes the corresponding partial derivative
of order |o| and Bg = {z € R" : |x| < R}. Choose an even cut—off function
n € C§°(R) with n(r) = 1 for r € (=1,1), and define n.(xz) = n((|z|> — 1)/e),
x € R", ¢ > 0. Since n.(x) is radial, we will also write 7. (r) where r = |x|. Then
for every j € Ny there exists ¢; > 0 such that |[D%n.| < ¢je™7 for all e > 0 and «
such that |a| = j. Since f and consequently also ]?are radial, we easily get that

~

(f,0) =(f,MP) = (f,n-M).
Hence for all € > 0 sufficiently small

(7.8 = <f, (Msa > SO0

=0

e 1)j>ns>

p:1(r - 1)i)n€>. (2.16)

By the classical estimate of the remainder in Taylor’s expansion of the smooth
function M@(r), r > 0, we know that there exists C' > 0 such that for k = 0,...,m

+(7 (i SR
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UL | ) 1
ak( Z;aj M3)( )| 1](7’—1)]>’§CT—1|W+1_k7 ’r€<272).

7=0

Thus for all € > 0 sufficiently small and £ = 0,...,m we are led to the estimate

with a constant C' > 0. Consequently the first term on the right-hand side of

8k[< ila] (M) ()], 1](7"—1)j>775(r)} < CemHi—k

par @l

L>(B2~By/3)

(2.16) vanishes. Hence (2.16) may be rewritten in the form

(F.8) =Y a,0MP) )], (2.17)

Jj=0

where the constant a; € C equals (1/i0(f, (r —1)in.), 5 =0,...,m and € > 0.
Now, by Plancherel’s theorem, (2.17) yields the identities

m

(1= 2™, o) = (F (62— 1)™8) = Y i [(02 — )™ (g)(r)]]
j=0
_ - ) i 2 el ~ _
jgo aj]é31ar((r 1) w(rﬂ))‘Tzldla 0.
Replacing m by m — 1, the lemma is proved. O

In the next Lemma 2.3 below we will use the Bessel functions of the first kind
Jy., defined by the formula

r ptm
FESRT ). -

m=0

and of the second kind Y,, u € R; for definitions and the main properties see
g. [83, Ch. IIT and VII]. Let us recall the following crucial items: If %), denotes
one of the Bessel functions, i.e. €, = J, or 6, =Y, then

2
af+16r+ 1- 2 €.(r)=0, forpe R, r>0. (2.19)
r r2 .
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The asymptotic behavior of %, for large r is determined — up to the constant

V2/m ~ by

Y, (r) ~ —=sin (r T W) as r — oo, (2.20)

see [33, 7-21 (1), (2)]. Due to the recursion formula 0,%, = €,—1 — (u/r)%,,
see [33, 3-22 (3)], a similar behavior holds for all derivatives 0%%,, k € N; in
particular, (’“)fJM and BfYM do decay as r~'/2 and not faster as r — oo. Finally,
by [33, 3-1 (8), 3-51 (3), 3-52 (3), 3-53 (1)], we know that up to the constant
20T (e + 1))

Ju(r) ~rt asr —0, (2.21)
and, up to appropriate constants,

rYk it pe % +Z,
Y.(r)~qInr if p=0, asr — 0. (2.22)
r7# ifpe N

For later use we define the function
Fal) =Dy o) @23

Note that by (2.18) _#, is a smooth function on [0,00), that 9% ¢, (for k > 0,
n > 2) decays as r~(n=1)/2 when r — oo and

1 2 sinr

Ha(r) =Jdo(r) and Z3(r)= 7 Jijo(r) =4/ = —.

™ r

LEMMA 2.3. Let0# f € LY(R"), n > 2, q € (1,00), be radial with supp ]?:
0B;.

(i) If n > 3, then necessarily ¢ > 2n/(n—1) and f is a multiple of 7,. In
particular, if n =3, then f is a multiple of (sinr)/r where r = |z|.
(ii) If n=2 and f € WH9(R?), then ¢ > 4 and f is a multiple of Jy.
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PrOOF. Consider a radial function f € LI(R"™), q € (1,00), with suppf:
0Bj. Then Lemma 2.2 implies that there exists m € IN such that (14+A)™f =0.
In the setting of radial solutions on R™ the operator (1 + A)™ equals T)"* where
T, is the second order ordinary differential operator

1
T,=02+"—"9, +1 (2.24)
T

Let us determine a fundamental system of 2m solutions of the ordinary differential
equation T f(r) = 0.

ASSERTION. For each m € N and dimension n > 2 there hold the identities
T e 2 T s im—a(r)] = T [r Y™ Y, 9y m—a(r)] = 0. (2.25)

PROOF. For m = 1 we use (2.19) for the Bessel functions ¢, = J, and
¢, =Y, Since

n—2 n 2
Tncgn/g_l(’f') = |: r ar —+ (2 — 1) 7"_2:| %n/2_1(r),

we get that for every n > 2

Tn [7.—71/2"1‘165"/2_1 (r)]

= 0. (2.26)
Assume that m > 2 and that identity (2.25) holds for m — 1. At first we compute

Tn [Tﬁn/2+mcgn/2+m_2(7")]
2—-2m

= Tn+2m—2 + ar (T2m72 . Tﬁ(n/2+m72)cgn/2+m—2(r))'

Since Ty, y2m—2[r~ 2t =2F, 151 _o(r)] = 0 by (2.26) (with n replaced by n +
2m) and [3n +m — 2 + 10,6, 21 m—2(r) = 1€, 01m—3(r), see [33, 3:9 (3)], a
lengthy calculation implies that
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T, [7’_”/2+m%n/2+m72(7‘)]

2 _
— |(2m = 2)(2m — 32—t 4 2(2m — 2)2m 39, 4 LEEM T3 5 gy2mes
.

_ m_22—2m (/2
— (2m — 2)2T2m 4 + 1"2 27“87} [7' (n/2+ 2>%n/2+m—2(7‘)}

= (2m — 2)p—"/2Hm=2 [(Z +m—-2+ r('?r) ‘Kn/2+m_2(r)}

=(2m — 2)r_"/2+m_1%n/2+m,3(r).

The validity of (2.25) for m—1 now implies that 7" ~1T,, [r‘”/2+m‘€n/2+m,2(7')] =
0. O

CONTINUATION OF THE PROOF OF LEMMA 2.3. To obtain information on L9-
integrability properties of the functions

r_"/2+kJn/2+k,2(r), r_"/2+kYn/2+k,2(r) forn>2 ke N, (2.27)

we look at the behavior of these functions for r — 0 and r — co. By (2.20) the
fastest decaying functions in (2.27) are those with k£ = 1, they decay as p(n=1)/2
when 7 — oco. Hence the exponent ¢ must satisfy ¢ > 2n/(n —1). Moreover,
by (2.21), (2.22), _#,(r) is the only integrable function in the kernel of T". To
be more precise, it is integrable with all powers ¢ > 2n/(n —1). If n = 2, then
Jo, Yo € LI(R?) for all ¢ > 4, but only Jy € Wh9(R?).

Now let f be an arbitrary radial solution of 7" f = 0. To complete the proof
it suffices to show that f is a linear combination of the 2m functions in (2.27)
corresponding to k = 1,...,m, or in other words, that these functions are linearly
independent. However, the linear independence is an immediate consequence of
the decay properties (2.20) taking also into account the different behavior of the
functions cos and sin. Now the proof of Lemma 2.3 is complete. O

Finally we mention and prove a classical result which is important for the
discussion concerning the spectral point A = 0.

LEMMA 2.4. Letn > 2. For all1 < g < oo the set
Fo(R") :={u e .S (R");suppun {0} =0}

is dense in L1(R™).
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PrROOF. Let n € Cg°(R"™) be radial such that 7(¢) = 1 in a neighborhood of
0 and let ny(x) := n(x/k)/k™, k € N. Since ||ng||1 is independent of k € IN, the
family of operators {Tx}ren, defined by Ti f := n x f, f € LI(R™), is uniformly
bounded. Moreover, if f € . (R") C LI(R") then T}, f € .#(R"™) and the estimate

ITefllg < IFll mlly < CUALETE, ¢ = -1

shows that Tr f — 0 as k — oo in this case. Hence the sequence {f — T} f }ren lies
in the set .5 (R™) and converges to f in LI(R™). Finally, the density of . (R") in
L(R"™) and the uniform boundedness of the operator family {7} }xen on LI(R™)
proves that .#;(R™) is dense in LI(R™). O

As a first application we introduce the (two-dimensional) Riesz transforms
1, R defined on R*: (R} f)(z) := F_1[-i(&/1€')) f(€)], 5 = 1,2, where [¢/| =
V& + &5, Thus, in the Fourier space, the transforms R}, R} are determined by

their multipliers

S . . 82 .
—i—— = —icosy, —i—- = —isinyp,

€] €|

respectively, where ¢ is the cylindrical coordinate in &-space. Consequently, the
multiplier of [i(R] — iR5)]* equals e ¢, k € Z. Obviously, R}, j = 1,2, is a
bounded operator on L?(R?).

LEMMA 2.5.  For 1 < ¢ < oo the operators R} (j = 1,2) are bounded linear
operators on @(fql) (equipped with the norm (1.4)). In particular, for every k € Z
and w € 9(Z;)

A+ 2N [I(R, — iRy)]“u = [i(R) — iRy)]" (A + ik + L) u. (2.28)

PROOF. A straightforward calculation shows that R;, j = 1,2, commutes
with A — A and maps 2(%Z;) to Z(A,) N LL(R?); here A, denotes the Laplace
operator in L?(R?) with domain 2(A,) = W24(R?). As to the operator (e3 A
x) -V =y, see (2.2), note that for any u € Z(%Z,) and any ¥ € . (R?)?

{(e3 N) - V(iR(u), ¥) = —(u, (iR})0prp) = — (@, cos (p8¢$>
= —(@, 0,((cos ) + (sin p)b)
= ((iR})(e3 A x) - Vu, ¢) — (iRju, ¥).
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A similar identity holds for (iR}). Since .%(R?)3 is dense in LY(R3?), we conclude
that iR;7 j =1,2, are well-defined, bounded operators on @(fql), satisfying

(es ANx) - V[i(R] —iRy)]|u = [i(R] —iR})|[(es A x) -V —i]u.

From this identity and since (R} —1iR5)(R} +1Rj) = —id, we get (2.28) for every
keZ. O

3. The spectrum of —,,Sftll on R3.

The aim of this section is to analyze the spectrum 0(—,?(11) for every 1 < ¢ <
0o. We start with the corresponding problem for the Laplacian in R™, n > 2,
proceed with the Stokes operator 4, = —P,;A and finish with the operator fql.
We prove the remarkable result that the type of the spectrum (point spectrum,
continuous spectrum, residual spectrum) changes with ¢ € (1,00), but coincides
with the essential one for all g. The results and ideas in the proofs for the Laplace
and Stokes operators are needed in the sequel, but are also of their own interest.

We always denote by ¢’ the conjugate exponent to g, i.e. ¢ = q/(q —1).

THEOREM 3.1.  Let n > 2. The Laplacian A, in LY(R™) has the following
spectral properties:

U(Aq) = UESS(Aq) = (—0o0,0], 0€e UC(Aq)v

for each A <0 the range Z (X — Ay) is not closed, and

2n
H(Ag), if 1 —,
or(Ay), if <q<n+1
2n 2n
— 0 A ) <g< —
(-0,0) € { 0elA), i g
(A, i 2 <q<
op(Ag), U 5 <a< oo

Moreover, if 1 < g < 2n/(n+ 1) then for each A < 0 the codimension of the closure
of the range Z(X — A,) equals infinity. If 2n/(n — 1) < ¢ < co then the geometric
multiplicity of each eigenvalue A < 0 is infinite.

Proor. Without further proof we mention that the multiplier theory shows
that A — A, has a bounded inverse on LY(R") for every A € C \ (—00,0]. Hence
o(Ay) C (—00,0]. The fact that 0 € o(A,) is well-known, but also follows from
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the result (—o00,0) C 0(4A,) to be proved below. The assertion 0 € o.(4A,) is a
consequence of the inclusion % (R"™) C #Z(A,) and Lemma 2.4. Indeed, given fe
Zo(R™), multiplier theory implies that the function u defined by @(€) := f(£)/|€|
is a solution of the equation —A,u = f in W4(R"™). Moreover, A, is injective
because there is no nontrivial harmonic function in LI(R").

Now let A < 0. Consider at first the case 1 < ¢ < 2. Let u € W249(Q) =
PD(A,) satisfy Au—A,u = 0. Using the Fourier transform we get that (A+[&|*)u =
0 where @ is a function from L (R"™). Hence 4 vanishes almost everywhere,
consequently u = 0 and also u = 0. This proves that o,(A,) =0 for all 1 < ¢ < 2.
By duality, we conclude that o,(A;) = 0 when 2 < ¢ < .

Next let ¢ > 2n/(n — 1). Then a calculation shows that (-1—-A,)_#, = 0 and
Fn € LY(R"™), see (2.23) and Lemma 2.3, in particular (2.25). Hence —1 € g,(A,).
Moreover, since any partial derivative of #, of any order is smooth and decays for
r — o0 as fast as _#,(r) does, i.e. as r~(»~1/2 any non-zero linear combination
of partial derivatives of ¢, () is an eigenfunction of A, with the eigenvalue —1 as
well. To prove that the geometric multiplicity of this eigenvalue is infinite, consider
a linear combination v = Y ;" a0F_#, with (0,...,0) # (a1,...,am) € C™.
The Fourier transform of vis 9(€) = (>, cxi*¢) j;(ﬁ), where j; is a nonzero
multiple of the surface measure de of the unit sphere of R™, see [20, Appendix
B.4]. Since the polynomial p(t) = >, axi¥t* has at most m real roots and does
not vanish identically, also v cannot vanish identically.

By analogy, if ¢ > 2n/(n — 1) and A < 0, the function _#,(v/—Ar) € LY(R") is
an eigenfunction corresponding to the eigenvalue A of the operator A, of infinite
geometric multiplicity. By duality, we conclude for 1 < ¢ < 2n/(n+1) that
0:(Ay) = (—00,0) and that the codimension of the closure of the range Z(A — A,)
equals infinity.

Now let 2n/(n+1) < ¢ < 2n/(n —1). Assume that e.g. —1 € 0,(A,). Then,
by definition, the range Z(—1 — A,) is not dense in L9(R™), and Hahn-Banach’s
Theorem yields a nonzero f € L7 (R") such that ((=1 = Ay, f) = 0 for all
u € W24(R™). In Fourier terms we get that the tempered distribution fsatisﬁes

0=((=1+ &>, f) = (@, (=14 €[> f) for all u € L (R™). (3.1)
Hence

supp f C OB1. (3.2)

Our aim is to prove that this implies that either f = 0 or f is a non-—

vanishing multiple of _#,, in Lq/(R"); the latter case however is impossible since
¢ < 2n/(n—1). Since the function f considered up to now is not necessarily a
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multiple of ¢, unless it is radial, we will apply the average operator M defined
in Section 2 to construct a radial function f € LY (R™) with the above properties
(3.1), (3.2). By (3.1) for all u € #(R™)

0= (Ma, (-1 +[€P)F) = (@, M((~1+ € F)) = (@, (-1 +|€HMF),

i.e., even Mf instead of fsatisﬁes (3.1). Hence supp Mf C 0B;. Since Mf:
]\/4? is radial, we conclude from Lemma 2.3 that M f = ¢ _¢,. If ¢ # 0 then
Mf ¢ LY(R") for any ¢ < 2n/(n—1); hence Mf vanishes. Now, denoting
Ugy = u(- — xg) and fg, := f(- — xp), we repeat the same argument with g,
instead of u for arbitrary xg € R™ and get that

0= (Uay, (~1+[EP)F) = (7@ ¢q, (<1 + €D F) = (T, (=1 + €]) fao )-

Proceeding as before, i.e. replacing v by Mu, we conclude that M f,, must vanish
for arbitrary &g € R™. Hence fBR(wo) fdx =0 for all zy € R™ and all R > 0, and
Lebesgue’s Differentiation Theorem shows that f = 0 in L9 (R™).

We have seen for 2n/(n+1) < ¢ < 2 that —1 ¢ 0,.(Aq) Uop(4A,). To show
that —1 € 0.(4A,) we will find f € S (R™) \ Z(—1 — A,). Indeed, consider any
f such that f € Cg°(R"™ ~ {0}) equals 1 in a neighborhood of |¢| = 1. If there
exists u € Z(A,) satisfying (—1 — A,)u = f, then (=1 + |€]?)a(€) = £(£) where
U € Lq,(R”) since g < 2. Consequently, for |£]| close to 1, we see that

1= (&) < 41—

|a(8)]-

Hence |4(€)| > 1/(4]1 — |€]|) for these &; this contradicts the condition & €
Lq/(R"). This argument can be applied with any A < 0, not only with A = —1.
Thus we proved (—o00,0) C 0.(4A,). If 2 < ¢ < 2n/(n—1), the assumption
A € 0p(Ay) N (—00,0) would lead by duality to the assertion A € o.(Ay) in
LY (R™) for 2n/(n+1) < ¢’ < 2 which is impossible. By the Closed Range Theo-
rem we conclude that (—o0,0) € oc(4A,) also in this case.

Up to now we have proved that o(A,;) = (—00,0] for all 1 < ¢ < co. In
particular, since the boundary of the resolvent set of A, coincides with o(A,) =
(—00,0] which as a continuum does not have isolated points, the spectrum is a
purely essential one, cf. [25, Problem IV.5.37].

Hence nul'(A — A;) = oo for all 1 < ¢ < oo and all A < 0. When 1 < g <
2n/(n — 1), we know that A—A, is injective, so that nul(A—A,) = 0 # nul' (A—A,).
Consequently, in this case, the range Z(A — A,) is not closed. Finally, the Closed
Range Theorem implies even for ¢ > 2n/(n — 1) that Z(A — A,) is not closed. O
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THEOREM 3.2.  Letn > 2. The Stokes operator Ay = —P;A on LL(R"™) has
the following spectral properties:

0(—Ag) = Oess(—Aq) = (—00,0], 0 € ac(—Ay),
for each A <0 the range Z (X + Ay) is not closed, and

. 2n
O'r(—Aq)7 Zf 1 < q < m,

2n 2n
<q< ;
n+1 n—1

(_0050) C UC(_Aq)v Zf

) 2n
Up(—Aq), Zf m < q < o0.

Moreover, if 1 < g < 2n/(n+ 1) then for each A < 0 the codimension of the closure
of the range Z (X + A,) equals infinity. If 2n/(n — 1) < ¢ < oo then the geometric
multiplicity of each eigenvalue A < 0 is infinite.

Proor. We follow the ideas of the proof of Theorem 3.1. As is well known,
the Stokes operator A + A, is boundedly invertible for all A ¢ C ~\ (—00,0]. As in
the proof of Theorem 3.1, we show by means of Lemma 2.4 and multiplier theory
that 0 € o.(—A4,).

If1 <g<2and X <0, assume that u € Z(A4,) and Vp € LI(R"™) satisfy the
equation AMu — Au + Vp = 0 in the whole space R3. Since divu = 0, we conclude
that Ap =0 in .%/(R") and consequently Vp = 0. Using the Fourier transform,
we deduce that (A+|€|?)@ = 0, where @ is a function from L? (R™). Hence u = 0,
cf. the proof of Theorem 3.1. This proves that o,(—A4,) = 0 for all 1 < ¢ < 2.
By duality arguments, in particular the fact that the dual space of LL(R") is
isomorphic to L (R™), we also obtain that o,(—A4,) = 0 when 2 < ¢ < oc.

Let ¢ > 2n/(n —1). Recall that _#,(v/—Ar) is an eigenvector of A, corre-
sponding to the eigenvalue A < 0. Then for i = 1,...,n let us define the solenoidal
vector field

U (z) == Py Zn(V-Nr)ei], (3.3)

where e; denotes the i-th unit vector in R™. Since A — A, commutes with P, we
get ()\—I—Aq)U(i) = 0. Considering partial derivatives of U of an arbitrary order,
we see that the multiplicity of the eigenvalue A is infinite. By duality we conclude
that (—00,0) C o,(—A,) when 1 < g < 2n/(n+ 1) and that the codimension of
AN+ A,) in LI(R") is infinite for every A < 0.



Spectral analysis of a Stokes-type operator 181

Now let 2n/(n + 1) < ¢ < 2 and assume that —1 € o,(—A4,), i.e., the closure
of the range of —1 + A, is a proper subspace of LL(R™). Then Hahn-Banach’s
theorem yields a nonzero vector field f € LZ (R™) such that

0={((=1+[¢>)a, f) = (@, (-1 +[¢|*)f) for all w € LL(R"),

and, since f is solenoidal, even that 0 = (@, (—1 + |€]2)f) for all u € LI(R").
Replacing u € L1(R"™) by Mu, cf. the proof of Theorem 3.1, we also get that

0= (Mu, (-1 +|¢")F) = (@ (~1+[¢)I1F).

Hence supp]\/4\f C 0By and, being radial, M f = ¢ _#,, where c € R", see Lemma
2.3. Since Mf € LY(R") and ¢ < 2n/(n —1), we conclude that ¢ = 0 and
M f = 0. Proceeding as in the proof of Theorem 3.1 we also derive that M f(.—xq)
vanishes for every ®y € R" so that even f = 0 a.e. in R™. This contradicts the
assumption that —1 € o,(—A,). The same arguments can be used for any A < 0.

To prove in this case that (—00,0) C g.(—A4,) for 2n/(n+1) < ¢ < 2 we
construct f € LI(R™) ~ Z(—1+ A,). Consider any f with f € C°(R™ ~ {0})
such that f(f) = 1 in a neighborhood of |£] = 1, and let f be defined by f(§) =
(E21(&), =61£(£),0,...,0)T so that f € LL(R™). If there exists u € Z(A,) with
(=1 + Au = £, then (=1 + [£[>)a(g) = f(&) where @ € LY (R™) since ¢ < 2.
Consequently, for |£] > 1 close to 1,

1< [£(€)] < 41— 1g]| ).

As in the proof of Theorem 3.1 this inequality leads to a contradiction to the
condition @ € LY (R™)™. This argument also proves that (—00,0) C g.(—A4,)
when 2n/(n 4+ 1) < ¢ < 2. Then duality arguments imply that (—oo, 0) C og.(—A4,)
for 2< g <2n/(n-—1).

So far, we proved for all 1 < ¢ < oo that o(—A,) = (—o00,0]. Following the
arguments at the end of the proof of Theorem 3.1 we conclude that the spectrum
is a purely essential one and that nul’'(A\+A4,) = oo for all A < 0. Moreover, for 1 <
g < 2n/(n — 1), the operator A+ A, is injective and consequently nul(A+ A,) = 0;
hence the range of A+ A4, is not closed. Finally, the Closed Range Theorem yields
the same result for ¢ > 2n/(n — 1). O

Now we are ready to discuss our first main result on the Stokes operator “with
rotation” % on LE(R?). Besides the set &', see (1.5), we do need the “relatively
open” set
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(6= | {(-0,0) +ik} = &' \iZ.

k=—o00

THEOREM 3.3.  The operator (—%}) on LL(R?), 1 < q < oo, has the fol-
lowing spectral properties:

The spectrum of the operator —<%} is 0(=%)) = Oess(—%)) = &' and iZ C
oc(=%)), For every A € &' the range Z(\ + £}) is not closed. Moreover,

(i) if1<q<3/2, then (6')° = 0.(—%}) and for each X € (&')° the codi-
mension of (X + Z}) equals infinity,

(ii) if 3/2 < q <3, then &' = 0.(—2}),

(iii) if 3 < q < oo, then (&1)° = ap(ffql) and the geometric multiplicity of each
eigenvalue \ € (&1)° is infinite.

Proor. We follow the ideas of the proof of Theorems 3.1 and 3.2. First we
consider X\ = ik, k € Z, and assume that u € Z(.%}) is a solution of the equation
(A+.Z})u=0. Then even (A — A — 9y + esA\)u = 0. Using the Riesz transforms

', R, and Lemma 2.5, see (2.28), we may assume that A = 0. Now [10, Theorem
1.1 (3)] yields that w € 2(%,) must vanish. This shows that A\ = ik, k € Z,
cannot be an eigenvalue. By duality arguments, A\ = ik ¢ ar(fql), ke Z, as well.
Finally, since (&')° is a subset of the spectrum, see below, and the spectrum is
closed, we still have to show that the range of ik 4.7 is dense in LZ(R?) in order
to conclude that A\ = ik € o0.(.Z}). For simplicity let again A = 0. Then the
solution formula (2.13), see also [10, (2.4), (2.5)], multiplier theory and Lemma
2.4 imply that we find a dense subset of LZ(R?) in the range of .Z".

If 1 <¢g<2and X € (6')°, assume that (u, Vp) € Z(£)) x LI(R?) satisfy

Au—Au—dhu+esAu+Vp=0 in R>.

Hence in Fourier space, omitting the gradient of the pressure which will vanish,
we see that in cylindrical coordinates (with & = (|€’|, &3, ) where &' = (£1,£2))

AN+ €7 —0,)d+e3 Nt =0, (3.4)

where @ € LY (R?) C L}, _(R®). We multiply (3.4) by e=*%_ k € Z, and integrate

with respect to ¢ € (0,27) to get for a.a. |{'| = |(£1,&2)| > 0 and &3 € R the
identity

(A —ik + [€P)a* + e3 A T* = 0; (3.5)
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here
2 .
G = ah(|E'), &) = / ('], 6, 0)e ¢ dp
0

denotes the k-th Fourier coefficient (with respect to ¢) of w(|¢'|, &3, ) € L%(0,27).
Looking at the third component of the vector identity (3.5), where the term es Au
yields no contribution, we conclude that u3 = 0, k € Z, for a.a. (|¢'|,&3). Thus
us(|¢'], &3, +) = 0 for a.a. (|¢'],&3), and the L2 —function U3 vanishes. Consequently

also uz = 0. The first two components of @* are coupled in (3.5). An easy
calculation yields the identity

(A =ik + [ +1]af =0, j=1,2.

Now similar arguments as applied to us above may be used to show that u; =
uy = 0 as well. This proves that X € (6')° is not an eigenvalue, i.e. op,(—2}) =0
when 1 < ¢ < 2. By duality we get that ov(—%) = when 2 < ¢ < oc.

Next let ¢ > 3 and \ € (&1)°. For simplicity, we assume that A = —1 — ik,
k € Z; the general case in which Re A < 0 can be dealt similarly. Assume that
u € @(fql) is an eigenfunction of —.,Sﬂql with eigenvalue A. Then its Fourier
transform, a distribution u € .7 (R3)?, satisfies the equation

A+ € —0,)u+esANu=0

so that
(A +[€]* = 9, )t3 = 0
(A4 1€ = 0,)* +1)u; =0, j=1,2.
The following calculation is formal, since @ cannot be assumed to be a func-
tion, but it will yield an idea how a possible eigenfunction u may look like. Inter-
preting the equation for 3 as a linear homogeneous ordinary differential equation

of the first order with respect to ¢, we get for a.a. (|¢’|,£3) that there exists a
function ag = a3(|¢’|,€3) such that

us (€', &3, 0) = a3(|§’|7gg)e(*lfik+|£|2)sa — a3(|£’|,gg)e*i’we(\ilzfl)w'

Since u3(|¢'|, &3, ¢) must be 2r—periodic in ¢, we conclude that @3(§) vanishes
unless & € 0B;. Therefore, using the characteristic function xsp, of 0By, let
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s (€], &5, 0) = as(|€'],&)e % xam, -

A formal calculation for the differential equation for u; implies the existence of
functions a; = a1 (|¢'], &3), az = ax(|€’], &) such that

W1(1€'], €3, ) = are R DeUE D@ | g ikt Deg(I€F e,

In order to get a 2r—periodic function in ¢, we assume that

—i(k—1)

a1 (€], &3, ¢) = are PXop, + aze  FTVPy 55 (3.6)

~

The second component uy has a similar form, but since (A +|€|? — 0, )u; — U2 = 0
and (|€2 — 1)xap, = 0 in .7/(R?), we are led to the identity

—i(k—1)

uz(|€'], €3, ) = —arie “Xop, + azie T FTD o p (3.7)

To satisfy the condition divu = 0, we have to require that

0=¢-u=(a1(& — i€0)e R0 1 gy (&) +igp)e iR TDY 4 &saze ") xon,

= ((a1 + az)|€'| + 5303)67%@)(831,

since & 4 i& = |¢/|eT¥.
In view of (3.6), (3.7) let us choose a1 = 1/2, ag = —1/2, a3 = 0 and define
the tempered distributions

(&) =isinpe " yop,, U2(€) = —icospe Fyop,, U3(€) =0,

or, using the Riesz transforms R}, Rj, see Lemma 2.5, and up to a multiplicative
constant,

. . k . . k
uy = —R5(i(Ry —iRY))" 73, we = RI(i(R} —iRY))" 75, uz=0. (3.8)

Since #3 € L1(R?) for ¢ > 3 and the Riesz transforms R}, R} are bounded on
LY(R3) (and on LI(R?)), we see that w € LZ(R?). Moreover, it is easy to check
that (—1—ik+$q1)u = 0. Hence A = —1—ik is an eigenvalue of —fql; its geometric
multiplicity is infinite since by agu, j € N, we are able to find infinitely many
linearly independent eigenfunctions of —.. This proves that (&')° = op,(—.2)
for ¢ > 3. A duality argument implies that (&')° = 0,(=%) for 1 < ¢ < 3/2;
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moreover, for each A € (&')° the codimension of the closure of the range of A+.%,!
is infinite.

Now let 3/2 < ¢ < 2 and assume that A = —1+ik € (&1)° lies in the residual
spectrum of —%!. By (2.28) it suffices to consider A = —1. Then Hahn-Banach’s

Theorem yields a nonvanishing f € LY (R3) such that
(~1+ €2 — 0, +esN)u, f) =0 forallue 2(Z}).

Hence f € 2((£})*) = 9(92”(;1) and

0= (@, (~1+ £+ 9, — esA) f) (3.9)

where, since div$q71f = 0, w may run through all of LY(R?). From (3.9) we
conclude that

suppfc 0B, (3.10)
as follows: Actually, take any g € .(R?)? with suppg N dB; = (. Then

2
ﬂ(f) = W/O e_t(|§|2_1)O(t)T§(O(t>£)dt,

see (2.13) and [7, (2.7)], [10, p.300] for related formulas, yields a solution of the
equation (—1 + [¢|> — O, + e3A\)@ = g; moreover, since suppg N dB; = 0, also
@ € .7(R3)3. Then (3.9) implies that (g, f) = 0 and proves (3.10).

To prove that f = 0, let us generalize the last step, take any ¥ € .7(R?)?
with suppv N OB; = 0, choose an arbitrary &y € R3, and let @ solve the ordinary
inhomogeneous linear first order equation

(—1+ (€)= 0, + e3 A) (e7™0%@) = e 08 (=1 + |¢]?) — O, + €3 A )D.

As above we conclude that

ei®o -€

27
~ _ —t(]€]2-1) T ,—izo-O(t)€
W) = e | ¢ O(H)"e
(14 [€]*) — 0, + e3 A)B(O(1)€)dt

solves this equation and satisfies u € .7 (R?)3, suppuNdB; = 0, as © did. Hence
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considering (3.9) with @ replaced by e~®0'¢ 4, we are led to the identity

0= (e™™0%G, (=14 &> + 0, — esN)f)
= (0, (—1+ €] + 0, — esn) (e 70E ).

Finally, in the last equation, we replace ¥ by M, note that M9, = 0, and get
that for all v € . (R3) with supp® N 9By = ()

0= (B, M(~1+ € + 9, — e3n) (e7 ¢ f))
= (T, (—1 + |€]> — es\)M (e =€ f)).

We conclude that for every &g € R? the radial distribution M (e*i“’o"E _ﬂ has the
property

supp(—1+ [€]> — es\)M (e =€ ) C OB,.

This fact immediately implies that also supp M (efim“'S ﬂ C 0B;. Thus by Lemma
2.3 M f(- — x0) is a constant multiple of the function #3 ¢ L (R?) when 2 <
q" < 3. Hence the constant must vanish, M f(. — xy) = 0 for all zy € R?, and
Lebesgue’s Differentiation Theorem yields the contradiction f = 0. This proves
that A = —1 ¢ 0,.(-%}}).

Since for 3/2 < ¢ < 2 there are also no eigenvalues, we still have to prove
that (—00,0) C oc(—%,)). To this aim, let f € .(R?) be defined by its Fourier
transform 0 < f € C$°(R3) with support in the first octant {£&;&; > 0, & >
0, &3 > 0} such that f(£) =1 in a neighborhood of the point & = 1/v/3(1,1,1)7.
Then let f € LL(R3) be defined by f(&) = (—&f(€), 0, & £(€))T. Assuming that
f € Z(—1+ %)) there exists u € 2(.Z}) satisfying (-1 + £ )u = f. Since f
is solenoidal, we may ignore the Helmholtz projection in the definition of fql and
find for the third component u3 of u the equation

(—1+ &P = 0,)a3 = (£)s =& f,

Now we apply the average operator M, note that M9, = 0 and get for £ close
to the point 1/v/3(1,1,1)7 the estimate |(—1 + |£]?)Mas(€)| = [M (&1 £(€))] >
with a > 0. As in the proofs of Theorems 3.1, 3.2 this estimate will contradict the
assumption that s € L7 (R?). Similarly, we may prove that (—oco,0) C oe(—=Z)).
Finally, Lemma 2.5 shows that ik + (—00,0) C oc(—fql) for all k € Z, i.e.,
(GHeuiz = ac(—fql).
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By duality, we also get that &' = o.(—.%) when 2 < ¢ < 3.
We complete the proof by showing that in each case Z(\ —i—,i”ql) is not closed;
here we follow the proofs of Theorems 3.1, 3.2. O

Finally we discuss the behavior of the resolvent (A +.2)~" for A € 0(-43}),
when @ = Re A — —oo and § = Im ) is fixed. We do not consider the same result
for other ¢ € (1,00), ¢ # 2, since our proof is strongly based on L?-Fourier theory.

THEOREM 3.4. For A =a+if, a <0, 3¢ Z, the operator A + £} has the
following properties: There exists a constant C > 0 independent of A such that

C
1\—1
16+2)7. < 52y

Moreover, for fized 0 ¢ Z
(A + .,%1)_1 — 0 strongly as o — —o0

in the strong operator topology, i.e. |[(A+ Z4)" flla — 0 for every f € L2(R?).
However, (A\+.%4)~1 does not converge to zero in the operator norm as o — —oc.

PRrROOF. For simplicity we fix 3 € [~1/2,1/2] and let f € L2(Q) so that
f'=f—Vp= fin (2.5). Then (2.11), (2.13), Plancherel’s Theorem, Fubini’s
Theorem, the inequality of Cauchy-Schwarz and the orthogonality of the matrix
O(t) imply for u = (A + %)~ f that

2

1 de

Il = 1@l = | em

1 27 5 27 R N
- ~(1&[*+a) ~(lgl+a)
A |D(§)2(/o o tdt)/o s 0Ot dg

1 1 _ e—27(l€?+a) g2 ) R
= /Rs BGE r£|2 T /0 e (EFFo £(O(1)€)|2dt dg

1 1 — e—27(1€[*+a) 27 , R
:/Rs DEPF P o ( /0 e *‘*”dt)f(é)les

1-— e*277(|€\2+a) 2 .
B /R <(£I2+O<)ID(£)I) |F(&)[7dE; (3.11)

2
/ o~ (€710 (1) FlO(1)e)at
0

here D(¢) = 1—exp(—2m(A+]€]?), cf. (2.11). To prove the first assertion it suffices
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to find a uniform estimate of the multiplier function

1 — e-2n(l&l*+a)

m&) = EE T D)

If H{ |2+ a‘ < 1, then we use the Taylor expansion of the exponential function to
get that

1 — e~ 2n(|€1*+a) ,
'e <C and [D(€)] = |2 —e e > 0] (3.12)

€17 + o

with a constant C' > 0 not depending on A, &; hence |m(§)| < C/|B| for these
&. Next consider the case when |[|€]? + «| > 1. Now we find a constant C' > 0
independent of A, £ such that

_ |1 e=2m(IglP+a)| e
|m(€)‘ - ’627riﬂ _ ef2w(|£|2+a)| -

c
< —.
— 18l

Hence ||ull2 < (C/|8]) I fllz2- Moreover, (3.11), (3.12) show that we can find
functions f, € L2(R3) satisfying supp f = Bi(—a), ||[fallz = const and
N+ £4) "L fall2 > const # 0. This implies that the operator family (A + .Z4)~?
does not converge to zero in the operator norm.

For the proof of the strong convergence of the operator family (A +.%4)~1 as
Re A — —oo it suffices due to the previous result to consider f in a dense subset
of L2(R?), say, in the set of solenoidal vector fields f with compact support
in Fourier’s space. So let f € L2(R3) satisfy supp f C Bg(0), R > 0. For
|a| > 2R? and & € Bg(0), we find a constant C' > 0 independent of A, £ such that
m(©)] < C/|I€[2 +a| < 2C/lal. Hence, by (3.11),

11 21 Fe) 2 < £06)12
0+ sl < [ mer 1f©Pe < o [ IfePae

r(0)

This estimate proves that ||(A + .23) 71 f|l2 decays as 1/|a| for such a function f.
O
4. The spectrum of . on an exterior domain.

In this section, we assume that Q C R? is an exterior domain with boundary
of class C1, different from R3.
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LEMMA 4.1.  For 1 < q < o0 it holds 0ess(—2;) C &%,

PROOF.  Let A € 0ess(—%;”). Then nul'(A+ Z) = co. We will construct a
sequence {U,, } in (%) satistying [|[Un |l = 1, [[(A+Z;")Un|lq — 0 as m — oo
and

dist(Up; #—1) =1, me N, (4.1)

where 4%, _1 denotes the linear hull of the functions Uy, ...,U,,_1: Suppose that
we have already constructed Uy, ..., Uy, satisfying [|(A + £ )Ujll, < 1/j for j =
1,...,kand (4.1) forall m =1,..., k. To €x41 = 1/(k+ 1) there exists an infinite
dimensional linear manifold My in 2(£;°) such that [[(A+.Z;")ull, < exq1l|ully
for all w € My1. Then due to Lemma IV.2.3 in [25], we find U1 € M1 such

that ||[Ugt1llq = 1 and dist(Uy+1; 94;) = 1. The sequence {U,,} satisfies

(A "‘qu)Uqu < % for all m € N. (4.2)

Denote f, := (A + Z;*)Uy,. The function U, satisfies the estimate

[Unmll2,q + [I(w x ®) - VUnllq < csl[fmllq + (ca + 5 [AD[Unmllg, (4.3)

where the constants cs, ¢4, ¢5 are independent of U,,,. This estimate was proved in
[10] in the case when 2 = R? and its validity was later confirmed in the case of an
exterior domain with a C*!'~boundary in [14, Lemma 2.2]. Using (4.3), we observe
that the sequence {U,,} is bounded in the space Z(.Z,”). Hence there exists a
subsequence, again denoted by {U,,}, which is weakly convergent in 2 (.,?;’) The
subsequence preserves the property (4.2).

Put V,, := (Upt1 — Uy,) /6, where 0y, = ||Upy1 — Upy|lg. Then {V,,,} is a
sequence in the unit sphere in LZ(€2). The weak limit of this sequence in 2(Z,°)
must be zero because (U,,+1—U,,) — 0in LL(Q) as m — oo and by (4.1) §,,, > 1.
Hence {V,,} converges strongly to 0 in W14(Q )3 for each R > 0; here we denote
Qr = QN Bg(0). Note that ||(A +.Z")Vinllg — 0 as m — oo.

The sequence {V;,} does not contain any subsequence, convergent in LZ(()
as we will easily prove by contradiction: Assume that {V}, } is a convergent
subsequence of {V,,} in LZ(€Q). This subsequence has the same weak limit as
{Vm}, hence V;,, — 0 in L%(Q) as m — oo. Then the strong limit of the
sequence {V;, } in L2(€)) must also be zero. However, this is impossible because
Ve, llg = 1.

Further, we use a standard cut-—off procedure combined with the so called
Bogovskij operator, see [13, proof of Theorem 3.1] or [14, proof of Lemma 4.2] for



190 R. FARWIG, S. NECASOVA and J. NEUSTUPA

more details. With these tools we modify the functions V;, in Qg (for a fixed R > 0
so large that R \ Br_1(0) C Q) such that the new functions, denoted by Vj,,
are equal to zero in Qr_1 := QN Br_1(0), remain in some ball of LZ(£2), and also
satisfy [|[(\ + .fq“)f/mﬂq — 0 as m — oo. Moreover, |[Viull1.g:0n < CllVinll1.0:0m
where the constant C is independent of m. Hence V;,, — 0 strongly in W4(QR)3.

The sequence {Vm} does not contain any subsequence convergent in LZ(€):

Otherwise one can easily derive a contradiction with the facts that V,, — 0
strongly in L?(Qr) and the sequence {V,,,} is non—compact in LZ(2).

Thus, the functions Vm, extended by zero to R? \ ), define a non-compact
sequence in the unit sphere in LZ(R3) such that (A + (Z;’)Rs)f/m — 0in LL(R3)
as m — o0; here () gs denotes the operator .Z*, acting on functions defined in
the whole R?, i.e. the operator treated in Section 3. Hence nul' (A4 (£y) gs) = o0,
which means that A € o(—(Z,’)grs). Since o(—(Z;")rs) = 6“ by Theorem 1.1,
we have proven that \ € G%. O

LEMMA 4.2. Forl < g < oo one has &% C O’ess(—f;}),

PrOOF. Let A € &“. Then A\ € 0ess(—(Z;’)rs) by Theorem 1.1, where
(.qu) Rr3 is the “whole space” operator defined in the proof of the previous Lemma
4.1. Thus, nul'(A + (£ rs) = oo. Following the idea from the proof of Lemma
4.1, we choose R > 0 so large that R3 \ Br_1(0) C Q and we construct a non-—
compact sequence {V;,} in the unit sphere in L2(R3) such that V,, =0in Qp_1
and (A + (E;’)Rs)f/m — 0 in LI(R3) as m — oo. However, if we denote the
restriction of V;, to Q again by V,,, we get a non—compact sequence in L1(0)
such that ||V,,||z0 = 1 and (A + flf)f/m — 0in L2(Q) as m — oo. This means
that nul'(A+.2) = co. We can prove in the same way that nul’(A+(Z)*) = occ.
Hence def’ (X + &) = 0o, and the operator A + £ is not semi-Fredholm. Thus,
A€ JCSS(f.,f;’). O

Lemmas 4.1 and 4.2 imply that oes(—2") = G“.

LEMMA 4.3.  Let A € C \ &%. Then either \ is an eigenvalue of =" for
all 1 < q < oo, whose both algebraic and geometric multiplicities are finite and
independent of q, or A € p(Z,°) for all 1 < q < oo. Each eigenfunction and each
generalized eigenfunction belongs to (), ... Z(Z’). Moreover, [C ~ &“]N{\ €
C;Re\ >0} C p(Zy).

PROOF. Since G¥ = JCSS(*Z;)), the set C ~ &% is a subset of p(ffq;”),
with the possible exception of at most a countable set of isolated eigenvalues of
(=Z,°), which have finite algebraic multiplicities, see [25, p.243].

Thus, assume that w is an eigenfunction of — %, corresponding to an eigen-
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value A ¢ &“. The fact that then A is an eigenvalue of £ for all 1 < s < oo
is proven in [14]. The idea of the proof is as follows: Let R > 0 be so large
that R® \ Br_1(0) C Q. We split w by means of an appropriate cut—off function
procedure and the Bogovskij operator to the sum w; + wsy, where both w; and
wy belong to Z(Z,°), w, is supported in R? < Br_1(0) and w, is supported in
QN Bg(0). Then (A + Z;")w; = fi, where fi can be explicitly calculated and
is supported in Bg(0) \ Br-1(0). Since w € Z(Z;°), elliptic regularity theory
and Sobolev’s embedding theorem prove that f; € L:(2) for all 1 < s < ¢* where
q* =nq/(n—q) if ¢ < n and ¢* = oo if ¢ > n. Extending f; by zero to R3\ Q, we
get a function from L (R?). Applying Theorem 2.1, we deduce that w1, extended
by zero to R \. Q, belongs to L5 (R?), s < ¢*, as well. Applying further estimate
(4.3), we obtain that w; € Z((£¥)gs). Furthermore, since wy is supported in a
bounded subdomain of Q, we verify that we € Z(£¥) for all 1 < s < ¢*. Repeat-
ing his step finitely many times, if necessary, we see that w = wy + wy € 2(Z¥)
for all 1 < s < oo. Therefore, w is an eigenfunction of — % to the eigenvalue A
for all 1 < s < o0.

Since the geometric multiplicity of A is the maximum number of linearly in-
dependent associated eigenfunctions w, and these eigenfunctions are independent
of s, the geometric multiplicity of A is also independent of s.

The algebraic multiplicity of A, since it is finite, equals the sum of the lengths
of all linearly independent chains of the so called generalized eigenfunctions, asso-

ciated with the eigenvalue . If w!, ..., w™ is such a chain, then () —|—,,2”q‘*’)'l,u1 =0
and (A + fq“)wk =wk! for k=2,...,m. By analogy with the eigenfunction w
discussed above, one can successively show that all the functions w',...,w™ also

belong to Z(£¥) for all 1 < s < co. Consequently, the algebraic multiplicity of
A, as an eigenfunction of — Y, is independent of s as well.

Finally, if A € C ~ G“, Re\ > 0, then one can prove that the operator
A+ £ has a bounded inverse in L2(Q), just multiplying the resolvent equation
A+ Z)u = f by u and integrating on Q. Hence A € p(—%5). Due to the
explanation given above, A is not an eigenvalue of £ for any ¢ € (1,00) and A

also cannot belong to 0,(—%,"). Hence A € p(—.2;”), independently of q. O

LEMMA 4.4. Let domain Q) be axially symmetric about the x3—azis and A €
C ~ G“. Then X € p(Zy).

PROOF. We have proved in [12] that if Q is axially symmetric about the
xs—axis then 0(.Z5’) = 6¥. Hence all A € C ~\ &% belong to p(.Zs’). Due to
Lemma 4.3, these A belong to p(£;”) for all ¢ € (1,00) as well. O

The next theorem resumes the results of Lemmas 4.1-4.4.
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THEOREM 4.5. Let1 < q¢ < oo and 2 C R? be an exterior domain with

boundary of class CY'. Then
(1) Oess(—=Z)) = 6%,
(ii) {z€ C;Rez >0} N {z =iwk;k € Z} C p(—2),
(iii) each A € C \ &“ with Re X < 0 is either an eigenvalue of —£° for all

1 < g < o0, whose both algebraic and geometric multiplicities are finite and
independent of q, or A € p(,ng) for all 1 < q¢ < co; moreover, each eigen-
function and each generalized eigenfunction belongs to (), ... 2(Z¥),

(iv) if the domain Q is awially symmetric about the x3—azis, then p(—2;’) =

C . 6“.
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