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Abstract. A self-transverse immersion of a smooth manifold M?™ in
R*"=5 for n > 5 has a double point self-intersection set which is the image of
an immersion of a smooth 5-dimensional manifold, cobordant to Dold manifold
V% or a boundary. We will show that the double point manifold of any such im-
mersion is a boundary. The method of proof is to evaluate the Stiefel-Whitney
numbers of the double point self-intersection manifold. By a certain method
these numbers can be read off from spherical elements of Hay,—5QMO(2n—5),
corresponding to the immersions under the Pontrjagin-Thom construction.

1. Introduction.

The classification of manifolds and maps is a difficult problem. Recently, some
mathematicians try to classify the immersions up to multiple point manifolds. This
problem is not only equivalent to Hopf invariant one problem in codimension one
(see [9]) but also closely related to Kervaire invariant problem.

The r-fold point manifold problem comes back to Banchoff’s work about im-
mersion P? & R3 given by Boy’s surface (see [4]). More generally P. J. Eccles
in [8] describes the problem when the r-fold point manifold is 0-dimensional. For
more information in this dimension see also [9] and [10]. Since the cobordism
classes of 1-dimensional manifolds are boundaries, the problem when the r-fold
point manifold of an immersion is 1-dimensional is clear up to cobordism. The
problem has been investigated by A. Szucs in [17], when the r-fold point man-
ifolds are surfaces; with correction by the author and P. J. Eccles in [3]. In
this paper we will consider the problem when the double point manifolds are
5-dimensional. The cobordism class of 5-dimensional manifolds is generated by
boundaries, and 5-dimensional Dold manifold, denoted by V. We will show that
the Dold manifold V® cannot occur as a double point manifold for a given even
dimensional manifold M™ and any immersion f : M™ 9 R?"~5. We use the al-
gebraic topology and in particular the correspondence between cobordism groups
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and homotopy groups of Thom complexes. In [2] we have described a general ap-
proach to these problems which gives a method for determining the bordism class
of the self-intersection manifold of any immersion. The unoriented bordism class of
a manifold can be detected by its Stiefel-Whitney numbers and the Stiefel-Whitney
numbers of the self-intersection manifolds of an immersion can be read off from
certain homological information about the immersion. Although the introduction
for this problem can be found in [3], we will give a short introduction.

Let f : M™ 9 R?"® be a self-transverse immersion of a compact closed
smooth n-dimensional manifold M in (2n — 5)-dimensional Euclidean space. A
point of R*"~° is an r-fold self-intersection point of the immersion if it is the
image under f of r distinct points of the manifold. The self-transversality of
f implies that the set of r-fold self-intersection points is itself the image of an
immersion

0:(f) - An(f) & B2

of a compact manifold A,(f), the r-fold self-intersection manifold, of dimension
n — (n — 5)(r — 1). Since we have supposed n > 10, the above number will be
negative if r > 2. Therefore, we will investigate the problem when r = 2. In
the cases n < 10, we have the multiple point manifolds and detecting of spherical
elements needs different techniques. Note that this problem is valid for n > 6,
the cases n = 6,8,9,10 has been investigated. If n = 6,8,10 the double point
manifolds are boundaries, but for n = 9 there is an immersion of a boundary with
double point cobordant to Dold manifold V°. The cases when the dimension of a
manifold is odd and n > 10 is still open, but if n =1 mod 8, I have some idea to
solve the problem. If n = 3,5,7 mod 8, the problem should be difficult. However,
here we will work with arbitrary dimension to find some general results for future
references. Our main result is the following.

THEOREM 1.1.  Let f : M?" & R*"5 be a self-transverse immersion. Then,
for n > 5 the double point manifolds of such immersions are boundaries.

The paper is organized as follows: In Section 2 we will describe how we can
use the general technique introduced in [2] to solve this problem. In Section 3
we will calculate the primitive and @%-annihilated elements of Ha,,_5QMO(n—>5)
and finally in Section 4 we will prove Theorem 1.1 and we will detect the spherical
elements which involve height tow elements.
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2. The Stiefel-Whitney numbers.

Let Imm(n, k) denote the group of bordism classes of immersions M"™ 9
R of compact closed smooth manifolds in Euclidean (n + k)-space. By general
position every immersion is regularly homotopic and so bordant to a self-transverse
immersion and so each element of Imm(n, k) can be represented by a self-transverse
immersion. In the same way bordism between self-transverse immersion can be
taken to be self-transverse; it is clear that such a bordism will induce a bordism
of the immersions of the double point self-intersection map

02 : Tmm(n, k) — Imm(n — k, 2k).

Let MO(k) denote the Thom complex of a universal O(k)-bundle v* : EO(k) —
BO(k). Using the Pontrjagin-Thom construction, Wells in [19] describes an iso-
morphism

¢ : Imm(n, k) = 7r;?+k]\/[0(k).

But the stable homotopy group 775 M O(k) is isomorphic to the homotopy group
Trn1k@MO(k), where QX denotes the direct limit Q°X>°X = lim Q"X" X, where
Y. denotes the reduced suspension functor and €2 denotes the loop space functor.
By counsidering the Z/2-homology Hurewicz homomorphism

hiwS W MO(K) = 10k QMO(K) — Hy hQMO(K)

we describe in [3] how for a self-transverse immersion f : M™ & R"** correspond-
ing to o € 7, , MO(k), the Hurewicz image h(c) € Hyp,QMO(k) determines
the normal Stiefel-Whitney numbers of the self-intersection manifold A, (f). In
the case of double point self-intersection manifold may be outlined as:

The quadratic construction on a pointed space X is defined to be

DQX:X/\X ><|Z/QS°° =XAX ><Z/28°°/* XZ/QSOO,

where the non-trivial element of the group Z/2 acts on X A X by permuting
the coordinates and on the infinite sphere S°° by the antipodal action. There is
a natural map h? : QX — QD>X known as the stable James-Hopf map which
induces stable Hopf invariant h? : 75X — 75Dy X (see [5] and [6]). If the self-
transverse immersion f : M™ & R"™** corresponds to an element o € 75 1 MO(k),
then the immersion of the double point self-intersection manifold 62(f) : A2(f) &=
R"™* corresponds to the element h2(a) € w5, , DoMO(k) given by the stable
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Hopf invariant (see [12], [15], [16], [18]). The immersion (f) corresponds to an
element in the stable homotopy of Do M O(k) because the immersion of the double
point self-intersection manifold automatically acquires additional structure on its
normal bundle, namely at each point f(z1) = f(x2) the normal 2k-dimensional
space is decomposed as the direct sum of the two (unordered) k-dimensional normal
spaces of f at the points z; and x5. The universal bundle for this structure is

V¥ x ¥ x z/91: EO(k) x EO(k) X z/2 S — BO(k) x BO(k) X z/2 S
which has the Thom complex Do MO(k). We consider the map
€0+ 75 DaMO(K) — 5, MO(2k)

induced by the map of Thom complexes £ : DoMO(k) — MO(2k) which comes
from the map BO(k) x BO(k) X z,2 S> — BO(2k) classifying the bundle ¥ x
v x4 /2 1. In homology, observe that by adjointness, the stable James-Hopf map
h? . QX — QDyX gives a stable map ¥*QX — Y*°D,X inducing a map in
homology H,,+x QX — Hy, 1+ D2X. These give the following commutative diagram.

Imm(n, k) 02 Imm(n — k, 2k)

mltﬁ 2 ”l‘ﬁ

75 MO(k) — s 75, DyMO(k) —=—= 75, MO(2K)

h [
Hy iQMO(k) —— Hpyx DoMO(k) —— Hyp s MO(2k)

Diagram (1).

In this diagram the vertical maps ¢ are the Wells isomorphisms, second and third
vertical maps in the bottom squares are the stable Hurewicz homomorphism de-
fined by using the fact that the Hurewicz homomorphism commutes with suspen-
sion. The first square on the bottom commutes by the definition of the stable
Hurewicz map and by naturality, and the second square commutes by natural-
ity. Notice that the normal Stiefel-Whitney numbers (and so bordism class) of the
double point self-intersection manifold Ay (f) of an immersion f : M™% 95 R™ cor-
responding to a € 7, , MO(k) are determined by (and determine) the Hurewicz
image h9(3) of the element 8 = &h2(a) € 75, MO(2k) corresponding to the
immersion 03(f). To recognize this we recall the structure of H,MO(k).
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Homology of MO(k) and QMO(k).
Let e; € H;BO(1) = Z5 be the non-zero element (for ¢ > 0). For each
sequence I = (iy,12,...,1;) of non-negative integers we define

er = €€y ... €, = (i) (€, ® €5, ® - @ e;,) € H.BO(k)

where px : BO(1)F — BO(k) is the map which classifies the product of the
universal line bundles. The dimension of ey is |I| =41 + ig + - - - + k.

From the definition of g, €;,€:, ... €, = €5(1)€5(2) - - - €5(x) for each o € Xy,
where ¥ denotes the permutation group on k elements. Thus each such element
can be written as e;, e;, ... e;, where i3 <ip <--- < iy and it follows by counting
argument that {e; e;,...e; | 0 < i3 < iy < .-+ < 4} is a basis for H,BO(k).
The sphere bundle of the universal O(k)-bundle v* is given up to homotopy by
the inclusion BO(k — 1) — BO(k) and so the Thom complex M O(k) is homotopy
equivalent to the quotient space BO(k)/BO(k — 1). It follows that {e;, e, ... €, |
1<y <ig <--- <} is a basis for H*MO(I@)

Dyer and Lashof (see [7] or [13]) make use of the Kudo-Araki operations
Q' : H,,QX — H,,1;QX to describe the homology of QX. These operations are
trivial for ¢ < m and equal to the Pontrjagin square for ¢ = m. If I denotes the
sequence (iq,4s,...,i,) then we write @'z = Q1 Q" ...Q"z. The sequence I is
admissible if i; < 7;,1 for 1 < j < r and its excess is given by e(I) = i1 —ig—- - - —i,.
With this notation we can give the description of H,QX as a polynomial algebra: if
{zx | A € A} is a homogeneous basis for H,X C H,QX where X is path-connected
space, then

dim

TX

H.QX = Z5|Q"zy | € A, T admissible of excess e(I) >

We may define a height function At on the monomial generators of H,QX by
ht(zy) = 1, ht(Q'u) = 2ht(u) and ht(u - v) = ht(u) + ht(v) (where u - v represents
the Pontrjagin product).

Now by Diagrams (1), the double point self-intersection manifold of an immer-
sion M™ 9+ R?*"~5 may be identified up to bordism by using the stable Hurewicz
homomorphism

he w5 <MO(2n —10) — Ha,_sMO(2n — 10).

To determine these note that from the above, Ha,_5MO(2n — 10) has a basis
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2n 11 2n 12 2n—12 2n 13 2

€1 €6, €1 €265, € €3€4, €1 €964,
2n—13 2 2n—14 3 2n—15 5
61 6263, 61 82637 61 2

On the other hand, since H* MO(k) 22 wy, Za[w1, wa, . . ., wy], where w; € H BO(E)
is the i-th universal Stiefel-Whitney classes (see [14, Theorem 7.1]). So the coho-
mology group H*"5MO(2n — 10) has a basis

5 3 2
W2n—10W1, Wan—10WjW2, W2n—10WjW3, W2n—10W1W4
2
W2p—-10W1 Wy, Wap—10W2W3, W2p—-10Ws5-

Now from the vector space duality Ha,—5MO(2n — 10) has the dual basis
5\ * 3 * 2 * *
(w2n—10w1) ) (w2n—10w1w2) ) (an—IOwlw?)) , (wan—10wrwy)

2\ * * *

(wan—10w1w3)",  (Wap—10waws)*, (wan—10ws)",

By using [Theorem 3.4 of [2]] we can show that

* 2n—11
(won—10w?)" = e} €6,
* 2n—11 2n—12
(wan—1owiws)” = ei" Meg + e Peges,

(wap—10wiws )* = 2 e + 212065 + €27 2 egey,
(w2n— 10w1w3)* =2 Heg +e2" Peges + 3" Peley,
(wan—10waws)* = eI Meg + eI Peses + 7" Peses + 61" Peges,
(wan—10wiws)* = eI Meg + eI Peses + 7" Peges + 1" Pedey
+ &2 Begel + eI Medes,
(wan_10ws)* = 2" Heg + 2" Peges + 3" HPegey + eI Bedey
+ei" Pegel + e Medes + €316l

Note that the cohomology group H®(V®; Zs) = (cd?), where ¢c € H*(V5; Z3) and
d € H*(V5;Z3) so by vector space duality, Hs(V?; Z3) = ((cd?)*). Tt is well
known that the total normal Stiefel-Whitney class of V? is

w=14+d+ cd.
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So w; =0, Wy = d, w3 = c¢d and w; = 0, for all 4 > 4. Since the only nonzero
class in dimension 5 is wew3 we have wows [V5] = 1 and the other normal Stiefel-
Whitney numbers are zero, by Whitney duality theorem. Note that w; = 0 means
that V' is oriented up to cobordism. We collect the above in the following theorem.

THEOREM 2.1.  Let f : M™ — R?"~° be a self-transverse immersion. Then
the double point manifold of f is the Dold manifold V5, (i.e. is not null-cobordant)
if and only if

2 an—11 2n—12 2n—12 m—13_ 2
&hi(h(a)) = €] €6 + €] eses + €] eses + €] €€,

And it is a boundary, (i.e. is null-cobordant) if and only if £&,h2(h(a)) = 0. Where
a denotes the representation of f in w5, sMO(n—5) = mo, 5QMO(n —5) under
the Wells isomorphism.

PROOF.  Since by Diagram (1), £&.h2(h(a)) represents the double point man-
ifold of immersion f : M™ — R*"=5 in Ha,_5MO(2n — 10) and from the above

calculations the only non zero normal Stiefel-Whitney number corresponding to
2n—11 2n—12 n—12

Dold manifold V' is the element wyws, dual to e] es+e] eses +e% eses+
e2"13eye2, the theorem follows. O

For the evaluation of £,h2(h(«)) from Diagram (1) and then the cobordism
class of the manifold Ay (f) from Theorem 2.1, we need the following lemma which
is the special case of Lemma 2.3 in [3].

LEMMA 2.2.  The homomorphism h? : H.QX — H.D>X is given by the
projection onto the monomial generators of height 2. The kernel is spanned by the
set of height other than 2.

COROLLARY 2.3. A basis for Hyp_5DoMO(n — 5) is given by the following
elements.

el et Oeg, e e Teges, e e Tegey, €70 el 8e3ey,
e el Beged, e et edes, e en 1065, e Oey - e Oes,
el % e Teges, el Ceq el €3, el Oey el Bedes, el Cey- et %,
eV Oes el 3, e 0z el Teges, el Oez-e0ey, el Te3 el 8ed,
elTed e Teges, el €3 - el Cey, Qe ?, Q" e ey,
6271726;1—6637 Qn726?—7e%.

Finally, we should determine the spherical classes in Ha,,—5QMO(n — 5), i.e.
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the classes in the image of
h:mon_sQMO(n —5) — Hoy_5QMO(n — 5).

Then, the images of these classes under the map &, o h2 determine the double
point manifolds, (see Diagram (1)). Although the description of these spherical
classes is so difficult, it is not necessary. For it is sufficient to observe the following
well-known properties of spherical classes which are immediate from H,S™ by
naturality. Note that this is not sufficient to find the spherical elements but it is
helpful to reduce the number of elements to be checked.

LEMMA 2.4.

(a) If a homology class u € H,X is spherical then it is primitive with respect
to the cup coproduct, that is ¥(u) = u®1+1Qu, wherep : H, X — Hp (X x X) =
YiH; X ® Hyp_; X is the map induced by the diagonal map.

(b) If a homology class w € H, X 1is spherical (or stably spherical, i.e. in the
image of h® : w3 X — H,X) then it is <fa-annihilated by the reduced Steenrod
algebra, i.e. Sqt(u) = 0, for all i > 0, where Sq' : H,X — H,_;X is the vector
space dual of the usual Steenrod square cohomology operation Sq' : H"'X —
H"X.

REMARK. Since the r-fold intersection manifold of any immersion M™ %
R2"75 for n > 10 is empty for all » > 3 we have,

H2n75QMO(TL - 5) = H2n75MO(TL - 5) D H2n75D2MO(TL - 5)

The homology group Hs,_5MO(n — 5) is generated by e;, e;, ---€; . where, 1 <
11 <ig < -+ <ip_5and iy +iz+ - +i,—5 = 2n — 5 and the homology group
Hs,,_5D2sMO(n — 5) is described in Corollary 2.3. So for n > 10 the homology
group Ha, 5QMO(n—5) corresponding to immersions M™ 9+ R?"~5 is completely
determined.

3. Primitive &/5-annihilated elements.

In order to find the spherical elements of Ha,_5QMO(n — 5) using Lemma
2.4, first we try to find its primitive submodule. Let 1 denote the cup coproduct
and note that a € H, X is primitive if and only if

Y(E)=(z1+1 ).

We need the following lemma from [1].
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LEMMA 3.1. A height one element is primitive if and only if the element
contains e1. Moreover if a is primitive, then Q*a is also primitive.

But it is possible the linear combination of non-primitive elements to be prim-
itive element. To see which linear combination of non-primitive elements is prim-
itive, note that the height one non-primitive elements by Lemma 3.1 are the fol-
lowing elements. Note that ¢(e,) = ) e; ® e; and external and internal Cartan
formula hold (see [13, Theorem 1.1]).

n—6 n—"7 n—"7 n—8 2 n—_8 2 n—9 _3 n—10 _5
ey €7, €5 'ezeg, €5 €45, €5 €365, €5 €3€;, €5 e3e4, €y es.

And the height two non-primitive elements are the elements of Corollary 2.3 except
the following primitive elements.

Qne?—S, Q”_le?_(jeg, 6211—26711—6637 Qn—Qe?—’?e%’

The action of ¢ on these elements shows that the following combinations are
primitive. Note also that the calculations are so long and therefore we omit them.

A=el 5 et Oeg+ el Cey el Oes + el Oez- el Cey + b Cer,

—6

-5  n-T -6 -7 -7
B=¢€7"" e "eses + €l Vea- €] "eses + €] Ves - €7 Teges

+ 6?_6 n—7_2 n—6

-6 -7
es-ef ‘ez + el Ves el Vea + ey Teseq,

-5 n—7 -6 —7 2 -6 —7 -6 -6
C=e€]"" €l "egeqa+ e Peq-e] ez + el ez el ‘ezes + el Veq €] Ces

+ 6?7662 . 6?776264 + 6?7763 . 6?776263 + 63776465,
_ n—5 n—8 2 n—6 n—8 2 n—6 n—8 _3 n—6 n—7_2
D =el"" e "ezes+e] ea-e] Tezes el Vez-e] ey 4ef Ceqa-ef ‘e
-8 2
+ el Ceses,

n—5__n—8 2 n—7,2 _n—-8_3 n—7.2 _n—6 n—=8 2
E=el"7-€e "exes+e] ‘ey-el ey e ‘ez el “ea+ ey “esey,

-5, ,n—93 -6 -9 4 —6 -8,3 -9.3
F=e]"" €l eses+e7 ea-e] Tes+ €7 ez el Ty +eh Ceseq

8 n—"7_2 n—8 3 n—"7_2

-6 -82 -7

+el Pea el %eses + et es - el ey + el ey - €] eaes,
n—>5 n—10_5 n—=6 n—9 _4 n—10_5

G=el""-e] e tel Tea-e] Tegtey es.

Therefore we have the following Corollary.

COROLLARY 3.2.  The primitive submodule of Hop—5(QMO(n — b)) is gen-
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erated by the following elements.

Qne?ff)’ Qn_1€?7662, Qn_26?77€%, Qn—26?76637

A B, C, D, E, F G, o

Here § runs over a basis of primitive height one elements.

If a height one element is spherical, then the double point manifold is a bound-
ary. So we are going to show which of the elements involving height two element of
the above Lemma are -annihilated. The action of Steenrod Algebra is given by
the Nishida relation and external and internal Cartan formula hold (see [13, The-
orem 1.1]). Since the mod 2 Steenrod Algebra is generated by S¢? and because
of dimensional reason the action of Sq?f on the above elements are zero for ¢ > 3
we will look them, when ¢ = 0,1, 2. Note that this action preserves the height and

the following formulas are useful in calculations.

S¢.Q(a) = ) (:;2) Q' (Sqk(a));  Sqle; = (j;Z)ejz‘

2k<i

where Sq¢! denotes the dual of Sq'.
From now on we suppose that n =0 mod 2.

LEMMA 3.3. Letn = 0 mod 2. The action of Sql on the elements of
Corollary 3.2 is given by

SEQrer T =Qrer,
SQiQn_le?_662 - 07
SqlQn e Te2 = et el - e e,
SqlQn 2" b3 = e Oes - e,
Sql(A) = el %s- e Oes + 6,

n—=6

—6e, - e?_664 + el Pes - 611_76263

1 n—=5__n-—7 n
Sq,(B) =€} 7 el "eqey + €]
-6 -7,2 -6 -6
+el Ces el ey + el ez el Veg + 0,
Sql(C) =ep™ e Teges + el s - el Oy + e 0y - e Teges

-6 —7 2
+e7 es el e + 9,
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Sql(E =e]” 76% er” 72+6

n—=5_ _n—9 4 n—"7_2 n72
10 el ey +el T es el Tes + 0,

Here § denotes a linear combination of primitive height one elements.
PROOF. Just use the formulas mentioned before the lemma. O

From Lemma 3.3 one can show the following elements to be .-annihilated.
Q" el %, E+Q" el Tes, A+Q" %! %3, A+B+C, D, G.
LEMMA 3.4. The action of Sq? on the remaining elements are as follows:

Q”_2e?75 ifn=0 mod4
Sq? (Qn ! 1 662) = 3,n—6 2,n—5
Q" el Pea + Q" %€} ifn=2 mod4

)
(B)
(C) =P e Oy + el Bey- el el + e e Teges + 0,
Sq2(D) = e €2 - e Oy 4 et 0 e 8el 46,
(E) >
(@)

-6 —5, gn—8,3
e5-el Cea+el " el %es + 0,

Here § denotes a linear combination of primitive height one elements.

According to the above lemma one can show the following elements to be
afa-annihilated.

Q2 Ce3 + A46, Q"% "2+ D+E+6, G+

LEMMA 3.5.  The action of Sq* on the remaining elements are as follows:
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SqH(Q" el es) = Q" el 7,
Sqi(Q"2et %) =0,
Sqi(A) =,
Sqi(D) =9,
Sq:(E) =i - ef ex + 6,
Sqi(G) =6

Here § denotes a linear combination of height one elements.
We sum up all of the above in the following theorem.

THEOREM 3.6.
module of Hop—5QMO(n —5) is generated by the following elements.
es+ A+, 0,

Qn 261 G,

Here § denotes a primitive combination of height one elements.

4. Detecting spherical elements.

COROLLARY 4.1.
spherical, then the double point manifolds are boundaries.

PrROOF. By Theorem 3.6 it is primitive and @%-annihilated. Now if it
spherical then there is an element o € mo,_5QMO(n — 5) such that h(«a)
Q" 2e %3 + A+ 6. But by Theorem 3.1 of [2] we have

g*Qn 2 n 66 _efn 12636 _’_efn 1262654-6?” 1166;
GA=el""Peges + 3" Peses + 67" Heg
Now from Diagram (1)
& (h2(h(a))) = &(Qm2e} e + A) = 0.

Therefore, by Theorem 2.1 the double point manifolds are boundaries.

COROLLARY 4.2.
folds are boundaries.

Let n =0 mod 2. If the element Q" 2e} Cez + A+6 i

Let n = 0 mod 2, then the primitive of5-annihilated sub-

is

O

If the element G is spherical then the double point mani-
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PROOF. It is primitive and @%-annihilated. If it is spherical, then there is
an element « € ma,_5QMO(n — 5) such that

-5 _n-10_5 -6 -9 4 —10 5
ha) =€77"e]" ey + el Cea-el Ves + ey Ve + 6,

So by Theorem 3.1 of [2] we have £,h2h(a) = 0. Then the corollary follows from
Theorem 2.1. O

Proof of Theorem 1.1.
It follows from Corollaries 4.1 and 4.2.

SOME COMMENTS. It is good idea to know these elements are spherical or
not. We claim that the element G + § is spherical for some height one element 6.
The element Q”*e?_ﬁeg 4+ A + § is not spherical for any height one element &,
when the corresponding manifold is embedded.

LEMMA 4.3.  The element G + 6 is spherical for some height one element 6.

PrROOF. We prove this lemma in two cases. If n is odd, write n =5+ 2™ +
2724973 then consider the manifold M" = V° x P?"" x P2"* x P2"*. This manifold
is immersed in R?"~® since W(V°) = 1+ d + cd and W(P?") = (14 a;)?" " for
i =1,2,3, where ¢ € HY(V°; Z), d € H*(V°; Z) and a; € H*(P?"). Therefore
Wo_s(M)=cd®@a? ' @a2” ' ®@a2” ' and Ws(M) = d ® a; ® ay ® az. From
which we deduce that @,,_sws(M) = cd®> @ a3 ® a3~ ® a3 # 0. This shows
that the Hurewicz image of this immersion involves the element e5 '3, Let o
represent this immersion in ma,_5QMO(n — 5). So necessarily we have

h(a) = G+ 0.

This proves lemma in this case. If n is even we write n = 271 4272 4278 4 274 4 275
Then by a similar argument as above we can show that G 4 ¢ is also spherical. [

To prove the element Q"‘Qe?_(jeg + A+4 is not spherical we need the following
theorem.
THEOREM 4.4.  Given a € T, (QX) = 75 (X)), if h(a) = (uf,)? and u, €

H,,(X), then Sq™ " u,, # 0 € H*™HLC,. Here the stable space C, is the mapping
cone of the stable map o : S™ — X.

PROOF. See [11] notes of Proposition 4.4 and for more details when X =
P> see [10]. Also the interested readers can see the proof of Proposition 5.8 of
[3]. O
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Let Qn_2€?7663 + A 4+ § be spherical. Then there is an element a €
Ton—5QMO(n — 5) such that

h(a) = Q" 2el %z + A +4.

If we put this immersion in R**~*, then we will have another immersion with
Hurewicz image

-5 -5 -6
€7 es - el Yes +ereq Cer + e1d,

Now if the corresponding manifold M is embedded up to cobordism in R2"~4,
there is an embedding M"™ — R?"~* with Hurewicz image equal to 61637667 +
e18. This shows that when n is even the element e °es - €] °es is spherical
in Hyp—4QMO(n — 4). But the following lemma shows that if the manifold is
embedded, the element Q”_Qe’f_ﬁeg + A + 0 can not to be spherical.

LEMMA 4.5. Let n = 2m. Then the element e} e - € Pey is primitive

ly-annihilated but it is not spherical.

PrOOF. It is clearly primitive @%-annihilated. Suppose it is spherical. Since
eV ez e Pez = (wn_gw?)* - (wp_gw?)*, then by Theorem 4.4 e Pes - e Oes is
spherical if and only if S¢" tw, _4w? # 0 in H?*"~3C,,, where C,, is the mapping

cone of stable map of a. But since n = 2m we have

n—1

Sq" w, _gw? = S Mwoy, _gw?
= 5¢"S¢*" 2wy _qwi (Adem)
= Sq¢'w3,, 4w} (dimension)
= Sq'Sqtw3,, ,w?

=0 (Adem).
This is a contradiction. So it is not spherical. g
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