(©2010 The Mathematical Society of Japan
J. Math. Soc. Japan

Vol. 62, No. 3 (2010) pp. 745-765

doi: 10.2969/jmsj/06230745

Invariant subspaces and reducing subspaces
of weighted Bergman space over bidisk

By Yufeng LU and Xiaoyang ZHOU

(Received Apr. 13, 2009)

Abstract. In this paper, we study the invariant subspace and reducing
subspace of the weighted Bergman space over bidisk. The minimal reducing
subspace of Toeplitz operator T, n = Tz{\]zév is completely described, and
Beurling-type theorem of some invariant subspace of the weighted Bergman
space over bidisk is also obtained.

1. Introduction.

Let dA denote Lebesgue area measure on the unit disk D, normalized so
that the measure of D equals 1. For a > —1, we denote the measure dA, by
dAn(2) = (a + 1)(1 — |2]?)*dA(z). The weighted Bergman space A2 (D) consists
of analytic functions f

oo
f(z)= Z anz"
n=0
in the unit disk D such that
o0
I£12 = wnlan|? < oo,
n=0

where w,, = 22+ - 1p en(z) = /2", then {e,(2)} is an orthonormal basis

I'(24a+n) -
for A%2(D).
It is easy to see that A2(D) is a Hilbert space with inner product

(f.9) = /D f(2)9)dAa(z),  fog € A2(D).
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Let @ be the Bergman orthogonal projection from L?(D) onto A2(D). For a
bounded measurable function f € L (D), the Toeplitz operator with symbol f is
defined by Tyh = Q(fh), for h € A2(D). 1t is clear that Ty : A%2(D) — A%(D) is
a bounded linear operator.

The unit bidisk D? and the torus T2 are the cartesian products of two copies of
D and of T, respectively. Observe that T? is only a small part of the boundary 0.D?.
T? is usually called the distinguished boundary of D?. The weighted Bergman
space A2(D?) is then the space of all holomorphic functions in L?(D?, dv, ), where
dve (z) = dAy(z1)dAq(22). For multi-index 8 = (81, B2), let

1

Wp, W,

€g = Zﬁ

then {es}g is an orthnormal basis for A% (D?).

Let P be the Bergman orthogonal projection from L?(D?) onto A2 (D?). For a
bounded measurable function f € L>(D?), the Toeplitz operator with symbol f is
defined by T¢h = P(fh), for h € A%2(D?). 1t is clear that Ty : A%2(D?) — A%(D?)
is a bounded linear operator.

For the general theory of the weighted Bergman space on the unit disk and
bidisk, readers refer to [3], [9] and [6].

One of the reasons that invariant subspaces in Bergman spaces A2 have at-
tracted so much attention in recent years is that they are closely related to an
old open problem in Operator Theory. More specifically, the invariant subspace
problem (of whether every bounded linear operator on a separable Hilbert space
of infinite dimension has a nontrivial invariant subspace) is equivalent to the fol-
lowing question about invariant subspaces of the Bergman space A2: Given two
invariant subspaces I and J of A2 with I C J and dim(J & I) = oo, does there
exist another invariant subspace M of A2 lying strictly between I and J? See [4]
for an explanation and references.

It is well known that the multiplication operator M, on A% (D) possesses a
very rich structure theory, although its definition seems simple-minded. It poses
many serious questions to be answered, such as the understanding of its invariant
subspace. We mention here the work [1]. The study of invariant subspace of
general analytic multiplication operators has also picked up momentum, see [5]
for example. One of the problems we will be concerned with in this paper is
Beurling-type theorem of weighted Bergman space over bidisk.

Besides the structure of the invariant subspaces, the understanding of invari-
ant subspace lattice is also helpful to the invariant subspace problem. In [10],
Kehe Zhu got a complete description of the reducing subspaces of multiplication
operators on Bergman space induced by 22 and by Blaschke products with two
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zeros in D. In [7], Michael Stessin and Kehe Zhu extended the result in [10] to
the reducing subspaces of weighted unilateral shift operators of finite multiplicity.
In [2] and [8], Kunyu Guo, Shunhua Sun, Dechao Zheng and Changyong Zhong
developed a machinery and completely classified nontrivial minimal reducing sub-
spaces of the multiplication operator by a Blaschke product with order three and
four zeros respectively, on the Bergman space of the unit disk via the Hardy space
of the bidisk.

Motivated by [10], [7], [2] and [8], in this paper we investigate reducing sub-
space lattice of Toeplitz operator T,n = T,y.y in A2 (D?) and obtain a complete
description of the minimal reducing subspaces of T~ in A% (D?).

Let us begin the study by doing some preparations.

We let E be a separable Hilbert space of infinite dimension, and {d; : j > 0}
be the orthonormal basis for E, and we let L?(E) denote the E-valued weighted
Bergman space on the unit disk D, i.e.

12(E) = {f DB f=Y e B =3 wnlleallh < oo}.
n=0 n=0

In order to make a study of the weighted Bergman space A2 (D?), we identify
the space E with another copy of the Bergman space. Then L?(E) = A2(D)® E
will be identified with A%(D) ® A2(D) = A%(D?). We do this in the following
way.

Let u be the unitary map from E to A% (D) such that

u(éj) = ej(ZQ), ] > 0.
Then U = I ® u is a unitary from A2 (D) ® E to A%(D) ® A2(D) such that
Ulei(21)9;) = ei(z1)ej(z2), 4,5 =0,

where I is the identity operator on A2 (D).

A closed subspace M of A2(D?) is called an invariant subspace of the operator
A, if AMC M.

A closed subspace M of A% (D?) is called a reducing subspace of the operator
A, if M is an invariant subspace of both A and its adjoint A*.

In Section 2, we study the minimal reducing subspace of Tz{v, ng\’ and T,~
over bidisk. And then, in Section 3, Beurling-type theorem of some special kind
of invariant subspace over bidisk is obtained.

We can now state our main result.
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THEOREM 1.1.  Suppose M is a reducing subspace of T,n in A%(D?), then
there exist nonnegative integers a,b,k,m with 0 < m < N —1 and a,b € {0,1}
such that

Span{(az} + b2b)(z120)™ N 1 1=0,1,2,...} C M.
In particular, M is minimal, if and only if,
M = Spcm{(az’f +025)(2120)" N 11 =0,1,2,... }.

THEOREM 1.2.  Suppose —1 < a <0 and for anyi = 1,2, M is an invariant
subspace of Ty, in A%(D?). Then M is generated by M © T,, M, that is

M =[M & T, M.

2. The reducing subspace of the weighted Bergman space over
bidisk.

Throughout this section we fix an integer N > 1, and consider the complete
description of the reducing subspaces of the operators T~ and T~ (t=1,2) in
the weighted Bergman space A2 (D?).

Note that for any f € A2(D?),

f = Zzggﬂ(zl)a (21522) € D27
n=0

where {g,}, are holomorphic functions in A2 (D). It is the unique decomposition
with respect to

o0

A%D*) =) @5 AL(D).
n=0
Let the closed subspace 25 A% (D) be denoted by Xr(Ll)7 then we have

A(D*) => oxV.
n=0

. . 1 e .
Since T,y is an operator on A3 (D?) and X are its invariant subspaces, T.y is
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the direct sum of its restrictions to Xﬁbl)(n =0,1,2,...), i.e.

o0
Ty =Y @T,x|XD.
n=0
Let S,, be the restriction of the operator Tz{v to the closed subspace Xfll).
First, we will give the description of the reducing subspaces of S,, in A% (D?), and
that is based on the following result, see Theorem 14 in [7] for details.
Suppose that M~ is the weighted unilateral shift operator on A2 (D), then
X, = Span{z"t*N .k = 0,1,2,...} (0 < n < N — 1) are the only minimal
reducing subspaces of M,~ in A% (D). In particular, there are exactly 2V reducing
subspaces of M_~ in A% (D), and they are simply the direct sum of these minimal
reducing subspaces.
Here and throughout the paper we use Span to denote the closed linear span
of a set in a Hilbert space.

THEOREM 2.1.  Foranyn=20,1,2,..., x = 28 A% (D) is a closed subspace
of A%2(D?). Then

Span{zngﬁal]v ta1=0,1,2,...} (0<n < N-—1)

are the only minimal reducing subspaces of Sy. In particular, there are exactly
2N reducing subspaces of Sy, in Xr(Ll), and they are simply the direct sum of these
minimal reducing subspaces.

PROOF. Let M C 2 A2(D) be a closed subspace in XV and
Mo = {f(z1) € AL(D) : 23 f(z1) € M},

it is easy to see that Mj is a closed subspace in A2(D), and 25 My = M.
If M is a reducing subspace of S, for any f(z1) € My,

My f(21) = 2327 f(21) = Sa(25 f(21)) € M,

My f(21) = P37 f(21)) = Sp(25 f(21)) € M,

so M is a reducing subspace of M_~ in A% (D).
Conversely, if My is a reducing subspace of M~ in A2 (D), similarly, M is a

reducing subspace of .S, in Xﬁl).
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If M is minimal, we assume that M is a nonzero proper reducing subspace
contained in My. Then 25 M} C z5My = M. It is a contradiction, since M is
minimal. So My is minimal in A2 (D).

Conversely, if Mj is minimal, similarly, M is minimal.

Thus M is a minimal reducing subspace of S, in Xy(bl), if and only if, My is a
minimal reducing subspace of M_x in A% (D).

By Theorem 14 in [7], the result is proved. d

Throughout this paper, we denote Span{z"ﬁalN a1 =0,1,2,...} by Mﬁ),
and Span{zy2T2N .y =0,1,2,...} by M,g)

LEMMA 2.1. Let M be a reducing subspace of T,y in A2(D?). If f € M,
ge Mt

f(z1,22) pr 22)27,  g(z1,22) = qu(zg)zf,

then for any p,q >0, f,(22)2) € M, g,(22)2] € M+.

PrOOF. Assume that M is a reducing subspace of TZ{V. For m,n > 0, we
firstly consider the orthogonal decomposition of 24 27" with respect to M. Let

Zg‘ZIn = a(zl722) + 5(21722)3
where a(z1,20) € M, B(z1,22) € Mt and a(z,29) = Yoo ag(z2)2¥ be the

multiple Fourier series of a. Let Py be the orthogonal projection from A2 (D?)
onto M. Then we have

T:{\rTZ{V (z’gz{") = P(zgz’f”N N) =z Q( m+N N)

S +N=N Zf Zf
= 2y <Q(z{” Z] ), : >
0 1

pan 1251/ N1=2

_ < AN RN ok

k O
w
e
m
= 2 (a 4+ ),

m
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m m

w w
PMT;{\]TZ{V (2521") = PM< Z+N (a + ﬁ)) = TN,

and

PyTnT.y(a+B) = PuTnT.yo+ PyTnT.x (3

It follows that

ak(z2)z1,

Wm+N o = Z WEk+N
Wm k=0

or

WEtN  WmgN
EI AN IR ) g(22)2F = 0.
WE Wm

k#m
Since <5 # “2EX when k # m, we get ax(z2) = 0, Vk # m.
That is a(z1, 22) = un(22)27, and B(z1, 22) = (25 — m(22))2". Since ||a|? +
18117 = [lz5 27" [|?, it is easy to see that [am(22)[* < [|25]>.

Therefore there exists a sequence of functions {a, m(22)}nm C A2(D) such
that

llotm m (22)[1> < [I2511%,
and

22" = onm(22)2]" + (23 — anam(22)) 2"
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is the unique orthogonal decomposition of 2% 2" with respect to M.
For any function f € M, f = Z;o:o [p(22)z7, it is easy to check that

o0 o0 o0
fol22)2 = " apn23 2l = apnanp(22)2 + Y apn(2h — anp(2))2L.
n=0 n=0

n=0

Let hp(22) = 32520 Gpnoimp(22), then

oo oo
iy (z2)lI* < D lapn P lanp(z2)I* < D lapnl* 12517 = 1/ (22)]* < oo,

n=0 n=0
and
fo(22)20 = hy(22)2] + (fp(22) — hp(22))27,

where hy(22)2) € M, and (f,(22) — hp(22))2} € M*.
So f has the unique orthogonal decomposition with respect to M:

oo oo

f= Z hp(22)27 + Z(fp(ZZ) — hp(22))27.

p=0 p=0

Since f € M, 332 (fp(22) — hp(22))2] = 0. Then for any p = 0,1,...,
fp(22) = hp(22), that implies f,(22)2 € M.

Similarly, for any function g € M=+, g = Y72 g4(22)2{, then g,(z2)2] € M+,
Vg =0,1,.... So the proof is completed. O

THEOREM 2.2.  For any function f = f(z2) € A%2(D), and each integer ny
with 0 <n; < N —1, let

Flea) M) = Span{f(z)e* ¥ oan =0, 1,2, },

then {f(zz)Mﬁ)} are the only minimal reducing subspaces of T.n in A2(D?).
Every reducing subspace of TZ{V in A%(D?) contains a minimal reducing subspace.

PROOF. By Theorem 14 in [7], it is obvious that for any nonnegative integer
n1 with 0 < n; < N—1, and any f(22) € A2(D), f(zg)Mflll) is a reducing subspace
of T,x in A%(D?).

In the following, we are going to prove that for any reducing subspace M of
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T~ there exist a function f(z2) € A2 (D) and a nonnegative integer n; such that
Flz2) MY C M.
For any nonzero function f(z1,22) € M,

f(z1,22) = Z fr(z2)27,
n=0

by Lemma 2.1, for any n, f,(22)2] € M. For any n = 0,1,2,..., there are two
nonnegative integers ni, a; such that

n=n;+a N, (0<n; <N-1).

Since f(z1,22) # 0, there exists a nonnegative integer n such that f,(z2) # 0 and
falz2)2 TN ¢ M. We know that M is invariant under the operators T.x and
Ty, so

1

fn(ZQ)Span{z{“HN :1=0,1,2,... } C M,

Le. fo(z) MY C M.

Assume that M is a minimal reducing subspace of T’y in A2(D?). Asis stated
above, there exists a reducing subspace f(zz)Mr(ﬁ) of T such that f(zz)Mf&) C
M. It forces that M = f(zg)Mfﬁ).

Finally, we will prove that if M,(i) is a minimal reducing subspace of MZ{V in
A%2(D), 0 < ny < N — 1, then for any f(z2) € A2(D), f(zg)Mflll) is a minimal
reducing subspace of 7.~ in A2 (D?).

Assume that M is a nonzero proper minimal reducing subspace of Tz{v con-
tained in f(ZQ)M,(ﬁ) for some n;. Let a closed subspace M’ = {g(z1) € A%(D) :
f(z2)g(z1) € M}. Tt is obvious that M = f(z2)M' and M is minimal reducing
subspace of T,y in A2(D?), if and only if, M’ is a minimal reducing subspace of
M.y in A% (D). We can see that M’ C M,(L? So it is a contradiction, since Mﬁ)
is minimal. Thus f (ZQ)MT(LP is minimal.

In conclusion, we obtain that M is a minimal reducing subspace of T~ in
A2(D?), if and only if, for some function f(z3) € A%(D) and nonnegative integer
npwith0<ny <N-1, M = f(zg)MT(ﬁ). Thus the proof is completed. O

THEOREM 2.3.  For any function f = f(z1) € A2(D), and each integer na
with 0 <ng < N —1,
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Span{f(z1)2577**N 10y = 0,1,2,... } = f(z1) M2

s the only minimal reducing subspace of Tzé\r in A%2(D?). Every reducing subspace
of T,y in A% (D?) contains a minimal reducing subspace.

ProOOF. The proof follows from the symmetry of 2z, zo and Theorem 2.2. [

THEOREM 2.4.  Suppose M is a reducing subspace of both TZ{\I and ngv mn
A2 (D?), then there exist nonnegative integers ni,ny with 0 < ny,ng < N — 1
such that My(ﬁ) ® Mg) C M. In particular, M is minimal, if and only if, M =
M,(i) ® M,S? And there are N? minimal reducing subspaces in A%(D?).

ProoF. If M is a reducing subspace of T,x, for f = 377, fr(z2)2F € M,
by Lemma 2.1, for any k, fp(22)2F € M. Since M is a reducing subspace of
Ty, for fe(z2)2f = Y2, akzb2t, by Lemma 2.1, for any k,l, aj zhzf € M.
There are nonnegative integers ni,ng,nj,ny with 0 < ny,ns < N — 1 such that
k=mn1+n{N,l=ny+nLN, then

Span{z?ﬁ"llNzgﬁn;N inj,ny=0,1,2,...} C M, de MY oMM

It is obvious that M&) ® M,(é) is a reducing subspace of both T.v and T,y
If M is minimal, then M = My(Lll) ® My(é)

It is easy to see that M&) ® M}é) is a minimal reducing subspace. So there
are N? minimal reducing subspaces of both T,n and Ty in A3 (D?). O

LEMMA 2.2.  For any nonnegative integers my,ma,l, N with I > 1, N > 1.

If J # (m1,mq) or J # (ma,mq), where J = (j1,J2) is a multi-index, then
Wi HINWiaHIN Y ()
Wiy +INWmo+IN ’

Proor. Without loss of generality, we might as well let mq > ms.

Wiy +INWjo+IN
Let A = ————ar— |
Wm i +INWmg+IN

For the sequence {w,} is decreasing, if ji,j2 > mq, then A — 1 < 0; if
ms > j1,j2, then A —1 > 0.
Ifjl > my > Mg > jo, and Jj1—m1 = mao — ja, then

(j14+IN)---(mi+1+IN)(ma+1+a+IN)---(jo+2+a+IN)
(i+1+a+IN)---(mi+2+a+IN)(mg+IN) - (ja+1+IN)

_ (at1l4z)y 1

It is easy to calculate that for the function f(z,y) = atity)e
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flx,y) >0, if y>ua;
flz,y) <0, if y<ux,

where a > —1. So A > 1.
If j1 > my > mo > jo, and j; —my # mo—jo, we will prove it by contradiction.
Suppose that A —1 = 0. Let

Hi(\) = L+ (m+1+N1+at+me+A)---2+a+j+A) 1
' (I+a+i+A)2+at+tmi+A)(ma+A)--(Ga+1+A)

then Hj (M) is rational and holomorphic at infinity, and

lim H;(\) = 0.

|A|— o0

Let Hy(\) = Hy(%), we can choose p small enough, for [A| < p, Ha(A) is
holomorphic, and

lim Ha(\) = 0.
[A|—0

Then 0 is the removable singular point of Hy(\).

Since Hy(\) vanishes at all the points - (I =1,2,...) whose limit point is 0,
0 is the essential singular point of Ho(\). It is a contradiction. So Ha(\) = 0, for
[A| < p. Then Hy(X\) =0, for |A| > %.

Hi(A) =0, if and only if, for any 0 < n < j; — jo — mq + mg, the term A\"™’s
coefficient in the numerator of Hi(\) is zero. For the term A1 —J2—mitmz—1 g
coeflicient is

(14 a)(j1 —m1 —ma +j2) =0,

then j; — m; = mgy — ja. It is a contradiction. So A —1 # 0.

Similarly, we can prove the case: m; > j1 > jo > mo, A —1 # 0. So if
J # (my,ma), then A — 1 # 0. And for the same reason, if J # (mg, m;), then
A —1#0. O

LEMMA 2.3.  Suppose M is a reducing subspace of T,n in A% (D?) and Py
is the orthogonal projection from A%(D?) onto M. For any nonnegative integers
k’ m7

Py (zf(zlzg)m) = (az{C + ng)(lez)m,
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where a € R, a —a* = |b|?, and 0 < a, |b] < 1.

PROOF. If M is a reducing subspace of T,~ in AZ(D?), the orthogonal
decomposition of zF(z120)™ with respect to M is

Zf(ZIZQ)m:f_’_gv fEM, gEMl-
Let f=3", a2z’ be the multiple Fourier series of f. For any [ =1,2,...,
PuTinTan (f+9) =TinTun f = Z aJQ(Z{1+ZN211N)Q(Z%'2+ZNEZQN)
J

Wi Wi S

f§ : J1HIN%jo+IN g1 _j2

= ll(]i‘ ‘ 21 %257,
J w]lwﬂ2

and

PMT:LNTZI,N (Zf(ZjZQ)m) = Py (P(Zf+m+lN3llNzgl+lNEl2N))

WEk+m+INWm+IN
Py (Zl (2122)m
WEk+mWm,

Wk INW IN
— PM< +m+ m+ (f—l—g))
Wk+mWm
wk+m+lNWm+le
Wek+mWm

It follows that

Wt m NSNS O HNOIIN e

= 2125,
Wk+mWm 7 Wiy Wi,
then
w; Wi w W iy 4
J1+HINWi +IN k4+mW%m gy _ja
f= g ay 21t 2y,
5 WEk4+m+INWmHIN Wy, Wi,
or

Wi +INWjo+IN  Wh4mW i1
(st shinn ) pp
K WEk+m+INWmIN Wy, Wy,
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Let A = _StNSbIN_ himem If A — 1 = (), let

WhktmA+INWmIN Wi Wiy

Wi 4 AWio4 N\ Wi W
Hl()\ _ J1+A% 2+ +m%m 1,
WE+mAAWm4\ Wi Wi,

then Hj()\) is rational and holomorphic at infinity, and

lim Hy()) = SEtm®m g

[A]— o0 Wi, Wi,
Let
7“1’?“2“’" -1, ifA=0;
J1%72
Hy(\)
Hi (%), if A\ £ 0,

we can choose p small enough, for |A| < p, Ha(A) is holomorphic, and

WE w
lim Ho(\) = —m=m g,
[A]—0 Wiy Wi

Then 0 is the removable singular point of Ha(\).

Since Hj(A) vanishes at all the points 7& (I =1,2,...) whose limit point is 0,
0 is the essential singular point of Ho(\). It is a contradiction. So Ha(\) = 0, for
Al < p. And w“lmw’" 1. Thus A —1= % —1=0. By Lemma 2.2,
J=(k+m,m)or J=(m,k+m).

So for any J # (k+m,m) or J # (m,k+m), A —1+#0, then ay =0.

Thus f = azk(2120)™ +b28 (2120)™, i.e. Pas(28(2120)™) = (a2F +028) (2120)™

Since (f, 2 (2122)™ — f) =0, ||f||2 (zf(2122)™, f),

a2 Wkt mwWm + D Wkt mWm = AW g mWrn,
(|a‘2 + |b|2)wk+mwm = QWk+mWm,
for wimwm # 0, then a € R, a — a? = [b]?, and 0 < a, |b] < 1. O

LEMMA 2.4.  Suppose M is a reducing subspace of T,~ in A%(D?). For any
function

f:ZaJZJ e M,
J
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if there are nonnegative integers p,q > 0, a, 4 # 0, then
(2 [Pl —|—z‘p q‘)(z z)™Pat e M oor 2P28 e M.

PROOF. For any function f =Y a2/ € M,

- Y .71 . J1md2 J2
f= E , aj, j.21" 7 (2122) E : aj, j»(2122) E : Ajy,51%2 (2122)

J1>J2 Jj1=J2 Jj1>J2

Case 1: p=gq.

According to Lemma 2.3, let k = 0, m = p, Py((2122)P) = (a + b)(z122)P,
then (2129)? € M or (2129)P € M.

If (2122)P € M, then (f, (2122)P) = appw? = 0, 50 a,, = 0, it is a contradic-
tion with ap , # 0. So (2122)P € M.

Case 2: p # q.
By Case 1, >2; _;, aji j.(2122)"0 € M. Let fo = f =32, _. aj, j,(2122)", it
is easy to see that fo € M.

By Lemma 2.3,
fo = Pru(fo)
_ o o J1 g2 ) J2 g1 o o JJ2. 0 . J1 J2
= E : Qjy,52 (lemzl zy" +dj, a1 % )+ E , Qja,j1 (ijzzl z3' +dj, a2 % )
J1>J2 J1>j2
— E Y od J1,J2 E J2 J1
- (a]17]2c.717.72 +a]2131d11712)21 &%) + a]lahd]h]z +a]2,]16317j2)zl 29
J1>J2 J1>J2
then

{aj17j2 = Ujy,53,Ch1 5, T aj2,j1dj17j2

Ajy gy = Ay 32y jo + Ay j1Ciy o s
i.e.
{ (1 = ¢j1,32) 51,55 = djy 52 Wja (1)
(1= ¢j1,42)a,ii = Ay jn @5y s - (2)

Put (1) in (2) x aj, j,, and put (2) in (1) X aj, j,, then
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. a2 —d. . g2
dleJ?ajz»]& - d]11]2aj17j2
Va2 — o \42
(1 - CJ17]2)aj1,j2 - (1 Ch,jz)ajz,jl .

If dj, j, =1 —¢j, 5, = 0, then Pys(2]'25?) = 2323 € M. So 2P24 € M, since

ap.q # 0.
If either dj, j, or 1 —¢;, j, is not zero, then a;, ;, = Faj, ;.
. = —. . 43 P L. 2 _
If aj, ;, = —aj,j,, put it in (1), we have ¢;, j, = 1+ dj, j,, then iy =

|1 +dj, j,1? > 1, it is a contradiction with Lemma 2.3. So aj, j, = a;, j,- Then

fo= Z Ajy gz (2{17% + Zélijz)(zle)jz'
J1>J2

We might as well let p > g, if (2779 +2579)(2122)9 = 2728 + 225 € M+, then
<f0,zf22q + z‘fzg> =0,
ie.
P_q q,p|? _
HZ122 + leQH ap,q =0,

0 a, 4 =0, it is a contradiction. By Lemma 2.3, (2779 4 207 7)(2122)7 € M.
Similarly, if ¢ > p, (277 P + 287P)(2120)P € M. O
THEOREM 2.5.  Suppose M is a reducing subspace of T~ in A2%(D?), then

there exist nonnegative integers a,b,k,m with 0 < m < N — 1 and a,b € {0,1}

such that

Span{(az{C +025)(2120)" TN 11 =0,1,2,... } C M.
In particular, M is minimal, if and only if,
M = Span{(az{C +025)(2120)™ TN 11 =0,1,2,... }.

PROOF. If M is a reducing subspace of T,~ in A2(D?), then by Lemma 2.4,
for some nonnegative integers a,b, k,m with 0 <m < N —1, and a,b € {0,1},

(azf + b25) (2122)™ € M.
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We know that M is invariant under the operators T~ and 17y, so
Span{(az} +b2b)(z2120)™ N 1 1=0,1,2,...} C M.

It is easy to see that Span{(az¥+b25)(2120)™ N 1 1=0,1,2,...} is areducing
subspace of T,~ in A%(D?). If M is minimal, then

M = Span{(az’f +025)(2120)" TN 11 =0,1,2,... }.

It is obvious that Span{(azf + bz5)(z129)™+N : 1 =0,1,2,...} is a minimal
reducing subspace. So it is the only minimal reducing subspace of T,~ in A% (D?).
O

3. Beurling-type theorem of the weighted Bergman space over
bidisk.

In this section we will show the Beurling-type theorem about invariant sub-
spaces of the weighted Bergman space over bidisk. The basis of our proof is the
following result which was obtained in the context of general Hilbert space; see
Theorem 6.14 in [3] for details.

Let H be a separable Hilbert space and let T : H — H be a bounded linear
operator satisfying:

(a) [Tz + yl> < 2(|a? + | Tyll?), 2,y € H;
(b) M{T"H :n >0} =0,
then we have
(i) T is one to one and has closed range, so that the operator T*T is invertible,
(ii) H= [ =V{T"z : 2 € &n > 0}, where & = ker(T*)=H o TH.
In fact, under some assumption, we have that (i) implies (a).

LEMMA 3.1. Let H be a separable Hilbert space and let T : H — H be a
bounded linear operator. If the operator T is one to one and has closed range, and
satisfies

TT* + (T*T)~* <21,

then the operator T satisfies condition (a), that is

ITf+gl> <20 f1>+ ITgll*), f.g€H.
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PROOF. Let g = (T*T)~zh in condition (a), then the condition (a) is equiv-
alent to the inequality

7+ (1) =28 < 201617 + 101?).
Consider the operator R : H ® H — H defined by
R(f.h) =Tf +(T*T)"*h, (f.h) e HOH,

then we have

R*(h) = (T*h,(T*T)"%h), he H,
it follows that

RR* =TT* +(T*T)~".
Since
TT* + (T*T)~* <21,

where I is the identity operator on H, then RR* < 21, thus ||R| < v/2.
For (f,h) € H® H, [|R(f,h)|* < (V2)*|I(f,h)|]?, that is

|ITf + (T*T)~ 20| < 2|1 £I12 + 1))

Thus the result is proved. O

Through describing the corresponding matrix of T,,(i = 1,2), we have the
following theorem.

THEOREM 3.1. Gwen —1 < a < 0 and T,, is a bounded linear operator
on A2(D?), then T., T} + (T3 T.,)~' < 2I, where I is the identity operator on
A2(D?).

ProOOF. For any n = 0,1,2,..., in the closed subspace Xy(Ll), the operator
S, can be represented as a Ry X Ny matrix:
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0O 0 0 0 0 0
Jaor 0 0 0 0
0 w () 0 0 0

Sn=1 o 0 - 0 0 ;

then the operator .S, has the matrix form as

0 ywr 0 -+ 0 0 0
0 0 /2 ... 0 0 0
00 0 -0
v=lo 0o 0o -0 Smo
0 0 . 0 0 /w%’:l
0 0 o 0 0 0

)
)
o
o

0 wi O 0
0 0 :ff 0
SHS:L - . )
00 0 ... Wm
W —1
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1
= 0 0
0 & 0
0 w2
(S585n) 7" = B :
0 0 0 - o=
Therefore,
1
= 0 0 0
0w+ 0 0
0 0 g
SnSr 4 (578,) 7! =
0 0 O T Ujj)nn—ll U;fy:-l

It is easily concluded that w“’—’il + sz <2,m=0,1,2,..., for -1 < a<0.

So

SnSi+ (S5S.)" <2I,

where I is the restriction of the identity operator I to the closed subspace X,(ll).

Since

TZl = Z @Tzl |X7(L1) = Z @Sﬂ?
n=0 n=0

so T, T7 + (T7 T.,)~' < 21, the result is proved. O

Z172z1

THEOREM 3.2.  Suppose —1 < a < 0 and M is an invariant subspace of T,

in A2(D?). Then M is generated by M © T,, M, that is

M=[MoT, M.

PrOOF. According to Theorem 3.1 that
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“t<or

T, T} + (T} T.,)
then by Lemma 3.1, condition (a) holds for T,,. Let T be the restriction of T},
to the invariant subspace M, then T satisfies condition (a) and (b), and therefore
the result is now immediate from Theorem 6.14 in [3]. O

THEOREM 3.3. Suppose —1 < o <0 and M 1is an invariant subspace of T,
in A2(D?). Then M is generated by M ©T,,M, that is

M = [M & T.,M].

PrROOF. The proof follows from the symmetry of z1, z5 and Theorem 3.2. [J

COROLLARY 3.1.  Suppose —1 < a < 0. If
M =M o T, M IMoT.,M],

then M is an invariant subspace of T, in A%(D?).

ProOF. It obviously follows from T, = T,,T,, and Theorem 3.2, Theorem
3.3. O
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